
PROJECT SUMMARY

Project number FR/74/5-100/12

Project Title
Some modifications of the notions of measurability of sets and
functions and their applications

Research subdirection/ subdirections 5-100 Mathematical Analysis;

Name of the leading organization Georgian Technical University

Web gtu.ge

Name of the co-participating organization

Web

Project Budget (Lari) 150000

Project duration (in month) 36

Personnel

 
Surname, name (affiliation,

position)
Position in the project Academic degree Date of bitrh

1 Gogi Pantsulaia Principal Investigator 1960-09-14

2 Alexander Kharazishvili Investigator 1949-11-18

3 Aleks Kirtadze Investigator 1961-01-11

4 Mariam Beriashvili Investigator 1988-05-06

Project Summary

Investigation of various problems connected with the fundamental concepts of measurability of sets and functions is necessary
for further development of many branches of modern mathematics, such as real and complex analysis, abstract harmonic
analysis, analysis in infinite-dimensional topological vector spaces, ergodic theory, probability theory, the theory of stochastic
processes, game theory, general topology, etc. In this respect, the notion of measurability may be treated or construed in
different ways, accordingly to the specific features of problems under consideration. 
The main goal of this project is to examine various approaches to the notion of measurability and to the closely related notion of
smallness of sets in infinite-dimensional topological vector spaces. A dominant part of the project is devoted to the study of shy
sets in such spaces. The corresponding methods will be developed for studying the properties of shy sets and for obtaining their
characterization. Special attention will be paid to describing relationships between different types of small sets in concrete
classes of topological vector spaces. 
Also, an extensive part of the project is devoted to a modified version of the concept of measurability, according to which instead
of speaking of the measurability with respect to a given single measure on a ground (base) space E, we consider the
measurability with respect to a given class M of measures on E. According to this modified version, any subset of E (respectively,
any real-valued function defined on E) becomes either absolutely measurable with respect to M, or relatively measurable with
respect to M, or absolutely nonmeasurable with respect to M. In particular, the role of M can be played by the class M(E) of all
nonzero sigma-finite continuous (i.e., diffused) measures on E. In many important situations, E is endowed with additional
mathematical structures, e.g., with some topology T or with some transformation group G. In the first case, it is natural to consider
the measurability with respect to the class M of the completions of all nonzero sigma-finite diffused Borel measures on E. In the
second case, it is natural to consider the measurability with respect to the class of all nonzero sigma-finite complete measures on
E which are invariant (or quasi-invariant) with respect to all transformations from G. The project illustrates the usefulness of such
an approach and presents a number of its applications in concrete problems of mathematical analysis. 
In the framework of the project we anticipate to obtain the following results:

(1) to find effective criterions for the existence and uniqueness of invariant Borel measures in certain classes of infinite-
dimensional Banach spaces;
(2) to establish relationships between non-trivial sigma–finite invariant (with respect to everywhere dense vector subspaces)
Borel measures on and -powers of normalized diffused Borel measures on the real line R; 
(3) to construct a large class of non-separable extensions of invariant measures in infinite-dimensional topological vector spaces
with the properties of metrical transitivity and uniqueness;
(4) to establish some properties of classical sets (Bernstein sets, Vitali sets, Luzin sets, Sierpinski sets, etc.) for applying them to the
question of absolute measurability, relative measurability and absolute non-measurability of real-valued functions;
(5) to obtain various criterions for the uniqueness property of the product of non-separable sigma-finite invariant measures on
uncountable solvable groups;
(6) to establish relationships between the metrical transitivity and weak metrical transitivity of invariant (quasi-invariant)
measures;
(7) to describe various phase motions in in terms of ordinary and standard ‘’Lebesgue measures’’;
(8) to describe the structure of absolutely negligible sets in various spaces equipped with transformation groups and to give
some applications of these sets to constructions of extensions of invariant (quasi-invariant) measures;
(9) to find necessary and sufficient conditions for the existence of an absolutely non-measurable homomorphism on an
uncountable commutative group;
(10) to establish some properties of allmost invariant sets in spaces equipped with transformation groups and to apply those
properties to the problem of extending sigma-finite invariant (quasi-invariant) measures.
In our opinion, the topics proposed in this project are of importance and the described research methods will lead to substantial
progress in studying several actual problems of measure theory and real analysis. We hope that the unified approach suggested
in the project will allow to resolve a sufficiently wide class of tasks in these (and related) areas of mathematics. Although the tasks
and questions mentioned above are different in their nature, they are strongly linked to each other in respects of motivation,
techniques, and methodology.


