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Project Summary

The project deals with a series of problems of analysis related with the rearrangements of summands. The well-known Riemann
problem and the notions of conditional and unconditional convergence of a series are closely related with the subject.
Our main contribution to the problematics is:
(i) We have obtained a series of maximum inequalities: the basic transference lemma, two-sided maximum inequalities for
rearrangements in terms of expectations and distributions. The inequalities contain in particular the well-known Garsia
inequalities.
(ii) We have solved out an old problem posed by M. Kadets on the structure of the sum range: what are conditions on a
conditionally convergent series under which the series satisfies the Steinitz theorem (in particular, its sum range is affine and
closed). We have shown that the so called “sigma-theta” condition is sufficient for the validity of the Steinitz theorem for a series
in a metrizable locally convex space.
(iii) We have found a methodology of proving the Nikishin type theorems on rearrangement convergent series. By use of it we
have generalized and refined the Nikishin theorems,the strongest theorems on rearrangement convergence in due time.
(iv) We have stated the “almost solution” (which most likely is far away from the solution) to the well known Kolmogorov
Conjecture on existence of a rearrangement of an orthonormal system that converts it into a system of convergence. We have
also shown that the “sigma-theta” condition is sufficient for the uniform convergence of a rearrangement of the Fourier series of
a continuous periodic function; the result is related to an open problem posed by Ulyanov.
(v) Our transference lemma suggests an algorithm for construction of an optimal permutation in the compact vector summation
problem (first announced by Makai). The algorithm reduces the rearrangement algorithm to a simpler sign algorithm; the idea
is used in scheduling theory.

We plan to do the following:
(i) To find new maximum inequalities of the Levental type and the maximum inequalities with fixed (non-permuted)
multipliers(scalars, or operators). Also, to rewrite the found inequalities in terms of exchangeable random variables.
(ii) To state a Steinitz type theorem for a non-locally convex space.
(iii) To prove the Nikishin type theorems in full generality where the convergence of series takes place for almost all simple
rearrangements. To prove analogous theorems of probability theory: the strong law of large numbers and the low of iterated
logarithm .
(iv) To investigate methods around the Kolmogorov Conjecture and try the following approach: using the transference lemma
prove first the Garsia conjecture for coefficients with the equal modulus. Then proceed to the general case by use an idea
belonging to Maurey and Pisier.
(v) To study optimal algorithms in the problem of compact vector summation. Clear up the interrelation between the “greedy”
and optimal algorithms. Applications to scheduling theory: The problem of volume calendar planning, Sevostyanov’s approach.


