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dedamiwis xelovnuri Tanamgzavrebis orbitaze gayvanis 

 procesis maTematikuri modelirebis sakiTxisaTvis 

geno vaCiberiZe, niko cucqiriZe, naTia kirkitaZe 
saqarTvelos teqnikuri universiteti 

reziume 

ganxilulia dedamiwis xelovnuri Tanamgzavrebis orbitaze gayvanis procesis 

maTematikuri modelirebis sakiTxebi idealizebuli konstruqciis raketis modelis 
magaliTze da am modelis praqtikuli realizaciis winapirobebi. modelirebis Sedegad 
gansazRvrulia orbitaze Tanamgzavris frenisaTvis saWiro minimaluri siCqare da 
axsnilia am siCqaris miRwevis gzebi da meTodebi. idealizebuli modelis SemTxvevaSi 

miRebulia orbitaze gasvlis saboloo siCqaris formula. raketis Zravis wevis Zalis 
formulis saSualebiT gansazRvrulia raketis siCqaris cvlilebis damokidebuleba 
gazebis gamoyofis siCqaris da raketis masis Tanafardobis sidideebze. warmodgenili 

martivi modelis safuZvelze Camoyalibebulia sistemis masis ganmsazRvreli faqtorebi 
da miRebulia idealizebul raketaSi sasargeblo tvirTis da mTeli sistemis sawyisi 
masis optimaluri Tanafardobis amsaxveli formula. modelirebis Sedegad naCvenebia, rom 

praqtikaSi samsafexuriani raketa Seesabameba optimalur konstruqcias. 
sakvanZo sityvebi: dedamiwis xelovnuri Tanamgzavri. idealizebuli raketa da misi 

modeli. maTematikuri modelireba. niutonis moZraobis kanonebi. Tanamgzavris moZraobis 

siCqare. raketis Zravis wevis Zala. sasargeblo tvirTi. struqturuli masa. impulsis 
Senaxvis kanoni. samsafexuriani raketa. teiloris Teorema. 

 

1. Sesavali 

statiaSi maTematikuri modelirebis analitikuri aparatis, niutonis moZraobis 
da impulsis Senaxvis kanonebis gamoyenebiT mcdelobaa raketis idealizebuli modelis 

magaliTze pasuxi gaeces Semdeg kiTxvebs: rogori siCqariT unda moZraobdes orbitaze 
dedamiwis xelovnuri Tanamgzavri; ra gansazRvravs raketis Zravis wevis Zalas; rogori 
Tanafardoba unda arsebobdes sasargeblo tvirTis(Tanamgzavris) da mTeli 

sistemis(raketa-Tanamgzavri) sawyis masas Soris; ra gansazRvravs am masas da a.S. aseve 
vaCvenoT, Tu rogor, maTematikuri modelirebis ra meTodebiT SesaZlebelia 
mivuaxlovdeT raketis idealur models da ganvaxorcieloT optimaluri konstruqciis 

raketis praqtikuli realizacia. 

2. ZiriTadi nawili 

cnobilia Tanamgzavris orbitaze gayvanis procedura-dedamiwis zedapirze 

moTavsebul raketa-matarebels, romelic vertikalurad iwyebs afrenas uZravi 
mdgomareobidan, gahyavs dedamiwis orbitaze Tanamgzavri 
garkveuli kritikuli siCqariT, romliTac Tanamgzavri 

brunavs dedamiwis irgvliv. ganvsazRvroT am siCqaris 
sidide.  

1-el naxazze warmodgenilia Tanamgzavris moZraobis 

sqema orbitaze. aq uwyveti C xaziT aRniSnulia dedamiwis 
zedapiri, xolo texili xazi gamoxatavs Tanamgzavris 
moZraobis traeqtorias. 

simZimis Zala, moqmedi SO sworis gaswvriv 
centris mimarTulebiT, aiZulebs Tanamgzavrs imoZraos 
traeqtoriiT, romlis forma miaxloebiT SeiZleba 
ganvixiloT rogorc wriuli.  

 
nax.1. Tanamgzavris orbitaze  

moZraobis sqema 
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           dedamiwis mizidulobis velis aseT martiv modelSi mizidulobis Zala G, 

moqmedi m masis sxeulze, romelic moTavsebulia dedamiwis centridan r manZilze (r>R), 
ganisazRvreba gamosaxulebiT[1]: 

                                

 
(1) 
 

sadac R-dedamiwis radiusia. 
Sesabamisad, Tanamgzavris moZraobis gantolebebs sibrtyeze, romelic gadis 

idealizebuli dedamiwis centrze, aqvT Semdegi saxe: 

 
 (2) 
 

sadac x da y koordinatebia am sibrtyeze arCeuli fiqsirebuli sakoordinato x da y 
RerZebis, romlebic naCvenebia me-2 naxazze. 

                            

   
                                         

nax.2. dedamiwis sibrtyeze Tanamgzavris moZraobis sqema 

 

Tu (2) formulaSi CavsvamT cosӨ=x/r, sinӨ=y/r, wriuli orbitisaTvis (r=const) 
pirdapiri integrebiT miviRebT:  

 (3) 
 

aq V2=x2+y2
, g=9.81 m/wm2 -simZimis Zalis aCqarebaa, R=6400km-dedamiwis radiusi, 

r-Tanamgzavris orbitis radiusi.  
davuSvaT, rom Tanamgzavri moZraobs orbitaze 600 km-is manZilze dedamiwis 

zedapirdan, maSin 

 
 
amiT gaeca pasuxi kiTxvas, Tu rogori siCqariT unda moZraobdes Tanamgzavri 

orbitaze.  

raketis Zravis wevis Zalis ganmsazRvreli faqtorebis dazustebis mizniT 
ganixileba raketis martivi modeli, romelic TanamgzavrTan erTad Sedgeba Zravisa da 
sawvavis avzisagan. saTbobis dawvis Sedegad gazebi gamoifrqveva raketis ukana 

nawilisagan (kiCo). gazis nakadi, mimarTuli raketis moZraobis sawinaaRmdegod, 
warmoqmnis Zalas, romelic moqmedebs raketis moZraobis mimarTulebiT. 

raketis Zravis moqmedebis asaxsnelad gamoviyenoT impulsis Senaxvis kanoni, 

romlis Tanaxmad Caketil sistemaSi, romelzec ar moqmedebs araviTari garegani Zalebi 
(gravitacia, raketis winaaRmdegoba da a.S.), sruli impulsi 

 
ar icvleba droSi. 
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dm 
 dt dm 

 dt        

davuSvaT, rom m(t) da v(t)  raketis masa da siCqarea t droisaTvis. t+Δt 
droisaTvis raketis masa gaxdeba m(t+Δt). masis cvlileba ganisazRvreba gamosaxulebiT, 

romelic miiReba teiloris Teoremis gamoyenebiT:  

 
 (4) 
 

ganxilul modelSi igulisxmeba, rom masis Semcireba xorcieldeba gazebis 

gamofrqvevis Sedegad raketis mimarT u mudmivi siCqariT. es niSnavs, rom gazis siCqare 
dedamiwis mimarT tolia v(t)-u. 

Tu mocemuli sistemisaTvis gamoviyenebT impulsis Senaxvis kanons, miviRebT: 

 
davSaloT m(t+Δt) sidide rigad teiloris Teoremis gamoyenebiT da 

gamoviangariSoT zRvari, rodesac Δt       0, miviRebT: 

 
(5) 

am formulis marcxena mxare warmoadgens inerciis Zalas. maSasadame, gazis 

gamofrqvevis Sedegad warmoSobili raketis Zravis wevis Zala T ganisazRvreba 
formuliT: 

 

       T=          u ,                                                                                              (6) 

sadac      warmoadgens sawvavis wvis siCqares.  
 

amrigad, pasuxi gaeca kiTxvas, Tu ra gansazRvrvs raketis Zravis wevis Zalas.  

diferencialuri gantoleba (5) SeiZleba warmovidginoT Semdegi saxiT: 

 
am gantolebis gaintegrebiT, rodesac u=const, miviRebT 

 

(7) 

sadac m0–raketis sawyisi masaa, xolo v0 misi siCqare, rodesac t=0. 
raketa-Tanamgzavris masis ganmsazRvreli faqtorebis gamovlenis mizniT ganixileba 

raketa masiT m0 , romelic Sedgeba mp masis “sasargeblo tvirTis”, mF masis sawvavis da 

ms struqturuli (igulisxmeba sawvavis avzis da Zravis masebi) masisagan. 

ganixileba raketis umartivesi modeli, romlis Tanaxmad orbitaze gasvlamde 

daiwvis mTeli sawvavi, xolo darCenili masa tolia (mp+ ms)-is. am periodSi sawvavis 
avzi da Zrava ganecaleba raketas, frenas ki agrZelebs sasargeblo tvirTi siCqariT, 

romelic (7) formulis Tanaxmad ganisazRvreba gamosaxulebiT  

       (ciolkovskis formula) 

         
(8) 

  
imis gaTvaliswinebiT, rom praqtikaSi Znelia SeirCes Zrava da sawvavis avzebi, 

romelTa saerTo masa iyos sawvavis masis (1/8÷1/10)-ze naklebi [1], Semogvaqvs mudmivi 

sidide λ, gansazRvruli TanafardobiT  

ms= λ(mF+ ms)=λ(m0-mp), 
sadac  λ  warmoadgens  struqturuli masis  fardobas  struqturuli  da sawvavis 
masaTa jamTan. maSin (8) formula miiRebs Semdeg saxes: 
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dm 
 dt 

dm 
 dt 

dv 
dt 

dm 
 dt   

 m0 
m(t)   

 m0 
 mp         

 m0 
 mp 

. 

. 

. 

 

(9) 

cxadia, rom mocemuli u sididisas maqsimaluri siCqare, romelic unda 

ganaviTaros raketam, miiRweva im SemTxvevaSi, rodesac sasargeblo tvirTis masa nulis 

tolia, xolo am maqsimaluri siCqaris sidide 

 
Tu miviRebT mxedvelobaSi, rom Tanamedrove sawvavisaTvis u=3km/wm, maSin λ=0,1 

sididis mniSvnelobisas v=7 km/wm, rac gansxvavdeba Tanamgzavris orbitaze moZraobis 

siCqarisagan (7,6 km/wm), Tanac sasargeblo tvirTis masa nulis tolia. amitom aseTi 

tipis raketa ar SeiZleba gamoviyenoT Tanamgzavris orbitaze gasayvanad. 

imisaTvis, rom Zravis muSaoba gaxdes ufro efeqturi, ganixileba SemTxveva, 

rodesac usargeblo wona mocildeba raketas sawvavis dawvasTan erTad. e.i. saqme gvaqvs 

idealizebul situaciasTan, rodesac t  da t+Δt momentebs Soris masaTa Tanafardobis 
cvlileba λ ganpirobebulia mxolod Camocilebuli struqturuli masiT, xolo (1-λ) 
warmoadgens damwvari masis nawils, romelic gazis saxiT gamoifrqveva sivrceSi u 
siCqariT. am SemTxvevaSi impulsis Senaxvis kanoni miiRebs Semdeg saxes: 

 

                      m(t)v(t)=m(t+Δt) v(t+Δt)-λ        Δtv(t)-(1-λ)       Δt(v-u). 
 

am gamosaxulebaSi Sesabamisi gardaqmnebis Catarebis da Δt-s nulisaken 
miswrafebis SemTxvevaSi miviRebT 

 

 

       m        =(1-λ)u         
 

integrebis Semdeg gveqneba 
 

       v(t)=(1-λ) u ln            
 

wina SemTxvevisagan (formula7) gansxvavebiT, aq sawvavis sruli gamoyenebis Semdeg 

struqturuli masac Camocildeba raketas da darCenili raketis saboloo masa m(t) 
iqneba mxolod sasargeblo tvirTis masa. Sesabamisad saboloo siCqare 

                             
           v=(1-λ)u·ln                                                                                     (10) 
 
Tu mxedvelobaSi miviRebT gravitacias, haeris winaaRmdegobas da a.S. da 

idealizebuli raketisaTvis misaRwev saboloo siCqares 10 km/w (adre gansazRvruli 7,6 

km/w-is nacvlad) da λ =0,1, v=3 km/wm, maSin:  
 
                             ≈50,                                                                                        (11) 
rac migvaniSnebs imaze, rom 1 tona sasargeblo tvirTis orbitaze gasayvanad saWiroa 
ormocdaaTtoniani raketa. 

am idealizebul modelTan miaxloebis mizniT praqtikaSi SemoTavazebulia raketis 

iseTi konstruqcia, rodesac igi Sedgeba calkeuli safexurebisagan da frenis procesSi 
sistemas Camocildeba TiToeuli safexuri mas Semdeg, rodesac sawvavi mTlianad iqneba 
gamoyenebuli. 

davuSvaT, rom mi aris i-uri safexuris sawvavis da struqturis saerTo masa da 
λmi gansazRvravs struqturul masas, xolo (1-λ)mi-sawvavis masas; λ erTnairia yvela 
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             m0 
 mp+ λm1+m2+m3    

  mp+m2+m3 
 mp+λm2+m3      

  mp+m3 
 mp+λm3 

             m0 
 mp+ λm1+m2+m3 

  mp+m2+m3 
 mp+λm2+m3 

  mp+m3 
 mp+λm3 

           v 
           u 

       m0 
 mp+m2+m3 

  mp+m2+m3 
     mp+ m3 

  mp+m3 
      mp 

           v 
           u 

       α1    
 1+λ (α1-1) 

       α2 
 1+λ(α2-1) 

       α3 
1+ λ(α3-1) 

. 

. 

. 

. 

safexurisaTvis. aseve CavTvaloT, rom gamonafrqvevi gazebis siCqare yvela 
safexurisaTvis erTidaigivea. gaangariSebebi CavataroT samsafexuriani raketisaTvis. 

raketis sawyisi masa ganisazRvreba gamosaxulebiT: 

                    m0=mp+m1+m2+m3. 
rodesac pirveli safexuris mTeli sawvavi daixarjeba, darCenili masa toli 

iqneba: 

                    mp+λm1+m2+m3;  
xolo siCqare (sawyisi modelis Tanaxmad) 

 

       v1=u ln                                 
 
amis Semdeg m1 struqturuli masa Camocildeba sistemas da CairTveba meore 

safexuri. rodesac meore safexuris sawvavi daixarjeba, miRweuli siCqare toli iqneba: 

 
       v2=v1+u ln                            
 
analogiurad, mesame safexuris muSaobis damTavrebis Semdeg saboloo siCqare 

v3=v toli iqneba  
 

      v=v2+u ln 
 

davuSvaT, rom cnobilia saboloo v siCqare (romelsac unda mivaRwioT), gazebis 

gamofrqvevis u siCqare raketis mimarT da struqturuli parametric λ. amocanas 

warmoadgens ise SevarCioT m1, m2, m3, rom miviRoT sasargeblo tvirTis masis 

maqsimaluri mniSvneloba mocemuli sruli sawyisi m0 masisaTvis.  

Sesabamisad, CamovayaliboT amocanis maTematikuri formulireba: mocemuli m0, v, 
u da λ mniSvnelobebisaTvis vipovoT sasargeblo tvirTis maqsimaluri mniSvneloba 
Semdegi pirobebis gaTvaliswinebiT: 

                      mp+λm1+m2+m3=m0 
da 

               =ln                                                       

                                               
 
am formulis gamartivebis mizniT SemoviRoT axali cvladebi: 

 
          α1=                     ,        α2=                        ,       α3=                   . 
 
am aRniSvnebis Semdeg amocana daiyvaneba α1·α2·α3 namravlis minimizaciaze Semdegi 

pirobis dacviT: 
 

               =ln                                                              .                                   (12)
                                                               

 
imis gaTvaliswinebiT, rom amocana simetriulia α1, α2 da α3-is mimarT, 

optimizacia SesaZlebelia miRweul iqnas maSin, rodesac α1=α2=α3. 
Tu avRniSnavT am cvladebis saerTo sidides α-Ti, advilad davinaxavT, rom  

               

     
(13) 
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m0 
mp 

1-λ  
P-λ 

m0 
mp 

gasaTvaliswinebelia, rom optimizacia namravlisa, romelic (10) formulis 

Tanaxmad tolia m0/mp  Tanafardobis, SesaZleblobas iZleva ganisazRvros sasargeblo 

tvirTis maqsimaluri sidide formuliT 

                                        3   
                          =             .                                                                                    (14) 
 

Tu davuSvebT, rom λ=0,1; u=3  km/wm da v/u=3,5, vipoviT 
 

                  = 77. 
 

es mniSvneloba mniSvnelovnad gansxvavdeba im 50 tonisagan, romelic miRebulia 
idealizebuli raketisaTvis, rodesac igi gafrenis procesSi uwyvetad Camoicilebs Tavis 

struqturul masas. 

Tu moviSveliebT naSromSi [1] Sedgenil n-safexurian raketis masebis cxrils, 
gaTvaliswinebuls erTtoniani masis Tanamgzavris orbitaze gasayvanad, SeiZleba 

davaskvnaT, rom ufro xelsayrelia aigos samsafexuriani raketa ori, oTxi da a.S. n-
safexuriani raketis nacvlad da praqtikulad sami safexuri Seesabameba optimalur 
konstruqcias. 

cxadia, ganxiluli sakiTxis am WrilSi warmodgeba iTvleba problemis 
gadawyvetisadmi midgomis mxolod sawyis etapad. am aspeqtSi yuradRebas imsaxurebs 
naSromi [1], romlis ZiriTadi Sedegebi asaxulia winamdebare statiaSi. am naSromSi 

martivad da moqnilad gamoyenebulia maTematikuri modelirebis analitikuri aparati 
aseT sistemaSi mimdinare procesebis asaxsnelad. aqve SevniSnavT, rom zogierTi 
garTulebebi, Setanili realuri raketebis maTematikur modelirebaSi da SedarebiT 

rTuli modelebis agebis principebi, Camoyalibebulia naSromSi [2]. xolo aseTi modelis 
praqtikuli gamoyenebis sakiTxi balistikuri saraketo Tavdasxmebis Tavidan acilebis 
kompleqsSi asaxulia naSromSi [3]. 

 
3. daskvna 

ganxilulia dedamiwis mizidulobis velis martivi modeli da niutonis 

mizidulobis kanonis gamoyenebiT gansazRvrulia xelovnur Tanamgzavrze moqmedi Zala, 
rodesac dedamiwis forma sferulia da misi nivTierebis simkvrive ganawilebulia 
sferul simetriulad. 

dedamiwis centrze gamaval sibrtyeze Tanamgzavris moZraobis gantolebebis 
saSualebiT gansazRvrulia raketis orbitaze gayvanis, anu dedamiwis orbitaze frenis 
siCqare. 

impulsis Senaxvis kanonis gamoyenebiT axsnilia raketis Zravis moqmedeba 

gamartivebuli modelis SemTxvevaSi da miRebulia gazebis gamotyorcniT gamowveuli 
raketis Zravis wnevis Zalis gamosaxuleba. gansazRvrulia raketis siCqaris cvlilebis 
mizezebi, damokidebuli raketis mimarT gazebis gamofrqvevis siCqaris da drois 

intervalSi raketis masebis Tanafardobis sidideebze. 
umartivesi modelis magaliTze ganxilulia raketa-Tanamgzavris sistemis masis 

ganmsazRvreli faqtorebi, rodesac iwvis mTeli sawvavi da erTdroulad raketas 

Camocildeba struqturuli masa. modelirebis Sedegad miRebuli sistemis maqsimaluri 
siCqare aRmoCnda raketis orbitaze gayvanis siCqareze naklebi sididis mniSvnelobis. 

aseve gaanalizebulia SemTxveva, rodesac raketas TandaTanobiT Camocildeba 

usargeblo wona dawvasTan erTad. miRebulia saboloo siCqaris formula, romlis 
saSualebiT gansazRvrulia raketis masis Tanafardoba sasargeblo tvirTTan. 

da bolos, ganxilulia idealuri konstruqciis raketis praqtikuli realizaciis 

sakiTxi. maTematikuri modelirebis Sedegad naCvenebia, rom yvelaze efeqturi da 
optimaluria samsafexuriani raketis konstruqcia, rodesac gafrenis procesSi raketas 
Camocildeba TiToeuli safexuri maTSi sawvavis mTlianad dawvis Semdeg.  
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FOR THE ISSUE OF MATHEMATICAL MODELING OF 

ARTIFICIAL SATELLITE TO ORBIT 
Vachiberidze Geno, Tsutskiridze Niko, Kirkitadze Natia 

Georgian Technical University 

Summary 

The article discusses the mathematical modeling issues of launching process of 
artificial satellite to orbit based on the example of idealized constructive rocket as well the 
predications of the practical realization of this model. As a result of the modeling, the 
necessary minimal speed of satellite launching on the orbit is defined and speed achieving 
ways and methods are explained. In case of idealized model, the formula of the final speed on 
orbit launching is received. The fomula of rocket engine rising power defines the dependence 
of rocket speed changing on the correlation of gas excreting speed and rocket masses. On the 
basis of the simplest model, the defined factor of system’s weight is formed. After this the 
optimal correlation formula of useful cargo and the initiative masses of the entire system in 
idealized rocked is formed. The research indicates that three stepped rocket is appropriate to 
optimal construction in practice. 

 
К ВОПРОСУ МАТЕМАТИЧЕСКОГО МОДЕЛИРОВАНИЯ ПРОЦЕССА 
ВЫВОДА ИСКУССТВЕННЫХ СПУТНИКОВ ЗЕМЛИ НА ОРБИТУ 

Вачиберидзе Г., Цуцкиридзе Н., Киркитадзе Н. 
Грузинский Технический Университет 

Резюме 
Рассмотрены вопросы математического моделирования процесса вывода 

искусственного спутника на орбиту Земли на примере модели ракеты 
идеализированной конструкции и практической реализации этой модели. В результате 
моделирования определена минимальная скорость движения искусственного спутника 
на орбите Земли, а также пути и методы для достижения этой скорости; получена 
формула конечной скорости вывода спутника на орбиту Земли для идеализированной 
модели ракеты. С помощю выражения силы тяги ракетного двигателя определена 
также зависимость изменения скорости ракеты от величины соотношения скорости 
истечения газов и массы ракеты. На основе простейшей модели идеализированной 
ракеты оценены факторы, определяющие массу системы, и получена формула 
оптимального соотношения между массами полезного груза и всей системы. На основе 
моделирования показано, что на практике три ступени соответствуют оптимальной 
конструкции. 


