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ori integratoris mqone obieqtis optimaluri marTva 
(sistemis gadayvana nebismieri sawyisi mdgomareobidan 

koordinatTa saTaveSi) 

nino mWedliSvili, ia mosaSvili 
saqarTvelos teqnikuri universiteti 

reziume 

ganxilulia ormagi integrirebis mqone inerciuli obieqtis optimaluri marTvis 

amocana, romlis gadasawyvetad xdeba optimaluri marTvis gansazRvra, moZraobis 

traeqtoriebis ageba fazur sibrtyeze, marTvis kanonis povna da misi realizaciis 

struqturuli sqemis Sedgena. modelebis da Sedegebis Semowmeba xdeba Matlab/Simulink 

sistemaSi. 

1. amocanis dasma da gadawyveta 

gadavwyvitoT ormagi integrirebis mqone inerciuli obieqtis optimaluri marTvis 

amocana. avRniSnoT obieqtis masa m -iT, mdgomareoba - ),(ty  obieqtze moqmedi Zala (an 

momenti) - ( )tν . xaxunis da gravitaciuli Zalebis ar arsebobis dros obieqti aRiwereba 

meore rigis diferencialuri gantolebiT: 

 )()( ttym ν=&&                                                                  (1) 

aseT obieqtis gadacemis funqcias aqvs Semdegi saxe: 

 ( ) 2

1
)(
)(

mssV
sYsW ==                                                     (2) 

sadac )]([)( tLsV v=  da )]([)( tyLsY =  – Sesabamisad Sesavali da gamosavali signalebis 

laplasis gamosaxulebebia. 

davuSvaT, rom ,)()(
m
tvtu =  maSin (1) Caiwereba ase: 

 ( ).tuy =&&                                                                         (3) 

SemovitanoT mdgomareobis cvladebi (fazuri koordinatebi): 
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(4) 

sadac )(1 tx  aris gamosavali signali, )(2 tx  - gamosavalis siCqare. am aRniSvnebis 

gaTvaliswinebiT miviRebT: 
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davuSvaT, rom marTvaze dadebulia Semdegi SezRudva: 
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 ,1|)(| ≤tu yvela t -saTvis.                    (6) 

es SezRudva gamomdinareobs obieqtze modebuli Zalis an momentis sidideze 

fizikuri SezRudvidan, romelic arsebobs realur mowyobilobebze. 

aucilebelia ganisazRvros dasaSvebi marTva, romelsac (5) sistema gadayavs 

nebismieri sawyisi ( 2010 , xx ) mdgomareobidan koordinatTa (0,0)  saTaveSi minimalur 

SesaZlo T  droSi.  

am amocanis gadawyveta SeiZleba Sesdgebodes Semdegi etapebisgan: 

1.  optimaluri marTvis gansazRvra, anu marTva, romelic uzrunvelyofs 

hamiltonianis maqsimums; 

2.  damxmare ψ  cvladebis mimarT gantolebebis Sedgena ucnobi sawyisi ( )0ψ  

mniSvnelobebisaTvis; 

3.  marTvis )(tu  mimdevrobis gansazRvra, romelic SesaZlebelia iyos optimaluri. 

4.  fazur sibrtyeze moZraobis traeqtoriebis ageba 1+=u  da 1−=u  -sTvis; 

5.  gadarTvis xazis gansazRvra; 

6.  marTvis kanonis povna, romelic mocemuli amocanis amoxsnas warmoadgens; 

7.  marTvis miRebuli kanonis realizaciis struqturuli sqemis Sedgena; 

8.  imitaciuri modelireba Matlab/Simulink sistemaSi, modelebis da Sedegebis 

Sesamowmeblad. 

 

ganvixiloT dawvrilebiT TiToeuli etapi: 

 

pirveli etapi: SevadginoT   hamiltoniani:  

,),(
1

∑
=

=
n

uxfH
α

ααψ  

sadac ( ) .),(,,),,(,2 22121 uuxfxuxfn ==== ψψψ α   

αψ  da αf  veqtorebis skalaruli namravli iZleva Sedegs: 

 .221 uΨxΨH +=                                                             (7) 

 

optimaluri marTva, romelic uzrunvelyofs H hamiltonianis maqsimums, iqneba: 

 

 ,1)()( 2 ±== ttu ψsign                                                  (8) 

sadac `+~ iwereba, Tu ,02 >ψ  da `-~, Tu 02 <ψ . 
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meore etapi: damxmare iψ  cvladebi akmayofilebs Semdegi sistemis meore 

gantolebas: 
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CavsvaT (7), miviRebT: 
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mesame etapi: mmarTvel mimdevrobas ganvsazRvravT Semdegnairad. davuSvaT 

)0(11 ψ=c  da )0(22 ψ=c  - damxmare cvladebis sawyisi mniSvnelobebia, maSin (10)-is 

integrirebiT, vpoulobT: 

 ,)( 11 const== ctΨ                                                  (11) 

 .)( 12122 tccdtcctΨ −=−= ∫                                    (12) 

(12) gamosaxulebidan Cans, rom ( )t2ψ  aris wrfivi funqcia drois mimarT. misi 

mdgomareoba damokidebulia sawyis pirobebze. (8) ase Caiwereba: 

== )(sign)( ttu 2ψ .12 )sign( tcc −  
 

 
 

nax.1. tcct 122 )( −=ψ  - s oTxi SesaZlo saxe da 

     maTi Sesabamisi )()( 12 tcctu −= sign  marTva  



Transactions. Georgian Technical University. AUTOMATED CONTROL SYSTEMS -  No 1(4),  2008 
 

 55

 

meoTxe etapi: fazur sibrtyeze ),( 21 xx  wertilis moZraobis traeqtoriebis 

asagebad saWiroa (4) sistemis amoxsna da drois t cvladis gamoricxva amonaxsenidan, 

vinaidan drois sasrul intervalSi optimaluri marTva mudmivia, anu .1)( ±=tu  (4) 

sistemis amoxsna SeiZleba Semdegi daSvebiT: consttu =)( . sawyisi pirobebis 

gaTvaliswinebiT miiReba gamosaxulebebi: 

 utxtx += )0()( 22                                                                  (13) 
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++=

=++=+= ∫∫

                  

(14) 

drois im monakveTSi, rodesac 1)( +=tu , gvaqvs: 

 )0()( 22 xttx +=                                                                            (15) 
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CavsvaT (15) gamosaxuleba (16)-Si, riTac gamovricxavT drois cvlads: 

 
1

2
21 )(

2
1)( ξ+= txtx

                                                                
(17) 

sadac )0(
2
1)0( 2

211 xx −=ξ  - mudmivaa. 

(17) gantoleba aris im traeqtoriis gantoleba, romelic iwyeba )]0(),0([ 21 xx  
wertilidan 21xx  sibrtyeSi, 1+=u  marTvisaTvis. es traeqtoriebi warmoadgens 

parabolebs, romlebic me-2 naxazzea naCvenebi uwyveti wirebiT. 

analogiurad gveqneba 1−=u : 

                                             )0()( 22 xttx +−=                                                        (18) 
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saidanac CavwerT: 

,)(
2
1)( 2

2
21 ξ+−= txtx

                             
(20) 

sadac )0(
2
1)0( 2

212 xx +=ξ
 
– mudmivaa. 

(20) gantolebis Sesabamisi traeqtoriebi 

warmoadgens parabolebs, romlebic me-2 

naxazze naCvenebia punqtiriT.  

am fazuri traeqtoriebis miReba 

SeiZleba Matlab sistemis saSualebiT Semdegi 

programiT:  

 
 

 
nax.2. fazuri traeqtoriebi 

 



Transactions. Georgian Technical University. AUTOMATED CONTROL SYSTEMS -  No 1(4),  2008 
 

 56

Matlab-programa:  

% 
u =[ 1   -1]; 
x10=[-1.0  -0.75  -0.5  -0.25  0  0.25  0.5  0.75  1.0]; 
x20=0; 
for i=1:2 
for k=1:9 
ksi=x10(k)-u(i)*x20.^2/2; 
x2=[-1:0.01:1];  
x1=u(i)*x2.^2/2+ksi; 
plot(x1,x2,'-') 
xlabel('x1') 
ylabel('x2') 
hold on 
end 
end 

 

mexuTe etapi: marTvis mizans warmoadgens sistemis gadayvana fazuri sibrtyis 

nebismieri wertilidan koordinatTa saTaveSi. vinaidan, marTva unda iyos uban-uban 

mudmivi, SeiZleba moiZebnos iseTi wertilebis geometriuli adgili, romlebic 

gadayvanili iqneba (0,0) wertilSi 1)( ±=tu  marTvis saSualebiT. ori aseTi traeqtoria 

naCvenebia me-2 naxazze. +γ  mrudi aris ( )21, xx
 
wertilebis geometriuli adgili, 

romlebic SeiZleba gadayvanil iqnas (0,0) wertilSi 1+=u  marTvis saSualebiT, xolo 

−γ  – im wertilebis erTobliobaa, romlebic gadadis (0,0) wertilSi 1−=u  marTvis 

saSualebiT. 

 
( ) .0;

2
1:, 2

2
2121







 ≤==+ xxxxxγ

                                          
(21) 

 
( ) .0;

2
1:, 2

2
2121







 ≥−==− xxxxxγ

                                       
(22) 

am ori mrudis gaerTianebiT viRebT gadarTvis wirs: 

 
( )







 −=== −+ 22121 2

1:, xxxxxγγγ U

                                 
(23) 

traeqtoria
 −+= γγγ U  agebulia (23) gantolebisTvis (nax.3), Semdegi programis 

saSualebiT: 
% 
x2 = [-1: 0.1: 1]; 
x1 = - 0.5*x2.*abs(x2); 
plot(x1,x2,'-') 
xlabel('x1') 
ylabel('x2') 

 
 
 

 
nax.3. gadarTvis mrudi ormagi integrirebis 

mqone obieqtisaTvis 
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meeqvse etapi: *u  warmoadgens optimaluri marTvis kanons swrafqmedebis mimarT, 

fazuri sibrtyis nebismieri mdgomareobisaTvis: 

 .),(1),(

;),(1),(

2121

2121

**

**

−−

++

∈−==

∈+==

Rxxxxuu

Rxxxxuu

U

U

γ

γ

,

,

                       

(24) 

meSvide etapi: vaCvenoT, rogor SeiZleba marTvis (24) kanonis realizeba. 

SeiZleba Seiqmnas marTvis arawrfivi sistema ukukavSiriT, romelic 1x  da 2x  fazur 

koordinatebs gardaqmnis da aformebs *u  optimalur marTvas. fazuri koordinatebi )(1 tx  

(gamosasvleli) da )(2 tx  (gamosasvlelis siCqare) icvlebian drois yovel momentSi.  

(23) gantolebis Sesabamisad )(2 tx
 
signali ar emTxveva N arawrfivobas, romlis 

gamosasvlelze gveqneba: .)()(
2
1

22 txtx  )(tz  signali, romelic gansazRvravs gadarTvis 

mruds, SeiZleba Caiweros Semdegnairad:  

 
)()(

2
1)()( 221 txtxtxt −−=z

                                              
(25) 

es signali marTavs R reles, romelic warmoadgens sign operaciis teqnikur (an 

programul) realizacias. signali reles gamosasvlelze uzrunvelyofs optimalur 

marTvas swrafqmedebaze, vinaidan 

 Tu, ,21 )(),(( −∈ Rtxtx  maSin  0,)z( >t  

 Tu, ,21 )(),(( +∈ Rtxtx   maSin  0.)z( <t                                                (26) 
ZiriTadi sirTule warmoiSveba maSin, rodesac sistemis mdgomareoba aRmoCndeba 

gadarTvis mrudze. (25) da (23) gantolebebidan Cans, rom, rodesac ))(),(( 21 txtx , maSin 

0)( =tz . am SemTxvevaSi idealuri reles gamosasvleli unda iyos nulis toli. magram, 

vinaidan rele fizikurad aris idealuri, mas yovelTvis aqvs ugrZnobelobis are, igi 

gadaerTveba ara am γ  mrudze, aramed cota gvian. amitom realuri sistemebi `TiTqmis 

optimalurebia~. 

 
nax.4. swrafqmedebis mimarT optimaluri marTvis sistemis realizaciis sqema 
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merve etapi: movaxdinoT optimaluri marTvis sistemis modelireba Matlab 

sistemis da misi gafarToebis Simulink-is saSualebiT. modelirebis sqema warmodgenilia 

me-5 naxazze. 

 
nax.5. swrafqmedebis mimarT optimaluri marTvis sistemis modelirebis sqema 

 

sqemaze gamoyenebulia Switch bloki, gadarTvis zRvari udris 610−
. Sua 

Sesasvlelze miewodeba |)(| tz  moduli Abs1 blokis gamosasvlelidan. pirvel 

Sesasvlelze (zedaze) miewodeba )(tz  signali, xolo meore Sesasvlelze (qvedaze) – 0, 

Constant blokidan. Tu )(tz  signalis done aRemateba am zRvars, maSin Switch blokis 

gamosasvlelze miewodeba signali zeda Sesasvlelidan, anu )(tz . Tu piriqiT, anu qveda 

Sesasvlelidan, maSin – 0. 

avagoT fazuri traeqtoria mocemuli sawyisi pirobebiT: 

I xerxi: gamoviyenoT XY  Graph bloki, romlis erT Sesasvlelze (abscisaTa 

RerZze) mivawodebT 1x -s, xolo meore Sesasvlelze - 2x -s.  

 
nax.6. fazuri traeqtoria 

 
II xerxi: gamoviyenoT To Workspace registratorebi, romlebic naxazzea naCvenebi.  
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nax.7. swrafqmedebis mimarT optimaluri marTvis sistemis modelirebis Sedegebi 

 
am registratorebis saSualebiT miRebuli signalebi Caiwereba Workspace–Si. Semdeg 

Matlab-is sabrZanebo fanjridan vagebT fazur traeqtorias: 

% 
 x10=[0.5; 0.2; -0.5; -0.3; -0.2; -0.1]; 
x20=[0.5; -0.3; -0.5; 0.2; -0.8; 0.9]; 
%Start simulation 
% 
 plot(x1.signals.values,x2.signals.values) 
xlabel('x1'), ylabel('x2') 
 

vcvaloT sawyisi pirobebi da Sesabamisi fazuri traeqtoriebi davamatoT igive 

grafikul fanjaraSi. amisaTvis viyenebiT hold on–s. Sedegad viRebT fazur portrets: 

 
nax.8. fazuri traeqtoriebis portreti 

 

2. daskvna 

 
amrigad, optimaluri marTvis sistemebis proeqtirebaSi, gacilebiT advili da 

efeqturia Tanamedrove kompiuteruli teqnologiebis gamoyeneba zusti Sedegebis 

misaRebad. 
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ОПТИМАЛЬНОЕ УПРАВЛЕНИЕ ОБЪЕКТОМ С ДВУМЯ ИНТЕГРАТОРАМИ 

(ПЕРЕВОД СИСТЕМЫ ИЗ ЛЮБОГО НАЧАЛЬНОГО СОСТОЯНИЯ  
В НАЧАЛО КООРДИНАТ) 

Мчедлишвили Н., Мосашвили И.   
Грузинский Технический Университет  

Резюме 
Pассматривается задача нахождения оптимального по быстродействию управления 

инерционным объектом с двумя интеграторами, обеспечивающего перевод системы из любого 

начального состояния  в начало координат за минимальное время. Решение задачи 

осуществляется методом максимума Понтрягина. Приведены результаты имитационного 

моделирования в Matlab/Simulink. 

 
OPTIMUM CONTROL OF THE OBJECT WITH TWO INTEGRATORS 

(TRANSITION OF THE SYSTEM FROM ANY INITIAL STATE TO  
THE ORIGIN OF COORDINATES) 

Mchedlishvili Nino,  Mosashvili Irine 
Georgian Technical University 

Summary 
 The problem of optimum control of inertial object with double integration is 

considered. For the solution of this problem optimum control is determined, motion 
trajectories are plotted on phase plane, law of control is found and structural diagram of its 
realization is drawn. The object is described with the second order differential equation. The 
function of transmission is given. Control is limited. The allowable control is determined 
which transfers the system from any initial state to the origin of coordinates in possible 
minimum time. In order to plot motion trajectories on phase plane the trajectory equations are 
solved with initial conditions taken into account. These trajectories represent parabolas. The 
work presents phase trajectories received with Matlab system and the corresponding program. 
The switch curve for objects with double integrations is obtained.  

The realization of the law of control is done by creation of nonlinear system 
(feedback) of control which transforms phase coordinates and establishes optimum control. 
Phase coordinates change in every moment of time. The scheme of optimum control system 
realization relative to quick action is drawn, its modelling also realized by means of Matlab 
system and its expansion Simulink. Phase trajectory is plotted with the given initial 
conditions. The initial conditions are changed and the respective phase trajectories are 
introduced into the same graphical window. As a result a very interesting phase portrait is 
obtained. Thus, when designing optimum control systems it is much simpler and more 
effective to use modern computer technologies in order to get precise results. 


