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hopfis bifurkacia samgeneratoriani sistemisaTvis 

goCa dalaqiSvili 
saqarTvelos teqnikuri universiteti 

reziume 

 ganxilulia energosistemebSi hopfis bifurkacia mravalgeneratoriani, konkretul 

SemTxvevaSi ki, samgeneratoriani sistemisTvis. mocemuli maTematikuri modelis ganxilvis 

safuZvelze SeiZleba ganisazRvros parametrebis mniSvnelobaTa jgufebi, romlebic 

Seesabameba bifurkaciis wertilebs da miiReba hopfis bifurkaciis indikatori. miRebulia 

eqsperimentis gardamavali procesis grafiki da fazur sibrtyeze misi saxe, sabolood ki 

– Sedegi, n – ganzomilebiani fazuri tori. 

 sakvanZo sityvebi : energosistema. bifurkacia. tori. fazuri sibrtye. gardamavali 

procesi. 

1. Sesavali 

bifurkacia – es aris gadasvlebi, romlebic SeiZleba moxdes dinamikuri qcevidan 

sxvadasxva saxeebs Soris parametrebis cvlilebisas. 

bifurkaciis movlena zogadi cnebaa, romelsac Seesabameba SesaZlo topologiur 

cvlilebaTa qvesimravle da axasiaTebs sistemis amonaxsns. zogad SemTxvevaSi gansaxilvel 

X  amonaxsnTa sivrce SeiZleba daxasiaTdes garkveuli topologiiT. kerZod, romeliRac 

metrikuli sivrce SeiZleba SevusabamoT n -ganzomilebis 
nΕ  evklidur sivrces. Teoriul 

aspeqtSi SeiZleba ganvixiloT 
nΕ -ze ufro zogadi sivrce.  

bifurkaciul analizSi gadamwyvet rols TamaSobs gansakuTrebuli amonaxsnebi:                                                                             

1. ||:||| 000 xxfXx →=  - stacionaluri amonaxsnebi; 

2. ||)0()0(:||| TxxfXX +→=  - perioduli amonaxsnebi. 

dinamikuri sistemebisaTvis, romlebic aRiwereba Semdegi diferencialuri 
gantolebiT  

),( pxf
dt
dx

= , 

amonaxsnTa simravlis pirveli SemTxveva Seesabameba gantolebaTa sistemis  
 

0=
dt
dx

 

amonaxsns, romelic warmoadgens 0),( =pxf  gantolebaTa simravlis amonaxsns.  

 meore SemTxvevaSi amonaxsni warmoadgens an martiv, an sakmaod rTul zRvrul 
ciklebs.  

 zemoT CamoTvlil or amonaxsnTan SedarebiT ufro rTuli xasiaTi gaaCnia an 

pirobiT-periodul amonaxsnebs an atraqtorebs, romelTa sazRvrebs gareT traeqtoriebi 

ar gadis. e. i. ,XX a ⊂   
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3. ||:||| XXfXX aa →=  

gansakuTrebuli amonaxsnebi (1,2,3) imiT xasiaTdeba, rom maTken miiswrafvis yvela 

regularuli amonaxsni +∞→t   an −∞→t .  

struqturuli mdgradoba: iqneba Tu ara mezobeli regularuli amonaxsnebi 

erTmaneTTan sakmarisad axlos parametrebis cvlilebisas. bifurkaciuli movlenis aRwera 

Seicavs cnebebs gansakuTrebul amonaxsnebisa da maTi mdgradobis Sesaxeb. bifurkaciis 

kargi magaliTia SemTxveva, rodesac sistemis gansakuTrebuli amonaxsnebis wertili 

daiyofa jerad gansakuTrebul amonaxsnebad. dakvirvebadi movlenebi – es ar aris 

ubralod mdgradobis Secvla, es ufro bifurkaciis magaliTia. unda aRiniSnos Semdegi: 

gansakuTrebuli wertilis mdgradobis qveS gvesmis mdgradoba liapunovis mixedviT. unda 

ganvixiloT struqturuli mdgradoba, romelic bifurkaciuli analizis kvlevis sagania.  

hopfis Teoriis safuZvelze Semogvaqvs cneba hopfis bifurkaciisa da zRvruli 

ciklebis Sesaxeb.  

 zRvruli ciklebis Sesaxeb koncepcia Camoayaliba a. puankarem diferencialur 

gantolebaTa kvlevidan. aseT sistemebSi SeiZleba miviRoT rxevebi, romlebic ubrundeba 

sawyis mdgomareobas mcire SeSfoTebis Semdeg, rxevebis nebismieri fazis dros. puankarem 

aseT rxevebs mdgradi zRvruli ciklebi uwoda. sistemebi ki - puankares oscilatorebia.  

 Tu CavTvliT, rom sistema iZleva zRvruli ciklis tipis rxevebs, maSin SeiZleba 

gavakeToT winaswari daskvnebi aseTi sistemebis mdradobis Sesaxeb, miuxedavad imisa, 

viciT, Tu ara sistemis aRmweri gantolebebi. 

imisaTvis, rom vimsjeloT sistemis mdgradobis an aramdgradobis Sesaxeb zRvruli 

ciklis mdgradobis mixedviT, unda davadginoT erTgeneratorian, orgeneratorian da 

samgeneratorian sistemebSi zRvruli ciklebis arsebobis faqti. Tu mcire SeSfoTebisas 

zRvruli cikli ubrundeba sawyis mdgomareobas, sistema mdgradia, Tu ara – aramdgradi.  

 Tu dinamikuri sistema damokidebulia parametrze, es parametri SeiZleba iyos 

temperatura, wneva, Zabva da sxva fizikuri sidideebi, maSin maTi cvlilebisas sistemis 

dinamika icvleba. dinamikuri sistemebis parametrebis cvlilebisas SeiZleba Seicvalos 

mdgradobis wertilebis ricxvi da maTi mdgradoba. aseTi cvlilebebi arawrfiv 

sistemebSi, romlebic damokidebulia sistemis parametris cvlilebaze, warmoadgens 

bifurkaciis Teoriis sagans. 

2. ZiriTadi nawili 

imisaTvis, rom vaCvenoT sixSiruli areebis hopfis bifurkaciis Teorema mZlavri 

eleqtrosistemibisaTvis. gamoviyenoT igi samgeneratoriani sistemisaTvis. gantolebebi 

Caiwereba Semdegi saxiT: 
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++−++ )sin()sin()sin(2 21321231121 θθθθ DDDQ&&     

                         12132123 )cos()cos( PCC ∆=−− θθθ                       (1) 

++−++ )sin()sin()sin(2 11212232131 θθθθ DDDQ&&      

                         21121223 )cos()cos( PCC ∆=−− θθθ                       (2) 

sadac ;;;; 132121132121 PPPPPP −=∆−=∆−=−= δδθδδθ  

1δ  da 1P  Sesabamisad aRniSnavs manqanur kuTxes da simZlavres. 

SeiZleba ganisazRvros parametrTa mniSvnelobebis jgufi, romlebic Seesabameba 

bifurkaciis wertilebs konservatiul sistemaSi da miiReba hopfis bifurkaciis 

indikatori.  bifurkaciis am wertilisaTvis parametrebis mniSvnelobebi mocemulia 

cxrilSi: 

 C12 C13 C D12 D23 D13 1P∆  2P∆  P1 
1θ  2θ  

0 0 2 1 0,577 0,577 4,042 2,887 -1,155 1,047 0,523 

dempfirebis damatebis Semdeg (1-2) daiyvaneba I rigis gantolebaze, sadac 
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(1), (2) unda gardavqmnaT ukugadacemis ekvivalentur sistemad: 

[ ];),( RYgBBRYAXX −++= η  Y=CX 

sadac  

)(),()( ULSGeL ⋅= η  

[ ] βη 1)(),( −+−= BRCASICSG  

=u ƒ RYege −−= ),(),( ηη  

Tu R=1, raTa ar iyos naikvistis konturze erTgvarovneba, maSin 
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iakobiani J=Detƒ iqneba: 
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,1)cos()cos()cos( 2123213112 +−++= eeDeDeDγ  

),sin()cos()cos( 2123213112 eeDeDeDZ −++=  

[ ] [ ] 2)()sin(2)cos()cos()cos( 2131122121122123 eCeCeDeDeeD ++++−−=β  

[ ] [ ] 2)()sin()sin(2)cos()cos( 2131122113112213 eCeCeeCeDeDY +−+−+−=  (14.67) 

amgvarad, 
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JjG ⋅)( ϖ  funqciis maxasiaTebeli gantoleba iqneba: 

[ ]
1)2(

)1()( 24

2

++
++

−+±−=
ϖϖ

ϖϖ
βαϖλ

Y
YJyzj  

(6) 

 

naTelia, rom naxevarnormaluri polusi gansazRvruli smit-makmilanis [S] formiT, 

aris gaxsnil maryuJze gadaadgilebis funqcia. JSG ⋅)(  matrica iqneba: 

)1()( 2 −+= TSSSP    (7) 

 Tu CavsvavT parametrebis mniSvnelobebs cxrilidan, roca Y=0,05, es sakmarisi 

iqneba saangariSod da kompiuterze modelirebisaTvis, radgan bifurkaciis parametri P1 

icvliba misi kritikuli mniSvnelobisas. roca dempfirebis mniSvnelobaa Y=0,05, P1-is 

kritikuli mniSvneloba daZrulia – 1,1551-dan daaxloebiT – 1,146-mde. P1<-1,146 – Tvis 

maxasiaTebeli Semowers (-1,50) wertils da (orjer) aRwevs mdgrad mdgomareobas. Tavidan 

ki grafiki miiswrafvis am wertilisken, e.i. sistema konvergirebs wonasworobisken, 

rxevebTan sixSiriT 1,2 rad/wm. (nax.1) 

 

 Tu P1 gadis kritikul mniSvnelobas, traeqtoria gaivlis (-1,50) wertilze, magram 

ar emTxveva mas, e.i. aRwers aramdgrad sistemas. es aris is SemTxveva, roca fesvebi kveTs 

warmosaxviT RerZebs. sistemaSi adgili aqvs hopfis bifurkacias. 

 roca P1=-1,144, maSin sistema miiswrafvis wonasworobisken. Tu  P1=-1,145, maSin 

sistema aRwevs wonasworobas da sabolood, roca P1=-1,146, sistemaSi aqac adgili aqvs 

hopfis bifurkacias. 

nax.1 
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 am eqsperimentis gardamavali procesis grafiki da fazur sibrtyeze misi saxe 

mocemulia me-2 da me-3 naxazebze, xolo me-4 naxazze - ki eqsperimentis saboloo 

Sedegebi: n-ganzomilebiani tori.  

      

 

 
3. daskvna 

 
 energosistemaSi bifurkaciis wertilebis garkveuli mniSvnelobebis SerCevisas 

mimdinare gardamavali procesi SeiZleba miviyvanoT sasurvel Sedegamde, rac TvalnaTliv 

Cans eqsperimentis Sedegebidan. miRebulia eqsperimentis gardamavali procesis grafiki da 

fazur sibrtyeze misi saxe, sabolood ki n ganzomilebiani fazuri tori. 
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BIFURKATION OF KHOPF FOR THREE-GENERATING SYSTEMS 

Dalakishvili Gocha  
Georgian Technical University 

Summary 

It is considered bifurkation of Khopf for multigenerating systems, in this case for 

three-generating systems. On the basis of the given mathematical model it is possible to 

define values of groups of parameters which correspond to points bifurkation  and the 

indicator bifurkation of Khopf  turns out. The schedule of transient of experiment, kind on a 

phase plane, and at last a result of experiment n-dimensional tor are received. 

 

 
БИФУРКАЦИЯ ХОПФА ДЛЯ ТРЕХГЕНЕРАТОРНЫХ СИСТЕМ 

Далакишвили Г. 
Грузинский Технический Университет 

Резюме 

Рассмотрена бифуркация Хопфа для многогенераторных систем, в данном случае для 

трехгенераторных систем. На основе данной математической  модели можно определить 

значения групп параметров,  которые соответствуют точкам бифуркации и получается 

индикатор бифуркации Хопфа. Получены график переходного процесса эксперимента, вид на 

фазовой плоскости и, наконец, итог эксперимента  n - мерный тор 
 
 


