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mTvareze rbilad dajdomis optimaluri marTvis amocana 

ia mosaSvili, nino mWedliSvili 
saqarTvelos teqnikuri universiteti 

 
reziume 

 

ganxilulia sawvavis optimizaciis amocana kosmosuri xomaldis mTvareze dajdomis 

magaliTze. gamoyenebulia pontriaginis maqsimumis principis meTodi. Sedgenilia sistemis 

maTematikuri modeli, gansazRvrulia dajdomis sasazRvro pirobebi, miRebulia raketis 

optimaluri marTva sawvavis minimaluri xarjvis pirobebSi. mTvareze rbilad dajdomis 

optimaluri sistemis kompiuteruli proeqtireba realizebulia Matlab sistemis 

saSualebiT.  

gasaReburi sityvebi: maTematikuri modeli. optimizaciis meTodi. pontriaginis 

maqsimumis principi. kosmosuri xomaldi. mTvareze dajdoma.  

1. Sesavali 

rogorc cnobilia, 1kg. masis mqone sxeulis orbitaze gayvana moiTxovs 30-50 kg 

sawvavs, amitom aucilebelia kosmosSi iseTi manevris ganxorcieleba, romlis drosac 

gamoiyeneba minimaluri raodenobis sawvavi. aseT SemTxvevaSi, teqnikurad aucilebeli da 

ekonomikurad gamarTlebulia sawvavis optimizaciis amocanis amoxsna. 

arsebobs uwyveti, determinirebuli optimaluri marTvis amocanebis sxvadasxvagvari 

maTematikuri dasma. magaliTisTvis, ganvixiloT iseTi amocana, rogoricaa mTvareze 

dajdoma, romlisTvisac optimalurobis aucilebeli piroba Caiwereba pontriaginis 

maqsimumis principis saxiT. mTvaris avtomaturi sadguris an xomaldis mTvaresTan 

miaxloebam SeiZleba mogvces sasargeblo mecnieruli informacia. 

 

2. ZiriTadi nawili 

ganvixiloT kosmosuri xomaldis mTvareze dajdomis bolo etapi. CavTvaloT, rom: 

a) mTvaresTan miaxloebis traeqtoria 

warmoadgens wrfes, mimarTuls dajdomis 

wertilisaken mTvaris zedapiris normalis 

gaswvriv; 

b) xomaldze moqmedebs gtmP ⋅= )(  simZimis Zala  

da )(tuF µ=  wevis Zala; 

g) ugulebelyofilia aerodinamikuri Zalebi 

(radgan mTvares ara aqvs atmosfero); 

 
nax.1. xomaldze moqmedi Zalebi 
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d)  mTvare uZravia da mTvaresTan kontaqtis wertilis areSi zedapiri brtyelia; 

e) g  da µ  mudmivebia, sawvavis xarji )(tu  zemodan SemosazRvrulia 0u  mniSvnelobiT, 

Zrava uinercioa (daSveba).                                   

 

am daSvebebis mixedviT SevadginoT sistemis maTematikuri modeli [1], romelic  

koSis normaluri formiT Semdegnairad Caiwereba: 
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dajdomis sasazRvro pirobebi iqneba: 
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amasTan T  ar fiqsirdeba. 

ganvsazRvroT raketis optimaluri marTva sawvavis minimaluri xarjvis pirobebSi: 
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am SemTxvevaSi, adgili aqvs maieris amocanas: dasaSveb mrudebs Soris saWiroa 

vipovoT is, romelic (3) funqcionals mianiWebs minimums. faqtobriv es niSnavs sawvavis 

minimaluri danaxarjiT, mTvareze rbili dajdomis programis gansazRvras.  

avagoT pontriaginis funqcia: [2] 
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damxmare cvladebi iψ  ganisazRvreba sistemidan: 
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rogorc (4) gamosaxulebidan Cans, pontriaginis H  funqcia, u  – optimaluri 

marTvis wrfivi funqciaa da Sesabamisad maqsimalur mniSvnelobas aRwevs mxolod 

gansazRvris aris  sazRvarze. gamodis, rom sawvavis xarjvis optimalur marTvas aqvs 

adgili mxolod maSin, roca: 

0)a u u= , roca 0uk >  

) 0b u = , roca 0uk <  

)c u  nebismieria intervalSi 00 u u≤ ≤ , roca 0uk = . 

uk -Ti aRniSnulia gadarTvis (4) funqcia. 

  2 3
3

.uk
z
µψ ψ= −  

gavarkvioT, rogoria am funqciis qceva. ganvixiloT misi warmoebuli: 
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uk&  arasdros ar xdeba nulis toli, radgan 1 constψ = . maSasadame, uk  gadarTvis funqcia 

icvleba monotonurad, arsad ar gaaCnia arc maqsimumi, arc minimumi. 

davuSvaT, rom uk  arsad ar icvlis niSans. im SemTxvevaSi, roca 0uk <  - 

SeuZlebelia rbili dajdoma, xolo roca 0uk >  - dajdoma SeiZleba sawvavis 

maqsimaluri xarjviT. bolo reJimi araa optimaluri. ganvixiloT SemTxveva, roca uk  

funqcia gadakveTs t  RerZs, anu icvlis niSans.  

nax. 2. 
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( a ) SemTxvevaSi, rbili dajdoma garantirebuli ar aris, xolo (b ) SemTxvevaSi 

sawvavis xarji maqsimaluria mxolod *,t T    SualedSi. marTvis es programa 

optimaluria. 

SevadginoT transversalobis piroba: 

 
[ ]
( )

0

3 3 1 1 2 2 0

0.

1 0

T

T

G H t z

z H t z z

δ δ ψδ

ψ δ δ ψ δ ψ δ

− + =

 + − + + = 
 (7) 

(2) sasazRvro pirobebis Sesabamisad: 

 ( )3 31 0
T

z H tψ δ δ + − =   (8) 

imisaTvis, rom (8) gamosaxuleba sruldebodes nebismieri 3zδ  da  tδ -sTvis, unda 

sruldebodes Semdegi piroba: 

 3( ) 1; ( , , ( )) 0T TT H z u Tψ ψ= − =  (9) 

rogorc wesi, Zravis muSaobis reJimi aseTia: Tu is CarTulia, maSin weva  mudmivia 

da tolia 0u -is. Tu gamorTulia, weva nulis tolia. amitom, H  funqcias aqvs 

maqsimaluri mniSvneloba, roca 1 0ψ <  da 0uk >& . miviRebT, rom: 
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sadac 0ξ  - aris Zravis CarTvis momenti, T  - dajdomis momenti. 

rbili dajdomis optimaluri marTvis amocana daiyvaneba Zravis 0ξ  CarTvis  

momentisa da T  dajdomis momentis gansazRvris amocanaze.  

maTi gansazRvrisaTvis saWiroa (1), (5) tolobebis integreba (2), (9) sasazRvro 

pirobebiT. 

 
00 t ξ≤ ≤ , anu Zravis CarTvamde, xomaldis moZraoba warmoadgens ubralo 0u =  

vardnas  Semdegi kanoniT:
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gantoleba (11) fazur 1 2,z z  sibrtyeSi  warmoadgens parabolas. 
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am parabolis RerZi emTxveva 1z  RerZs, xolo wvero mdebareobs 
2
20

1 10
zz z
g

= +  

wertilSi. 0ξ  momentSi Zravi irTveba mTeli simZlavriT. 

CavataroT (1) gantolebis integreba meore 
*,Tξ    SualedSi, amasTan * * *

1 2 3, ,z z z  

koordinatebi, gansazRvruli (11) sistemidan *t ξ= -sTvis, miekuTvneba sawyis pirobebs. 
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aRvniSnoT [ ]00,Tτ ξ∈ −  integrebis dro meore monakveTze. sasazRvro pirobebis 

1 2( ) 0, ( ) 0z T z T= =  gaTvaliswinebiT miviRebT Semdeg transcendentur gantolebebs:  
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maSasadame, rbili dajdomis gansaxorcieleblad, aucilebelia safren aparats 

hqondes sazomi mowyobiloba, romelic iZleva informacias simaRlis, siCqaris da masis 

Sesaxeb. gamomTvleli mowyobiloba µ,g  da 0u  mocemuli parametrebis mixedviT poulobs 

Zravis CarTvis da dajdomis moments, xsnis ra (14) sistemas. 

 amovxsnaT amocana kompiuterze parametrebis Semdegi mniSvnelobebisTvis:  

5000 =h m; 50 −=ν m/wm; 10000 =m kg; 2500=µ m/wm; .10 =u  

(14) arawrfiv gantolebaTa sistemis amoxsnisaTvis viyenebT Matlab –is or funqcias: 

fsolve da lsqnonlin. 

fsolve funqcias aqvs Semdegi sintaksi: 

[x, fval]=fsolve(@mysys,x0,options); 
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(14) gantolebaTa sistemis Sesayvanad saWiroa Sedges fail-funqcia: 

function F=mysys(x) 

global h0 nu0 g m0 u0 mu 

F(1)=h0+nu0*x(1)-g*x(1)^2/2+(nu0-g*x(1))*x(2)-g*x(2)^2/2+mu*x(2)+... 

mu*m0/u0*(1-u0*x(2)/m0)*log(1-u0*x(2)/m0); 

F(2)=nu0-g*x(1)-g*x(2)-mu*log(1-u0*x(2)/m0); 

end 

Semdeg Matlab–Si vadgenT programas, saidanac Segvyavs parametrebis mniSvnelobebi da 

(14) gantolebaTa sistemis amoxsnis brZaneba: 

h0=500;nu0=-5;g=1.62;m0=1000;u0=1;mu=2500; 

x=fsolve(@mysys,[1,1],optimset('fsolve')) 

Sedegad vRebulobT: 

x =   11.8892   26.5495 

dasmul amocanas vwyvetT meore gziT lsqnonlin brZanebis gamoyenebiT, romelic 

SemdegSi mdgomareobs: davuSvaT mocemulia arawrfiv gantolebaTa sistema: 
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CavweroT damxmare funqcia Semdegi saxiT: 
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 (16) sistemis amoxsna (17) funqciis minimumis povnis analogiuria. (17) funqciis 

minimizaciisaTvis gamoiyeneba brZaneba lsqnonlin.  

lsqnonlin funqcias gaaCnia Semdegi sintaksi: 

x = lsqnonlin(fun,x0,lb,ub,options) 

am SemTxvevaSi aucilebelia aseve Sedges fail-funqcia:  

function F=mysys(x) 

global h0 nu0 g m0 u0 mu 

F=[(h0+nu0*x(1)-g*x(1)^2/2+(nu0-g*x(1))*x(2)-g*x(2)^2/2+mu*x(2)+... 

    mu*m0/u0*(1-u0*x(2)/m0)*log(1-u0*x(2)/m0)); 

    (nu0-g*x(1)-g*x(2)-mu*log(1-u0*x(2)/m0))]; 

vxsniT amocanas parametrebis imave mniSvnelobebisaTvis: 

h0=500;nu0=-5;g=1.62;m0=1000;u0=1;mu=2500; 

x = lsqnonlin(@mysys,[1,1],[0,0]), 

vRebulobT igive Sedegebs, romlebic miviReT  fsolve funqciis saSualebiT amoxsnisas: 

x =   11.8892   26.5495 

aqedan gamomdinare vRebulobT, rom damamuxruWebeli Zravis CarTvis momenti 11.8892 

wamis tolia, xolo rbili dajdomis dro - 26.5495 wamis. 
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ЗАДАЧА ОПТИМАЛЬНОГО УПРАВЛЕНИЯ МЯГКОЙ ПОСАДКИ НА ЛУНУ 
Мосашвили И., Мчедлишвили Н. 

Грузинский Технический университет  
Резюме 

Рассмотрена задача оптимизации расхода топлива на примере посадки космического 
аппарата на луну. Применен принцип максимума Понтрягина. Составлена математическая 
модель системы, определены граничные условия посадки, получено оптимальное управление 
при условии минимизации расхода топлива. Компьютерное проектирование оптимальной 
системы мягкой посадки корабля на луну реализовано с использованием системы Matlab. 

 
THE TASK OF OPTIMAL CONTROL FOR THE SOFT LANDING  

TO THE MOON 
Mosashvili Ia, Mchedlishvili Nino 

Georgian Technical University 
 

Summary 
 

 A fuel optimization task in work for a soft landing on the Moon, has been completed. The 
control is determined with Pontryagin's minimum principle. The mathematical model of system 
included Maximum Principle with transversality conditions and the boundary conditions to find the 
optimal solution. Computer designing of optimal system for the soft landing on the moon is realized 
with use of system Matlab. A detailed investigation of the constrained trajectory optimization of the 
Moon landing problem has been presented. The resulting trajectories were analyzed based on state and 
control histories, effect on fuel and usages, operational feasibility, etc.. 

First, analysis was performed considering only two-dimensional translational motion. The 
baseline trajectory, which represented a minimally constrained landing trajectory, was found to be 
operationally infeasible. Operational constraints were imposed to obtain a more viable solution. A 
parametric study was performed varying the perilune height of the descent orbit and an impulse-like 
burn was observed in cases that targeted a positive descent orbit perilune height. The final vehicle 
attitude and landing approach of the vehicle were found to be very shallow (horizontal), which 
motivated the inclusion of rotational kinematics in the equations of motion in order to constrain the 
attitude characteristics of the vehicle. Attitude kinematics were included in the equations of motion 
and a constant scaling of the angular acceleration command appended to the cost function in order to 
minimize the rotational motion of the vehicle during the flight. The vehicle was constrained to land at 
a near vertical attitude (within 0.5 deg) with zero angular rate. Fuel penalty metrics were obtained for 
both the terminal attitude and attitude rate constraints, as well as further constraining the throttle to 
maximum thrust. It was found that the fuel usage increased by further limiting the throttle bound to 
maximum thrust. During the final portion of the trajectory, the final throttle profile  was observed to 
decrease to a specified lower bound as the vehicle rotated to a vertical orientation, which suggested the 
optimum was a minimal, or possibly zero, engine thrust during this interval. To investigate this, and to 
provide for navigational error margin, a terminal vertical descent phase was included in the trajectory.  


