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rTuli masobrivi momsaxurebis sistemis analizis erTi 
ganzogadebuli meTodis Sesaxeb 

 

zaal miqaZe, irakli SurRaia,  ilia zaalis Ze miqaZe 
saqarTvelos teqnikuri universiteti 

 

reziume 
 

mocemulia rTuli masiobrivi momsaxurebis sistemis analizi maTematikuri 

modelirebis erT-erTi meTodis, kerZod miqaZe-kakubavas meTodis gamoyenebiT. 

gasaReburi sityvebi: rTuli sistema. masobrivi momsaxureba. maTematikuri 

modelireba. analizis meTodi. 

1. Sesavali 

 

rTuli masobrivi momsaxurebis sistemis (mms) analizuri modelirebis zogad 

tendencias warmoadgens iseTi SemTxveviTi procesis ageba (moZebna, povna), romelic 

aRwers momsaxurebis process da SesaZlebelia misi Seswavla markovuli procesis 

gamoyenebiT. 

am mizniT praqtikaSi upiratesad gamoiyeneba ori meTodi. pirveli  meTodi, 

romlis arsi mdgomareobs SemdegSi: aRvniSnoT ( )V t  – Ti romeliRac SemTxveviTi 

procesi, romlis realizaciis mixedviT SesaZlebelia Tvalyuri vadevnoT sistemaSi 

mimdinare cvlilebebs: ganacxadis Semosvlis momentebs, maTi momsaxurebis damTavrebis 

momentebs da a.S. am procesSi SeirCeva drois iseTi momentebi { }( )1n n nt t t +< , romelSic 

procesis mniSvnelobebi { }( )nV t   qmnis diskretul markovul jaWvs; Semdgom diskretuli 

markovuli jaWvisaTvis damaxasiaTebeli Cveulebrivi meTodebiT moiZebneba SemTxveviTi 

sidideebis ( )nV t  ganawileba. bolos, am ganawilebis mixedviT SegviZlia gamovitanoT 

daskvnebi sawyisi procesis Tvisebebze; umravles SemTxvevaSi es bolo etapi arc aris 

saWiro, radganac TviT es sidideebi iZleva amomwurav informacias mms-is sistemis 

funqcionirebaze. 

    amrigad, markovis Calagebuli jaWvi es aris procesis mniSvnelobaTa mimdevroba 

specialurad SerCeul drois momentebSi - nt , romlebic qmnis markovis jaWvs, unda 

aRiniSnos is, rom nt  momentebi, rogorc wesi, SemTxveviTia da damokidebulia TviT 

procesis yofaqcevaze. markovis Calagebuli jaWvi SeiZleba maSinac ki ganisazRvros, 

rodesac  nt   momentebi, ar SeiZleba aRiweros diskretuli markovuli jaWviT. 
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    meore meTodi: kTksi – beliaevis [1,2]. mocemulia sistema, romelSic SesaZlebelia 

adgili hqondes sxvadasxva tipis operaciebs imis gaTvaliswinebiT, rom drois nebismier 

momentSi SeiZleba warmoebdes mxolod erTi operacia. sistemis mdgomareoba aRiwereba 

( )tξ   markovuli procesiT, romlis mdgomareobaTa simravle Sedgeba ori qvesimravlisgan: 

0X  da 1X . orive simravle sasrulia da Tvladi Tu 0( )t Xξ ∈ , maSin t  momentSi 

sistemaSi operacia ar sruldeba. 1X  simravle ki Sedgeba Semdegi saxis elementebisagan 

( , , )e j z , sadac e  aris indeqsi im operaciisa, romelic mocemul drois momentSi 

sruldeba, j  – romeliRac damatebiTi diskretuli parametria, xolo z  - dro gasuli 

operaciis dawyebidan; e  tipis operaciis xangrZlivobis drois ganawilebis funqcias Tu 

aRvniSnavT ( )Fe x -iT, maSin albaToba imisa, rom operacia damTavrdeba ( , )t t dt+ , drois 

intervalSi,  tolia [ ]( ) ( ) / ( )Fe Z dt Fe Z Fe Z+ − , xolo albaToba imisa, rom drois 

intervalSi ( , )t t dt+  moxdeba gadasvla, damokidebulia, mxolod imaze, Tu ra 

mdgomareobaSi imyofeba procesi drois aRebul momentSi. garda im gadasvlebisa, 

romlebic dakavSirebulia operaciis Sesrulebis damTavrebasTan. SesaZlebelia spontanuri 

gadasvlebi mudmivi intensivobiT, romelic aRiwereba iseTive wesiT, rogorc Cveulebriv 

markovul jaWvebSi. 

 

2. ZiriTadi nawili  

 

    axla aRvweroT  profesorebis ilia miqaZisa da revaz kakubavas mier 

SemoTavazebuli markovuli procesebis kidev erTi axali – ganzogadoebuli klasi [3]. 

vTqvaT, gvaqvs sistema, romelSic SeiZleba adgili hqondes sxvadasxva tipis operaciebs 

(drois nebismier momentSi mxolod erTs); sistemis mdgomareoba aRiwereba SemTxveviTi 

procesiT ( )tξ , romlis mdgomareobaTa X  simravle Sedgeba sami sasruli da Tvladi 

qvesimravlisgan; 0X , 1X  da 2X . Tu 0( )t Xξ ∈ , maSin drois t  momentSi sistemaSi 

operacia ar sruldeba da ( )tξ  SemTxveviTi procesis mdgomareoba aRiwereba mTel 

ricxvTa mimdevrobiT 1 2 0( , , )nj j j j X= ∈K ; Tu 1( )t Xξ ∈ , an 2( )t Xξ ∈ , maSin sistemaSi 

drois t  momentSi operaciebi sruldeba, 1X  da 2X  simravleebi Sedgeba elementTa 

Semdegi erTobliobisagan (e, j , k, u) ∈  1X , da ( ) 2, ,m u Xν ∈  sadac e da m operaciaTa 

tipis indeqsebia, romelic daiwyo ν momentSi ( )t u t u duν− < < − + ;  u  aris dro, 

gasuli operaciis dawyebidan; j – diskretul parametrTa veqtoria, romliTac xasiaTdeba 

SemTxveviTi procesi t u−  momentSi ( e  tipis operaciis dawyebis momentSi), romelsac 
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SemdgomSi vuwodebT e  tipis operaciis niSnulis veqtors; k ∈ 1X  da ν∈ 2X , romeliRac 

diskretuli parametrebia, romliTac xasiaTdeba SemTxveviTi procesi drois t  momentSi.  

    SemdgomSi maT vuwodebT ξ (t) SemTxveviTi procesis niSnulebs (Spn) da aRvniSnavT 

Spn – e da Spn – m; operaciis dawyebis momentSi isini aRniSnulia k% ∈  X1 da ν%  ∈  X2.  

    aRvniSnavT, rom l  tipis operacia m  – tipis operaciisagan gansxvavebiT, SeiZleba 

mravaljer Sewydes da yoveli Sewyvetis momentidan gagrZeldes sxva tipis operaciiT 

(magaliTad m ) imave operaciaze dabrunebiT an ar dabrunebiT, xolo m  tipis operacia 

aseTi saxis wyvetas ar ganicdis (dawyebuli m  operacia aucileblad unda damTavrdes).  

    ξ (t) SemTxveviTi procesis ufro ganzogadoebis da srulyofilad aRweris mizniT 

Semotanilia kidev erTi diskretuli parametri - η, romelic mTelricxva 

damokidebulebaSia j da k%  – Tan [η=η (j, k% ). SemdgomSi e tipis operaciis sawyis 

mdgomareobas vuwodebT elementTa Semdeg krebuls ( ,e j , η)∈  1X   aRvniSnoT H e,j,η(u) = p 

{x<u| ξ (t - x ) = ( e , j1, 0) ∈  1X |} – albaToba imisa, rom e∈ 1X  tipis operacia, romelic 

daiwyo t x−  drois momentSi mdgomareobiT ( ,e j , k% , 0) da η datvirTvis maCvenebliT da 

Sesruldeba ( )X X u<  droSi. xolo )()( uH i
ejη ,  Tu operaciis damTavrebis momentSi 

procesi aRmoCndeba i  0(i X∈  an 1(i X∈ ) mdgomareobaSi 1( ( ) ( )hej u H ej uη η= ; )()( uh i

ejη
 = 

( ) ( )i
ej uH η

′ 
  ); ( )mG u  albaToba imisa, rom 2m X∈   tipis operacia, romelic daiwyo t x−  

drois momentSi damTavrdeba ( )x x u<  droSi ( , )t t dt+ drois intervalSi [gm(u)= )](| uGm ; 

r ejη(υ)=hejη(u)/ H
−

ejη(u); ( )( )( ) / ( );ij
ej ejeju uhr Hη ηη

=  

( ) ( ) / ( );
mm m

u u ug Gµ =  

( ) 1 ; ( ) 1 ( )ej ej m mu u uG GH Hη η
 = − = −  . 

zemoT moyvanil, Cvens mier konstruirebul markovul process vuwodebT "Calagebul 

markovul process damatebiTi cvladiT", moviyvanoT misi gansazRvra (simartivis mizniT 

davuSvaT, rom 0X  simravleebis diskretul komponentTa raodenoba ar aRemateba ors). 

gansazRvreba. ξ (t) SemTxveviT process, romlis mdgomareobaTa simravle X  Sedgeba 

sami qvesimravlisgan: ( , )I k 0 1, ( , , , )X e j k u X∈ ∈   da (m , 2, )u Xν ∈   ewodeba Calagebuli 

markovuli procesi damatebiTi cvladiT, Tu gadasvlaTa albaTobebi misi nebismieri 

mdgomareobidan: 0( )t Xξ ∈  an 1( )t Xξ ∈  an 2( )t Xξ ∈  mdgomareobebSi, romlebic 

miekuTvneba amave simravleebs ( , )t t dt+  drois intervalSi damokidebulia ara marto 
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imaze, Tu ra mdgomareobaSi imyofeba procesi drois t momentSi, aramed imazec Tu ra 

mdgomareobaSi imyofeboda is operaciis dawyebis momentSi da aRiwereba Semdegnairad. Tu 

drois t  momentSi ξ(t)=(e,j 1, )u Xν ∈ , maSin t∆ droSi )()( )()( ttu P k
e

i
ej ∆∂+∆Ζ νηη  albaTobiT 

procesi gadadis ( , )i k 0X∈  mdgomareobaSi an 
|0( ) ( ( ), )e t

u D tker P νη ∆
+ ∆  albaTobiT 

1, , , )e i K X′ ∂ ∈   mdgomareobaSi.   (aq e′   operaciaTa iseTi klasia, rogoricaa )e .  Tu ξ 

( t ) = ( , , )m v u 2X∈   maSin  t∆  droSi albaTobiT )()( ),( ttu P ik
mm

∆∂+∆νµ  procesi gadava 

( , )i k 0X∈  mdgomareobaSi an albaTobiT ( ) ( )( , , )
1( ) , , ,e j k

mm
u t t e j k XP νµ ∆ + ∂ ∆ ∂ ∈  

mdgomareobaSi. 

    aseve SesaZlebelia spontanuri gadasvlebi, romlebic araa dakavSirebuli 

operaciis damTavrebasTan, magaliTad ( , )c d 0X∈  mdgomareobidan ( , )c k 0X∈  mdgomareobaSi 

albaTobiT ),()( ttkd ∆∂+∆λ  xolo (I,d) 0X∈  mdgomareobaSi albaTobiT ( ) ( )c i t tα ∆ + ∂ ∆  

mdgomareobaSi (e,c, k% , )∂  albaTobiT )(),( ttke ∆∂+∆λ   da a. S. 

    moviyvanoT ξ (t) procesis aRmweri Tanafardobebi. am mizniT SeiZleba damtkicdes 

Semdegi Teorema: 

    Tu ξ ( t ) SemTxveviTi procesis diskretuli mdgomareobaTa simravle sasrulia, 

xolo )()( uH i
ejη   da Gm (u) absoluturad uwyveti funqciebia da ξ ( t ) -s sawyisi 

mdgomareobaTa ganawilebis pirobebi – uwyvetia, arsebobs uwyveti funqciebi: 

{ } XR cddctptd
c 0

)( )(,),()()( ∈== ξ  

{ }{ } XP ukjeuykjet
du
dutk

je 1

)(

,, ),,,(,,,,)(),( ∈<== ξ
η

 

{ }{ } ,),,(,,,)(),( 2

)(

, XP umuymt
du
dutjm ∈<== ννξν

 

romlebic akmayofilebs Semdeg gantolebebs: 

0 0 1

2

( )
( ) ( ) ( ) ( ) ( ) ( )

,0

( ) ( , )

0

( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

( , ) ( ) ;

k
tt c k i ki

i i c e j ej eji k c c
c X c c i j
c k

t
i k

mj mm
j

d t
t t k t i u du

dt X X

t u u du
X

R R R R P P

P P

ν

η η η

ν

ν

α λ λ α

µ

∈ ∈ ≠ ∈
≠

∈

+ + = + + +

+

∑ ∑ ∑ Ζ∫

∑ ∫
 (1) 

1

( ) ( )
( ) ( )( , ) ( , )

( ) ( , ) ( , ) ( );
k k

k cej ej
ej ej ejek ec

c c k

t u t u
u t u t u k

t u X

P P Pη η
η η ηλ λ

∈ ≠

∂ ∂
 + + + = ∂ ∂ ∑Ζ               (2) 
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2

( ) ( ) ( ) ( )( , ) ( , ) ( ) ( , ) ( , ) ( );c
mj mj mj mjm mcm

c X
c k

t u t t u u u t u t uP P P Pν ν ν

ν
νµ λ λ

∈
≠

 ∂ ∂ + ∂ ∂ + + =  ∑          (3) 

sasazRvro pirobebs aqvT saxe: 

20 2

( ) ( ) ( ) ( ) ( , ) ( ) ( , , )

0 0

( ,0) ( ) ( , ) ( , ) ( , ) ( ) ;
t t

k d i e k e j k
ej j ej ej e mj mm

j Xd j
t t e k t u du t u u du

X X
P R P P P Pν ν

η η η νη να µλ
∈∈ ∈

+ +∑ ∑ ∑Ζ∫ ∫
% % %%

   (4) 

0

( ) ( ) ( , )( ,0) ( ) ( ) ,k k
imj i m

i
t t m j

X
P R Pν να ν

∈

= =∑ %
%                      (5) 

sawyis pirobebs aqvs saxe: 

( ) ( ) 0k
i t tR =  = );0()(R k

i       ( )( , ) 0k
ej t u tP η = = );,0()( uP k

ejη   tutP k
m /),()(

ν o = ),0()( uP k
mν          (6) 

am TanafardobaTa damtkiceba aRwerilia me [3] naSromSi. 

    moviyvanoT erTi sailustracio magaliTi mms-dan. rogorc cnobilia mkvlevarTa 

miswrafebaa mms-is modelSi gamoyenebuli SemTxveviTi procesis sawyisi albaTuri – 

droiTi maxasiaTeblebi miuaxlovdes realurs, rac aucilebelia modelis originalTan 

adeqvaturobis da sizustis uzrunvelsayofad. igulisxmeba moTxovnaTa aRZvris, maTi 

sistemaSi Semosvlis, momsaxure organos mtyunebisa da aRdgenis procesebi da a.S. am 

TvalsazrisiT erT-erTi yvelaze efeqturi meTodia SemTxveviTi sidideebis empiriuli an 

Teoriuli ganawilebis kanonebis warmodgena (aproqsimacia) iseTi funqciaTa klasiT, 

romlis laplasis gardaqmnas aqvs racionaluri funqciis saxe. kerZod, gansakuTrebiT 

mniSvnelovania ganacxadTa nakadis da mtyunebaTa nakadis ganawilebis funqciis warmodgena 

maCveneblian funqciaTa nareviT (erlangis nareviT): Semomavali ganacxadis drois 

albaTuri ganawilebis funqcias laplasis gardaqmnis terminebSi aqvs saxe: 

a (s) = [ ]∏∑
==

+
ei

i

n

i
i ijsijP

11
)( λλ  

aq Pi–i   StoSi ganacxadis albaTobaa misi Semosvlis momentSi; i   - StoTa raodenoba, 

xolo ei – i (i=1,n)   Stos mimdevrobiT organizebul etapTa (fazaTa) raodenoba; ijλ  

Sesabamisi intensivobaa aseve Semdgom SesaZlebel ganzogadebas warmoadgens or mezobel 

mtyunebas Soris drois ganawilebis funqciis aproqsimacia aseve erlangis nareviT: 

( )b s  = 
1 1

( )
aim

i
i i

q ij S ijα α
= =

+∑ ∏  

amis Semdeg ganvixiloT mms ori magaliTi: 

1. GI /G/1/ ∞   tipis mms arasaimedo momsaxure organoTi. 

vTqvaT, mocemulia mms, romelSic Semodis ganacxadTa nakadi ganawilebis funqciiT 

a(S), xolo momsaxure organos mtyunebaTa nakadi ganawilebulia B (S) funqciiT (nakadis 
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qveS igulisxmeba or mezobel cdomilebas Soris drois ganawilebis funqcia); ganacxadTa 

momsaxurebis drois xangrZlivoba SemTxveviTi sididea da ganawilebulia zogadi kanoniT 

F (u); araqmediTunariani xelsawyos aRdgenis dro aseve ganawilebulia zogadi kanoniT – 

G (u); nebismieri moTxovna gadis srul momsaxurebas; rigSi lodinis da sistemaSi yofnis 

dro araa SezRuduli; aseve arc rigis sigrZea SezRuduli. am SemTxvevaSi (1)–(6)  

gantolebebi miiRebs Semdeg konkretul saxes: 

 

1

1

( )
( )( ) ( ) ( )( )

( )
1 1 0 0

( , 1) ( )
1 , 11 , 1

( ) ( ,1, ) ( ) ( ,0, ) ( )

(1 ) ( ) (1 ) , ; 1, , 1, ; 1, ; 1, ;

ij tm ac ijij ij cdcd t
cd t cd cd c

c d

i j ij
c i ccd c di i j

td
ij t u u du t u u ducd ddt

t d i n j e c m dd

R q qR P r

R R

α λ µ

α α

δ

δ λ δ
= =

−
− =−

= − + + + +

+ − + − = = = =

∑∑ ∫ ∫% %% %
%%  

(7) 

 

aqedan 

( )

( ) ( )
( ) ( , 1)

,1 , 1

( )
1 1

1
( ) ( )

( , , ) ( , , )
( ) ( , , ) (1 ) ( , , )

1 ( , 1, ), 1, , 1, , 1, , 1, , 1, ;

( , , ) ( , , )

ij ij
ij i jcd cd

cd ij j i jcd cd

n ej
k j i ve ccd

ij ij

P t k u P t k u
r u P t k u P t k u

t u

P P t k u k i n j e c m d a

q t k u q t k u
t u

ν
νν

λ δ λ

δ δ λ

−
−

=

∂ ∂
 + = − + + − + ∂ ∂

+ − − = ∞ = = = =∑

∂ ∂
+ = −

∂ ∂
( ) ( , 1)

1 , 1

( )
1

1

( ) ( , , ) (1 ) ( , , )

(1 ) ( , 1, ), , , 1, , 1,

ij i j
ij j i j

n e
j ko i ve i

u q t k u S q t k u

P q t k u k o i n j eν ν
νν

λ µ λ

δ δ λ

−
−

=

 + + − + 

+ − − = ∞ = =∑

 

sasazRvro pirobebi Caiwereba Semdegi saxiT  

( ) ( ) ( )

1 1

( )
1 1 1

1

( , , ) ( , 1, ) ( )

( , , ) ( ) ( ) ,

1, ; 1, ; 1, ; 1, ; 1, ;

tm acij ij cd
cd cd cdd o

t n iei
d c ij k j cd ieiio

i c

P t k o p t k u z u du

q q t k u du p R t

k i n j e c m d a

ε

δ µ ν δ δ λ

= =

=

= + +∑ ∑ ∫

+ + ∑∫

= ∞ = = = =

%

% %% %%

% %
% %%  

 

vTqvaT, sawyis pirobebs aqvs saxe: ( , ) (0) 1i j
cd

R =
% %
%%

   (8) da (9) gantolebaTa amonaxns 

aqvs saxe: 
( ) ( ) ( )

( )1 1 1
( , , ) ( , ,0) ( ) ( );

ek n iij ij k ij
cdcd cd iji j

P t k o p t u e u H u
ν

ν
ν

= = =

 
= −∑ ∑ ∑ 

 

% %%

%%
% %

 aq  ( )
( )

k ij
ije uν %%   aris pirobiTi 

albaToba imisa, rom t momentSi sistemaSi iqneba ( )ijkν %%
 ganacxadi da mosalodneli 
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Semomavali ganacxadis mixedviT (ij) fazaSi, Tu t-u momentSi iyo ν  ganacxadi, xolo 

mosalodneli Semavali ganacxadis mixedviT ( )ij%% fazaSi. 

magaliTi 2. mravalprocesoriani gamoTvliTi sistema, romelic Sedgeba m muSa 

da  m-n sarezervo identuri mowyobilobebisagan, eZleva saerTo davaleba, romlis 

Semosvlis intensivoba Seadgens  iλ − da momsaxurebis dro ki ganawilebulia 

( )F u funqciiT;  

sistema erTdroulad emsaxureba erT ganacxads;  

momsaxure organo, rogorc Tavisufal, aseve dakavebul mdgomareobaSi mtyunebebs: 

TviTaRdgenadi da mdgradi, romlebic aRmoCndeba uwyveti kontrolis saSualebiT aRZvris 

momentSi;  

muSa mowyobilobebi Tavisufal mdgomareobaSi mtyundeba 1α , xolo sarezervo 2α  

intensivobiT dakavebul mdgomareobaSi Sesabamisad Seadgens 1β  da 2β -s. sistemas 

emsaxureba erTi saremonto brigada; aRdgenis drois  intensivoba Seadgens µ -s. 

es sistema aRiwereba Semdegi TanafardobebiT: 

 
1

1 1( ) ( ) ( ) ( ),o oR t R t R tµ λ α= − + +  

 

( ) 1 ( ) ( 1)( ( )) ( ) ( ) ( ), 1,2,3,...,k k k
o o oR t R t R t kµ λ λ −= − + + =  

 

1 (1)
1 1 1

1
( ) (1 ) ( ) ( ) (1 ) ( ) ( , ) ( ) , 1,

tn
i in i i i in i i i

o
R t a R t R t a R t p t u u du i hν ν

ν
λ δ µ µ δ− + +

=
= + − + + + − + Ζ =  ∑ ∫ 

 

( ) ( ) ( ) ( 1)
1( , ) ( , ) ( ) ( , ) (1 ) ( , ), 1,2,3...k k k k

i i i i k ip t u t p t u u Z u p t u p t u kλ λ −∂ ∂ + ∂ ∂ = − + + − ∂ =    

aq [ ]1 1 1 2( ) ( ) ( ) , 1,i oa i m i i m m i m i nα δ α α= ∂ < + ≥ + − =  

 

sasazRvro pirobebs aqvT saxe  

( ) ( 1) ( )
1 1

1
( , ) ( , ) ( ), 1,

tnk k k
i i k i i o

o
p t o p t u Z udu R R t i nν ν

ν
δ λ δ µ+

=
= + + =∑ ∫  

 

momsaxurebis funqciis  ( ) ( )cd
kbH t − s  mosaZebnad SeiZleba Caiweros Semdegi 

gantolebaTa sistema (moviyvanT mas amoxsnis gareSe): 
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{ } { }( ) ( )
( )

( ) ( )
1( )

1

( ) ( ) ( )
1( )

( ) exp ( ) ( ) exp

( ) ( ) ( ) ( ) ( ), ;

( ) ( ) ( ) ( ) ( )

t t t ucd k
kc bd kb cdkb db

o o o
t t um k cd

a bko o
t t ucd k cd

kckb ab
o o
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ABOUT THE GENERAL METHOD OF  ANALYSES  OF THE COMPLICATED  

MASSIVE SERVICE SYSTEM 

Mikadze Zaal, Shurgaia Irakli, Mikadze Ilia Z.  

Georgian Technical University  

Summary 

This article deals with the analysis of a complicated system of massive service using one of the 

methods (offered by Mikadze-Kakubava) of math modeling. 

 

ОБ ОДНОМ ОБОБЩЕННОМ МЕТОДЕ СЛОЖНОЙ СИСТЕМЫ  

МАСОВОГО ОБСЛУЖИВАНИЯ 

Микадзе З.И., Шургая И.Б., Микадзе И.З. 

Грузинский Технический Университет 

Резюме 

В работе предлагается анализ сложной системы масового обслуживания с 

использованием одного из метода (предложенным Микадзе-Какубава) математического 

моделирования. 


