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I t c f d f k b 

 

wbahekb ntmybrbc ufydbsfht,fcsfy lfrfdibht,bs 

ufycfresht,ek vybidytkj,fc bძtyc ufvjყtyt,bsb fkut,hbc 

bctsb vbvfhsekt,t,b, hjujhbwff rjlbht,bc stjhbf,  

გhfasf stjhbf, ,ekbc fkut,ht,b, cfchek fdnjvfnsf 

stjhbf. fv cfrbs[t,bcflvb vbძqdybkb cgtwbfkehb vfstvfnb-

rehb kbnthfnehbc ufwyj,f, vbcb cfaeძdkbfyb lfveifdt,f 

lf ufvjყtyt,f ghfmnbrekb  cfby;byhj fvjwfyt,bc itcofdkf-

ib ufhrdtek vfstvfnbreh vjvpflt,fc vjbs[jdc. 

itvjsfdfpt,ekb cf[tkvძqdfytkjc ძbhbsflb            

vbpfნbf, thsb v[hbd, ,frfkfdhbfnbcf lf vfubcnhfnehbc  

cneltynsf vjvpflt,bc bv ljybc epheydtkყjaf, hfw           

fewbkt,tkbf itvlujvib itcf,fvbcb cgtwbfkj,bc  lbcwbg-

kbyt,bc itcfcofdkfl lf, vtjht v[hbd, bv eyfh-xdtdt,bc uf-

vjveifdt,f, hfw cfzbhjf vfstvfnbrehb  stjhbek-fkujhbs-

vekb wjlybc ufvjყtyt,bcfsdbc ghfmnbrekb cfby;byhj fvj-

wfyt,bc uflfcfoყdtnfl.  vybidytkjdfyb flubkb erfdbf vfst-

vfnbrehb fgfhfnbc, rthძjl, ohabdb fkut,hbc vtsjlt,bc uf-

vjყtyt,bc  bkecnhbht,fc rjyrhtnekb ntmybrehb fvjwfyt,bc            

fvj[cyfib. ibyffhcj,hbdb lf cnbkbcnbrehb sdfkcfphbcbs, 

tc fcgtmnb vfc vjobyfdt ntmybreh eybdthcbntnt,ib fv;fvfl 
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vjmvtl @cfby;byhj vfstvfnbrbc#  cf[tkvძqdfytkjt,sfy  ff[-

kjt,c. 

cf[tkvძqdfytkj jhb yfobkbcufy itlut,f.  I  yfobk-

ib ufy[bkekbf rjvgktmcehb hbw[dt,b, vfnhbwt,b, ohabd  

fkut,hek ufynjkt,fsf cbcntvt,b, dtmnjht,b lf                 

fyfkbpehb utjvtnhbbc tktvtynt,b.  II  yfobkib  vjwtve-

kbf ohabdb cbdhwtt,b, ohabdb jgthfnjht,b, ჯueabc, huj-

kbc lf dtkbc wyt,f, rjlbht,bc stjhbbc tktvtynt,b, ,ekbc  

fkut,ht,b lf vfssfy lfrfdibht,ekb cfrbs[t,b, uhfasf  st-

jhbbcf lf fdnjvfnsf stjhbbc tktvtynt,b. 
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  I  SFDB. RJVGKTMCEHB HBW[DT,B LF 

VHFDFKOTDHT,B 

 

 

uthvfytk vfstvfnbrjcc rhjytrthc tresdybc   itvlt-

ub ufvjyfsmdfvb: @qvthsvf itmvyf yfnehfkeh hbw[dsf         

vbvltdhj,f, c[df ყdtkfathb itmvybkbf flfvbfybc vbth#.  

cbnყdf @yfnehfkehb# fhbc @,eyt,hbdbc#   cbyjybvb.   yfne-

hfkehb hbw[dt,b bctsb hbw[dt,bf,  hjvkt,bw  ofhvjbidyty 

sdkbc itltufl. yt,bcvbthb jhb yfnehfkehb hbw[dbc ჯfvb 

yfnehfkehb hbw[dbf.  bvbcfsdbc, hjv itcfძkt,tkb uf[ltc 

hbw[dt,pt c[df  jgthfwbt,bc  (ufvjrkt,bc, ufყjabc, fvjatc-

dbc) itchekt,f, yfnehfkeh hbw[dsf cbvhfdkt eylf         

ufafhsjdltc ufhrdtekb cf[bc   @[tkjdyehb# (fhfyfnehf-

kehb) hbw[dt,bc cfiefkt,bs. fctsyfbhfl  itvjlbc vfstvf-

nbrfib efhყjabsb,  hfwbjyfkehb, bhfwbjyfkehb lf 

rjvgktmcehb hbw[dt,bc wyt,f. 

rjvgktmcehb hbw[db ufybcfpqdht,f hjujhw a+bi 

cf[bc ufvjcf[ekt,f, cflfw a  lf b  yfvldbkb hbw[dt,bf,  

[jkj i cgtwbfkehb cbv,jkjf, hjvtkcfw tojlt,f             

ofhvjcf[dbsb thstekb. rjvgktmceh hbw[dsf cbvhfdktib 

fhbsvtnbrekb jgthfwbt,b ufycfpqdhekbf bctsyfbhfl, hjv 

rjvgktmcehb i hbw[dbc rdflhfnb 1 -bc njkbf )12( i , t.b. 
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rjvgktmceh   hbw[dt,c   ijhbc   fhbc bctsb hbw[db,  hjvkbc 

rdflhfnb efhყjabsbf. tc cfiefkt,fc bძktdf ufydcfpqdhjs 

rjvgktmceh hbw[dsf cbvhfdktib fvjatcdbc jgthfwbf yt,bc-

vbthb, vfs ijhbc efhყjabsb hbw[dt,bcfsdbc. sfdbcb @[t-

kjdyehj,bc# vbe[tlfdfl,  rjvgktmcehb hbw[dt,b udfძktdc 

ძkbth vfstvfnbreh   bfhfqc pjubthsb cfby;byhj fvjwfybc 

fvjcf[cytkfl.  vfufkbsfl (b[. §4), rjvgktmceh hbw[dt,c lb-

lb ufvjყtyt,f fmdc wdkflb ltybc tktmnhjohtlbc          

uffyufhbit,bcfc. tc ufygbhj,t,ekbf bvbs, hjv wdkflb ltyb 

tktmnhjohtlt,ib bwdkt,f cbyecjblehb )0sin( ωtII m    

rfyjybc    vb[tldbs  ( mI  ltybc fvgkbnelff, 0 -cfo.bcb af-

pf,  -cb[ibht), [jkj fv cf[bc  lfvjrblt,ekt,fc ufhrdtekb 

otcbs ittcf,fvt,f  

tieII ~
  

ajhvbc ufynjkt,f (b[. (4.12) lf (4.13)), hjvtkbw    chekfl 

fqothc tktmnhjohtlib vbvlbyfht ghjwtct,c. rjvgktmcehb 

cf[bs xfothbkb ufynjkt,bc ufvjყtyt,f eahj [tkcfყhtkbf, 

hflufy vfxdtyt,kbfyb tieII ~
   ajhvbs  ofhlutybk hbw-

[dt,pt xfnfht,ekb vjmvtlt,f (ufvhfdkt,f, ufყjaf, ufofh-
vjt,f lf f.i.) ufwbkt,bs  vjcf[th[t,tkbf, dblht cbyect,bc 
lf rjcbyect,bc itvwdtk ufvjcf[ekt,t,pt. 
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§1. rjvgktmcehb hbw[dbc wyt,f. 

vjmvtlt,fyb rjvgktmceh hbw[dt,pt   

rjvgktmcehb hbw[db ufybcfpqdht,f hjujhw bia    

cf[bc ufvjcf[ekt,f, cflfw a lf b   yfvldbkb hbw[dt,bf, 

[jkj i cgtwbfkehb cbv,jkj, hjvtkcfw tojlt,f               

ofhvjcf[dbsb thstekb. yfvldbk a hbw[dc tojlt,f 

biaz    rjvgktmcehb hbw[dbc yfvldbkb yfobkb lf fqbybi-

yt,f zRe  cbv,jkjsb (realis kfsbyehfl ybiyfdc yfvldbkc), 

[jkj   yfvldbk b hbw[dc tojlt,f rjvgktmcehb z  hbw[dbc         

ofhvjcf[dbsb yfobkb lf fqbybiyt,f zIm  cbv,jkjsb 

(imaginarius  kfsbyehfl ybiyfdc ofhvjcf[dbsc).  

vfufkbsfl, iz 32  rjvgktmcehb hbw[dbc yfvldbkb 

yfobkb 2Re z , [jkj ofhvjcf[dbsb yfobkb 3Im z . 

a-biz   rjvgktmceh hbw[dc tojlt,f biaz                

rjvgktmcehb hbw[dbc iteqkt,ekb hbw[db. 

ibaz 111   ãà ibaz 222   rjvgktmcehb hbw[dt,b 

njkbf, se  21 ReRe zz    ãà  21 ImIm zz  : 

 ibaiba 2211      21 aa    ãà  21 bb  . 

se 0b  (ä.è. 0Im z ),  vfiby biaz   rjvgktmceh 

hbw[dc fqybiyfdty a-sb lf vfc fbubdt,ty yfvldbk a   

hbw[dsfy: 

                                                      a oi a  .                         (1.1) 
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tc bvbc fyfkjubehbf, hjwf hfwbjyfkehb hbw[db 
1
5              

ufbubdt,ekbf vstk hbw[dsfy 5. 

se 0b , vfiby biaz   rjvgktmceh hbw[dc              

ofhvjcf[dbsb tojlt,f. se fvfdt lhjc 0a  (t.b. 0Re z ),   

vfiby ofhvjcf[dbs rjvgktmceh o bi  hbw[dc fqybiyfdty 

bi -sb lf eojlt,ty ovbylf ofhvjcf[dbs hbw[dc: 

                                                o bi bi  .                               (1.2) 

fvhbufl, itbძkt,f bsmdfc, hjv rjvgktmceh hbw[dsf 

С cbvhfdkt fhbc yfvldbk lf ofhvjcf[dbs hbw[dsf              

cbvhfdktt,bc ufthsbfyt,f. fv sdfkcfphbcbs, rjvgktmceh 

hbw[dsf С cbvhfdkt ofhvjflutyc yfvldbk hbw[dsf R  

cbvhfdkbc ufafhsjt,fc (yfvldbkb hbw[db bctsb z    

rjvgktmcehb hbw[dbf, hjvkbc ofhvjcf[dbsb yfobkb 

0Im z ): 

 R C .

ვsmdfs, ibaz 111    ãà  ibaz 222  .  fv hbw[dt,bc ჯfvb 

ufybcfpqdht,f njkj,bs:  

                                     ibbaazz 212121  .                (1.3) 

VFUFKBSB 1. dbgjdjs iz 231   lf iz 452               
rjvgktmcehb hbw[dt,bc ჯfvb.  

ა მ ო ხ ს ნ ა. 1 2 (3 5) (2 4) 2 6 .z z i i        � 
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se 1z  lf 2z  yfvldbkb hbw[dt,bf (t.b. 021  bb ),     

vfiby (1.3) njkj,blfy dqt,ekj,s, hjv 

    212121 00 aaiaazz  , 

t.b. jhb rjvgktmcehb hbw[dbc ჯfvb bv itvs[dtdfib, hjwf tc 

hbw[dt,b yfvldbkbf, vfs xdtekt,hbd ჯfvc tvs[dtdf. (1.1) lf 

(1.2) itsfy[vt,bc ufsdfkbcobyt,bs itudbძkbf xfdsdfkjs, 

hjv rjvgktmcehb hbw[dbc bia  xfothfib ybifyb   +   fq-

ybiyfdc itrht,fc, t.b. bia  rjvgktmcehb hbw[db ofhvjfl-

utyc yfvldbkb a  hbw[dbc lf ovbylf ofhvjcf[dbsb bi  hbw-

[dbc ჯfvc. 

rjvgktmceh hbw[dsf C  cbvhfdktib  ufvjrkt,bc 

jgthfwbf ufycfpqdhekbf, hjujhw itrht,bc jgthfwbbc          

it,heyt,ekb. fmtlfy ufvjvlbyfht, ibaz 111   ãà  ibaz 222    

hbw[dt,bcfsdbc  

    ibbaazz 212121  . 

VFUFKBSB 2. dbgjdjs iz 231   lf iz 452   hbw-

[dt,bc c[dfj,f. 

F V J [ C Y F.  iizz 28)42()5(321  .  

 ibaz 111   ãà ibaz 222   rjvgktmcehb hbw[dt,bc 

yfvhfdkb ufybcfpqdht,f njkj,bs:  

                        ibaabbbaazz 2121212121  .          (1.4) 
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VFUFKBSB 3. dbgjdjs iz 231    lf iz 452            

hbw[dt,bc yfvhfdkb. 

F V J [ C Y F.  

       .iizz 223435)((24)25)(321    

se 1z   lf 2z  yfvldbkb hbw[dt,bf (t.b. 021  bb ), vfiby (1.4) 

njkj,bc sfyf[vfl, 

    2112212121 000000 aaiaa()aai(ai)azz  , 

t.b. fctsyfbhfl ufycfpqdhekb jgthfwbf yfvldbkb               

hbw[dt,bc itvs[dtdfib tvs[dtdf xdtekt,hbd yfvhfdkc.        

itdybiyjs fuhtsdt, hjv bi  cf[bc rjvgktmcehb hbw[db      

itbძkt,f ufydb[bkjs, hjujhw b  lf i  rjvgktmcehb             

hbw[dt,bc yfvhfdkb: 

        biibbiib  100100100 . 

dbgjdjs f[kf ofhvjcf[dbsb thstekbc rdflhfnb: 

        .1011001110010102  iiiiiii  

fvhbufl,  

12 i  

lf i  rjvgktmcehb hbw[db fhbc  1  atcdbc ths-thsb         

vybidytkj,bc njkb. fmtlfy ufvjvlbyfhtj,c, hjმ                    

rjvgktmceh hbw[dsf cbvhfdktib itcfძkt,tkbf                    

rdflhfnekb atcdbc fvjqt,f yt,bcvbthb efhყjabsb            

hbw[dblfy. vfufkbsfl, 
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.i)( 512512525   

VFUFKBSB 4. fvjd[cyfs rdflhfnekb ufynjkt,f 

03462  xx . 

F V J [ C Y F. .25349
4


D

 fmtlfy 

ix 53253  , 

t.b. vjwtvek rdflhfnek ufynjkt,fc fmdc jhb                       

(rjvgktmcehb) atcdb: 

              ,531 ix           .532 ix                

eiefkjl vjovlt,f, hjv ptvjs itvjqt,ekb             
jgthfwbt,b frvfყjabkt,c fhbsvtnbrekb jgthfwbt,bcfsdbc 

lfvf[fcbfst,tk ყdtkf gbhj,fc:  321 ,, zzz C  
1.  1221 zzzz  ; 

2. );()( 321321 zzzzzz   

 3. ;1221 zzzz    

 4. );()( 321321 zzzzzz   

 5. .)( 3231321 zzzzzzz   

fv sdbct,t,blfy ufvjvlbyfhtj,c, hjv rjvgktmcehb 
hbw[dt,bc uflfvhfdkt,bcfc itbძkt,f dbcfhut,kjs               
vhfdfkotdht,bc ufvhfdkt,bc otcbs (bvbc ufsdfkbcobyt,bs, 
hjv 12 i ). 

vfufkbsfl, 
         28215425243534523 iiiiiiii  

 ii 2238215  . 
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გfყjabc jgthfwbf rjvgktmceh hbw[dsf С cbvhfd-

ktib  ufybcfpqdht,f, hjujhw ufvhfdkt,bc  jgthfwbbc 

it,heyt,ekb jgthfwbf, t.b.        

21
2

1 zzzz
z
z

           ).0( 2 z  

fldbkb cfxdtyt,tkbf, hjv, se ibaz 111   ãà ibaz 222   

 02 z ,  vfiby  .2
2

2
2

2121
2
2

2
2

2121

2

1 i
ba

baab
ba

bbaa
z
z








  

VFUFKBSB 5.  dbgjdjs iz 2231   lf iz 452    

hbw[dt,bc afhlj,f. 

F V J [ C Y F.  

 i.i
)(

)()(
)(

)(
i
i

z
z

23
45

42352
45

42523
45
223

2222
2

1 












      

vjdbყdfyjs ufყjabc jgthfwbbc pjubthsb sdbct,f,   

hjvtksf lfvnrbwt,f itbძkt,f eiefkj itvjovt,bs: 

1. 
2

1
2

1 1
z

z
z
z

 ; 

2. 
3

2

3

1

3

21

z
z

z
z

z
zz




; 

3. 
zz
zz

z
z

2

1

2

1        (z0).  

itdybiyjs, hjv jhb rjvgktmceრი რიცხვის ფარდობის             
 გfvjcfsdktkfl cfrvfhbcbf vhbw[dtkb lf vybidytkb  

       ufdfvhfdkjs vybidytkbc iteqkt,ekpt:  
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.23
41

82123
)4()5(

82123
)45)(45(
)45)(223(

45
223

22 ii
i
i

ii
ii

i
i
















 

fqdybiyjs iteqkt,ek hbw[dt,sfy lfrfdibht,ekb 

pjubthsb sdbct,f: 

1.  zz     zR ; 

2. ;)( zz    

3. zz    R ; 

4. zz    R ; 

5. ;2121 zzzz   

6. ;2121 zzzz   

7. 
2

1

2

1

z
z

z
z









      (z20); 

8. .)()( nn zz   

itdfvjovjs, vfufkbsfl, vt-6 njkj,f. ვsmdfs, 

ibaz 111     ãà   ibaz 222  . vfiby 

   ibaabbbaazz 2121212121  , 

cfblfyfw 

          ibaabbbaazz )()( 2121212121  .                (1.5) 

fvfdt lhjc,        

  i.baabbbaaibaibazz )()())(( 21212121221121        (1.6) 

(1.5) lf (1.6) njkj,t,bc itlfht,bs vbdbqt,s lfcfvnrbwt,tk 

njkj,fc .2121 zzzz   tc otcb bylemwbbs itbძkt,f              
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yt,bcvbth yfnehfkeh vfxdtyt,kbfyb [fhbc[bcsdbc            

ufypjuflltc (sdbct,f 8). 

 

§2. rjvgktmcehb hbw[dbc utjvtnhbekb 

ofhvjlutyf. rjvgktmcehb hbw[dbc 

vjlekb lf fhuevtynb 

 

dsmdfs, cb,hnყtpt fhxtekbf ltrfhnbc vfhsres[f 

rjjhlbyfnsf cbcntvf. ყjdtk rjvgktmceh biaz   hbw[dc 

itdecf,fvjs fv cb,hnყbc  M  othnbkb,  hjvkbc                     

rjjhlbyfnt,bf a   lf b     (yf[. 2.1).  

       

               Y

 

                             b                          M(a,b) 

                         

                        O              a            X                 
 

yf[. 2.1. 

w[flbf, fvbs lfdfvყfhts ehsbthswfkcf[f                

itcf,fvbcj,f rjvgktmceh hbw[dt,cf lf cb,hnყbc                    

othnbkt,c ijhbc. fvbc ufvj, fcts cb,hnყtc rjvgktmceh 

cb,hnყtc eojlt,ty. [ibhfl rjvgktmceh hbw[dc                      
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rjvgktmceh cb,hnყtpt ufvjcf[fdty fhf othnbkbs, fhfvtl 

fv othnbkbc hflbec-dtmnjhbs (yf[. 2..1). 

fldbkb itcfvxytdbf, hjv jhb rjvgktmcehb hbw[dbc 

ჯfvbc ufvjvcf[dtkb hflbec-dtmnjhb ofhvjflutyc itcf,fvbc 

hflbec-dtmnjhsf ჯfvc (yf[. 2.2, b[. §15). 

                    Y             

                      z1+z2 

                    z2    
 

                                                         z1 

                                       

                                         O                                        X 
yf[. 2.2. 

VFUFKBSB 1. fdcf[js rjvgktmceh cb,hnყtpt          

itvltub rjvgktmcehb hbw[dt,b: iz 221  , iz 222  ,  43 z , 

34 z ,  iz 5 ,  iz 26  .   

F V J [ C Y F.           

                                                      Y 
 
                                           z2 

                                                            z5 
              o 
                                    z4                                         z3           X 
       
                                                      z6    z1 

 
 

yf[. 2.3. 
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itdybiyjs, hjv rjvgktmcehb cb,hnყbc f,cwbcsf 

qthძbc othnbkt,b ufvjcf[fdc yfvldbk hbw[dt,c, [jkj  

jhlbyfnsf qthძbc othnbkt,b  ovbylf ofhvjcf[dbs         

hიw[dt,c. fvbc itcf,fvbcfl, OX qthძc eojlt,ty yfvldbk 

qthძc, [jkj OY qthძc  ofhvjcf[dbsc. 

z rjvgktmcehb hbw[dbc itcf,fvbcb M othnbkbc OM  

hflbec-dtmnjhbc cbuhძtc tojlt,f rjvgktmcehb hbw[dbc 

vjlekb lf fqbybiyt,f z  cbv,jkjsb. fv ufycfpqdht,blfy 

ufvjvlbyfhtj,c (b[. yf[. 2.1), hjv rjvgktmcehb z=a+bi 

hbw[dbc vjlekb ufybcfpqdht,f njkj,bs: 

 

                                                     .baz 22                                   (2.1) 

 

w[flbf, yfvldbkb hbw[dbc itvs[dtdfib vjlekbc 

ufycfpqdht,f tvs[dtdf yfvldbkb hbw[dbc vjlekbc             
ufycfpqdht,fc: 

 

.aa0a0ia 222   

 

itdybiyjs, hjv jhb rjvgktmcehb hbw[dbc c[dfj,bc 

vjlekb fv hbw[dt,bc ufvjvcf[dtk othnbkt,c ijhbc       

vfyძbkbc njkbf (yf[. 2.4). 
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                                                      Y   
                                             

    z2                  

                                                                                               

                                                                  z1                  X 

      O                                                  
yf[. 2.4. 

fmtlfy ufvjvlbyfhtj,c, hjv bcts z othnbksf                     

cbvhfdkt, hjvtksfsdbcfw  

                       rzz 0     ( rzz  0 ),   

cflfw 0r , ofhvjflutyc ohtobhc (ohtc) wtynhbs 

iyxz 000   othnbkib lf r  hflbecbs (yf[. 2.5). 

 

                                         Y 
 

                                   y0                       0z                     

 

 

                                   O                    x0                          X 

yf[. 2.5. 

 

VFUFKBSB 2. vjdძt,yjs rjvgktmceh cb,hnყtpt        

cbvhfdkt bcts z  othnbkt,bcf, hjvkt,bw frvfყjabkt,c 

2 iz  gbhj,fc. 

z -z1
2 
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    ა მ ო ხ ს ნ ა.  აქ  iz 0 , 2r , ამიტომ აღნიშნული 

სიმრავლე წარმოადგენს წრეს. რომლის ცენტრი მოთავსებულია   

iz 0  წერტილში, ხოლო რადიუსი 2r  (ნახ. 2.6)   

                                                               Y 
 

 

                                                         O                                  X 

                             i  

 

yf[. 2.6. 

dsmdfs, 0z .  - sb fqdybiyjs res[t OX  qthძcf lf   

OM  hflbec-dtmnjhc ijhbc, fsdkbkb OX qthძblfy cffsbc 

bchbc vjძhfj,bc cfobyffqvltuj vbvfhsekt,bs (yf[. 2.1). 

fcts   res[tc tojlt,f z  rjvgktmcehb hbw[dbc fhuevtynb 

lf fqbybiyt,f zarg  cbv,jkjsb. biaz   rjvgktmcehb    

hbw[dbc   fhuevtynb itbძkt,f ufybcfpqdhjc cbcntvblfy: 

                             

















22

22

sin

cos

ba

b
ba

a




  .            (2.2) 

se 0a , vfiby vtjs[tlbc ufsdfkbcobyt,bs biaz          

rjvgktmcehb hbw[dbc fhuevtynb itbძkt,f dbgjdjs აგრეთვე 

ტოლობიდან 
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a
btg  . 

bvbcfsdbc, hjv rjvgktmcehb hbw[dbc fhuevtynb 

bყjc ufycfpqdhekb wfkcf[fl, cfrvfhbcbf itvjdbafhukjs 

2  cbuhძbc iefktlbs. fcts iefktlfl xdty vbdbqt,s 

  ;  cbvhfdktc (pjubths itvs[dtdfib ufvjbყtyt,f iefkt-

lb  2;0 ).  

VFUFKBSB 3. dbgjdjs itvltub rjvgktmcehb          

hbw[dt,bc vjlekb lf fhuevtynb: 

iz 221 1) ; iz 222 2) ; 43z3) ;  34 z4) ; iz 55) ; 

iz 26 6) ; 

F V J [ C Y F. iz 221 1) ; 

2222 22
1  )(z ;     1

2
2

1 


tg . 

hflufy 1z  hbw[dbc ufvjvcf[dtkb othnbkb vlt,fhtj,c       

vtjs[t vtjs[tlib (yf[. 2.3), fmtlfy ufvjvlbyfhtj,c, hjv 

;
41
   

iz 222 2) ; 

;222)2( 22
2 z     1

2
2

2 


tg . 

obyf itvs[dtdbcfufy ufyc[dfdt,bs, itcf,fvbcb othnbkb       

vlt,fhtj,c vtjht vtjs[tlib (yf[. 2.3), fvbnjv ;
4
3

2    
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43z3) ; 

443 z . 

hflufy fv hbw[dbc itcf,fvbcb othnbkb vlt,fhtj,c OX  

qthძpt vbc lflt,bs yfobkib (yf[. 2.3), fvbnjv ;03   

34 z4) ; 

334 z . 

hflufy 4z  hbw[dbc itcf,fvbcb othnbkb vlt,fhtj,c OX  

qthძpt vbc efhყjabs yfobkib (yf[. 2.3), fvbnjv ;4    

iiz 105 5) ; 

,110 22
5 z  

[jkj  

25
   

( 5z  hbw[dbc itcf,fvbcb othnbkb vlt,fhtj,c OY  qthძpt 

vbc lflt,bs yfobkib (yf[. 2.3)); 

;202)6 6 iiz    fv itvs[dtdfib (b[. yf[. 2.3) 

,2)2(0 22
6 z  

[jkj 

26
  .            
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§3. rjvgktmcehb hbw[dbc  

nhbujyjvtnhbekb lf vfxdtyt,kbfyb  

ajhvf 

 

dsmdfs, biaz   yt,bcvbthb  fhfyekjdfyb                

rjvgktmcehb hbw[dbf. fqdybiyjs r -bs fv hbw[dbc vjlekb, 

[jkj  -sb  fhuevtynb. (2.1) lf (2.2) njkj,t,blfy             

vbdbqt,s, hjv 

cosra  ,    sinrb  , 

cfblfyfw 

)sin(cossincos  irirrbiaz  . 

fvhbufl, yt,bcvbthb 0z  rjvgktmcehb hbw[db         

itbძkt,f bყjc ofhvjlutybkb itvltub cf[bs: 

               )sin(cos  irz  ,                                (3.1) 

cflfw zr  ,  .arg z  (3.1)-c tojlt,f rjvgktmcehb hbw[dbc 

nhbujyjvtnhbekb ajhvf.  

tbkthbc ajhvekbc sfyf[vfl, yt,bcvbthb yfvldbkb 

  hbw[dbcfsdbc 

 iei  sincos . 

fvbc itcf,fvbcfl, yt,bcvbthb rjvgktmcehb hbw[db itbძkt,f 

xfbothjc t.o. vfxdtyt,kbfyb (gjkfhekb) ajhvbs: 

                                             )exp(  irrez i  .                     (3.2) 
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Dsmdfs, vjwtvekbf jhb rjvgktmcehb hbw[db 

)sin(cos 1111  irz   lf )sin(cos 2222  irz  . dbgjdjs fv 

hbw[dt,bc yfvhfdkb  

 )sin(cos)sin(cos 22211121  irirzz
  )sincoscos(sinsinsincoscos 2121211121  irr  

                        )sin()cos( 212121   irr  .                      (3.3) 

fvhbufl, jhb rjvgktmcehb hbw[dbc uflfvhfdkt,bcfc 

vfsb vjlekt,b vhfdklt,f, [jkj fhuevtynt,b brhb,t,f: 

2121 zzzz   

lf 

2121 argarg)arg( zzzz   

(eahj pecnfl, ,2argarg)arg( 2121 kzzzz   cflfw k Z ). 

აქედან გამომდინარეობს, რომ მაჩვენებლიანი ფორმით ჩაწერილი 

კომპლექსური რიცხვების გადამრავლება შეიძლება 

განხორციელდეს ჩვეულებრივი წესით:    

 

    2121
212121

  iii errererzz . 

VFUFKBSB1. dbgjdjs )20sin20(cos21
 iz   lf 

)40sin40(cos32
 iz    rjvgktmcehb hbw[dt,bc yfvhfdkb. 

F V J [ C Y F. (3.3)-bc sfyf[vfl, 

 )]4020sin()4020[cos(3221
 izz  

ii 333)60sin60(cos6   .      

 

se )sin(cos21  irzz , vfiby (3.3)-lfy vbdbqt,s  
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)2sin2(cos22
1  irz . 

tc otcb bylemwbbs itbძkt,f ufypjuflltc yt,bcvbthb         

yfnehfkehb n hbw[dbcfsdbc: 

              [ (cos sin )] (cos sin )n nr i r n i n      .                 (3.4) 

rthძj itvs[dtdfib, hjwf 1r , dqt,ekj,s vefdhbc                 

ajhvekfc  

                          (cos sin ) cos sinni n i n      .                  (3.5) 

vfxdtyt,kbfyb ajhvbc itvs[dtdfib (3.4) qt,ekj,c itvltu 

cf[tc: 

 innni erre )( . 

VFUFKBSB 2. dbgjdjs 6)22( i .  

F V J [ C Y F. xfdothjs rjvgktmcehb hbw[db 

iz 22   nhbujyjvtnhbekb cf[bs. hflufy  

22)2(2 22 z , [jkj 
4

arg   z    (b[. §2, vfufkbsb 

3), fvbnjv  i22 



  )

4
sin()

4
cos(22  i .  (3.4) ajhvekbc 

sfyf[vfl, 

  iiii 512)0(512)
4

(6sin)
4

(6cos22)22(
66 



 

 .  

ვsmdfs, )sin(cos 1111  irz  , )sin(cos 2222  irz   lf 

02 z .   vfiby 
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)sin)(cossin(cos
)sin)(cossin(cos

)sin(cos
)sin(cos

2222

2211

2

1

222

111

2

1







ii
ii

r
r

ir
ir

z
z  

1 1 2 1 2 1 2 1 2
2 2

2 2 2

cos cos sin sin (sin cos cos sin )
cos sin

r i
r

       
 

  
  


 

         )sin()cos( 2121
2

1   i
r
r

 ,                          (3.6) 

t.b. 

2

1

2

1

z
z

z
z

  

lf 

21
2

1 argargarg zz
z
z

 . 

vfxdtyt,kbfyb ajhvbc itvs[dtdfib  

)(

2

1

2

1

2

1 21

2

1






 i
i

i

e
r
r

er
er

z
z . 

ვsmdfs, n  yfnehfkehb hbw[dbf. n -ehb [fhbc[bc 

atcdbc ufycfpqdht,bc sfyf[vfl, 

zwzw nn  . 

se )sin(cos  irz  ^ )0( z , [jkj )sin(cos  iw  ,         

vfiby zwn   njkj,f xfbotht,f itvltub cf[bs: 

)sin(cos)sin(cos  irninn  . 

fmtlfy 

rn   
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lf 

kn  2     )Zk( . 

fv njkj,t,blfy dqt,ekj,s, hjv 

n r  

( n r  fhbc fhbsvtnbrekb atcdb lflt,bsb r  hbw[dblfy) lf  

                       
n

k 2
                       (k Z ) .         (3.7) 

se erfyfcrytk njkj,fc xfdoths 

n
k

n
 2

  

cf[bs, lfdhoveylt,bs, hjv k -c yt,bcvbthb jhb                   

vybidytkj,bcfsdbc, hjvtksf c[dfj,f n  hbw[dbc ჯthflbf, 

  res[bc itcf,fvbc vybidytkj,fsf c[dfj,f bmyt,f 2 -bc 

ჯthflb. Fmtlfy ufvjvlbyfhtj,c, hjv n -ehb [fhbc[bc ყdtkf 

atcdbc vbcfqt,fl (3.7) njkj,fib cfrvfhbcbf fdbqjs k -c  

yt,bcvbthb n  sfyfvbvltdhj,bsb vstkb vybidytkj,f,  vfuf-

kbsfl, 1,...,2,1,0 n   (fy n,...,2,1  lf f.i.). 

fvhbufl, n -ehb [fhbc[bc atcdb  )sin(cos  irz   

rjvgktmcehb hbw[dblfy ufycfpqdhfdc n  hfjltyj,bc           
rjvgktmceh hbw[dc 

        





 





n

ki
n

krz nn  2sin2cos  ,                   (3.8) 
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cflfw  1,...,2,1,0  nk  ( n r  fhbc atcdbc fhbsvtnbrekb vybidyt-

kj,f).  

 

VFUFKBSB 3. dbgjdjs 3 8  atcdbc ყdtkf vybidytkj-

,f lf fqdybiyjs bcbyb rjvgktmceh cb,hnყtpt. 

 

    F V J [ C Y F. fm ,8r  0 , 3n ,  fvbnjv (3.8) 

ajhvekbc sfyf[vfl, 

 







 

3
2sin

3
2cos283 kik  ,   )2,1,0( k  

 

1)      ,0k      ;20sin0cos20  iz  

 

2)      ,1k     ;31
3

2sin
3

2cos21 iiz 





 

  

 

3)  ,2k      .31
3

4sin
3

4cos22 iiz 





 


 

fdfujs 3 8  atcdbc vbqt,ekb vybidytkj,t,b rjvgktmceh 

cb,hnყtpt: 
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                                                        Y 
 
                                      

        1z  
                        

                                        
3

2                 
3

2      0z  
                                                      O                                  X 

                                                           
3

2                       

                                         2z  
 
 

yf[. 3.1. 
 
 
 

§4. rjvgktmcehb hbw[dt,bc ufvjყtyt,f  

wdkflb ltybc tktmnhjohtlt,bc  

uffyufhbit,bcfc  

 

dsmdfs, vfnthbfkehb M  othnbkb sfyf,hfl          

vjძhfj,c r -hflbecbfy ohtobhpt (yf[. 4.1). lfdeidfs, hjv 

lhjbc cfoყbc 0t  vjvtynib bc bvყjat,jlf 0M                          

vlujvfhtj,fib lf 00 BOM .  
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                 Y 
 

                M 
 y   Q            
 y0                     M0 

                         
                                       A                        0       P         B 

                                             O         x        x0                 X 
 
 

 

 

 

yf[. 4.1. 

 P -sb fqdybiyjs M vjძhfdb othnbkbc utuvbkb OX  

qthძpt, [jkj x -bs P  othnbkbc uflf[hf ohtobhbc O           

wtynhblfy (t.b. vbvfhsekb OP  vjyfrdtsbc cblblt). se 

 OMM 0 ,  vfiby   0BOM  lf  

)cos(cos 0   rBOMOMx . 

se ufdbsdfkbcobyt,s, hjv sfyf,fhb vjძhfj,bc lhjc res[t 

bwdkt,f lhjbc ghjgjhwbekfl, t.b. 

                                                t  ,                   (4.1) 

fmtlfy vbdbqt,s  

                                         )cos( 0 trx   .                                  (4.2) 

(4.2) fhbc P  othnbkbc h[tdbc ufynjkt,f. itdybiyjs, hjv, 

hflufy  

ttt  sinsincoscos)cos( 000  , 
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fvbnjv h[tdbc (4.2) ufynjkt,f itbძkt,f xfbothjc fuhtsdt 

                                        tbtax  sincos                                  (4.3) 

cf[bs, cflfw 

0cosra  ,         0sinrb  . 

se vjძhfd M  othnbkc lfdfutuvbkt,s OY  qthძpt 

lf itcf,fvbc othnbkc fqdybiyfds Q -sb (b[. yf[. 4.1), vfiby 

Q  othnbkbc y   uflf[hbcfsdbc vbdbqt,s: 

                      )sin( 0 try   .                                          (4.4) 

hflufy 







 

2
sin)cos( 00


 tt  , 

tc ybiyfdc, hjv hjujhw (4.2), bct (4.4) ufynjkt,bs           

ufycfpqdhekb uflf[hf bwdkt,f cbyecjblehb rfyjybc  vb-

[tldbs (yf[. 4.2 f lf 4.2 ,). 

   X                                                           Y 

     r                                                             r 

    x0                                    y0             
    O                          T                    t          O                             T                 t   

    -r                                                           -r 

                     

                   )cos( 0 trx                             )sin( 0 try    

                           f                                          , 

yf[. 4.2. 
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vjძhfj,fc, hjvtkbw ufybcfpqdht,f (4.2), (4.4) fy 

hfw bubdtf, (4.3) cf[bc ufynjkt,t,bs, tojlt,f vfhnbdb      

ჰfhvjybekb h[tdf. lflt,bs r   hbw[dc tojlt,f h[tdbc          

fvgkbnelf, t 0 -c  h[tdbc afpf lhjbc t  vjvtynib,  0  

res[tc  cfoყbcb afpf, [jkj  -c  res[ehb cb[ibht.        

(4.1)-lfy    ufvjvlbyfhtj,c, hjv   res[ehb cb[ibht lhjbc 

thstekib vj,heyt,bc res[bc njkbf, hbc itcf,fvbcfl    

 


2

T  

 

fhbc bc lhj, hf lhjibw vjძhfdb M  othnbkb ths chek 

,heyc itfchekt,c. fcts T  hbw[dc tojlt,f h[tdbc               

gthbjlb. 

cbyecjblehb rfyjybc vb[tldbs bwdkt,f fuhtsdt 

tktmnhjvfvjძhfdt,tkb ძfkf (vjrktl tv ძfkf), hjvtkbw 

ufvjveifdlt,f tktmnhjutythfnjht,bc vbth                                  

tktmnhjcflueht,ib. tc ufvjodtekbf bvbs, hjv                    

utythfnjhbc hjnjhb sfyf,hfl ,heyfdc vfuybneh dtkib, 

hjvtkbw hjnjhbc qthძbc gthgtylbrekfhekflff                

vbvfhsekb (yf[. 4.3). 
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                                                    0M  

                                              M    t   0  

          N                                                                             S 
 

 

 

 

yf[. 4.3. 

 

 

se ძf,dbc lf ltybc vfmcbvfkeh vybidytkj,t,c              

(fvgkbnelt,c) fqdybiyfds itcf,fvbcfl mU  lf mI -bs, vfiby 

ძf,dbc lf ltybc vყbcb vybidytkj,f (t.b. vybidytkj,f lhjbc 

vjwtvek t  vjvtynib) ufybcfpqdht,f itvltub                              

njkj,t,blfy: 

                                 ,cos 0 tUtU m                           (4.5)   

                                     .cos 0 tItI m                             (4.6) 

itdybiyjs, hjv fctsbdt rfyjypjvbtht,t,c                 

tvjhxbkt,f pfv,fhbc h[tdbcfc vfcpt lfvfuht,ekb M        

vfnthbfkehb othnbkbc y  uflf[hf ojyfcojhj,bc O              

vlujvfhtj,blfy (vwbht uflf[ht,bc itvs[dtdfib) (yf[. 4.4). 
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                                  O      o  
                                              y  

                                                             M  

yf[. 4.4. 

lfde,heylts ჰfhvjybekb h[tdbc pjufl itvs[dtdfc. 

x -bs fqdybiyjs rjvgktmcehb hbw[db, hjvkbc yfvldbkb lf 

ofhvjcf[dbsb yfobkt,bf itcf,fvbcfl (4.2) lf (4.4)        nj-

kj,t,bs ufycfpqdhekb x  lf y  hbw[dt,b, t.b.  

          )sin(cos 00 tirtriyxx   

                   .sincos 00
00

tiiti ereretitr           (4.7) 

 

se itvjdbqt,s fqybidyfc  

                                                  0~ irex  ,                                           (4.8) 

vfiby (4.7) - lfy vbdbqt,s:  

                                             )exp(~~ tixexx ti   .                        (4.9) 

rjvgktmcehb hbw[dbc utjvtnhbekb ofhvjlutyblfy (b[. §2) 

ufvjvlbyfhtj,c, hjv x  rjvgktmcehb hbw[dbc itcf,fvbcb 

othnbkb vbbqt,f x~  rjvgktmcehb hbw[dbc itcf,fvbcb 

othnbkblfy, vbcb t  res[bs vj,heyt,bs O  cfsfdbc     

ufhitvj (yf[. 4.5).     
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                                                 Y 

                                                                               
 
                                         x*    

        t         x~   
                             0     
                                              x        O                 r              X 
                                                                                     
 

 

      yf[. 4.5. 

(4.9) fhbc ჰfhvjybekb h[tdbc ufynjkt,f, xfothbkb         

rjvgktmcehb cf[bs: itcf,fvbcb x  uflf[hf ofhvjflutyc x  

rjvgktmcehb hbw[dbc yfvldbk yfobkc: 

                                                 )~Re( tiexx  .                                 (4.10) 

fctsb vblujvbc tatmnehj,f bc fhbc, hjv vfstvfnbrehb    

jgthfwbt,bc itchekt,f )exp( ti  tmcgjytynfpt ufwbkt,bs 

eahj vjcf[th[t,tkbf, dblht rjcbyect,cf lf cbyect,pt. 

vfufkbsfl, hflufy  

   
* ( ) ,

i ti t
i t

d edx d xe x i xe i x
dt dt dt


     

     

fvbnjv  

 v
dt

dx*

       )~( tie    

cf[bc sfyfafhlj,f itbძkt,f itbwdfkjc sfyfafhlj,bs: 

 i  titi evex  ~~  , 
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cfblfyfw dqt,ekj,s  

  vxi ~~  . 

fvhbufl, rjvgktmcehb cf[bs ofhvjlutybc                 

itvs[dtdfib ufofhvjt,bc jgthfwbf bwdkt,f rjvgktmceh i  

hbw[dpt ufvhfdkt,bc jgthfwbbs: 

 

                        v
dt

dx*

  i vx ~~ .                          (4.11) 

wdkflb ძf,dbcf lf ltybc itvs[dtdfib (4.8) lf       

(4.9)-bc itcf,fvbcfl (4.5) lf (4.6)-bc ufsdfkbcobyt,bs         

itudbძkbf lfdothjs  

 
                       tieUU ~*          )~( * tieII  ,                      (4.12) 

cflfw  

                                    0~ i
meUU          )~( 0i

meII  .                     (4.13) 

 

bvbcfsdbc, hjv )~(~ IU  vybidytkj,blfy vbdbqjs ძf,dbc            

(ltybc) vყbcb )(tU  ))(( tI  vybidytkj,f, )~(~ IU rjvgktmcehb      

hbw[db eylf ufdfvhfdkjs tie  -pt lf fdbqjs vbqt,ekb       

rjvgktmcehb hbw[dbc yfvldbkb yfobkb (yf[. 4.6 f lf          

yf[. 4.6 ,) 
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)~Re()( tieUtU                                )~Re()( tieItI  . 

                 Y                                                               Y 
 
 tieU ~              t        U~                           tieI ~             t         I~        
                              0                                                           0  
         )(tU      O                X                             )(tI   O                       X 
 
 
      

        f)                                                   ,) 

yf[. 4.6.          

w[flbf, hjujhw U~ , bct tieU ~
 rjvgktmcehb hbw[dbc 

vjlekb ძf,dbc vfmcbvfkehb mU  vybidytkj,bc (t.b. fvgkbne-

lbc) njkbf. bubdt bsmvbc wdkflb ltybc itcf[t,. 

jvbc rfyjybc sfyf[vfl, yt,bcvbth ufvnfhib          

ufvfdfkb ltyb fv ufvnfhbc ,jkjt,pt vjlt,ekb            

gjntywbfksf c[dfj,bc ghjgjhwbekbf: 

R
UI  . 

fv ghjgjhwbbc 
R
1
 rjtabwbtync tojlt,f ufvnfhj,f, [jkj 

ufvnfhj,bc it,heyt,ek R  cblbltc  ufvnfhbc obyfqj,f. 

tc sfyfafhlj,f vfhst,ekbf hjujhw velvbdb, bct wdkflb 

ltybc itvs[dtdfib (w[flbf, wdkflb ltybc itvs[dtdfib U -cf 

lf I -ib buekbc[vt,f vfsb vყbcb vybidytkj,t,b).                    
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rjvgktmcehb cf[bs fqybiyekb sfyfafhlj,f itbძkt,f xf-

bothjc itvltub cf[bs: 

                                          
R
UI
~~

 .                                      ( 4.14) 

fv njkj,blfy ufvjvlbyfhtj,c, hjv fqybiyek itvs[dtdfib 

ძf,df lf ltyb ths afpfib bvყjat,bfy (yf[. 4.7). 

                                  R 
                 
 

     O                    I~      U~  
 
               

yf[. 4.7. 

hjwf vfdsekbc [dbfib (rjzib) uflbc ltyb,               

ofhvjbij,f vfuybnehb dtkb. fv dtkbc wdkbkt,bs rjzbc  

ყjdtk [dbfib lf itcf,fvbcfl, rjzbc ,jkjt,pt ofhvjmvybkb 

sdbsbylemwbbc tktmnhjvfvjძhfdt,tkb ძfkf ltybc            

wdkbkt,bc ghjgjhwbekbf, t.b. 

dt
dILU  . 

fv ghjgjhwbbc L rjtabwbtync tojlt,f rjzbc sdbsbylemwb-

bc rjtabwbtynb. (4.11)-bc itcf,fvbcfl itudbძkbf lfdothjs 

                             ILiU ~)(~
 .                                      (4.15) 

hflufy 

2
i

ei , 
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(4.15)-lfy ufvjvlbyfhtj,c, hjv bylemwbehj,f                   

tktmnhjohtlib bodtdc ltybc afpbc 
2
 -bs xfvjhxtyfc        

ძf,dbc afpfcsfy itlfht,bs (yf[. 4.8). 

 

 

               U~                                                                    L 
    
 

        
2
  

         O                 I~  
yf[. 4.8. 

se itvjdbqt,s itvltu fqybidyfc: 

                                                       LiZ L  ,                                (4.16) 

vfiby (4.15)-lfy vbdbqt,s:  

                                                      IZU L
~~

                                    (4.17) 

Fy, hfw bubdtf,  

                                                       
LZ

UI
~~

 ,                                    (4.18) 

t.b. bylemwbehj,bc itvwdtk ohtlib LZ  cblblt fchekt,c 

obyfqj,bc hjkc. LZ  rjvgktmcehb hbw[dbc vjlekc 

                                               LXZ LL                                   (4.19) 

tojlt,f bylemwbehb obyfqj,f. hflufy  

mUU 
~ ,       mII 

~ , 
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fvbnjv (4.17) -lfy dqt,ekj,s: 

,mm LIU   

t.b. ძf,dbc lf ltybc fvgkbnelt,bc itafhlt,f bylemwbehb 

LX L   obyfqj,bc njkbf. 

se rjyltycfnjhbc abhabnt,c lfdve[nfds, vfiby vfs 

ijhbc ofhvjij,bkb gjntywbfksf c[dfj,f vjlt,ekb      

ve[nbc cblblbc ghjgjhwbekb bmyt,f, t.b. 

                               
C
qU  .                                       (4.20) 

fv ghjgjhwbbc 
C
1  rjtabwbtynbc it,heyt,ek C  hbw[dc 

tojlt,f rjyltycfnjhbc ntdflj,f. hflufy 

dt
dqI  , 

fvbnjv (4.11) -bc itcf,fvbcfl 

qiI ~~
 , 

cfblfy  

i
Iq
~

~  . 

fvbc ufsdfkbcobyt,bs (4.20) -lfy vbdbqt,s: 

                                                
Ci

IU


~~
 .                                       (4.21) 

hflufy 

i
ei

i
211   . 
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(4.21) -lfy ufvjvlbyfhtj,c, hjv ntdflj,f tktmnhjohtlib 

bodtdc ძf,dbc afpbc xfvjhxtyfc 
2
 -bs ltybc afpfcsfy       

itlfht,bs (yf[. 4.9). 

 

                    O                          C 

                           
2


       I~  

 
 

           U~           

yf[.4.9. 

obyf itvs[dtdbc fyfkjubehfl itbძkt,f lfbothjc:  

                                             IZU C
~~

 ,                                    (4.22) 

cflfw  

                                             
Ci

ZC 
1

                                     (4.23) 

lf 

mCm IXU  . 

fmtlfy 

                                                
C

X C 
1

  .                                 (4.24) 

CX  hbw[dc tojlt,f ntdflj,bsb obyfqj,f. 

ufdfthsbfyjs cfvbdt itvs[dtdf lf ufydb[bkjs 

tktmnhjohtlb, hjvtkbw sfyfvbvltdhj,bs itthst,ekb cfvb 

tktvtynbcufy itlut,f (yf[. 4.10). 
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                      L 
 

                                                             LU~  

                                 R      RU~                               C         CU~   

    U~  
                       1     2 
 

   yf[. 4.10. 
rbh[ჰjabc rfyjybc sfyf[vfl, 

CLR UUUU ~~~~
 , 

cfblfyfw (4.14), (4.17) lf (4.22) njkj,t,bc                    

ufsdfkbcobyt,bs, vbdbqt,s: 

 IZZRU CL
~~

 . 
 

 

                                        LU~        CU~            

    U~  
 

                                           O 
                                       CU~               I~        RU~  

 
yf[. 4.11. 

 

se itvjdbqt,s fqybidyfc:  

CL ZZRZ  , 

 itbძkt,f lfdothjs IZU ~~
  ,     cfblfyfw  

                                        
Z
UI
~~

 .                                                (4.25) 



 

 41 
 

tc fhbc jvbc rfyjybc ufypjuflt,f wdkflb ltybc            

itvs[dtdfib. Z  rjvgktmceh hbw[dc tojlt,f rjvgktmcehb 

bvgtlfycb (chekb obyfqj,f). (4.16) lf (4.23) njkj,t,blfy 

ufvjvlbyfhtj,c, hjv rjvgktmcehb bvgtlfycb 

                                  





 

C
LiRZ




1 .                                 (4.26) 

R-c tojlt,f fmnbehb obyfqj,f, [jkj 

                                        
C

LX


 1
                                       (4.27) 

htfmnbekb obyfqj,f. hflufy 

2
2 1







 

C
LRZ


 , 

fvbnjv chekb obyfqj,f bmyt,f vbybvfkehb, hjwf 

01


C
L


 , 

t.b. hjwf CL XX   lf 

                                          
LC
1

 .                                          (4.28) 

 

chekb obyfqj,bc vbybvfkehb vybidytkj,f bmyt,f: 

RZ 
min

. 
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(4.28) njkj,bs ufycfpqdhek cb[ibhtc htpjyfycekb         

tojlt,f. w[flbf (b[. yf[. 4.11), fcts itvs[dtdfIb LU~  lf CU~  

hbw[dt,bc vjlekt,b njkbf lf RUU ~~
  . 

 

§5. vhfdfkotdhbc lfikf vfvhfdkt,fl 

 

1. vhfdfkotdhb rjvgktmceh fhtib. fkut,hbc               

ძbhbsflb stjhtvf. 

ვsmdfs, n  yt,bcvbthb fhfefhყjabsb vstkb hbw[dbf. 

ufvjcf[ekt,fc   

             nn
nn czczczczp  


1
1

10)( ,                    (5.1) 

cflfw nn cccc ,,...,, 110   rjvgktmcehb hbw[dt,bf, fvfcsfy 00 c , 

tojlt,f n-ehb [fhbc[bc vhfdfkotdhb (fye gjkbyjvb). 

nn cccc ,,...,, 110   hbw[dt,c tojlt,f vhfdfkotdhbc                       

rjtabwbtynt,b. 

vfufkbsfl, 

325)( 2  izzzp  

fhbc vtjht [fhbc[bc vhfdfkotdhb, [jkj  

3)( zq  

 yekjdfyb [fhbc[bc vhfdfkotdhb. 
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se  vhfdfkotdhbc ყdtkf rjtabwbtynb yekbc njkbf, 

vfiby vfc yekjdfyb vhfdfkotdhb tojlt,f. 0)( zp               

yekjdfyb  vhfdfkotdhbc [fhbc[b ufycfpqdhekb fh fhbc. 

se 0z  rjvgktmcehb hbw[dbf, vfiby )( 0zp -bs           

fqbybiyt,f )(zp  vhfdfkotdhbc vybidytkj,f 0z  othnbkib, 

t.b. 

nn
nn czczczczp  


01
1

01000 )( . 

vfufkbsfl, se 13)( 2  zzp , vfiby 413)( 2  iip .   

se  

0)( 0 zp , 

vfiby 0z  rjvgktmceh hbw[dc tojlt,f )(zp  vhfdfkotdhbc 

atcdb. 

vfufkbsfl,  

1)( 2  zzp  

vhfdfkotdhbc atcdt,bf iz 1 lf iz 2 , hflufy 

01)( 2  iip  

lf 

01)()( 2  iip . 

0)( zp  ufynjkt,fc tojlt,f fkut,hekb, [jkj 

)(zp  vhfdfkotdhbc [fhbc[c  fv ufynjkt,bc [fhbc[b. 

  ვsmdfs, )(zp  fhbc n  [fhbc[bc  1n  vhfdfkotdhb, 

[jkj 0z  yt,bcvbthb rjvgktmcehb hbw[dbf. ufdყjs )(zp  
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vhfdfkotdhb 0zz  c[dfj,fpt (tc c[dfj,f ofhvjflutyc     

gbhdtkb [fhbc[bc vhfdfkotdhc). vbqt,ekb ufyfყjab           

fqdybiyjs )(1 zp -bs, [jkj yfisb  r -bs, t.b. 

                               rzpzzzp  )()()( 10 .                             (5.2) 

(5.2) njkj,fib )(1 zp  fhbc 1n  [fhbc[bc vhfdfkotdhb,      

[jkj r  ufhrdtekb rjvgktmcehb hbw[db (yekjdfyb            

[fhbc[bc vhfdfkotdhb). 

vfufkbsfl, se 132)( 2  zzzp , [jkj 50 z , vfiby, 

hjujhw fldbkb itcfvjovt,tkbf, 

36)72)(5(132 2  zzzz . 

fm  72)(1  zzp ,  [jkj 36r . 

STJHTVF 5.1 (,tpe). )(zp  vhfdfkotdhbc 0zz             

c[dfj,fpt ufყjabcfc vbqt,ekb yfisb elhbc fv                  

vhfdfkotdhbc vybidytkj,fc 0z  othnbkib, t.b. 

                                    )( 0zpr  .                                      

L F V N R B W T , F. se (5.2) njkj,bc jhbdt           

yfobkib itdbnfys 0zz   vybidytkj,fc, vbdbqt,s                 

lfcfvnrbwt,tk njkj,fc.  

ITLTUB 5.2. bvbcfsdbc, hjv 0z  hbw[db bყjc )(zp    

vhfdfkotdhbc atcdb, fewbkt,tkbf lf cfrvfhbcb, hjv             

vhfdfkotdhb eyfisjl ufbყjc 0zz   c[dfj,fpt.  
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ვsmdfs, 0z  fhbc n -ehb [fhbc[bc )1( n  )(zp                

vhfdfkotdhbc atcdb. vfiby )(zp  vhfdfkotdhb eyfisjl 

ufbყjaf 0zz   c[dfj,fpt: 

                         )()()( 10 zpzzzp  .                              (5.3) 

se 0)( 01 zp , vfiby 0z -c tojlt,f )(zp  vhfdfkotdhbc             

vfhnbdb atcdb. 

vfufkbsfl, 10 z  fhbc  13 z  vhfdfkotdhbc                 

vfhnbdb atcdb, hflufy   

)1)(1(1 23  zzzz , 

[jkj 12  zz  vhfdfkotdhbc vybidytkj,f 10 z  othnbkib 

fh elhbc 0-c. 

lfdeidfs f[kf, hjv 0z  fhbc )(1 zp  vhfdfkotdhbc        

atcdbw. vfiby )(1 zp  vhfdfkotdhb ofhvjblubyt,f 

)()( 20 zpzz   cf[bs lf (5.3)-lfy vbdbqt,s, hjv 

)()()( 2
2

0 zpzzzp  , 

cflfw )(2 zp  fhbc 2n  [fhbc[bc vhfdfkotdhb. se 0z  fhbc 

)(2 zp  vhfdfkotdhbc atcdbw, vfiby tc ghjwtcb                           

ufuhძtklt,f. ufhrdtekb cfat[ehbc itvltu vbdbqt,s           

njkj,fc: 

)()()( 0 zpzzzp k
k , 
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cflfw k  yfnehfkehb hbw[dbf ( )k n ,  ( )kp z   fhbc kn          

[fhbc[bc vhfdfkotdhb  lf 0)( 0 zpk . fcts itvs[dtdfib 0z  

hbw[dc tojlt,f )(zp  vhfdfkotdhbc k -ჯthflj,bc atcdb. 

vfufkbsfl, hbw[db 20 z  fhbc  23 ()2()( zzzp  

)1z  vhfdfkotdhbc cfvჯthflb atcdb, hflufy   2)2(  

01)2(  . 

xdty ufydvfhnts vhfdfkotdhbc atcdbc ჯthflj,f,  

vfuhfv cfrbs[fdbf, fmdc se fhf cfpjufljl yt,bcvbth        

vhfdfkotdhc atcdb. lflt,bs gfce[c fv rbs[dfpt bძktdf     

fkut,hbc ძbhbsflb stjhtvf, hjvtkbw 1799 otkc lffvnrb-

wf ufvjxtybkvf uthvfytkvf vfstvfnbrjcvf rfhk ahblhb[  

ufecvf. 

STJHTVF 5.3 (fkut,hbc ძbhbsflb stjhtvf). ყjdtk 

)(zp  vhfdfkotdhc, hjvkbc [fhbc[b 1n , fmdc thsb  atcdb 

vfbyw, yfvldbkb fy rjvgktmcehb.    

fv stjhtvbc lfvnrbwt,f xdtyb rehcbc afhukt,c 

cwbklt,f. 

STJHTVF 5.4. ყjdtk )(zp  vhfdfkotdhc, hjvkbc  

[fhbc[b 1n , fmdc pecnfl n  atcdb (ჯthflj,bc                  

ufsdfkbcobyt,bs). 

L F V N R B W T , F. ვsmdfs, 1z  fhbc 

nn
nn czczczczp  


01
1

0100)(     )0( 0 c  
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vhfdfkotdhbc atcdb. vfiby (b[. (5.3)) 

)()()( 11 zpzzzp  , 

cflfw )(1 zp  fhbc 1n  [fhbc[bc vhfdfkotdhb. se 11 n  

(t.b. 2n ), vfiby fkut,hbc ძbhbsflb stjhtvbc sfyf[vfl, 

)(1 zp  vhfdfkotdhc fmdc thsb atcdb vfbyw. fqdybiyjs tc 

atcdb 2z -bs. vfiby 

)()()( 221 zpzzzp  , 

და,  itcf,fvbcfl, 

)())(()( 221 zpzzzzzp  , 

cflfw )(2 zp  fhbc 2n  [fhbc[bc vhfdfkotdhb. se 12 n , 

tc ghjwtcb ufuhძtklt,f. cf,jkjjl vbdbqt,s                    

vhfdfkotdhbc itvltu ofhvjlutyfc: 

                         )())(()( 210 nzzzzzzczp  .                        (5.4) 

fmtlfy ufvjvlbyfhtj,c, hjv hbw[dt,b nzzz ,...,, 21  (vfs               

ijhbc itbძkt,f bყjc njkb hbw[dt,b) ofhvjflutyc )(zp  

vhfdfkotdhbc atcdt,c.   

ITLTUB 5.5. ყjdtkb vhfdfkotdhb bikt,f ohabd           

vfvhfdkt,fl. 

VFUFKBSB 1. lfdifkjs 083 z  vhfdfkotdhb 

ohabd vfvhfdkt,fl. 

F V J [ C Y F. fvjd[cyfs ufynjkt,f  

083 z . 
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fv ufynjkt,bc atcdt,bf (b[. §3, vfufkbsb 3) ,21 z  

iz 312    lf iz 313  . fmtlfy (5.4) ajhvekbc              

ufsdfkbcobyt,bs vbdbqt,s, hjv 

   )31()31()2(83 izizzz  .       

hjujhw erdt fqdybiyts, (5.4) njkj,fib nzzz ,...,, 21   

hbw[dt,c ijhbc itbძkt,f bყjc thsvfytsbc njkb hbw[dt,b 

(ჯthflb atcdt,b). se mzzz ,...,, 21  fv atcdt,bc ufyc[dfdt,ekb 

vybidytkj,t,bf  nm , [jkj mkkk ,...,, 21  itcf,fvbcb  ჯthf-

lj,t,b, vfiby (5.4)-c itbძkt,f vbdwts itvltub cf[t: 

mk
m

kk zzzzzzczp )()()()( 21
210  , 

cflfw nkkk m  21 . 

vfufkbsfl, 

456 96)( zzzzp   

vhfdfkotdhbcfsdbc fcts lfikfc fmdc itvltub cf[t: 

24 )3()(  zzzp . 

vttmdct [fhbc[bc fkut,hek ufynjkt,fc 

096 456  zzz  

ჯthflj,bc ufsdfkbcobyt,bs fmdc tmdcb atcdb ( 01 z  fhbc 

js[ჯthflb atcdb, [jkj 32 z  - jhჯthflb). 

2. yfvldbkrjtabwbtynt,bfyb vhfdfkotdhbc lfikf 

ohabd lf rdflhfnek vfvhfdkt,fl.  

ვsmdfs,  



 

 49 
 

mn
nn azazazazp  


1
1

10)(        )0( 0 a  

yfvldbkrjtabwbtynt,bfyb vhfdfkotdhbf ia( R , ),...,1,0 ni  . 

se ufdbsdfkbcobyt,s, hjv rjvgktmceh hbw[dsf ჯfvbc lf 

yfvhfdkbc iteqkt,ekb fv hbw[dt,bc iteqkt,ekb hbw-

[dt,bc itcf,fvbcfl ჯfvbc lf yfvhfdkbc njkbf, vbdbqt,s, 

hjv yt,bcvbthb rjvgktmcehb 0z  hbw[dbcfsdbc  

 


nn
nn azazazazp 01

1
01000 )(  

 


nn
nn azazaza 01

1
0100  

 


nn
nn azazaza 01

1
0100  

)( 001
1

0100 zpazazaza nn
nn  
  

,( ii aa  hflufyfw ia R ) .    ამhbufl,  0z C ,      

                                   )()( 00 zpzp  .                             (5.5) 

STJHTVF 5.6. se 0z  rjvgktmcehb hbw[db fhbc            

yfvldbkrjtabwbtynt,bfyb )(zp  vhfdfkotdhbc atcdb, vfiby 

fv hbw[dbc iteqkt,ekb 0z  hbw[dbw bmyt,f fv                           

vhfdfkotdhbc atcdb. 

L F V N R B W T , F. hflufy 0)( 0 zp , fvbnjv 

0)( 0 zp . vfuhfv (5.5)-bc ძაkbs )()( 00 zpzp  , cfblfyfw                

ufvjvlbyfhtj,c lfcfvnrbwt,tkb njkj,f.   
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ITLTUB 5.7. yt,bcvbth yfvldbkrjtabwbtynt,bfy            
rtynb [fhbc[bc fkut,hek ufynjkt,fc fmdc thsb vfbyw      

yfvldbkb atcdb.      

vfhskfw, 5.6 stjhtvblfy ufvjvlbyfhtj,c, hjv fcts 

ufynjkt,fc itbძkt,f fhfyfvldbk (ofhvjcf[dbs) atcdsf 

v[jkjl keob hfjltyj,f ჰmjyltc.   

lfdifkjs yfvldbkrjtabwbtynt,bfyb vhfdfkotdhb 

ohabd vfvhfdkt,fl: 

           mk
m

kk zzzzzzazp )()()()( 21
210  .            (5.6) 

se ყdtkf atcdb mzzz ,...,, 21  yfvldbkbf, vfiby (5.6)                     

ofhvjflutyc yfvldbkrjtabwbtynt,bfy )(zp  vhfdfkotdhbc 

lfikfc ohabd vfvhfdkt,fl. lfdeidfs, mzzz ,...,, 21  atcdt,c 

ijhbc fhct,j,c fhfyfvldbkbw. ვsmdfs, izl    )0(   

ths-thsb fctsb atcdbf, vfiby 5.6 stjhtvbc sfyf[vfl 

mzzz ,...,, 21  hbw[dt,c ijhbc bfhct,t,c lz  hbw[dbc                  

iteqkt,ekb hbw[db iz j   . uflfdfvhfdkjs (5.6)              

lfikbc itcf,fvbcb sfyfvfvhfdkt,b ))(( jl zzzz  : 

       2222 2)())((   zzzzzzzzzzzz jljljl .           (5.7) 

se itvjdbqt,s p 2  lf q 22   fqybidyfc, (5.7)           

njkj,f vbbqt,c itvltu cf[tc: 

qpzzzzzz j  2
2 ))(( , 

cflfw p  lf q  yfvldbkb hbw[dt,bf lf 042  qp . 
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fvhbufl. lfvnrbwlf itvltub stjhtvf. 

STJHTVF 5.8. ყjdtkb yfvldbkrjtabwbtynt,bfyb )(zp  

vhfdfkotdhb itbძkt,f lfbifkjc yfvldbkrjtabwbtynt,bfy 

vhfdfkotdhsf yfvhfdkfl, hjvtksf [fhbc[b jhc fh 

fqtvfnt,f: 

 tl
tt

s
s qzpzqzpzzzzzazp lkk )()()...()()( 2

11
21

10
1  , (5.8) 

cflfw 

,,,...,,,,...,, 1110 Rqpqpzza tts  ,,...,,,..., 11 Nllkk ts   

042  ii qp  ),...,1( ti  .        

vfufkbsfl, se 

22784)( 234  zzzzzp , 

vfiby, hjujhw fldbkfl vjovlt,f, 

)22(
2
1

2
14)( 2 






 






  zzzzzp . 

erfyfcrytkb sfyfvfvhfdkb )22( 2  zz  ofhvjflutyc rdfl-

hfnek cfvotdhc, hjvkbc lbcrhbvbyfynb 0484 D .   

აvbnjv bc yfvldbkrjtabwbtynt,bfy ohabd vfvhfdkt,fl fh 

bikt,f. 
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II  SFDB.   VFNHBWSF FKUT,HF LF OHABD 

FKUT,HEK UFYNJKT,FSF CBCNTVT,B 

 

vfnhbwf ufybcfpqdht,f hjujhw hbw[dt,bcfufy           

itlutybkb vfhsres[jdfyb w[hbkb (b[. §6). ntmybreh            

lfhut,ib vfnhbwt,bc cfiefkt,bs [lt,f c[dflfc[df cf[bc 

byajhvfwbbc fqhbw[df lf ityf[df. ufhlf fvbcf, ,tdhb           

cfby;byhj fvjwfyf lfbყdfyt,f ohabd fkut,hek                   

ufynjkt,fsf cbcntvfpt, [jkj fctsb cbcntvt,bc xfothf lf 

fvj[cyf vjcf[th[t,tkbf vfnhbwekb cf[bs. fqybiyek          

fvjwfyt,c vbtresdyt,f, vfufkbsfl, velvbdb ltybc               

tktmnhjohtlbc fyfkbpbc fvjwfyf (b[. §14). vfnhbwsf          

stjhbf ufvjbყtyt,f fuhtsdt cbuyfkbc fghjmcbvfwbbc            

fvjwfyt,ib, hflbjcbuyfkbc fyfkbpbc lhjc [ibh                    

itvs[dtdfib vbpfyitojybkbf hsekb fut,ekt,bc cbuyfkbc 

vbf[kjt,f (fghjmcbvfwbf) eahj vfhnbdb cbuyfkt,bc            

cfiefkt,bs. fctsb cf[bc fvjwfyt,bc fvj[cyf lfbყdfyt,f 

ohabd fkut,hek ufynjkt,fsf cbcntvt,bc fvj[cyfpt (b[. 

§7 lf §14). hf smvf eylf, fqybiyekb cfrbs[t,bs fh                 

itvjbafhukt,f vfnhbwt,bc lf ohabd fkut,hek                     

ufynjkt,fsf cbcntvt,bc stjhbbc ufvjყtyt,f cfby;byhj     

vtwybtht,t,ib. 
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§6. vfnhbwbc wyt,f. ohabdb jgthfwbt,b  

vfnhbwt,pt 

 

dsmdfs, ),...,2,1;,...,2,1( njmiaij   ufhrdtekb               

hbw[dt,bf  yfvldbkb fy rjvgktmcehb. itdflubyjs fv 

hbw[dt,bcfufy vfhsres[jdfyb w[hbkb 





















mnmm

n

n

aaa

aaa
aaa

A






21

22221

11211

........
 . 

fcts w[hbkc tojlt,f nm  ufypjvbkt,bc vfnhbwf. m   

fhbc cnhbmjyt,bc hfjltyj,f, [jkj n - cdtnt,bcf.              

itdybiyjs, hjv vfnhbwf fqbybiyt,f fuhtsdt fct: 





















mnmm

n

n

aaa

aaa
aaa

A






21

22221

11211

........
 

fy 

mnmm

n

n

aaa

aaa
aaa

A






21

22221

11211

........
  

vfufkbsfl, 

                                      












303
162

A                                      (6.1) 
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fhbc 32  ufypjvbkt,bc vfnhbwf, hflufy bc jhb               

cnhbmjybcf lf cfvb cdtnbcfufy itlut,f. 

ija  tktvtynbc byltmct,b i  lf j  vbesbst,c               

itcf,fvbcfl bv cnhbmjybcf  lf cdtnbc yjvht,c, hjvkt,cfw 

tresdybc tc tktvtynb. vfufkbsfl, (6.1) njkj,bs vjwtvek 

A  vfnhbwfib ,612 a  [jkj 321 a . 

itdybiyjs, hjv vfnhbwf fhbc v[jkjl w[hbkb lf 

vfc fhfdbsfhb hbw[dbsb vybidytkj,f fh vbtotht,f. 

nm  ufypjvbkt,bc vfnhbwfc [ibhfl                             

cbvjrkbcfsdbc fqybiyfdty fct: nmijaA  )( . thsb lf bvfdt 

ufypjvbkt,bc jh nmijaA  )(  lf  nmijaB  )(  vfnhbwfc         

tojlt,f njkb, se vfsb itcf,fvbcb tktvtynt,b njkbf, t.b. 

ijij ba   ),...,2,1;,...,2,1( njmi  . 

ufycfpqdht,f. se A  vfnhbwbc cnhbmjyt,c xfdoths 

cdtnt,fl,  vbdbqt,s nhfycgjybht,ek TA  vfnhbwfc: 





















mnnn

m

m

T

aaa

aaa
aaa

A






21

22212

12111

........
.     

A  vfnhbwbc nhfycgjybht,ekb vfnhbwf fqbybiyt,f  

fuhtsdt A  cbv,jkjsb. 

vfufkbsfl, (6.1) njkj,bs vjwtvekb vfnhbwbc 

nhfycgjybht,ekb vfnhbwff   
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31
06
32

A . 

ufycfpqdht,f. vfnhbwfc, hjvtkbw itlut,f thsb 

cnhbmjybcfufy, cnhbmjy-vfnhbwf tojlt,f: 

 naaaA ...21 .       

ufycfpqdht,f. vfnhbwfc, hjvtkbw itlut,f thsb 

cdtnbcfufy, cdtn-vfnhbwf tojlt,f: 

          




















mb

b
b

B
...

2

1

.          

w[flbf, cnhbmjy-vfnhbwbc nhfycgjნbht,ekb          

vfnhbwf fhbc cdtn-vfnhbwf lf gbhbmbs, cdtn-vfnhbwbc 

nhfycgjybht,ekb vfnhbwf cnhbmjy-vfnhbwff. vfufkbsfl, 

se 

 132A , 

vfiby 


















1
3
2

TA . 

se nm  ,  t.b. A  vfnhbwbc cnhbmjyt,bc hbw[db vbcb 

cdtnt,bc hbw[dbc njkbf, vfiby vfnhbwfc tojlt,f             

rdflhfnekb, [jkj n   hbw[dc  fv rdflhfnekb vfnhbwbc 

hbub. 
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vfufkbsfl,  

                                                    






 


14
25

A                                    (6.2) 

fhbc vtjht hbubc rdflhfnekb vfnhbwf. 

rdflhfnekb  

                                       





















nnnn

n

n

aaa

aaa
aaa

A






21

22221

11211

........
                             (6.3) 

vfnhbwbc  nnaaa ,....,, 2211   tktvtynsf thsj,kbj,fc tojlt,f 

vfnhbwbc vsfdfhb lbfujyfkb. (6.2) njkj,bs vjwtvek A  

vfnhbwbc vsfdfhb lbfujyfkb 5 lf 1 hbw[dt,bcfufy                 

itlut,f. 

ufycfpqdht,f. rdflhfnek A  vfnhbwfc tojlt,f           

cbvtnhbekb, se AAT  .     

fv ufycfpqdht,blfy ufvjvlbyfhtj,c, hjv                  

cbvtnhbekb (6.3) vfnhbwbcfsdbc cheklt,f njkj,f jiij aa   

),...,2,1,( nji  , t.b. cbvtnhbekb A  vfnhbwbc tktvtynt,b          

cbvtnhbekfl fhbfy ufykfut,ekyb vfnhbwbc vsfdfhb              

lbfujyfkbc vbvfhs. vfufkbsfl, 



















342
410

205
A  

fhbc vtcfvt hbubc cbvtnhbekb vfnhbwf. 
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ufycfpqdht,f. se rdflhfnekb vfnhbwbc ყdtkf 

tktvtynb, hjvtkbw fh vlt,fhtj,c vsfdfh lbfujyfkpt, ye-

kbc njkbf, vfiby vfnhbwfc lbfujyfkehb tojlt,f. 

lbfujyfkeh vfnhbwfc fmdc itvltub cf[t: 

              





















nna

a
a

A






00

00
00

22

11

......
.              

vfufkbsfl, 




















400
010
003

A  

fhbc vtcfvt hbubc lbfujyfkehb vfnhbwf. 

[ibhfl lbfujyfkeh vfnhbwfc fqybiyfdty fct: 

























nna

a

a

A
0

022

11

. 

              ufycfpqdht,f. lbfujyfkeh vfnhbwfc, hjvkbc        

vsfdfh lbfujyfkpt vlujvb ყdtkf tktvtynb thsvfytsbc 

njkbf, tojlt,f crfkfhekb : 
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0
0

A .           

ufycfpqdht,f. lbfujyfkeh vfnhbwfc, hjvkbc    

vsfdfh lbfujyfkpt vlujvb ყdtkf tktvtynb thsbc njkbf, 

tojlt,f thstekjdfyb vfnhbwf lf fqbybiyt,f E fy I            

cbv,jkjsb  

      























1

1

1

0
0


E .              

ufycfpqdht,f. vfnhbwfc, hjvkbc ყdtkf tktvtynb 

yekbc njkbf, tojlt,f yekjdfyb lf fqbybiyt,f 0                

cbv,jkjsb 

          0 




















0...00
............
0...00
0...00

.              

ufycfpqdht,f.  ij m n
A a


     lf ij m n

B a


             

vfnhbwfsf ჯfvb tojlt,f bcts ij m n
C c


    vfnhbwfc, hjvkbc         

ყjdtkb ijc  tktvtynb A  lf B  vfnhbwt,bc  itcf,fvbcb ija  lf 

ijb   tktvtynt,bc ჯfvbc njkbf: ijijij bac   ;,...,2,1( mi  
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),...,2,1 nj .  A  lf B  vfnhbwt,bc ჯfvb fqbybiyt,f BA         

cbv,jkjsb.        

vfufkbsfl, se    












831
312

A ,        












4007
2136

B , 

vfiby 

.3236
2444

4080371
2133162
































 BA  

 

ufycfpqdht,f. ij m n
A a


     vfnhbwbc k  hbw[dpt 

yfvhfdkb tojlt,f bcts ij m n
C c


     vfnhbwfc, hjvkbc     

ყjdtkb ijc  tktvtynb A  vfnhbwbc itcf,fvbcb ija  tktvtynbc 

lf k  hbw[dbc yfvhfdkbc njkbf: 

             ijij akc   ),...,2,1;,...,2,1( njmi  .           

vfufkbsfl, se 












26
04

A , 

vfiby 














618
012

3A . 

fqdybiyjs, hjv vfnhbwsf itrht,bc lf vfnhbwbc 

hbw[dpt ufvhfdkt,bc jgthfwbt,c tojlt,f ohabdb              

jgthfwbt,b. 
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),( nmE -bs fqdybiyjs nm  ufypjvbkt,bc ყdtkf 

vfnhbwbc cbvhfdkt. 

cfdfhჯbij 6.1. lffvnrbwts, hjv ),( nmE  cbvhfdktib 

ufycfpqdhekb ohabdb jgthfwbt,b frvfყjabkt,c itvltu     

gbhj,t,c: ),(,, nmECBA   lf ,k l  R  . 

1. ABBA    (rjvenfwbehj,f); 

2. )()( CBACBA   (fcjwbfwbehj,f); 

3. AA  0 ; 

4. 0)1(  AA ; 

5. AA 1 ; 

6. )()( lAkAkl  ; 

7. lAkAAlk  )( ; 

8. kBkABAk  )(  (lbcnhb,ewbekj,f); 

9. TTT BABA  )( ; 

10. TT kAkA )( . 

Vjყdfybkb njkj,t,blfy ufvjvlbyfhtj,c, hjv            

vfnhbwsf itrht,bc jgthfwbf rjvenfwbehbf (njkj,f 1) lf 

fcjwbfwbehb (njkj,f 2), [jkj yekjdfyb 0 vfnhbwf ),( nmE  

cbvhfdktib fchekt,c bvfdt hjkc, hfcfw hbw[db 0            

yfvldbk hbw[dsf cbvhfdktib. fqdybiyjs fuhtsdt, hjv 

A)1(  vfnhbwfc tojlt,f A -c vjgbhlfgbht lf fqbybIyt,f 

A  cbv,jkjsb. vt-4 njkj,bc sfyf[vfl, 0)(  AA .             
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fqybiyekb sdbct,t,blfy ufvjvlbyfhtj,c fuhtsdt, hjv 

),( nmE  cbvhfdkt itrht,bc jgthfwbbc vbvfhs ofhvjflutyc 

f,tkeh (rjvenfwbeh) ჯueac (b[. II  yfo.).  

 

 

 

§7.  vfnhbwt,bc yfvhfdkb 

ვsmdfs, n  abmcbht,ekb yfnehfkehb hbw[dbf. 


n

i
ia

1

 

cbv,jkjsb vfstvfnbrfib fqbybiyt,f naaa ,...,, 21  tktvtynt,bc 

(hbw[dt,bc) ჯfvb, t.b. 

                     n

n

i
i aaaa 


21

1

.                            (7.1) 

  i -c tojlt,f fჯfvdbc byltmcb, bc ufbh,tyc ყdtkf        

yfnehfkeh vybidytkj,fc 1-lfy n -vlt. Fჯfvdbc byltmcb        

itbძkt,f itbwdfkjc yt,bcvbthb c[df fcjsb. fvbs (7.1)          

njkj,bc ibyffhcb fh itbwdkt,f: 

n

n

k
k

n

i
i aaaaa 


21

11

. 

itdybiyjs fuhtsdt, hjv pjubths itvs[dtdfib fჯfvdbc         

byltmcbc fsdkf boყt,f fhf thsblfy, fhfvtl c[df                  

yfnehfke hb hbw[dblfy. vfufkbsfl, 
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n

n

i
i aaaa 


43

3

. 

vfhst,ekbf njkj,t,b: 

1. 



n

i
i

n

i
i akka

11

; 

2. 



n

i
i

n

i
ii

n

i
i baba

111

)( ; 

3. 
  


m

j

n

i
ij

n

i

m

j
ij aa

1 11 1

. 

itdfvjovjs vfufkbsfl, vtjht njkj,f (cbvfhnbdbcfsdbc 

fdbqjs 3n ). 




)()()()( 332211

3

1

babababa i
i

i  





3

1

3

1
321321 )()(

i
i

i
i babbbaaa . 

cfdfhჯbij 7.1. itdfvjovjs lfyfhxtyb jhb njkj,bc 

vfhst,ekj,f. 

ufycfpqdht,f. nmijaA  ][  lf pnijbB  ][  vfnhbwt,bc 

yfvhfdkb tojlt,f bcts pmijcC  ][  vfnhbwfc, hjvkbc           

ყjdtkb tktvtynb ufybcfqdht,f njkj,bs: 

    



n

k
kjikij bac

1

  ),...,2,1;,...,2,1( pjmi  .                   (7.2) 
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A   lf B  vfnhbwt,bc yfvhfdkb fqbybiyt,f AB    

cbv,jkjsb. vbdfmwbjs ყehflqt,f bvfc, hjv A  vfnhbwbc 

(t.b. gbhdtkb vfnhbwbc) cdtnt,bc hbw[db B  vfnhbwbc (t.b. 

vtjht vfnhbwbc) cnhbmjyt,bc hbw[dbc njkb eylf bყjc. 

bvbcfsdbc, hjv ufcfut,b uf[ltc AB  vfnhbwbc    

fut,ekt,f, uflfdothjs (7.2) njkj,f ufikbkb cf[bs: 

                 njinjijiij bababac  2211 .                         (7.3) 

hflufy (7.3) njkj,bc vfhჯdtyf yfobkib vlujvb inii aaa ,...,, 21  

tktvtynt,b flutyty A  vfnhbwbc i -eh cnhbmjyc, [jkj 

njjj abb ,...,, 21  tktvtynt,b B -vfnhbwbc j -eh cdtnc, fmtlfy 

itudbძkbf lfdfcrdyfs, hjv AB  vfnhbwbc ijc  tktvtynbc      

vbcfqt,fl gbhdtkb vfnhbwbc i -ehb cnhbmjybc ყjdtkb        

tktvtynb eylf ufdfvhfdkjs vtjht vfnhbwbc j -ehb cdtnbc 

itcf,fvbc tktvtynpt lf vbqt,ekb yfvhfdkt,b itdrhb,js. 

w[flbf, fctsyfbhfl fut,ek AB  vfnhbwfib bmyt,f bvltyb 

cnhbmjyb, hfvltybw fhbc gbhdtk vfnhbwfib, lf bvltyb        

cdtnb, hfvltybw fhbc vtjht vfnhbwfib. 

VFUFKBSB 1. dbgjdjs 














072
413

A        lf    




















65
41
32

B  

vfnhbwt,bc yfvhfdkb. 
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F V J [ C Y F. hflufy A  vfnhbwbc cdtnt,bc hbw[db 

(cfvb) tvs[dtdf B  vfnhbwbc cnhbmjyt,bc hbw[dc, fvbnjv 

AB  yfvhfdkb fhct,j,c. AB  vfnhbwbc ijc )2,1;2,1(  ji  

tktvtynt,bc ufvjcfsdktkfl dbcfhut,kjs (7.3)                  

ajhvekbs: 

25541)1(2331132112111111  bababac ; 

1964)4()1()3(33213222121112  bababac i ; 

350172231232122112121  bababac ; 

2260)4(7)3()2(32232222122122  bababac . 

fvhbufl, 

                                 



















223
1925

2221

1211

cc
cc

BA .                      (7.4) 

dbgjdjs f[kf BA  yfvhfdkb (tc yfvhfdkbw fhct,j,c, 

hflufy B  vfnhbwbc cdtnt,bc hbw[db (jhb) elhbc A             

vfnhbwbc cnhbmjyt,bc hbw[dc): 

































072
413

65
41
32

BA  























064576)1(5)2(635

0)4(417)4()1(1)2()4(31
0)3(427)3()1(2)2()3(32

 

                                  



















20373
42911
82312

.                                 (7.5) 
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ITYBIDYF. se itdflfht,s (7.4) lf (7.5) njkj,t,c, 

vbdbqt,s, hjv BAAB , t.b. vfnhbwsf yfvhfdkbc jgthfwbf 

fh fhbc rjvenfwbehb. 

cfdfhჯbij 7.2. itfvjovts itvltub njkj,t,bc      

vfhst,ekj,f (buekbc[vt,f, hjv ECBA ,,,  lf 0 vfnhbwt,c 

fmds itcf,fvbcb ufypjvbkt,t,b): 

,AEAAE    ,)( BCACCBA     ,)( ACABCBA   

),()( BCACAB     ,000  AA    TTT ABAB )( . 

ITYBIDYF. fv cfdfhჯbijlfy lf obyf gfhfuhfabc         

,jkjc ufrtst,ekb itybidyblfy ufvjvlbyfhtj,c, hjv         

yt,bcvbthb n -sdbc rdflhfnek vfnhbwsf ),( nnE  cbvhfdkt 

ofhvjflutyc hujkc (b[. II yfo.). 

rfdibhuf,vekj,bc fvjwfyt,ib cbuyfksf fyfkbpbcfc 

[ibhfl cfzbhj [lt,f itlfht,bs hsekb fut,ekt,bc         

cbuyfkbc fghjmcbvfwbf (vbcb vbf[kjt,f) vhfdfkotdhbs.        

vfufkbsfl, )(tf  cbuyfkbc fghjmcbvfwbf vtjht [fhbc[bc 

vhfdfkotdhbs ybiyfdc )(tf  aeymwbbc ofhvjlutyfc itvltub 

cf[bs: 

                    2
210)( tataatf  ,                                    (7.6) 

cflfw 210 ,, aaa  vhfdfkotdhbc rjtabwbtynt,bf, hjvkt,bw  

eylf vjbძt,yjc (yf[. 7.1). 
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                                   Y                                       
                           y=a0+a1t+ a2t2       y=f(t) 
 
  
 
 
 
 

                             O              t0                  t1                  t2          T 

yf[. 7.1. 

cfpjufljl, bvbcfsdbc, hjv wfkcf[fl ufybcfpqdhjc 

vtjht [fhbc[bc vhfdfkotdhb, eylf dbwjlts vbcb              

vybidytkj,f cfv ufyc[dfdt,ek othnbkib. se tc                  

othnbkt,bf itcf,fvbcfl 10 , tt  lf 2t , vfiby (7.6)-bc                  

itcf,fvbcfl itudbძkbf lfdothjs 

  












2
222102

2
121101

2
020100

)(
)(
)(

tataatf
tataatf
tataatf

 .                                              (7.7) 

itvjdbqjs fqybidyf 


















)(
)(
)(

2

1

0

tf
tf
tf

F ,     

















2
22

2
11

2
00

1
1
1

tt
tt
tt

T ,  

















2

1

0

a
a
a

A .                (7.8) 

w[flbf, fcts fqybidyt,ib (7.7) cbcntvf itbძkt,f                       

uflfbothjc itvltub cf[bs: 

                                                TAF   .                                     (7.9) 

vbqt,ek vfnhbwek njkj,fib A  fhbc ewyj,b vfnhbwf (fv 

vfnhbwbc 210 ,, aaa  tktvtynt,b vhfdfkotdhbc cfძbt,tkb          
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rjtabwbtynt,bf). fvbc itcf,fvbcfl, (7.9) cf[bc vfnhbwek 

njkj,fc eojlt,ty vfnhbwek ufynjkt,fc, hjvtkcfw vt-11 

gfhfuhfaib itdbcofdkbs. 

 

 

§8.  vtjht lf vtcfvt hbubc ltnthvbyfynt,b. 

ძbhbsflb sdbct,t,b. n ehb hbubc ltnthvbyfynb  

 

ufycfpqdht,f. ვsmdfs, vjwtvekbf vtjht hbubc 

rdflhfnekb vfnhbwf  











2221

1211

aa
aa

A . 

12212211 aaaa   hbw[dc tojlt,f A  vfnhbwbc  ltnthvbyfynb lf 

fqbybiyt,f ,det A   A   fy  

2221

1211

aa
aa

 

cbv,jkjsb.      

fvhbufl, vtjht hbubc ltnthvbyfynb ufybcfpqdht,f 

njkj,bs: 

12212211
2221

1211 aaaa
aa
aa

 .  

 
vfufkbsfl, 

273)5(62
65
32




. 
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cfdfhჯbij 8.1. lffvnrbwts, hjv se 0
2221

1211 
aa
aa

, 

vfiby fv ltnthvbyfynbc cnhbmjyt,b (cdtnt,b)                      

ghjgjhwიekbf.    

itdybiyjs, hjv gbhdtkb hbubc  aA  vfnhbwbc            

ltnthvbyfynfl vbqt,ekbf sdbs  a   hbw[db,  t.b. aa  . 

ufycfpqdht,f. ვsmdfs, vjwtvekbf vtcfvt hbubc 

rdflhfnekb vfnhbwf 


















333231

232221

131211

aaa
aaa
aaa

A  

 lf ija  fv vfnhbwbc yt,bcvbthb tktvtynbf. fvjdifkjs A  

vfnhbwfib i -ehb cnhbmjyb lf j -ehb cdtnb, t.b. bc cnhbmjyb 

lf bc cdtnb, hjvtksf sfyfrdtsfpt vlt,fhtj,c tc            

tktvtynb. fvjikbc itltufl vbqt,ekb vtjht hbubc                

vfnhbwbc ltnthvbyfynb fqdybiyjs ijM -sb. ijM  hbw[dc         

tojlt,f ija  tktvtynbc vbyjhb, [jkj ij
ji

ij MA  )1(  hbw[dc  

fvfdt tktvtynbc fkut,hekb lfvfnt,f.    

VFUFKBSB 1. dbgjdjs  

                          



















122
313
401

A                                (8.1) 
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vfnhbwbc 1211 , aa  lf 13a  tktvtynt,bc vbyjht,b lf                

fkut,hekb lfvfnt,t,b. 

F V J [ C Y F. 11M  vbyjhbc ufvjcfsdktkfl A          

vfnhbwfib fvjdifkjs gbhdtkb cnhbmjyb lf gbhdtkb cdtnb: 

53)2()1(1
12

31
11 


M . 

fyfkjubehfl, gbhdtkb cnhbmjybc lf vtjht cdtnbc              

fvjikbs vbbqt,f vbyjhb 

332)1()3(
12

33
12 




M . 

fctsbdt otcbs ufvjbsdkt,f 13a  tktvtynbc vbyjhb 

412)2()3(
22

13
13 




M . 

itcf,fvbcb fkut,hekb lfvfnt,t,bf 

5)1( 1111
11

11   MMA , 

   3)1( 1212
21

12   MMA , 

                4)1( 1313
31

13   MMA .             

ufycfpqdht,f. ვsmdfs, vjwtvekbf vtcfvt hbubc 

rdflhfnekb vfnhbwf 


















333231

232221

131211

aaa
aaa
aaa

A . 

131312121111 AaAaAa   hbw[dc tojlt,f A  vfnhbwbc                     

ltnthvbyfynb lf fqbybiyt,f Adet , A     fy 
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333231

232221

131211

aaa
aaa
aaa

 

cbv,jkjsb.     

fvhbufl, vtcfvt hbubc ltnthvbyfynb ufybcfpqdht,f 

njkj,bs: 

                  131312121111

333231

232221

131211

AaAaAa
aaa
aaa
aaa

 .        (8.2) 

VFUFKBSB 2. ufvjdsdfkjs (8.1) njkj,bs                   

vjwtvekb A  vfnhbwbc ltnthvbyfynb 

122
313
401


 . 

F V J [ C Y F. se dbcfhut,kt,s obyf vfufkbsib           

xfnfht,ekb ufvjsdkt,bs, vbdbqt,s: 

              21443051  .           

(8.2) ajhvekfc vbdwts c[df cf[t: 

 131312121111det AaAaAaA  


3231

2221
13

3331

2321
12

3332

2322
11 aa

aa
a

aa
aa

a
aa
aa

a

 )()()( 223132211323313321122332332211 aaaaaaaaaaaaaaa  

223113332112233211322113233112332211 aaaaaaaaaaaaaaaaaa  . 

cf,jkjjl dqt,ekj,s, hjv vtcfvt hbubc                        

ltnthvbyfynb itbძkt,f ufybcfpqdhjc njkj,bs: 
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333231

232221

131211

aaa
aaa
aaa

 

       133221312312332211 aaaaaaaaa       

     112332331221132231 aaaaaaaaa  ,                                             ( 8.3) 

hfw cmtvfnehfl fcf[ekbf 8.1 yf[fppt: 

 

 

 

 

 

yf[. 8.1  

VFUFKBSB 3. ufvjdsdfkjs obyf vfufkbsib               

vjყdfybkb ltnthvbyfynb (8.3) ajhvekbc cfiefkt,bs: 

F V J [ C Y F. 

.2113)2()1(0)3(4124)2)(3(230)1(11       

 vjdbყdfyjs vtjht lf vtcfvt hbubc ltnthvbyfynbc 

ძbhbsflb sdbct,t,b. ყdtkf fv sdbct,bc vfhst,ekj,f          

(ufhlf vt-11 sdbct,bcf) itbძkt,f itvjovltc eiefkjl (8.3) 

ajhvekbc ufvjყtyt,bs. 

sdbct,f 1. ltnthvbyfynb fh itbwdkt,f, se              

vjdf[ltys vbc nhfycgjybht,fc, t.b. 



 72

332313

322212

312111

333231

232221

131211

aaa
aaa
aaa

aaa
aaa
aaa

 . 

fmtlfy ufvjvlbyfhtj,c, hjv ltnthvbyfynbc ყdtkf 

sdbct,f, hjvtkbw vfhst,ekbf cnhbmjyt,bcfsdbc,                   

vfhst,ekb bmyt,f fuhtsdt cdtnt,bcfsdbc. 

sdbct,f 2. ltnthvbyfynbc yt,bcvbthb cnhbmjybc (fy 

cdtnbc) tktvtynt,bc vfs fkut,hek lfvfnt,t,pt                   

yfvhfdksf ჯfvb vjwtvekb ltnthvbyfynbc njkbf. 

vfufkbsfl, se ltnthvbyfync lfdikbs vtjht             

cdtnbc vb[tldbs, vbdbqt,s: 

323222221212

333231

232221

131211

AaAaAa
aaa
aaa
aaa

 . 

sdbct,f 3. ltnthvbyfynbc yt,bcvbthb cnhbmjybc 

(cdtnbc) tktvtynt,bc c[df hjvtkbvt cnhbmjybc (cdtnbc) 

itcf,fvbcb tktvtynt,bc fkut,hek lfvfnt,t,pt yfvhfdksf 

ჯfvb yekbc njkbf. 

vfufkbsfl, 0231322122111  AaAaAa , hflufy                    

ltnthvbyfynbc gbhdtkb cnhbmjybc tktvtynt,c fm                 

dfvhfdkt,s fhf vfs fkut,hek lfvfnt,t,pt, fhfvtl vtjht 

cnhbmjybc itcf,fvbcb tktvtynt,bc fkut,hek lfvfnt,t,pt. 
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sdbct,f 4. yt,bcvbthb jhb cnhbmjybc (cdtnbc)            

ehsbthsuflfyfwdkt,bs ltnthvbyfynb v[jkjl ybifyc            

bwdkbc. 

vfufkbsfl, 

333231

131211

232221

333231

232221

131211

aaa
aaa
aaa

aaa
aaa
aaa

  

(fm uflfyfwdkt,ekbf gbhdtkb lf vtjht cnhbmjyb). 

sdbct,f 5. se ltnthvbyfynbc hjvtkbvt cnhbmjybc 

(cdtnbc) ყdtkf tktvtynb yekbc njkbf, vfiby ltnthvbyfynb 

yekbc njkbf. 

vfufkbsfl, itudbძkbf gbhlfgbh lfdothjs, hjv  

0
19715
000

131172





, 

hflufy fv ltnthvbyfynbc vtjht cnhbmjybc ყdtkf tktvtynb 

yekbc njkbf. 

sdbct,f 6. ltnthvbyfynbc yt,bcvbthb cnhbmjybc 

(cdtnbc) tktvtynt,bc cfthsj vfvhfdkb itbძkt,f                    

ufdbnfyjs ltnthvbyfynbc ybiybc ufhts. 

vfufkbsfl, 

095
341
111

4
0365
3161
141











 



 74

(vtjht cdtnblfy ufnfybkbf cfthsj vfvhfdkb 4). 

sdbct,f 7.se ltnthvbyfynbc hjvtkbvt jhb             

cnhbmjybc (cdtnbc) itcf,fvbcb tktvtynt,b thsvfytsbc            

njkbf, vfiby ltnthvbyfynb yekbc njkbf. 

0
58731
1337

58731






, 

hflufy fv ltnthvbyfynbc gbhdtkb lf vtcfvt cnhbmjyb         

thsvfytsbc njkbf.  

sdbct,f 8. se ltnthvbyfynbc hjvtkbvt jhb            

cnhbmjyb (cdtnb) ghjgjhwbekbf, vfiby ltnthvbyfynb yekbc 

njkbf. 

vfufkbsfl, 

0
14117
8314

4282






, 

hflufy fv ltnthvbyfynbc gbhdtkb lf vtcfvt cdtnb           
thsvfytsbc ghjgjhwbekbf (ghjgjhwbekj,bc rjtabwbtynb 

2k ). 

sdbct,f 9. se ltnthvbyfynbc hjvtkbvt cnhbmjybc 

(cdtnbc) ყdtkf tktvtynb ofhvjlutybkbf jhb itcfrht,bc 

ჯამის cf[bs, vfiby sdbs ltnthvbyfynbw ofhvjblubyt,f           

itcf,fvbcb ltnthvbyfynt,bc ჯfvbc cf[bs. 

fv sdbct,bc sfyf[vfl,  



 75

333231

232221

131211

333231

232221

131211

333231

232221

131312121111

aaa
aaa
bbb

aaa
aaa
aaa

aaa
aaa

bababa



. 

sdbct,f 10. se ltnthvbyfynbc hjvtkbvt cnhbmjybc 

(cdtnbc) ყjdtk tktvtync vbdevfnt,s hjvtkbvt c[df          

cnhbmjybc (cdtnbc) itcf,fvbc tktvtync, ufvhfdkt,ekc         

thscf lf bvfdt hbw[dpt, vfiby ltnthvbyfynb fh itbwdk,f. 

fv sdbct,bc ufvjყtyt,bc cfbkecnhfwbjl                   

ufvjdsdfkjs vt-2 vfufkbsib vjყdfybkb ltnthvbyfynb 

122
313
401


  . 

eylf dtwfljs bct ufhlfdmvyfs ltnthvbyfynb, hjv vbcb         

hjvtkbvt cnhbmjybc fy cdtnbc ყdtkf tktvtynb, ufhlf         

thsbcf, uf[ltc yekbc njkb. xdtyc itvs[dtdfib tc fldbkb 

ufcfrtst,tkbf, vfufkbsfl, vtjht cdtnbcfsdbc (fv cdtnib 

fhbc thsb yekjdfyb tktvtynb). fvbcfsdbc ltnthbyfynbc        

vtcfvt cnhbmjybc tktvtynt,c vbdevfnjs 2-pt                            

ufvhfdkt,ekb vtjht cnhbmjybc itcf,fvbcb tktvtynt,b: 

504
313
401

321122)3(22
313
401





 . 
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vbqt,ekb ltnthvbyfynb lfdifkjs vtjht cdtnbc vb[tldbs 

(t.b. bv cdtnbc vb[tldbs, hjvkbc ყdtkf tktvtynb, ufhlf 

thsbcf, yekbc njkbf) lf ufvjdsdfkjs vbqt,ekb ჯfvb: 

.21
54
41

1233222222112 


 AaAaAa  

ITLTUB. ltnthvbyfynbc vybidytkj,f fh itbwdkt,f, 

se vbcb hjvtkbvt cnhbmjybc (cdtnbc) tktvtynt,c                  
ufvjdfrkt,s c[df hjvtkbvt cnhbmjybc (cdtnbc) itcf,fvbc 

tktvtynt,c. 

lfevnrbwt,kfl vjdbყdfyjs ltnthvbyfynbc rbltd   

thsb sdbct,f. 

sdbct,f 11. se A  lf B  thsb lf bvfdt hbubc        

rdflhfnekb vfnhbwt,bf, vfiby 

BAAB detdet)det(  , 

t.b. vfnhbwfsf yfvhfdkbc ltnthvbyfynb fv vfnhbwt,bc 

ltnthvbyfynt,bc yfvhfdkbc njkbf. 

vtcfvt hbubc ltnthvbyfynb xdty ufydcfpqdhts vtjht 

hbubc ltnthvbyfynt,bc (fkut,hekb lfvfnt,t,bc)                 

cfiefkt,bs. fyfkjubehfl, vtjs[t hbubc ltnthvbyfynb        

ufybcfpqdht,f vtcfvt hbubc ltnthvbyfynt,bc cfiefkt,bs 

(fkut,hekb lfvfnt,t,b fcts itvs[dtdfib ufhrdtekb        

ybiybs fqt,ek vtcfvt hbubc vbyjht,c ofhvjflutyc), vt[est 

hbubc ltnthvbyfynb  vtjs[t hbubc ltnthvbyfynt,bc           

cfiefkt,bs lf f.i. pjuflfl, n -ehb hbubc ltnthvbyfynb  
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ufybcfpqdht,f bylemwbbs 1n  hbubc ltnthvbyfynt,bc         

cfiefkt,bs: 



















nnnn

n

n

aaa

aaa
aaa






21

22221

11211

........




n

i
iinn AaAaAaAa

1
111112121111 , 

cflfw ყjdtkb ijA  fhbc ija  tktvtynbc fkut,hekb lfvfnt,f 

(t.b. ufhrdtekb ybiybs fqt,ekb 1n  hbubc vbyjhb). 

itdybiyjs, hjv vtjht lf vtcfvt hbubc                       

ltnthvbyfynbc ყdtkf ptvjs xfvjsdkbkb sdbct,f                    

vfhst,ekbf yt,bcvbthb hbubc ltnthvbyfynbcfsdbc. 

VFUFKBSB 4. ufvjdsdfkjs vtjs[t hbubc                 

ltnthvbyfynb  

3242
4123
2343
1334

 . 

F V J [ C Y F. gbhdtk cdtnc ufvjdfrkjs vtcfvt, 

itvltu vtcfvt cnhbmjyc vbdevfnjs gbhdtkb, ufvhfdkt,ekb 

(-2)-pt, lf vbqt,ekb ltnthvbyfynb lfdifkjs gbhdtkb 

cdtnbc vb[tldbs;  

8
530
251
420

4
321
251
231

4
324
254
234

3240
2540
2340
1331









 .     
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ufycfpqdht,f. ვsmdfs, nxxx ,...,, 21  yt,bcvbthb               

yfvldbkb hbw[dt,bf. n -ehb hbubc 

111

22
2

2
1

21

.............

111





n
n

n
n

n
n

n

n

n

xxx

xxx
xxx







  

ltnthvbyfync tojlt,f dfylthvjylbc ltnthvbyfynb. 

n -bc vbvfhs bylemwbbs itbძkt,f lfvnrbwltc, hjv 

 ))()(())(( 242311312 xxxxxxxxxx nn
).()( 12  nnn xxxx  

tc njkj,f itbძkt,f xfbothjc fuhtsdt  

                                             



nji

ijn xx
1

)(                              (8.4) 

cf[bs, cflfw   ufvhfdkt,bc cbv,jkjf. 

ITLTUB 8.2. se ij xx   )( ji  , vfiby dfylthvjylbc 

ltnthvbyfynb 0 n .       

hjwf 3n , vfiby (8.4) njkj,f vbbqt,c itvltu         

cf[tc: 

                           ))()((
111

231312
2
3

2
2

2
1

321 xxxxxx
xxx
xxx   .        (8.5) 

cfdfhჯbij 8.3. lffvnrbwts (8.5) njkj,f. 
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VFUFKBSB 5. ufvjsdfkts ltnthvbyfynb 

1694
432
111

 . 

F V J [ C Y F. hflufy   fhbc dfylthvjylbc vtcfvt 

hbubc ltnthvbyfynb )4,3,2( 321  xxx , fvbnjv (8.5)            

ajhvekbc sfyf[vfl, 

2)34)(24)(23(  . � 

 

 

§9. it,heyt,ekb vfnhbwf 

 

ufycfpqdht,f. ვsmdfs, A  rdflhfnekb vfnhbwff.  B  

vfnhbwfc tojlt,f A  vfnhbwbc it,heyt,ekb, se 

       EBAAB  ,                                    (9.1) 

cflfw E   thstekjdfyb vfnhbwff. 

cfdfhჯbij 9.1. lffvnrbwts, hjv, se fhct,j,c A  

vfnhbwbc it,heyt,ekb vfnhbwf, vfiby bc thsflthsbf.  

A  vfnhbwbc it,heyt,ek vfnhbwfc (se bc fhct,j,c) 

fqybiyfdty 1A  cbv,jkjsb. 

  cfdfhჯbij 9.2. lffvnrbwts, hjv AA  11 )(  lf 

111)(   ABAB .        

ufycfpqdht,f. rdflhfnek A  vfnhbwfc tojlt,f 

fhfuflfudfht,ekb (fy fhfufycfresht,ekb), se 0det A .  
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STJHTVF 9.3. bvbcfsdbc. hjv rdflhfnekb A            

vfnhbwbcfsdbc fhct,j,ltc it,heyt,ekb 1A  vfnhbwf,       

fewbkt,tkbf lf cfrvfhbcb, hjv A  vfnhbwf bყjc                    

fhfuflfudfht,ekb. 

L F V N R B W T , F. fewbkt,kj,f. ვsmdfs,               

fhct,j,c 1A ,  vfiby (9.1)-bc sfyf[vfl EAA 1 , fvbnjv  

EAA det)det( 1  , 

vfuhfv 11 detdet)det(   AAAA , [jkj 1det E , fvbnjv 

1detdet 1  AA . 

fv njkj,blfy ufvjvlbyfhtj,c, hjv 0det A , t.b. A             

fhfuflfudfht,ekb vfnhbwff. 

c f r v f h b c j , f. ვsmdfs, 





















nnnn

n

n

aaa

aaa
aaa

A






21

22221

11211

........
 

fhfuflfudfht,ekb vfnhbwff. ufydb[bkjs f[fkb vfnhbwf 

11 21 1

12 22 2

1 2

.

n

n

n n nn

A A A
A A A

A

A A A



 
 
 
 
 
 





. . . . . . .

, 

cflfw ijA  fhbc A  vfnhbwbc ija  tktvtynbc fkut,hekb        

lfvfnt,f ( ),...,2,1, nji  . A  vfnhbwfc tojlt,f A  vfnhbwbc        

vbrfdibht,ekb (vbfmwbts ყehflqt,f bvfc, hjv A  vfnhbwfib 
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ija  tktvtynbc flubkpt lufc fhf fv tktvtynbc, fhfvtl jia   

tktvtynbc fkut,hekb lfvfnt,f jiA ). 

lfdfvnrbwjs, hjv 

                                             


 A1B ,                                  (9.2) 

cflfw Adet , fhbc A  vfnhbwbc it,heyt,ekb vfnhbwf. A  

lf B  vfnhbwt,bc yfvhfdkb fqdybiyjs C -sb. se ][ ijbB  , 

][ ijcC  ,  vfiby  

jkkj Ab

1

            ),...,2,1,( njk     

lf 


 





n

k
jkik

n

k
jkik

n

k
kjikij AaAabac

111

11     ),...,2,1,( nji  . 

se ufdbsdfkbcobyt,s ltnthvbyfynbc vt-2 lf vt-3 

sdbct,t,c, vbdbqt,s: 

,111

1

 





n

k
ikikii Aac  

[jkj,  hjwf ji   

.0011

1

 
 

n

k
jkikij Aac  

fvhbufl, 

 









.,0

,1
ji
ji

cij
çó

çó
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tc ybiyfdc, hjv ][ ijcC   vfnhbwbc vsfdfh lbfujyfkpt   

vlujvb ყdtkf tktvtynb thsbc njkbf, [jkj c[df lfyfhxtyb 

yekbc njkbf, t.b. C   thstekjdfyb vfnhbwff. hflufy 

ABC  , fvbnjv 

EAB  . 

fyfkjubehfl lfvnrbwlt,f njkj,f : 

EBA  . 

fv jhb njkj,blfy ufvjvlbyfhtj,c, hjv (9.2) njkj,bs     

ufycfpqdhekb B  vfnhbwf fhbc A  vfnhbwbc it,heyt,ekb. 

ამhbufl, 

           A
A

A
det

11 .                            (9.3) 

VFUFKBSB 1. dbgjdjs 























124
582

431
A  

vfnhbwbc it,heyt,ekb vfnhbwf. 

F V J [ C Y F. hflufy 

060
124
582

431
det 





A , 

fvbnjv 1A  vfnhbwf fhct,j,c. dbgjdjs A  vfnhbwbc         

tktvtynt,bc fkut,hekb lfvfnt,t,b: 

2
12
58

11 



A ,     18

14
52

12 


A ,        28
24

82
13 




A , 
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5
12
43

21 



A ,        15
14
41

22 A ,                10
24
31

23 



A , 

17
58

43
31 




A ,         3
52

41
32 


A ,       2

82
31

33 



A . 

fmtlfy 























21028
31518

1752
A , 

[jkj 

             

























 

30
1

6
1

15
7

20
1

4
1

10
3

60
17

12
1

30
1

60
11 AA .            

 

 

 

 

§10.  ohabd fkut,hek ufynjkt,fsf cbcntvt,b. 

cbcntvbc fvj[cyf ufecbc vtsjlbs. 

 

ufydb[bkjs ohabd fkut,hek ufynjkt,fsf            

cbcntvf: 
















mnmnmm

nn

nn

bxaxaxa

bxaxaxa
bxaxaxa

2211

22222121

11212111

.....................
.                                     (10.1) 
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fm nxxx ,...,, 21  ewyj,t,bf, [jkj mmn bbbaaa ,...,,,,...,, 211211   wyj,bkb 

hbw[dt,b. ija  hbw[dt,c tojlt,f rjtabwbtynt,b, [jkj ib -c  

sfdbceafkb otdht,b ),...,2,1;,...2,1( njmi  . n  fhbc ewyj,sf 

hbw[db,  m   ufynjkt,fsf hbw[db. se mn  , vfiby cbcntvfc 

tojlt,f rdflhfnekb. 

se (10.1) cbcntvbc ყdtkf sfdbceafkb otdhb 0ib  

),...2,1( mi  , vfiby cbcntvfc tojlt,f thsudfhjdfyb.                 

obyffqvltu itvs[dtdfib, t.b. hjwf ib  hbw[dt,c ijhbc thsb 

vfbyw fhfyekjdfyb hbw[dbf, cbcntvfc tojlt,f                    

fhfthsudfhjdfyb. 

vfufkbsfl, cbcntvf 

                             







02
732

yx
yx                                           (10.2) 

fhbc fhfthsudfhjdfyb. 

ufycfpqdht,f. lfkfut,ek hbw[dsf 00
2

0
1 ,...,, nxxx           

thsj,kbj,fc tojlt,f (10.1) cbcntvbc fvjyf[ctyb, se 

00
22

0
11 ,...,, nn xxxxxx   xfcvf (10.1) cbcntvbc ყjdtk                  

ufynjkt,fc bubdtj,fl uflffmwtdc.     

vfufkbsfl, hbw[dsf oყdbkb (2;1) fhbc (10.2)                 

cbcntvbc fvjyf[ctyb, hflufy 1,2  yx  xfcvf fv cbcntvbc 

jhbdt ufynjkt,fc bubdtj,fl uflffmwtdc. fldbkfl             

lfdhoveylt,bs, hjv vjwtvek cbcntvfc c[df fvjyf[ctyb fhf 
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fmdc. fvfdt lhjc, pjuflfl, cbcntvfc itbძkt,f ჰmjyltc           

fvjyf[ctysf ecfchekj hfjltyj,f. vfufkbsfl, 

     







022
0

yx
yx                                      (10.3) 

cbcntvbc fvjyf[cyt,bf (0;0), (1;1), (1;1), (2;2) lf, pjuflfl, 

yt,bcvbthb ),( aa  cf[bc oყdbkb, cflfw a R . fqdybiyjs 

bcbw, hjv cbcntvfc cfthsjl itbძkt,f fh ჰmjyltc fvjyf[ct-

yb.    მაufkbsfl, 

  







1
0

yx
yx                                             (10.4) 

cbcntvfc fh uffxybf fvjyf[ctyb. 

ufycfpqdht,f. se ufynjkt,fsf cbcntvfc fmdc thsb 

vfbyw fvjyf[ctyb, vfc tojlt,f sfdct,flb, obyffqvltu             

itvs[dtdfib, t.b. hjwf fhw thsb fvjyf[ctyb fhf fmdc,           

cbcntvfc tojlt,f fhfsfdct,flb.    

vfufkbsfl, (10.2) lf (10.3) sfdct,flb cbcntvt,bf,       

[jkj (10.4) cbcntvf fhfsfdct,flbf. yt,bcvbthb                      

thsudfhjdfyb cbcntvf sfdct,flbf, hflufy )0;;0;0(                

ყjdtksdbc fhbc cbcntvbc fvjyf[ctyb. 

ufycfpqdht,f. jh cbcntvfc tojlt,f njkafcb (fye 

trdbdfktynehb), se vfsb fvjyf[ctysf cbvhfdktt,b njkbf.   

 

fqdybiyjs, hjv thsb lf bvfdt ewyj,t,bc itvwdtkb 

yt,bcvbthb jhb fhfsfdct,flb cbcntvf trdbdfktynehbf. 
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se cbcntvbc hjvtkbvt ufynjkt,fc vbdevfnt,s (fy 

ufvjdfrkt,s) fvfdt cbcntvbc c[df hjvtkbvt ufynjkt,fc, 

[jkj cbcntvbc lfyfhxty ufynjkt,t,c ewdktkfl              

lfdnjdt,s, vbdbqt,s vjwtvekb cbcntvbc trdbdfktyneh         

cbcntvfc. cojhtl fv sdbct,fc tყhlyj,f cbcntvbc fvj[cybc 

ufecbc vtsjlb, hjvtkcfw eojlt,ty fuhtsdt ewyj,sf           

ufvjhbw[dbc vtsjlc. ufecbc vtsjlbc fhcb bcff, hjv ptvjs 

fqybiyekb cf[bc ufhlfmvyt,bs fvjcf[cytkb cbcntvf             

lfudყfdc vbc njkafc t.o. cfvres[f cbcntvfpt. 

ufdfhxbjs ufecbc vtsjlb vfufkbst,bc vb[tldbs. 

VFUFKBSB 1. fvjd[cyfs cbcntvf 

             













.024
16582

1043

zyx
zyx

zyx
                                                    (10.5) 

F V J [ C Y F. ufvjdhbw[js x ewyj,b vtjht lf         

vtcfvt ufynjkt,blfy. fvbcfsdbc vtjht ufynjkt,fc             

vbdevfnjs gbhdtkb, ufvhfdkt,ekb 2-pt, [jkj vtcfvt       

ufynjkt,fc  bctd gbhdtkb, ufvhfdkt,ekb 4-pt: 

              












.401510
432
1043

zy
zy
zyx

 

vbqt,ekb cbcntvbc vtjht ufynjkt,f ufdყjs 2-pt, [jkj 

vtcfvt 5-pt: 
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.832
25,1

1043

zy
zy

zyx
 

ufvjdhbw[js f[kf vtcfvt ufynjkt,blfy y  ewyj,b.           

fvbcfsdbc vtcfvt ufynjkt,fc vbdevfnjs vtjht,                      

ufvhfdkt,ekb 2-pt: 













.126
25,1
1043

z
zy
zyx

 

vbqt,ekb cbcntvbc fvj[cyf eylf lfdboყjs erfyfcrytkb 

126  z  ufynjkt,bs. fmtlfy yfgjdyb vybidytkj,f 2z    

itudfmdc vtjht ufynjkt,fib 25,1  zy , cfblfyfw dgjekj,s 

y  ewyj,bc vybidytkj,fc 1y . fvbc itvltu 1y   lf 2z  

vbqt,ekb vybidytkj,t,b itudfmdc gbhdtk ufynjkt,fib 

1043  zyx , cfblfyfw dqt,ekj,s x  ewyj,bc                      

vybidytkj,fc 1x . 

fvhbufl, (10.5) cbcntvf sfdct,flbf lf (-1; -1; 2) fhbc 

fv cbcntvbc thsflthsb fvjyf[ctyb. 

itdybiyjs, hjv (10.5) cbcntvbc fqybiyekb ufhlfmvyf 

itbძkt,f xfbothjc vfnhbwekb cf[bs: 

~
40
4

10

15100
320
431

~
0

16
10

124
582
431











































y  
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12
2

10

600
5,110

431
~

8
2

10

320
5,110

431
~ .         

VFUFKBSB 2. fvjd[cyfs cbcntvf 














.2733
132

0

zyx
zyx

zyx
                                                             (10.6) 

F V J [ C Y F. ufvjdhbw[js x  ewyj,b  vtjht lf          

vtcfvt ufynjkt,blfy: 
















































153
0

153
153

0

2106
153

0

2733
132

0

zy
zyx

zy
zy

zyx

zy
zy

zyx

zyx
zyx

zyx
 . 

se z  ewyj,c vbdfybzt,s yt,bcvbth tz   vybidytkj,fc,         

vfiby vtjht ufynjkt,blfy vbdbqt,s y  ewyj,bc itcf,fvbc 

vybidytkj,fc 
3

15 


ty . y  lf z  ewyj,t,bc vbqt,ekb             

vybidytkj,t,b itdbnfyjs gbhdtk ufynjkt,fib lf dbgjdjs 

x  ewyj,bc itcf,fvbcb vybidytkj,f 
3

12 


tx . fvhbufl,         

yt,bcvbthb t  hbw[dbcfsdbc 
3

12 


tx , 
3

15 


ty , tz                    

ofhvjflutyc (10.6) cbcntvbc fvjyf[ctyc, t.b. cbcntvf         

sfdct,flbf lf vfc fmdc fvjyf[ctysf ecfchekj     cbvhfdkt 







 





 Rtttytx ,

3
15,

3
12 . 

se t  gfhfvtnhc vbdfybzt,s ufhrdtek hbw[dbs                    

vybidytkj,fc, vbdbqt,s cbcntvbc ths-ths fvjyf[ctyc.         
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vfufkbsfl, gfhfvtnhbc 1t  vybidytkj,fc ittcf,fvt,f          

fvjyf[ctyb (1;2;1), [jkj 4t  vybidytkj,fc  fvjyf[ctyb 

(3;7;4).  

VFUFKBSB 3. fvjd[cyfs cbcntvf 













.8553
552
02

zyx
zx
zyx

                                                            (10.7) 

F V J [ C Y F. vjdf[lbyjs cbcntvbc itcf,fvbcb         

ufhlfmvyf 

 


























82
52
02

8553
552
02

zy
zy
zyx

zyx
zx
zyx

 

 

ufvjdfrkjs vtcfvt ufynjkt,fc vtjht: 

 












30
52
02

zy
zyx

. 

hflufy 30  , fvbnjv cbcntvf fhfsfdct,flbf. fhfsfdct,flb 

bmyt,f fuhtsdt fv cbcntvbc trdbdfktynehb cbcntvf (10.7).  
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§11. ohabd fkut,hek ufynjkt,fsf cbcntvt,bc  

vfnhbwekb ajhvf. rhfvthbc ajhvekt,b 

 

1. ohabd fkut,hek ufynjkt,fsf cbcntvbc xfothf 

lf fvj[cyf vfnhbwekb cf[bs. ვsmdfs, vjwtvekbf ohabd 

fkut,hek ufynjkt,fsf cbcntvf 
















mnmnmm

nn

nn

bxaxaxa

bxaxaxa
bxaxaxa

2211

22222121

11212111

.. ..........
 .                                         (11.1) 

itvjdbqjs fqybidyf. 





















mnmm

n

n

aaa

aaa
aaa

A






21

22221

11211

........
,       





















mb

b
b

b
...

2

1

,     





















nx

x
x

x
...

2

1

. 

dbgjdjs A  lf x  vfnhbwfsf yfvhfdkb 


























nmnmm

nn

nn

xaxaxa

xaxaxa
xaxaxa

Ax

2211

2222121

1212111

.. ........
. 

hflufy Ax  cdtn-vfnhbwbc gbhdtkb cnhbmjyb ofhvjflutyc 

(11.1) cbcntvbc gbhdtkb ufynjkt,bc vfhw[tyf yfobkc,     

vtjht cnhbmjyb  vtjht ufynjkt,bc vfhw[tyf yfobkc lf 

f.i., fvbnjv ohabd fkut,hek ufynjkt,fsf (11.1) cbcntvf 

itbძkt,f itbwdfkjc thsb vfnhbwekb ufynjkt,bs: 

                                                    .bAx                                           (11.2) 
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se  ),,,( 21 nxxx   fhbc (11.1) cbcntvbc fvjyf[ctyb, vfiby 

cdtn-vfnhbwf 

         n

m

xxx

x

x
x

x 
 21

2

1





















                               (11.3) 

bmyt,f vfnhbwekb (11.2) ufynjkt,bc fvjyf[ctyb, lf                 

gbhbmbs, se (11.3) fhbc vfnhbwekb (11.2) ufynjkt,bc              

fvjyf[ctyb, vfiby  ),,,( 21 nxxx    bmyt,f (11.1) cbcntvbc 

fvjyf[ctyb. 

ufydb[bkjs itvs[dtdf, hjwf cbcntvf (11.1)              

rdflhfnekbf, t.b. hjwf cbcntvfib itvfdfk ufynjkt,fsf 

hbw[db ewyj,sf hbw[dbc njkbf )( nm  . A  vfnhbwf fcts 

itvs[dtdfib bmyt,f rdflhfnekb. 

STJHTVF 11.1. se 0det A , vfiby (11.2) vfnhbwek 

ufynjkt,fc fmdc fvjyf[ctyb, tc fvjyf[ctyb thsflthsbf lf 

ufybcfpqdht,f njkj,bs 

                                  bAx 1 .                                          (11.4) 

L F V N R B W T , F. stjhtvbc gbhj,bc ძfkbs 

0det A , fvbnjv fhct,j,c it,heyt,ekb vfnhbwf 1A . hflufy 

bEbbAAbAA   )()( 11 , 

fvbnjv cdtn-vfnhbwf bAx 1  fhbc bAx   vfnhbwekb            

ufynjkt,bc fvjyf[ctyb. 
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lfdfvnrbwjs, hjv (11.2) vfnhbwek ufynjkt,fc c[df 

fvjyf[ctyb fhf fmdc. vfhskfw, dsmdfs 0xx   fhbc (11.2)         

ufynjkt,bc hjvtkbvt fvjyf[ctyb. vfiby itcheklt,f          

vfnhbwekb njkj,f: 

bAx 0 . 

fv njkj,bc jhbdt yfobkb vfhw[yblfy ufdfvhfdkjs 1A  
vfnhbwfpt 

                                       bAAxA 1
0

1 )(   .                                     (11.5) 

hflufy 

000
1

0
1 )()( xExxAAAxA   , 

fvbnjv (11.5)-lfy vbdbqt,s: 

bAx 1
0

 , 

hfw fvjyf[ctybc thsflthsj,fc fvnrbwt,c.    

ITLTUB 11.2. se 0det A  , vfiby 

0Ax  

vfnhbwek ufynjkt,fc fmdc v[jkjl yekjdfyb fvjyf[ctyb 

                               Tx 0,,0,0

0
...
0
0





















 .            

VFUFKBSB 1. itvltub cbcntvf xfdothjs vfnhbwekb 

ajhvbs lf fvjd[cyfs: 














024
16582

1043

zyx
zyx

zyx
.                                                       (11.6) 
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F V J [ C Y F. itvjdbqjs fqybidyf 























124
582

431
A ,      


















z
y
x

x ,      

















0
16

10
b . 

hflufy 

060
124
582

431
det 





A , 

fvbnjv bAx   vfnhbwekb ufynjkt,bc thsflthsb                     

fvjyf[ctybf 

























































 

2
1
1

0
16

10

21028
31518

1752

60
11bAx  

(b[. §9, vfufkbsb 1). 

fvhbufl, ohabd fkut,hek ufynjkt,fsf (11.6)             

cbcntvfc fmdc thsflthsb fvjyf[ctyb 2,1,1  zyx .   

2. rhfvthbc ajhvekt,b. xdty ufdtwfybs ohabd fk-

ut,hek ufynjkt,fsf rdflhfnekb cbcntvbc fvj[cybc ths-

ths vtsjlc. Fხkf ufdtwyjs fv vtsjlbc yfbhcf[tj,fc  

rhfvthbc otcc. 

ვsmdfs, vjwtvekbf ohabd fkut,hek ufynjkt,fsf 

rdflhfnekb cbcntvf (11.1) (t.b. nm  ). itvjdbqjs fqybidyf: 

nnnn

n

n

aaa

aaa
aaa






21

22221

11211

........
 . 



 94

   ltnthvbyfync tojlt,f cbcntvbc ltnthvbyfynb.                     

yt,bcvbthb yfnehfkehb i  hbw[dbcfsdbc, cflfw ni 1 ,      

fqdybiyjs i -sb ltnthvbyfynb, hjvtkbw vbbqt,f cbcntvbc 

  ltnthvbyfynbcfufy, se vbc i -eh cdtnc itdwdkbs                   

sfdbceafkb otdht,bcfufy itlutybkb cdtnbs: 

nnnn

n

n

i

abaa

abaa
abaa






221

222221

111211

.. .........
  . 

i -bc tojlt,f cbcntvbc i -ehb lfv[vfht ltnthvbyfynb.            

Itdybiyjs, hjv fv ltnthvbyfynbc lfikfc i -ehb cdtnbc         

vb[tldbs fmdc itvltub cf[t: 

             niniii AbAbAb  2211     ),...,2,1( ni ,                   (11.7) 

cflfw kiA  fhbc A  vfnhbwbc kia  tktvtynbc fkut,hekb             

lfvfnt,f ),...,2,1( nk . 

STJHTVF 11.3. se (11.1) cbcntvbc ltnthvbyfynb 0 , 

vfiby cbcntvf sfdct,flbf lf vfc fmdc thsflthsb                 

fvjyf[ctyb: 

            1 2
1 2, , ... n

nx x x  
  
  

.  (11.8)                       

(11.8)-c tojlt,f rhfvthbc ajhvekt,b.  

L F V N R B W T , F. fvjyf[ctybc fhct,j,f lf           

thsflthsj,f ufvjvlbyfhtj,c obyf stjhtvblfy. bvfdt             

stjhtvbc ძfkbs tc thsflthsb fvjyf[ctyb ufybcfpqdht,f 
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(11.4) vfnhbwekb njkj,blfy. se ufdbsdfkbcobyt,s           

(11.7)-c, vbdbqt,s: 









































 

nnnnn

n

n

b

b
b

AAA

AAA
AAA

bAx
..................

1 2

1

21

22212

12111

1







 























































































nnnnnnn

nn

nn

bAbAbA

bAbAbA
bAbAbA

 .

1
...........

1 2

1

2

1

2211

2222112

1221111

, 

t.b. 











 nxxx 2
2

2
1

1 ,,,  .     

VFUFKBSB 2. fvjd[cyfs (11.6) cbcntvf rhfvthbc         

otcbs. 

F V J [ C Y F. fm 060  . ufvjdsdfkjs lfv[vfht 

ltnthvbyfynt,b: 

,60
104
5162

4101
,60

120
5816

4310

21 





   

120
024
1682

1031

3 





 . 

fmtlfy  
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31 260 60 1201, 1, 2
60 60 60

x y z   
          
     

.   

 

itdybiyjs, hjv 11.2 itltub 0Ax  cf[bc                         

thsudfhjdfyb vfnhbwekb ufynjkt,bc itcf[t,                      

thsudfhjdfyb cbcntvbc itvs[dtdfib itbძkt,f                         

xfvjdfყfkb,js itvltub ajhvbs: 

ITLTUB 11.4. se ohabd fkut,hek ufynjkt,fsf         

thsudfhjdfyb 
















0
...

0
0

2211

2222121

1212111

nnnnn

nn

nn

xaxaxa

xaxaxa
xaxaxa

..........
  

cbcntvbc ltnthvbyfynb 0 , vfiby cbcntvfc fmdc v[jkjl 

yekjdfyb fvjyf[ctyb. 

 

§12. vfnhbwbc hfyub. stjhtvf ,fpbcehb  

vbyjhbc itcf[t,  

dsmdfs, vjwtvekbf nm  hbubc 





















mnmm

n

n

aaa

aaa
aaa

A






21

22221

11211

........
 

vfnhbwf lf yfnehfkehb k  hbw[db, hjvtkbw fh fqtvfnt,f 

m  lf n  hbw[dt,blfy evwbhtcc ),( nkmk  . itdfhxbjs 
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vfnhbwbc yt,bcvbthb k  cnhbmjyb lf yt,bcvbthb k  cdtnb; fv 

cnhbmjyt,bc lf cdtnt,bc uflfrdtsfpt vlujvb                          

tktvtynt,bcfufy itdflubyjs k -ehb hbubc ltnthvbyfynb. 

fcts ltnthvbyfync tojlt,f A  vfnhbwbc k -ehb hbubc          

vbyjhb. 

VFUFKBSB 1. dbgjdjs  






















9457
5325
4132

A                                                      (12.1) 

vfnhbwbc vtjht lf vtcfvt hbubc pjubthsb vbyjhb. 

F V J [ C Y F. vfufkbsfl. lfdfabmcbhjs gbhdtkb lf 

vtjht cnhbmjyb lf gbhdtkb lf vtjht cdtnb. fv cnhbmjyt-

,bcf lf cdtnt,bc uflfrdtsfpt vlujvb tktvtynt,bcfufy           
itlutybkb ltnthvbyfynb 

11
25
32

1 M  

fhbc A  vfnhbwbc vtjht hbubc ths-thsb vbyjhb.                 

fyfkjubehfl, se itdfhxtds, vfufkbsfl, vtjht lf vtcfvt 

cnhbmjyc lf gbhdtk lf vtjs[t cdtnc, vbdbqt,s vtjht           

hbubc c[df vbyjhc: 

10
97
55

2 



M . 

dbgjdjs f[kf A  vfnhbwbc vtcfvt hbubc vbyjht,b. 

fvbcfsdbc cfrvfhbcbf lfdfabmcbhjs vfnhbwbc cfvb cdtnb 

(vfnhbwbc cnhbmjyt,bc hbw[db cfvbc njkbf). vfufkbsfl, 



 98

se lfdfabmcbht,s cdtnt,c, hjvtksf yjvht,bf itcf,fvbcfl 

1,2,3 lf 1,2,4, vbdbqt,s vtcfvt hbubc jh vbyjhc: 

,0
457
325
132

3 





M          .0
957
525
432

4 





M      

ufycfpqdht,f. ვsmdfs, A  fhfyekjdfyb vfnhbwff. 

yfnehfkeh r  hbw[dc tojlt,f A  vfnhbwbc hfyub, se: 

1. A  vfnhbwfib fhct,j,c yekbcfufy ufyc[dfdt,ekb thsb 

vfbyw r  hbubc vbyjhb; 

2. A  vfnhbwbc ყdtkf vbyjhb, hjvkbc hbub r -pt vtnbf (se 

fctsb fhct,j,c), yekbc njkbf. 

   A  vfnhbwbc hfyub fqbybiyt,f Arank  fy Ar                      

cbv,jkjsb. yekjdfyb vfnhbwbc hfyufl vbqt,ekbf hbw[db 

0.    

ITYBIDYF. vtjht geymnib vjყdfybkb gbhj,bc                

itcfchekt,kfl cfrvfhbcbf, hjv yekbc njkb bყjc ყdtkf bc 

1r  hbubc vbyjhb, hjvtkbw vjbwfdc yekbcfufy                     

ufyc[dfdt,ek r  hbubc vbyjhc. 

VFUFKBSB 2. dbgjdjs (12.1) njkj,bs vjwtvekb A  

vfnhbwbc hfyub. 

F V J [ C Y F. hflufy fhct,j,c A  vfnhbwbc vtjht 

hbubc yekbcfufy ufyc[dfdt,ekb vbyjhb 1M , [jkj vbcb     

itvwdtkb vtcfvt hbubc ყdtkf vbyjhb yekbc njkbf, fvbnjv 

.2Ar    
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STJHTVF 12.1. vfnhbwbc hfyub fh itbwdkt,f se: 

1. vjdf[ltys vfnhbwbc nhfycgjნbht,fc; 

2. vjdf[ltys vfnhbwbc cnhbmjyt,bc (cdtnt,bc)                       

ehsbthsuflfyfwdkt,fc;  

3. cnhbmjybc (cdtnbc) ყdtkf tktvtync ufdfvhfdkt,s 

yekbcfufy ufyc[dfdt,ek thscf lf bvfdt yt,bcvbth hbw[dpt; 

4. cnhbmjybc (cdtnbc) ყdtkf tktvtync vbdevfnt,s c[df 

cnhbmjybc (cdtnbc) itcf,fvbc tktvtync; 

5. fvjdikbs yekjdfy cnhbmjyc (cdtnc).   

fv stjhtvbc vfhst,ekj,f ufvjvlbyfhtj,c           

ltnthvbyfynbc sdbct,t,blfy. 

dbgjdjs fv otcbs (12.1) njkj,bs vjwtvekb A  

vfnhbwbc hfyub. fvbcfsdbc A  vfnhbwbc vtcfvt cnhbmjyc 

vbdevfnjs gbhdtkb lf vtjht cnhbmjyt,bc ჯfvb lf vbqt,ek 

vfnhbwfib fvjdifkjs yekt,bcfufy itlutybkb vtcfvt 

cnhbmjyb: 

.
5325
4132

~
0000
5325
4132

~
9457
5325
4132


















































 

hflufy vbqt,ekb vfnhbwbc hfyub 2-bc njkbf, fvbnjv 2- bc 

njkb bmyt,f fuhtsdt A  vfnhbwbc hfyub,  t.b. 2Ar . 

ufycfpqdht,f. ვsmdfs, 0 rArank . vfnhbwbc bv  r  

hbubc vbyjhc, hjvtkbw ufyc[dfdt,ekbf yekbcfufy, tojlt,f 
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,fpbcehb vbyjhb, vfnhbwbc itcf,fvbc cnhbmjyt,c  

,fpbcehb cnhbmjyt,b, cdtnt,c rb  ,fpbcehb cdtnt,b.    

ITYBIDYF. vfnhbwc itbძkt,f ჰmjyltc hfvltybvt 

,fpbcehb vbyjhb (lf itcf,fvbcfl, ,fpbcehb cnhbmjyt,bc lf 

cdtnt,bc hfvltybvt cbcntvf). 

vfufkbsfl, 
25
32
 lf 

35
12




 fhbc (12.1) vfnhbwbc 

,fpbcehb vbyjht,b; gbhdtkb ,fpbcehb vbyjhbc itcf,fvbcb 

,fpbcehb cnhbmjyt,bf:  

 4132    lf   5325  , 

[jkj ,fpbcehb cdtnt,bf: 

















7
5
2

   lf  
















5
2
3

. 

ვsmdfs, 





















1

21

11

1 ...

ma

a
a

a ,     





















2

22

12

2 ...

ma

a
a

a , . . . , 





















mn

n

n

n

a

a
a

a
...
2

1

     

cdtn-vfnhbwt,bf. 

nnaaa   2211  

ufvjcf[ekt,fc, cflfw n ,...,, 21  yt,bcvbthb yfvldbkb 

hbw[dt,bf, tojlt,f naaa ,...,, 21  cdtn-vfnhbwt,bc ohabdb            

rjv,byfwbf. 
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se fhct,j,c naaa ,...,, 21  cdtn-vfnhbwt,bc bctsb 

ohabdb rjv,byfwbf, hjvtkbw yekjdfyb cdtn-vfnhbwbc 

njkbf, t.b. 

                02211  nnaaa  ,                              (12.2) 

[jkj  n ,...,, 21   hbw[dt,blfy thsb vfbyw     ufyc[dfdt,ekbf 

yekbcfufy, vfiby naaa ,...,, 21  cdtn-vfnhbwt,c tojlt,f 

ohabdfl lfvjrblt,ekb. obyffqvltu itvs[dtdfib, t.b. se        

(12.2)   njkj,f  cheklt,f  v[jkjl  vfiby,   hjwf  

nn aaa ,...,,,0 2121       cdtn-vfnhbwt,c tojlt,f 

ohabdfl lfvjerblt,tkb. ყjdtkbdt tc cbnყdf-cbnყdbs 

itbძkt,f ufdbvtjhjs cnhbmjy-vfnhbwt,bcsdbc. 

fldbkb vbcf[dtlhbf, hjv se naaa ,...,, 21  cdtn-

vfnhbwt,blfy  (cnhbmjy-vfnhbwt,blfy)   ths-thsb        

ofhvjflutyc lfyfhxtyt,bc ohabd rjv,byfwbfc, vfiby tc 

cdtn-vfnhbwt,b    (cnhbmjy-vfnhbwt,b)    ohabdfl         

lfvjrblt,ekbf   (b[.II yfo.).   w[flbf,   yt,bcvbthb vfnhbwbc 

cdtnt,b itudbძkbf ufydb[bkjs hjujhw cdtn-vfnhbwt,b,    

[jkj cnhbmjyt,b  hjujhw cnhbmjy-vfnhbwt,b. 

STJHTVF 12.2 (,fpbcehb vbyjhbc itcf[t,). vfnhbwbc 

,fpbcehb cnhbmjyt,b (cdtnt,b) ohabdfl lfvjerblt,tkbf, 

[jkj vfnhbwbc yt,bcvbthb cnhbmjyb (cdtnb) ,fpbcehb 

cnhbmjyt,bc (cdtnt,bc) ohabd rjv,byfwbfc ofhvjflutyc.   
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ITLTUB 12.3. vfnhbwbc ohabdfl lfvjerblt,tk 

cnhbmjysf (cdtnsf) vfmcbvfkehb hfjltyj,f vfnhbwbc 

hfyubc njkbf. 

 

 

§13. rhjytrth - rfgtkbc stjhtvf 

 

ufydb[bkjs ohabd fkut,hek ufynjkt,fsf cbcntvf 
















mnmnmm

nn

nn

bxaxaxa

bxaxaxa
bxaxaxa

2211

22222121

11212111

.......................
 .                                         (13.1) 

se cbcntvf rdflhfnekbf (t.b. nm  ) lf vbcb         

ltnthvbyfynb 0 ,  vfiby cbcntvbc fvj[cyf itbძkt,f  

rhfvthbc ajhvekt,bc cfiefkt,bs. vfuhfv se 0  fy, 

pjuflfl, cbcntvf fh fhbc rdflhfnekb,  vfiby rhfvthbc 

ajhvekt,c dth ufvjdbყtyt,s.  fcts itvs[dtdfib itbძkt,f 

dbcfhut,kjs,  vfufkbsfl,  ufecbc vtsjlbs  (b[. §10).   fm 

ufdtwyj,bs ohabd fkut,hek ufynjkt,fsf cbcntvbc 

ufvjrdktdbc lf fvj[cybc c[df [th[c. 

(13.1) cbcntvbc rjtabwbtynt,bcfufy itlutybk  





















mnmm

n

n

aaa

aaa
aaa

A






21

22221

11211

........
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vfnhbwfc tojlt,f cbcntvbc vfnhbwf. A  vfnhbwfc, hjvtkbw 

vbbqt,f   cbcntvbc   sfdbceafkb    otdht,bcufy     itდutybkb 

cdtnbc vbothbs, cbcntvbc ufafhsjt,ekb vfnhbwf tojlt,f: 





















mmnmm

n

n

baaa

baaa
baaa

A






21

222221

111211

.........
. 

hflufy A   vfnhbwf A   vfnhbwbcfufy vbbqt,f cdtnbc 

lfvfntbs, fvbnjv A  vfnhbwbc hfyub bmyt,f fy A  vfnhbwbc 

hfyubc njkb, fy vfcpt thsbs vtnb, t.b. 

                                             
AA rr   .                                           (13.2) 

STJHTVF 13.1 (rhjytrth-rfgtkb). bvbcfsdbc, hjv 

ohabd    fkut,hek    ufynjkt,fsf (13.1) cbcntvf  bყjc      

sfdct,flb, fewbkt,tkbf lf cfrvfhbcb, hjv  fv  cbcntvbc  

ufafhsjt,ekb A  vfnhbwbc hfyub cbcntvbc A  vfnhbwbc 

hfyubc njkb bყjc. 

L F V N R B W T , F. itvjdbqjs fqybidyf 

    ,...,...,... 222122121111
T

m
T

m aaavaaav   

   Tm
T

mnnnn bbbbaaav ...,... 2121  . 

Ohabd  fkut,hek  ufynjkt,fsf (13.1) cbcntvf xfdothjs 

itvltub cf[bs: 

                                  bvxvxvx nn  2211 .                            (13.3) 
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f e w b k t , k j , f. ვsmdfs,   cbcntvf  (13.1)   

sfdct,flbf lf n ,...,, 21  fhbc fv cbcntvbc ths-thsb 

fvjyf[ctyb.  vfiby (13.3) -bc sfyf[vfl, 

nnvvvb   2211 , 

t.b. A  vfnhbwbc ,jkj b  cdtnb ofhvjflutyc lfyfhxtyb 

nvvv ,...,, 21     cdtnt,bc    ohabd       rjv,byfwbfc.     fmtlfy         

ufvjvlbyfhtj,c,  hjv   lfvfnt,bsb b  cdtnb A  vfnhbwbc 

ohabdfl lfvjerblt,tkb cdtnt,bc vfmcbvfkeh hbw[dc fh 

ufphlbc. tc ybiyfdc (b[. itltub 12.3),  hjv 

AA rr  . 

se  (13.2)-c  ufdbsdfkbcobyt,s,  vbdbqt,s lfcfvnrbwt,tk 

njkj,fc 

AA rr  . 

c f r v f h b c j , f. ვsmdfs,  

rrr AA   

( 0r , hflufy 0A ) lf rvvv ,...,, 21  fhbc  A  (lf A ) vfnhbwbc 

,fpbcehb  cdtnt,b. vfiby A  vfnhbwbc ყjdtkb cdtnb lf vfs 

ijhbc b  cdtnbw, ofhvjflutyc fv ,fpbcehb cdtnt,bc ohabd                   

rjv,byfwbfc, t .b. 

nrrrrr vvvvvvvvb 00 122112211   . 

fmtlfy (13.3)-bc ufsdfkbcobyt,bs ufvjvlbyfhtj,c, hjv 

 0,,0,,,, 21  r     fhbc   (13.1)   cbcntvbc    ths-thsb     

fvjyf[ctyb lf, vfifcflfvt,  cbcntvf sfdct,flbf.    
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itvltub   stjhtvf  bძktdf  cbcntvbc fvjyf[ctybc 

gjdybc fkujhbsvc vbcb sfdct,flj,bc itvs[dtdfib. 

STJHTVF 13.2. se 

nrrr AA  , 

cflfw   n   ewyj,sf   hbw[dbf,  vfiby  (13.1)  cbcntvfc  fmdc 

thsflthsb fvjyf[ctyb. se 

nrrr AA  , 

vfiby (13.1) cbcntvfc fmdc fvjyf[ctysf ecfchekj cbvhfdkt, 

fvfcsfy,  rn    ewyj,sf  vybidytkj,f  itbძkt,f  itbhxtc  

yt,bcvbthfl. 

L F V N R B W T , F. ვsmdfs,  ,fpbcehb   vbyjhb    

ufykfut,ekbf A  vfnhbwbc vfhw[tyf ptlf res[tib. vfiby 

vfnhbwbc gbhdtkb r  cnhbmjyb 

)( 11211 naaa  , 

)( 22221 naaa  , 

.  .  .  .  .  .  .  .  .  .  .   

)( 21 rnrr aaa   

bmyt,f ,fpbcehb, [jkj lfyfhxtyb rm   cnhbmjyb 

 )( 11211 nrrr aaa    

 )( 22221 nrrr aaa    

                .    .   .   .   .   .   .   .   .  . 

 )( 21 mnmm aaa  . 

ofhvjflutyc vfs ohabd rjv,byfwbfc (stjhtvf 12.2). fmtlfy 

ufvjvlbyfht, (13.1) cbcntvfib itbძkt,f lfdnjdjs v[jkjl 
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gbhdtkb r  ufynjkt,f, hflufy lfyfhxtyb rm   ufynjkt,f 

ofhvjflutyc vfs itltuc: 

 
















rnrnrr

nn

nn

bxaxaxa

bxaxaxa
bxaxaxa

2211

22222121

11212111

.. ..........
  . 

vbqt,ekb cbcntvbc vfhw[tyf yfobkib lfdnjdjs v[jkjl bc 

itcfrht,t,b,  hjvtksf  rjtabwbtynt,b  flutyc   ,fpbceh   

vbyjhc,  [jkj  ყdtkf  lfyfhxtyb  uflfdbnfyjs  vfhჯdtyf    

yfobkib: 

          






















nrnrrrrrrrrr

nnrrrr

nnrrrr

xaxabxaxaxa

xaxabxaxaxa
xaxabxaxaxa

112211

211222222121

111111212111

. ..........
.            (13.4) 

vbqt,ekb cbcntvf ufydb[bkjs hjujhw ohabd fkut,hek 

ufynjkt,fsf cbcntvf rxxx ,...,, 21  ewyj,t,bc vbvfhs, [jkj 

nrr xxx ,...,, 21     ewyj,t,c    vbdfybzjs   yt,bcvbthb hbw[dbsb 

vybidytkj,t,b.  fctsb    cbcntvbc       ltnthvbyfynb   A    

vfnhbwbc   ,fpbcehb   vbyjhbc   njkbf,   fvbnjv   0  lf 

cbcntvfc fmdc fvjyf[ctyb. rxxx ,...,, 21  ewyj,t,bc itcf,fvbcb 

vybidytkj,t,b  itbძkt,f  dbgjdjs   rhfvthbc ajhvekt,bc 

cfiefkt,bs.   

lfvnrbwt,ekb       stjhtvblfy       ufvjvlbyfht,        

thsudfhjdfyb   cbcntvbc   itvs[dtdfib   itltut,b itbძkt,f 

xfvjdfყfkb,js itvltub cf[bs: 
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ITLTUB 13.3. bvbcfsdbc,   hjv   ohabd   fkut,hek   

ufynjkt,fsf thsudfhjdfy cbcntvfc  ჰmjyltc fhfyekjdfyb 

fvjyf[ctyb, fewbkt,tkbf lf cfrvfhbcb cbcntvbc vfnhbwbc 

hfyub yfrkt,b bყjc ewyj,sf hbw[dpt;     

ITLTUB 13.4.  se   thsudfhjdfyb     cbcntvbc             

ufynjkt,fsf hbw[db ewyj,sf hbw[dpt yfrkt,bf,   vfiby 

cbcntvfc fmdc fhfyekjdfyb fvjyf[ctyb;       

ITLTUB 13.5. bvbcfsdbc, hjv rdflhfnek thsudfhjdfy 

cbcntvfc ჰmjyltc fhfyekjdfyb fvjyf[ctyb, fewbkt,tkbf lf 

cfrvfhbcb fv cbcntvbc ltnthvbyfynb bყjc yekbc njkb.     

VFUFKBSB 1. ufvjdbrdkbjs cbcntvf 













79457
55325
2432

uzyx
uzyx

uzyx
                      (13.5) 

lf  sfdct,flj,bc   itvs[dtdfib dbgjdjs cbcntvbc ყdtkf 

fvjyf[ctyb. 

F V J [ C Y F.  






















9457
5325
4132

A ,    





















79457

55325
24132

A . 

hjujhw erdt ufdfhrdbts (b[. §12, vfufkbsb 2) 

,2Ar  



 108 

lf   
25
32
  fhbc A   vfnhbwbc ths-thsb ,fpbcehb vbyjhb. 

hflufy  fv  vbyjhbc   itvwdtkb   A   vfnhbwbc vtcfvt hbubc 

vbyjhb 

0
757
525
232




, 

 fvbnjv 

,2Ar  

t.b. 

.2 AA rr  

vfifcflfvt,  (13.5)  cbcntvf sfdct,flbf. 

lfdnjdjs fv cbcntvfib v[jkjl bc ufynjkt,t,b, 

hjvtksf  rjtabwbtynt,b  flutyc  A   vfnhbwbc    ,fpbceh    

vbyjhc lf uflfdothjs vbqt,ekb cbcntvf itvltub cf[bs: 








uzyx
uzyx

53525
4232 . 

vbdfybzjs z  lf u  sfdbceafk ewyj,t,c yt,bcvbthb 1z  lf 

2u    hbw[dbsb   vybidytkj,t,b   lf fvjd[cyfs vbqt,ekb 

cbcntvf rhfvthbc ajhvekt,bs: 

,11
25
32

      ,1177
2535
342

21
21

21
1 




 



  

21
21

21
2 10

5355
422





 



 ; 
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1
11
7

11
7

11
1177

21
211 




 





x  

21
212

11
10

11
1

11
10











y . 

fmtlfy    ufvjvlbyfhtj,c,   hjv   (13.5)   cbcntvfc   fmdc      

fvjyf[ctysf ecfchekj cbvhfdkt: 

 





















2

1

21

21

11
10

11
1

1
11
7

11
7








u
z

y

x

      R21 , . 

tc cbvhfdkt itbძkt,f xfbothjc fuhtsdt fctsb cf[bs: 















  R21212121 ,,,

11
10

11
1,1

11
7

11
7

 .     (13.6) 

cbcntvbc hjvtkbvt rjyrhtnekb fvjyf[ctybc vbcfqt,fl 

(13.6) -ib    cfrvfhbcbf    fdbqjs    1      lf   2    hbw[dt,bc 

rjyrhtnekb vybditykj,t,b.  vfufkbsfl,  hjwf 11   lf 

12   ,  (13,6)-lfy vbdbqt,s (13.5) cbcntvbc ths-ths rthძj 

fvjyf[ctyc  1;1;1;1  . 

itdybiyjs,   hjv  cbcntvbc  fvjyf[ctysf   (13.6)             

cbvhfdktc itbძkt,f vbdwts c[dflfc[df cf[t. vfufkbsfl, 

se itvjdbqt,s fqybidyt,c 11 11t , 22 11t  ),( 21 Rtt  , vfiby 

fqybiyekb cbvhfdkt xfbotht,f itvltub cf[bs: 

  Rtttttttt  21212121 ,11,11,10,177 .                  (13.7) 
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§14. vfnhbwsf fkut,hbc pjubthsb ufvjყtyt,bc  

itcf[t, (tktmnhjohtlbc fyfkbpb) 

 

lfde,heylts   §7-ib   ufy[bkek   fvjwfyfc   )(tf  

cbuyfkbc   fghjmcbvfwbbc    itcf[t,    vtjht     [fhbc[bc    

vhfdfkotdhbs.  hflufy  

          

















2
22

2
11

2
00

1
1
1

tt
tt
tt

T ,           210 ttt  , 

vfnhbwbc ltnthvbyfynb fhbc dfylthvjylbc ltnthvbyfynb 

(b[. §8),  fvbnjv 0det T  (itltub 8.2) lf (7.9) cf[bc ყdtkf 

vfnhbwek ufynjkt,fc fmdc thsflthsb fvjyf[ctyb. 

VFUFKBSB 1. vjdf[lbyjs   ttf
2

cos)( 
     cbuyfkbc     

fghjmcbvfwbf   [-1,1]   iefktlib vtjht [fhbc[bc 

2
210)( tataatp   vhfdfkotdhbs. 

F V J [ C Y F.  fdbqjs 1,0,1 210  ttt . vfiby 

0)
2

cos()1()( 0 
ftf , 

10cos)0()( 1  ftf , 

0
2

cos)1()( 2 
ftf . 

fvbc itcf,fvbcfl, (7.7) cbcntvf vbbqt,c itvltu cf[tc: 











0
1
0

210

0

210

aaa
a

aaa
 . 



 111 

fmtlfy    fldbkfl   vbdbqt,s   cfძbt,tkb   vhfdfkotdhbc     

rjtabwbtynt,c 1,0,1 210  aaa . 

fvhbufl,   [-1,1]     iefktlib   ttf
2

cos)( 
     cbuyfkb 

vbf[kjt,bs itbძkt,f bყjc ofhvjlutybkb vtjht [fhbc[bc 

vhfdfkotdhbs 21)( ttp   (yf[. 14.1): 

21
2

cos tt 
 .          

 

                                  Y 
              
                 1 
                                                           21 ty   

 
 
 

                  -1       O            ty
2

cos     T 

 

 

 

yf[. 14.1 

f[kf ufydb[bkjs vfnhbwsf fkut,hbc ufvjყtyt,f 

tktmnhjohtlbc     fyfkbpbcsdbc.    cbvfhnbdbcsdbc,             

itvjdbafhukjs itvltub rjyrhtnekb cmtvbs, hjvtkbw cfvb 

xfrtnbkb rjynehbcufy itlut,f: 
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      4R         3I      1    1I                 1E   
 
 

       3E                           I                     3R               II                       1R  
 

                     3    2I             2R  
     4                                       2 
                      6I         5R                                2E                   4I  

                        III                                               5I  
 
 

                       4E                                     6R  

yf[. 14.2 

 rbh[ჰjabc gbhdtkb otcbc sfyf[vfl, ufyinjt,ekb 

tktmnhjohtlbc yt,bcvbthb rdfyძbcfsdbc ltysf fkut,hekb 

ჯfvb yekbc njkbf, t.b. 

         

4). éåàìûè

3) éåàìûè

2) éåàìûè

1) éåàìûè

(0
(0
(0
(0

653

642

541

321









III
III
III
III

                                        (14.1) 

fmtlfy  

                         














.426

415

213

III
III

III
                                                        (14.2) 

rbh[ჰjabc   vtjht otcbc sfyf[vfl, tktmnhjohtlbc 

yt,bcvbthb xfrtnbkb rjynehbc wfkrtek e,yt,pt ძf,dbc 

dfhlyfsf   fkut,hekb   ჯfvb    itcf,fvbc   oყfhjsf          

tktmnhjvfvjძhfdt,tkb ძfkt,bc fkut,hekb ჯfvbc njkbf. 
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jvbc rfyjybc ufsdfkbcobyt,bs fmtlfy vbdbqt,s:         

3 2 4 3 5 6 3

1 1 3 2 2 4 1 2

2 4 6 5 5 6 4 2 .

R I R I R I E
R I R I R I E E

R I R I R I E E

   
    
    

                                    (14.3) 

VFUFKBSB 4.  dsmdfs, 

;2,1;7,0;1;2;2;1;1;15 21654321 vEvERRRRRR  

.3,0;3,0 43 vEvE    dbgjdjs .,,,,, 654321 IIIIII  

F V J [ C Y F. uflfdothjs vbqt,ekb (14.3) cbcntvf 

itvltub cf[bs: 

 














.9,02
9,115
3,022

654

421

632

III
III
III

   

 
(14.2)-bc ufsdfkbcobyt,bs fmtlfy vbdbqt,s:   

     













.9,042
9,115

3,0252

421

421

421

III
III

III
 

se fvjd[cybs fv cbcntvfc, vbdbqt,s ;1,0;1,0 21  II  

.3,04 I  (14.2)-lfy    itudbძkbf   ufydcfpqdhjs   

5,3 II lf 6I -bc     vybidytkj,t,b:   2,0;2,0;0 653  III . 

Fvhbufl, 

AIAIAIAIAIAI 2,0;2,0;3,0;0;1,0;1,0 654321  .      
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III SFDB. DTMNJHT,B 

 

 

ufhrdtekb abpbrehb cblbltt,bc (vfcf, cb[ibht, 

tythubf lf f.i.) chekb fqothbcfsdbc cfrvfhbcbf dbwjlts 

v[jkjl vfsb hbw[dbsb vybidytkj,t,b. vtjht v[hbd, 

pjubthsb abpbrehb cblbltt,bc (ძfkf, cbxmfht, fxmfht,f, 

tktmnhekb lf vfuybnehb lfძf,ekj,f lf f.i.) 

ufycfpqdhbcfsdbc hbw[dbsb vybidytkj,t,bc wjlyf 

cfrvfhbcb fh fhbc. vfufkbsfl, se dbwbs, hjv hjvtkbvt 

vfnthbfkehb c[tekb vjძhfj,c 30 v/ov cbxmfhbs, xdty dth 

ufydcfpqdhfds, cfl bmyt,f tc c[tekb 5 ofvbc itvltu, 

hflufy fh dbwbs, hf vbvfhsekt,bs vjძhfj,c bub. bcts 

cblbltt,c, hjvkt,bw [fcbfslt,f fhf vfhnj hbw[dbsb 

vybidytkj,t,bs, fhfvtl ufhrdtekb vbvfhsekt,bsfw, 

tojlt,f dtmnjhekb cblbltt,b fye dtmnjht,b. 

vfufkbsfl, se vfnthbfkehb c[tekb uflfflubklf 

A  othnbkblfy B  othnbkib, vfiby tc uflfflubkt,f 

itudbძkbf fqdybiyjs AB  dtmnjhbs, hjvtkcfw 

uflfflubkt,bc dtmnjhb tojlt,f.  

                                                     C 
 

              A                               B 
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se itvltu tnfgpt tc c[tekb B  othnbkblfy 

uflfflubklt,f C  othnbkib, vfiby fcts uflfflubkt,fc 

ittcf,fvt,f  BC   dtmnjhb. fv jhb uflfflubkt,bc 

sfyfvbvltdhj,bs itchekt,fc ittcf,fvt,f dtmnjhb, 

hjvtkcfw tojlt,f AB  lf BC  dtmnjht,bc ჯfvb. se hfbvt 

F  ძfkbc vjmvtlt,bs vfnthbfkehb c[tekb ohabc ufcodhbd 

uflfflubklt,f A  othnbkblfy B  othnbkib, vfiby fv 

ძfkbc vbth itchekt,ekb veifj,f (hjvtkbw fh fhbc 

dtmnjhekb cblblt) ufvjbsdkt,f F  lf AB  dtmnjht,bc 

crfkfhekb yfvhfdkbs (b[. (18.5)). dtmnjhekb ufynjkt,bs 

fqbotht,f fuhtsdt vfuybneh lf tktmnhek dtkt,ib 

vbvlbyfht vhfdfkb ghjwtcb (b[. (15.6), (15.7), (18.5), (18.6), 

(18.7), (18.9), (18.10)). 

 

 

 

§15. dtmnjht,b. ohabdb jgthfwbt,b  

dtmnjht,pt 

 

ufydb[bkjs cbdhwbc othnbkt,bc ყdtkf lfkfut,ekb 

oყdbkbc cbvhfdkt. ყjdtkb fctsb  BA,  oყdbkb 

utjvtnhbekfl itbძkt,f fbcf[jc jhbtynbht,ekb 

(vbvfhsekb) AB  vjyfrdtsbc cfiefkt,bs, hjvkbc cfoყbcb 
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othnbkb tvs[dtdf  A    othnbkc, [jkj ,jkj othnbkb  B  

othnbkc (yf[. 15.1). 

 
                    B                               B         D  
          

        a   b   
          A                               A        C      

                       

  yf[. 15.1                     yf[. 15.2                 yf[. 15.3  

fcts jhbtynbht,ek vjyfrdtsc tojlt,f utjvtnhbekb 

dtmnjhb (fye, e,hfkjl, dtmnjhb) lf fqbybiyt,f AB  

cbv,jkjsb. fv vjyfrdtsbc A  othnbkc tojlt,f dtmnjhbc 

cfsfdt, [jkj B   othnbkc  dtmnjhbc ,jkj. hjwf fh fhbc 

fewbkt,tkb dtmnjhbc cfsfdbc lf ,jkjc vbsbst,f, 

dtmnjhc fqybiyfdty thsb fcjsb (vfufkbsfl, cba


,,  lf f.i.). 

AB  vjyfrdtsbc cbuhძtc tojlt,f AB   dtmnjhbc vjlekb fye 

cbuhძt lf fqbybiyt,f AB  cbv,jkjsb. dtmnjhc, hjvkbc 

cbuhძt thsbc njkbf, tojlt,f thstekjdfyb. 

dtmnjhbc wyt,bc itvjqt,bcfc buekbc[vt,jlf, hjv  

A  dtmnjhbc cfoყbcb othnbkb fh tvs[dtdf vbc ,jkj B  

othnbkc. vfuhfv pjuflj,bc sdfkcfphbcbs, vybidytkjdfybf 

fuhtsdt t.o. yekjdfyb dtmnjhbc ufy[bkdf, t.b. bctsb 

dtmnjhbcf, hjvkbc cfsfdt lf ,jkj tvs[dtdf thsvfytsc. 
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yekjdfyb dtmnjhb fqbybiyt,f 0


 cbv,jkjsb. w[flbf, 

yekjdfyb dtmnjhbc cbuhძt yekbc njkbf, t.b. 00 


. 

jh fhfyekjdfy AB  lf CD  dtmnjhc (yf[. 15.2) 

tojlt,f njkb dtmnjht,b, se: 

1. fv dtmnjht,bc vjlekt,b njkbf, t.b.  CDAB  ; 

2. itcf,fvbcb jhbtynbht,ekb vjyfrdtst,b 

gfhfktkehbf,  t.b. AB CD ; 

3. fv vjyfrdtst,c thsb lf bubdt vbvfhsekt,f fmds.  

ITYBIDYF. cbv,jkj a

 fqybiyfdc fhf v[jkjl ths 

jhbtynbht,ek vjyfrdtsc, fhfvtl vstk rkfcc bctsb 

dtmnjht,bcf, hjvkt,bw vjwtvekb a

 dtmnjhbc njkbf (tc 

bvbc fyfkjubehbf, hjv, vfufkbsfl, 
3
2  cbv,jkj  fqybiyfdc 

fhf v[jkjl obkflc 
3
2 -c, fhfvtl obkflsf thsj,kbj,fc 

6
4 , 

9
6 , 

12
8  lf f.i.). c[df cbnყdt,bs hjv dsmdfs, ყjdtkb 

dtmnjhb ofhvjflutyc jhbtynbht,ek vjyfrdtssf cbvhfdkbc 

trdbdfktynj,bc ths-ths rkfcc (b[. II yfo.). 

a

 lf b


 dtmnjht,c rjkbytfhekb tojlt,f, se 

itcf,fvbcb jhbtynbht,ekb vjyfrdtst,b gfhfktkehbf (yf[. 

15.3). yekjdfyb 0


 dtmnjhb yt,bcvbthb c[df dtmnjhbc 
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rjkbytfhek dtmnjhfl bsdkt,f.  a
  lf b


 rjkbytfhek 

dtmnjht,c fqdybiyfds fct: a

b


. 

jh fhfyekjdfy a

 lf b


 dtmnjhc tojlt,f 

jhsjujyfkehb (fqybidyf a

b

), se res[t itcf,fvbc 

jhbtynbht,ek vjyfrdtst,c ijhbc vfhsbf. 

dtmnjht,c, hjvkt,bw thsb lf bvfdt cb,hnყbc 

gfhfktkehbf,  rjvgkfyfhekb tojlt,f. 

jhb a

 lf b


 dtmnjhbc ჯfvb ufybcfpqdht,f 

itvltuyfbhfl:  fdbqjs cbdhwbc yt,bcvbthb A  othnbkb lf 

fdfujs  aAB 
   lf bBC


  dtmnjht,b. dtmnjhc, hjvkbc 

cfsfdtf A , [jkj ,jkj C  (t.b. AC  dtmnjhc), tojlt,f a
   

lf b


 dtmnjht,bc ჯfvb lf ba


  cbv,jkjsb  fqbybiyt,f (yf[. 

15.4). 

                                                   B  

       B     b


                                                                 C 
                           C                                  a

    ba


  
       a

                                                  A 

   A         ba


                                       b


     D 
         
       yf[. 15.4                                     yf[.15.5  

 

cfdfhჯbij 15.1. lffvnrbwts, hjv dtmnjhsf 

itrht,bc jgthfwbbc itltub fh fhbc lfvjrblt,ekb cfoყbcb 

othnbkbc ithxtdfpt.     
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dtmnjhsf itrht,bc fqybiyek otcc tojlt,f 

cfvres[tlbc otcb. cfvres[tlbc wyj,bkb enjkj,blfy 

ufvjvlbyfhtj,c, hjv yt,bcvbthb a
   lf b


 dtmnjhbcsdbc  

baba


 . 

cfdfhჯbij 15.2. lffvnrbwts, hjv jhb 

fhfrjkbytfhekb a
   ãà  b


 dtmnjhbc ჯfvb itbძkt,f 

ufybcfpqdhjc  a
   ãà  b


 dtmnjht,pt fut,ekb 

gfhfktkjuhfvbc lbfujyfkbc cfiefkt,bs (yf[.15.5).     

 se M   vfnthbfkeh othnbkpt vjmvtlt,c jhb ძfkf 

1F


  ãà  2F


,  vfiby vfsb njkmvtlb F


 ძfkf ofhvjflutyc 1F

 lf 

2F


 dtmnjht,bc ჯfvc: 

21 FFF


 . 

w[flbf (b[. yf[. 15.6), hjv fv njkmvtlbc cblblt  

cos2 21
2

2
2

1 FFFFF


 , 

cflfw   fhbc res[t 1F


  ãà  2F


 dtmnjht,c ijhbc (jh 

fhfyekjdfy dtmnjhc ijhbc res[tl vbqt,ekbf res[t 

itcf,fvbc jhbtynbht,ek vjyfrdtst,c ijhbc). 

                                            1F

 

 
                                        
             F


   

                2F


 
    yf[.15.6  
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w[flbf, yt,bcvbthb a

 dtmnjhbcfsdbc 

                             aaa  00 .                          (15.1) 

fldbkb vbcf[dtlhbf fuhtsdt, hjv 

0 BAAB . 

BA    dtmnjhc tojlt,f AB  dtmnjhbc vjgbhlfgbht. a
  

dtmnjhbc vjgbhlfgbht dtmnjhb fqbybiyt,f a


  cbv,jkjsb. 

fvhbufl,  

                                          0 aa .                                       (15.2) 

ufycfpqdht,blfy ufvjvlbyfhtj,c, hjv a


  dtmnjhbc cbuhძt 

a
   dtmnjhbc cbuhძbc njkbf, a


  dtmnjhb a

  dtmnjhbc 

rjkbytfhekbf lf vbvfhsekbf a  dtmnjhbc cfgbhbcgbhjl 

(yf[.15.7). 

 

 

                                a
                                    a


                           

 

yf[. 15.7 

dtmnjhsf itrht,bc jgthfwbf rjvenfwbehbf 

(b[.yf[.15.5), t.b. yt,bcvbthb a  lf b  dtmnjhbcfsdbc  

                                 abba  .                                     (15.3) 

tc jgthfwbf fhbc fuhtsdt fcjwbfwbehb (yf[.15.8), t.b. 

yt,bcvbthb a , b   lf c   dtmnjhbcfsdbc  

                                              cbacba               (15.4) 
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                         b  
                                      
                                a                             c  
                              ba                          cb 

  

  cba   

 cba   

yf[.15.8  

fv sdbct,blfy ufvjvlbyfht, cfvb a , b  lf c  dtmnjhbc ჯfvb 

itbძkt,f xfbothjc cba   cf[bs ahx[bkt,bc vbsbst,bc 

ufhtit. bylemwbbs tc otcb itbძkt,f ufypjuflltc 

itcfrht,sf yt,bcvbthb cfchekb hfjltyj,bcfsdbc:  

  nnnn aaaaaaaa


  121121 . 

ITYBIDYF. (15.1)  (15.4) sdbct,t,blfy 

ufvjvlbyfhtj,c, hjv ყdtkf dtmnjhbc 3V  cbvhfdkt itrht,bc 

jgthfwbbc vbvfhs ofhvjflutyc f,tkeh (rjvenfwbeh) 

ჯueac (b[. II yfo.).  

fqdybiyjs, hjv cfvb fhfrjvgkfyfhekb a , b  lf c    

dtmnjhbc ჯfvb ufybcfpqdht,f vfspt fut,ekb    
gfhfktktgbgtlbc lbfujyfkehb dtmnjhbc cfiefkt,bs 

(yf[.15.9). vfhskfw, hflufy bOBAB 1  lf cOCDB 1 , 

fvbnjv  

cbaDBABOAOD  11 . 
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                                      D  
                                                                                C  

          

                                          B         b


                    c         
                                1B                                        O    
                               a

   
          A  

 
yf[.15.9  

bctdt, hjujhw hbw[dbsb cbvhfdktt,bc itvs[dtdfib, 

ufvjrkt,bc jgthfwbf dtmnjhsf cbvhfdktib ufybcfpqdht,f 

hjujhw itrht,bc it,heyt,ekb jgthfwbf, t,b. a   lf b  

dtmnjht,bc c[dfj,f fhbc bctsb c  dtmnjhb (fqbybIyt,f ba  

cbv,jkjsb), hjvkbcsdbcfw cheklt,f acb   njkj,f. 

fmtlfy ufvjvlbyfht, ba  dtmnjhbc fcfut,fl a   lf b  

dtmnjht,b eylf vjdljs ths othnbkib lf  b  dtmnjhbc 

,jkj vbvfhsekb vjyfrdtsbs itdfthsjs a  dtmnjhbc 

,jkjcsfy (yf[.15.10). 

                               A 

                        a               bac   
                    C 
                              b  

      B 

yf[.15.10 
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cfdfhჯbij 15.3. lffvnrbwts, hjv a  lf b  

dtmnjht,bc c[dfj,f itbძkt,f ufybcfpqdhjc njkj,bs: 

 baba  .        

ვsmdfs, a  yt,bcvbthb fhfyekjdfyb dtmnjhbf lf   

fhfyekjdfyb yfvldbkb hbw[db. a  dtmnjhbc   hbw[dpt 

yfvhfdkb tojlt,f bcts dtmnjhc (fqbybiyt,f a  

cbv,jkjsb), hjvtkbw frvfყjabkt,c itvltu cfv gbhj,fc: 

1. aa   ; 

2. a  a ; 

3. se 0 , vfiby a  dtmnjhbc vbvfhsekt,f tvs[dtdf a  

dtmnjhbc vbvfhsekt,fc, [jkj se 0 , vfiby a  dtmnjhbc 

vbvfhsekt,f a  dtmnjhbc vbvfhsekt,bc cfgbhbcgbhjf. 

se 0a  fy 0 , vfiby ufycfpqdht,bc sfyf[vfl, 

0a . 

dtmnjhbc hbw[dpt ufvhfdkt,bc cfbkecnhfwbj 

vfufkbst,b vjყdfybkbf 15.11 yf[-pt: 

             a                        a2                  a
2
1                          a3  

 

yf[.15.11  

 

ufycfpqdht,blfy ufvjvlbyfhtj,c, hjv  
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                                                         aa 1                  (15.5) 

lf 

              aa 1 . 

abpbrbc rehcblfy wyj,bkbf, hjv tktmnhek dtkib 

vjsfdct,ek q  ve[npt vjmvtlb F  ძfkf lf fv dtkbc  E  

lfძf,ekj,f lfrfdibht,ekbf thsvfytssfy njkj,bs: 

                                                         EqF  .                                   (15.6) 

vjdbყdfyjs rbltd thsb vfufkbsb.  se H  fhbc 

vfuybnehb dtkbc lfძf,ekj,f, [jkj B  fvfdt dtkbc 

vfuybnehb bylemwbbc dtmnjhb, vfiby 

                                                     HB 0 ,                                    (15.7) 

cflfw  0   vfuybnehb velvbdff.     

dtmnjhbc  hbw[dpt  ufvhfdkt,bc  ufycfpqdht,bc  

vt-2 geymnbc sfyf[vfl, yt,bcvbthb   hbw[dbcfsdbc a  

dtmnjhb a  dtmnjhbc rjkbytfhekbf. vfhst,ekbf 

it,heyt,ekb lt,ekt,fw: 

STJHTVF 15.4. se 0a  lf a  b , vfiby fhct,j,c 

bctsb   hbw[db, hjv ab  .  



 126 

L F V N R B W T , F. gbhj,bc ძfkbs 0a . 

itvjdbqjs 
a

b
k  fqybidyf, 

vfiby   

akb  . 

se  a  lf b  dtmnjht,bc vbvfhsekt,f tvs[dtdf 

thsvfytsc, fmtlfy vbdbqt,s, hjv akb , [jkj se vfsb 

vbvfhsekt,f cfgbhbcgbhjf, vfiby akb  . jhbdt 

itvs[dtdfib flubkb fmdc itvltub cf[bc sfyfafhlj,fc:  

ab  .         

Cfdfhჯbij 15.5. lffvnrbwts, hjv yt,bcvbthb a  lf 

b  dtmnjhbcfsdbc lf yt,bcvbthb yfvldbkb    lf   

hbw[dbcfsdbc 

                                    aa   ,                                   (15.8) 

                                                 aaa   ,              (15.9) 

                                                 baba   .               (15.10) 

VBSBST,F. ufyb[bkts c[dflfc[df itvs[dtdt,b    lf 

  hbw[dt,bc ybiyt,bc ufsdfkbcobyt,bs. (15.10) njkj,bc 

lfvnrbwt,bcfc bcfhut,kts 15.12 yf[აზით.     
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                    )( ba   
                        
    )( ba         ba  


       b


                                      ba            b


 

             a
       b


      a


                                  a


                      a


 

       
          0                                  b


     )( ba


        

       ba


         0  

 

yf[.15.12  

 

 

§16. dtmnjhbc utuvbkb qthძpt. dtmnjhbc  

rjjhlbyfnt,b 

dsmdfs,   hbw[dbsb qthძbf lf AB - yt,bcvbthb 

dtmnjhb. 1A -bs fqdybiyjs A  othnbkbc jhsjujyfkehb 

utuvbkb   qthძpt, [jkj 1B -bs  B  othnbkbcf. 11BA  

jhbtynbht,ekb vjyfrdtsbc cblbltc tojlt,f AB  dtmnjhbc 

utuvbkb   qthძpt lf fqbybiyt,f utu AB  cbv,jkjsb 

(yf[.16.1)  
 
                    B             F  
 

            A                                                     C  
        

   E  
 

             1A               1B                       1D        1C               1E                  

 yf[. 16.1                   yf[.16.2  
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fvhbufl, utu AB  elhbc 11BA  vjyfrdtsbc cbuhძtc, 

hjwf 11BA  jhbtynbht,ekb vjyfrdtsbc vbvfhsekt,f 

tvs[dtdf   qthძbc vbvfhsekt,fc, lf vbyec ybiybs fqt,ek 

11BA  vjyfrdtsbc cbuhძtc, hjwf 11BA  jhbtynbht,ekb 

vjyfrdtsbc vbvfhsekt,f   qthძbc cfgbhbcgbhjf. bv 

itvs[dtdfib, hjwf 11 BA   (t.b. hjwf AB  dtmnjhb   qthძbc 

gthgtylbrekfhekbf), utu 0AB . vfufkbsfl, utu 0AB  

(yf[. 16.1),   utu 0CD ,   utu 0EF  (yf[.16.2). 

w[flbf ( b[. yf[.16.1 lf 16.2), hjv 

utu  cosABAB , 

cflfw   fhbc res[t AB  dtmnjhcf lf   qthძbc lflt,bs 

vbvfhsekt,fc ijhbc. 

cfdfhჯbij 16.1. lffvnrbwts, hjv yt,bcvbthb a  lf b  

dtmnjht,bcfsdbc lf yt,bcvbthb yfvldbkb   hbw[dbcfsdbc 

                 utu  ba utu a utu b                   (16.1) 

lf 

                    utu a  utu a .           (16.2) 

dsmdfs, cb,hnყtpt abmcbht,ekbf ltrfhnbc 

vfhsres[f rjjhlbyfnsf OXY  cbcntvf lf AB  fv cb,hnყtib 

vlt,fht dtmnjhbf (yf[.16.3). itvjdbqjs fqybidyf:  

ABx oxâäâ ,       ABy oyâäâ . 
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                                   Y  
 

 
               2B                      B  
                                      

             y         
       2A        A  
                         x       
  

                                    O       1A         1B              X  
 
 

yf[.16.3 

x  lf y  hbw[dt,c tojlt,f AB  dtmnjhbc rjjhlbyfnt,b 

rjjhlbyfnsf vjwtvek cbcntvfib lf fqybiyfdty fct: 

 y,xAB . 

vfufkbsfl, 

 23  ,a  

ybiyfdc, hjv 3aoxâäâ   lf 2aoyâäâ  (yf[.16.4). fv 

yf[fpblfy ufvjvlbyfhtj,c, hjv jia 23  , cflfw i  lf j  

itcf,fvbcfl OX  lf OY qthძt,bc vbvfhsekt,bc vmjyt 

thstekjdfyb dtmnjht,bf 




  jiji ,1 . fcts i  lf j  

dtmnjht,c tojlt,f OX  lf OY cfrjjhlbyfnj qthძt,bc 

vutpfdt,b. fvhbufl, 

  jiaa 232,3  . 
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                 Y  
 
 

             j  
                  i           3 
                                          O                       1A            X  

 
                               -2 
                                         2A                     A  
               

 
yf[.16.4  

cbdhwbsb vfhsres[f rjjhlbyfnsf OXYZ  cbcntvbc 

itvs[dtdfib yt,bcvbthb a  dtmnjhbc x , y  lf z  
rjjhlbyfnt,b ufybcfpqdht,f itvltuyfbhfl: 

ax oxâäâ ,   ay oyâäâ ,    az ozâäâ . 

fv itvs[dtdfibw itudbძkbf lfdothjs: 

  kzjyixazyxa  ,, , 

cflfw kji ,,  itcf,fvbcfl OX , OY  lf OZ  cfrjjhlbyfnj 

qthძt,bc vutpfdt,bf (yf[. 16.5). 
                                          Z 
 

             

                A 

                                         k         

           i    O       j                                Y 

 

                         X 

yf[. 16.5  
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STJHTVF 16.2. se  111 ,, zyxa   lf  222 ,, zyxb  ,  

vfiby  212121 ,, zzyyxxba 


 lf  111 ,, zyxa     

 R . 

L F V N R B W T , F. 

    kzjyixkzjyixba 222111  

     kzzjyyixx 212121  , 

t.b.  

 212121 ,, zzyyxxba  . 

fyfkjubehfl lfvnrbwlt,f njkj,f  111 ,, zyxa   .   

itdybiyjs, hjv 16.1. cfdfhჯbij vjnfybkb stjhtvbc 

ths-thsb itltubf. 

ITLTUB 16.3. bvbcfsdbc, hjv jhb dtmnjhb bყjc 

rjkbytfhekb, fewbkt,tkbf lf cfrvfhbcb vfsb 

rjjhlbyfnt,b bყjc ghjgjhwbekb. 

VBSBST,F. b[. stjhtvf 15.4.      

Xfvjdfყfkb,js dtmnjht,bc rjjhlbyfnt,sfy 

lfrfdibht,ekb c[df itltut,bw.  

ITLTUB 16.4. yt,bcvbthb othnbkbc rjjhlbyfnt,b fv 

othnbkbc hflbec-dtmnjhbc rjjhlbyfnt,bc njkbf.  

ITLTUB 16.5.  se  

 zyxa ,, , 

vfiby  
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222 zyxa  . 

VBSBST,F. bcfhut,kts vfhsres[f gfhfktktgbgtlbc 

lbfujyfkbc sdbct,bs (b[. yf[. 16.5).   

 ,  lf  -sb fqdybiyjs bc res[tt,b, hjvtksfw a  

dtmnjhb flutyc itcf,fvbcfl OX , OY  lf OZ  qthძt,sfy. fv 

res[tt,bc rjcbyect,c  cos,cos  lf cos -c tojlt,f a  

dtmnjhbc vbvfhsekt,bc rjcbyect,b. 

ITLTUB 16.6.  se  

 zyxa ,, , 

vfiby 

                          cos,cos,cos azayax  .                     (16.3) 

ITYBIDYF. ვsmdfs, a  dtmnjhb vlt,fhtj,c OXY  

cb,hnყtib.  -sb fqdybiyjs res[t OX  qthძcf lf a  

dtmnjhc ijhbc, fsdkbkb OX qthძblfy cffsbc bchbc 

vjძhfj,bc cfobyffqvltuj vbvfhsekt,bs, [jkj  -sb  

res[t OY  qthძcf lf a  dtmnjhc ijhbc (yf[. 16.6). vfiby, 

hjujhw fldbkb itcfvjovt,tkbf,  sincos  . fvbc ufvj 

(16.3) ajhvekt,c fcts itvs[dtdfib itbძkt,f vbdwts 

itvltub cf[t: 

                           sin,cos ayax  .                        (16.4) 
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     Y 

                                         

 a           

             

                                                            O                                       X 

yf[. 16.6  

ITLTUB 16.7. se    0,,  azyxa , vfiby  

      
.cos

,cos,cos

222

222222

zyx

z
zyx

y

zyx

x














 (16.5) 

ITLTUB 16.8. thstekjdfyb dtmnjhbc rjjhlbyfnt,b 

vbcb vbvfhsekt,bc rjcbyect,bc njkbf, t.b. se 1e , vfiby  

  cos,cos,cose  

(fy   sin,cose , se e  vjsfdct,ekbf OXY  cb,hnყtib). 

ITLTUB 16.9. yt,bcvbthb dtmnjhbc vbvfhsekt,bc 

rjcbyect,bcfsdbc  

1coscoscos 222   .     

fv gfhfuhfabc ,jkjc ufydb[bkjs lf fvjd[cyfs 

pjubthsb vybidytkjdfyb fvjwfyf.                                                         
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FVJWFYF 16.10. vjwtvekbf  111 ,, zyxA  lf 

 222 ,, zyxB  othnbkt,bc rjjhlbyfnt,b. dbgjdjs AB  

dtmnjhbc rjjhlbyfnt,b. 

F V J [ C Y F. hflufy  OAOBAB   (yf[. 16.7), [jkj 

 222 ,, zyxOB ,   111 ,, zyxOA , fvbnjv  

 121212 ,, zzyyxxAB  .   

 

          Z 

        B          

       

                   A  

                                                        O                                Y                                                                                                              

                                  

                                      X 

yf[. 16.7  

vfufkbsfl, se    ,1;4;2,5;1;3 BBAA   vfiby 

 4,5,1 AB , [jkj  4,5,1 BA .   

FVJWFYF 16.11. vjwtvekbf  111 ,, zyxA  lf 

 222 ,, zyxB   othnbkt,bc rjjhlbyfnt,b. dbgjdjs vfyძbkb 

fv othnbkt,c ijhbc. 

F V J [ C Y F. hflufy  121212 ,, zzyyxxAB  , 

fvbnjv 
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     2
12

2
12

2
12 zzyyxxABAB  .   

FVJWFYF 16.12. vjwtvekbf  111 ,, zyxA  lf 

 222 ,, zyxB  othnbkt,bc rjjhlbyfnt,b. dbgjdjs AB  

vjyfrdtsbc bctsb M  othnbkbc rjjhlbyfnt,b, hjvkt,bw 

AB  vjyfrdtsc ufყjac vjwtvekb     sfyfafhlj,bs. 

F V J [ C Y F. AM  MB    sfyfafhlj,blfy 

dqt,ekj,s, hjv MBAM     (yf[. 16.8). 

 

               B 

    M 

                                 A  

yf[. 16.8  

se fv njkj,fc rjjhlbyfnt,bs xfdoths, vbdbqt,s:  

           ,,, 212121 zzzzyyyyxxxx    

cfblfyfw  

            




















 212121 ,,
zz

z
yy

y
xx

x .            (16.6) 

rthძj itvs[dtdfib, hjwf 1 , fmtlfy dqt,ekj,s 

vjyfrdtsbc iefpt ufყjabc ajhvekt,c: 

2
,

2
,

2
212121 zz

z
yy

y
xx

x








 . 



 136 

itdybiyjs, hjv (16.6) ajhvekt,c itbძkt,f vbdwts c[df 

cf[t; se (16.6)-ib vhbw[dtkc lf vybidytkc ufdყjas  -pt 

lf itvjdbqt,s k



 fqybidyfc, vbdbqt,s: 

             
1

,
1

,
1

212121













k
kzz

z
k
kyy

y
k
kxx

x .                 (16.7) 

(16.7) fhbc AB  vjyfrdtsbc k
MB
AM

  sfyfafhlj,bs ufყjabc 

ajhvekt,b.   

 

 

§17. dtmnjhsf vfhჯdtyf lf vfhw[tyf cfvtekb. 

rjjhlbyfnsf cbcntvbc jhbtynfwbf 

 

ufycfpqdht,f. fhfrjvgkfyfhek dtmnjhsf 

lfkfut,ek cba ,,  cfvtekc tojlt,f vfhჯdtyf fy vfhჯdtyf 

jhbtynfwbbc cfvtekb (vfhw[tyf fy vfhw[tyf jhbtynfwbbc 

cfvtekb), se fv cfvb dtmnjhbc ths othnbkib vjlt,bc 

itvltu a  dtmnjhbc b  dtmnjhbcfrty evwbhtcb res[bs 

vj,heyt,f c   dtmnjhbc ,jkjlfy xfyc cffsbc bchbc 

vjძhfj,bc cfobyffqvltuj vbvfhsekt,bs (cffsbc bchbc 

vjძhfj,bc vbvfhsekt,bs). 
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                                    c                                       c  

                             

                     a             b                                     b           a      

 

          yf[. 17.1                              yf[. 17.2    

vfufkbsfl, 17.1 yf[აზpt vjყdfybkb  cba ,,   cfvtekb 

vfhჯdtyff, [jkj 17.2-pt    vfhw[tyf. 

dtmnjhsf jh cfvtekc tojlt,f thsyfbhb 

jhbtynfwbbc cfvtekb, se jhbdt vfhჯdtyff fy jhbdt 

vfhw[tyff. 

vfufkbsfl, cba ,,  lf acb ,,  cfvtekt,b thsyfbhb 

jhbtynfwbbc cfvtekt,bf, [jkj cba ,,  lf cab ,,   

cfobyffqvltuj. itdybiyjs, hjv dtmnjhsf cfvtekib 

yt,bcvbthb jhb dtmnjhbc uflfyfwdkt,f bodtdc fv cfvtekbc 

jhbtynfwbbc itwdkfc. 

pjuflfl, thsyfbhb jhbtynfwbbc cfvtekt,bc 

fcfut,fl itudbძkbf dbcfhut,kjs cmtvbs: 

                                                                       c              

 

                                           a  

 

                                            b  

  yf[. 17.3  
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se dbvjძhfdt,s vjwtvekb ohtobhbc ufcodhbd ufhrdtekb 

vbvfhsekt,bs (vfufkbsfl, yf[fppt yfxdtyt,b 

vbvfhsekt,bs), vbdbqt,s thsyfbhb jhbtynfwbbc 

   acbcba ,,,,,  lf  bac ,,   cfvtekt,c. vfsb 

cfobyffqvltuj jhbtynfwbbc cfvtekt,bf    abcbca ,,,,,  lf 

 cab ,, . 

ufycfpqdht,f. ltrfhnbc vfhsres[f rjjhlbyfnsf 

cbcntvfc tojlt,f vfhჯdtyf (vfhw[tyf), se cfrjjhlbyfnj 

qthძt,bc  kji


,,  vutpfdt,b vfhჯdtyf (vfhw[tyf) cbcntvfc 

mvybc. 

17.4 yfხაზზე vjყdfybkb cbcntvf vfhჯdtyff, [jkj 

17.5-pt  vfhw[tyf. itvltuib ძbhbsflfl dbcfhut,kt,s 

rjjhlbyfnsf vfhჯdtyf cbcntvbs. 

                 Z                                                        Z 

 

                      k                                                        k  
                            j                                                         i         

          i       O                              Y        j        O                                 X 

 X                                                        Y 

  yf[. 17.4                yf[. 17.5  
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§18. dtmnjhsf crfkfhekb, dtmnjhekb lf  

ithtekb yfvhfdkb 

 

1. crfkfhekb yfvhfdkbc wyt,f. fhfyekjdfyb a   lf 

b  dtmnjht,bc crfkfhekb yfvhfdkb tojlt,f fv 

dtmnjht,bc cbuhძtt,bcf lf vfs ijhbc vlt,fht res[bc 

rjcbyecbc yfvhfdkc. se  a  (fy b ) yekjdfyb dtmnjhbf, 

vfiby vfsb crfkfhekb yfvhfdkb yekbc njkbf. 

  a  lf b dtmnjht,bc crfkfhekb yfvhfdkb 

fqbybiyt,f ba  fy  ba,  cbv,jkjsb. ufycfpqdht,bc ძfkbs: 

                                cosbaba  ,                                  (18.1) 

cflfw   fhbc res[t a  lf b dtmnjht,c ijhbc (yf[. 18.1). 

                                                                      b        
                            
                                                      

                                                       a  

yf[. 18.1  

                       
hflufy 

bb
a

âäâcos  ,           aa
b

âäâcos  , 

fvbnjv (18.1) njkj,fc itbძkt,f vbdwts itvltub cf[t: 

abbaba
ba

âäââäâ  , 
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t.b. jhb dtmnjhbc crfkfhekb yfvhfdkb ths-thsb dtmnjhbc 

cbuhძbcf lf fv dtmnjhpt vtjht dtmnjhbc utuvbkbc 

yfvhfdkbc njkbf. fv ajhvekblfy ufvjvlbyfhtj,c fuhtsdt, 

hjv a  dtmnjhbc utuvbkb thstekjdfy e  dtmnjhpt fv 

dtmnjht,bc crfkfhekb yfvhfdkbc njkbf, t.b. se ,1e  

vfiby  

                                             eaa
e

âäâ .                             (18.2) 

crfkfhekb yfvhfdkbc ufycfpqdht,blfy ufvjvlbyfhtj,c, 

hjv jhb fhfyekjdfyb  a  lf b dtmnjhbc crfkfhekb 

yfvhfdkb yekbc njkbf vfiby lf v[jkjl vfiby, hjwf a  

lf b jhsjujyfkehb (t.b. ehsbthsgthgtylbrekfhekb) 

dtmnjht,bf:  

baba  0  .                                 (18.3)  

a  dtmnjhb crfkfhek yfvhfdkc sfdbc sfdpt, 

tojlt,f a  dtmnjhbc crfkfhekb rdflhfnb lf 
2
a  

cbv,jkjsb fqbybiyt,f. fvhbufl, 

22
0cos aaaa  . 

fv njkj,blfy ufvjvlbyfhtj,c, hjv  

                                                   
2
aa    .                                  (18.4) 
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abpbrbc rehcblfy wyj,bkbf, hjv se velvbdb F  

ძfkbc vjmvtlt,bs vfnthbfkehb othnbkb AB  ohabc 

ufcodhbd uflfflubklt,f A  othnbkblfy B  othnbkib,       

vfiby fv ძfkbc vbth itchekt,ekb  W  veifj,f                        

ufybcfpqdht,f itvltub njkj,bs: 

cosABFW  , 

cflfw   fhbc res[t F  lf  AB  dtmnjht,c ijhbc (yf[. 18.2). 

 

                                    F  

                                                                                   
                                              A                       B 
 

 

yf[. 18.2  

hflufy  

ABFABF  cos , 

fvbnjv F  ძfkbc vbth itchekt,ekb veifj,f ofhvjflutyc 

fv ძfkbc (hjujhw dtmnjhbc) lf AB  uflfflubkt,bc 

crfkfhek yfvhfdkc, t.b.  

                                                ABFW  .                                       (18.5) 

ufydb[bkjs crfkfhekb yfvhfdkbc rbltd thsb 

ufvjყtyt,f abpbrblfy. 
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thsudfhjdfyb vfuybnehb dtkbc itvs[dtdfib 

thstekjdfyb afhsj,bc vmjyt ,hnყtkb ptlfgbhbc ufvzjkb 

vfuybnehb yfrflb 

 cosB , 

cflfw B  fhbc dtkbc vfuybnehb bylemwbbc dtmnjhb, [jkj 

   res[t fqybiyekb ptlfgbhbc vfhsj,ek n  dtmnjhcf lf 

B  vfuybneh bylemwbfc ijhbc (yf[. 18.3). 

 
 
 

                                                        n                 
           

             B  
 
 

 

 

yf[. 18.3 

n  dtmnjhc tojlt,f ptlfgbhbc yjhvfkehb dtmnjhb. 

se dbuekbc[vt,s, hjv 1n , vfiby itudbძkbf lfdothjs: 

nBnBB   coscos . 

fvhbufl, thsudfhjdfyb vfuybnehb dtkbc 
itvs[dtdfib thstekjdfyb ,hnყtkb ptlfgbhbc ufvzjkb 
vfuybnehb yfrflb ofhvjflutyc dtkbc vfuybnehb bylemwbbc 
lf fv ptlfgbhbc thstekjdfyb yjhvfkehb dtmnjhbc 
crfkfhek yfvhfdkc: 

                                           nB .                                  (18.6) 
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fmtlfy ufvjvlbyfhtj,c, hjv S  afhsj,bc vmjyt ,hnყtkb 

ptlfgbhbc ufvzjkb vfuybnehb yfrflb itbძkt,f 

ufvjbsdfkjc itvltub ajhvekbc cfiefkt,bs: 

                                                      SnB  .                               (18.7) 

2. dtmnjhekb yfvhfdkbc wyt,f. ვsmdfs, a  lf b  

fhfrjkbytfhekb dtmnjht,bf. a  dtmnjhbc dtmnjhekb 

yfvhfdkb b dtmnjhpt tojlt,f bcts c dtmnjhc, hjvtkbw 

ufybcfpqdht,f itvltub cfvb gbhj,bs: 

1. sinbac  ,cflfw   fhbc res[t a  lf b dtmnjht,c 

ijhbc; 

2. ;, bcac    

3. c  dtmnjhbc vbvfhsekt,f bctsbf, hjv cba ,,  dtmnjhsf 

cfvtekb vfhჯdtyff (yf[. 18.4).  

 

 

                         bac                                 ba  
 

           B  

                                   b                                        n       b                        D                                                                              
                             O                                    

            O                                                       a      A  

                        a                                ab  

yf[. 18.4                      yf[. 18.5  
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a  dtmnjhbc dtmnjhekb yfvhfdkb b  dtmnjhpt 

fqbybiyt,f ba   fy ,a b  


 cbv,jkjsb. se a  

lf b rjkbytfhekb dtmnjht,bf, vfiby ufycfpqdht,bc 

sfyf[vfl, 0ba . 

[fpufcvbs fqdybiyjs, hjv crfkfhekb 

yfvhfdkbcfufy ufyc[dfdt,bs dtmnjhsf dtmnjhekb yfvhfdkb 

fhbc dtmnjhb lf fhf hbw[db. fqdybiyjs fuhtsdt, hjv a  

dtmnjhbc dtmnjhekb yfvhfdkb sfdbc sfdpt fqbybiyt,f 

aa     aa,fy  cbv,jkjsb, lf fhf 
2
a -bs (

2
a fhbc dtmnjhbc 

crfkfhekb rdflhfnb lf ofhvjflutyc hbw[dc). 

dtmnjhekb yfvhfdkbc ufycfpqdht,bc gbhdtkb 

geymnblfy ufvjvlbyfhtj,c, hjv jhb fhfrjkbytfhekb 

dtmnjhbc dtmnjhekb yfvhfdkbc vjlekb fv dtmnjht,pt 

fut,ekb gfhfktkjuhfvbc afhsj,bc njkbf, t.b. OADBSba   

(b[. yf[. 18.5). se ba   dtmnjhbc vutpfdc (t.b. ba   

dtmnjhbc vbvfhsekt,bc vmjyt thstekjdfy dtmnjhc) 

fqdybiyfds n -bs 




 1n ,  vfiby vbdbqt,s: 

  nSba  .                  (18.8) 

ვsmdfs, hfbvt q  ve[nb vjძრაj,c vfuybneh dtkib.  

F  ძfkf (t.o. kjhtywbc ძfkf), hjvtkbw vjmvtlt,c fv 

vუ[npt, lfvjrblt,ekbf hjujhw q  ve[nbc cblbltpt, fctdt 
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fv ve[nbc vjძhfj,bc v  cbxmfhtpt. fv ძfkbc cblblt 

ufybcfpqdht,f njkj,bs:  

sinBvqF  , 

cflfw B  fhbc dtkbc vfuybnehb bylemwbbc dtmnjhb, [jkj 

  fhbc res[t v  lf B  dtmnjht,c ijhbc. F  ძfkf 

vbvfhsekbf bctsyfbhfl, hjv bc vfhsj,ekbf v  lf B  

dtmnjht,bc lf dtmnjhsf cfvtekb B,v,F  vfhჯdtyff (yf[. 

18.6). 

                                            F   
 
                                                     
                                                       B          
                                    q              

                                                  v  

 

 

yf[. 18.6  

dtmnjhekb yfvhfdkbc ufycfpqdht,blfy ufvjvlbyfht, 

kjhtywbc ძfkbcfsdbc itudbძkbf lfdothjs: 

        BvqF  .         (18.9) 

fmtlfy vbbqt,f fuhtsdt, hjv se vfuybneh dtkib 

vjsfdct,ek cfltyib uflbc I  ltyb, vfiby fv cfltybc 

thstekjdfyb cbuhძbc ყjdtk vjyfrdtspt vjmvtlt,c F  
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ძfkf, hjvtkbw ofhvjflutyc I  lf B  dtmnjht,bc dtmnjhek 

yfvhfdkc:  

                       BIF  .                                (18.10) 

fm II  , [jkj I  dtmnjhbc vbvfhsekt,f tvs[dtdf cfltybc 

vbvfhsekt,fc. 

3. ithtekb yfvhfdkb lf vbcb utjvtnhbekb ibyffhcb. 

ba,   lf c  dtmnjht,bc ithtekb yfvhfdkb tojlt,f ba   

dtmnjhekb yfvhfdkbc crfkfhek yfvhfdkc c  dtmnjhpt. 

ba,   lf c  dtmnjht,bc ithtekb yfvhfdkb 

fqbybiyt,f  cba ,,   cbv,jkjsb. ufycfpqdht,bc ძfkbs: 

   cbacba ,, . 

itdybiyjs, hjv dtmnjhsf ithtekb yfvhfdkb fhbc 

hbw[db. itvltub stjhtvf bძktdf ithtekb yfvhfdkbc 

utjvtnhbek bynthghtnfwbfc. 

STJHTVF 18.1. se ba, , c  rjvgkfyfhekb 

dtmnjht,bf, vfiby   0,, cba . se cba ,,  fhfrjvgkfyfhekb 

dtmnjht,bf, vfiby  cba ,,  ithtekb yfvhfdkbc vjlekb fv 

dtmnjht,pt fut,ekb gfhfktktgbgtlbc vjwekj,bc njkbf; 

fvfdt lhjc, se cba ,,  cfvtekb vfhჯdtyff, vfiby   0,, cba , 

[jkj se vfhw[tyff, vfiby    0,, cba . 
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L F V N R B W T , F. se a  lf b  rjkbytfhekb 

dtmnjht,bf, vfiby 0ba  lf itcf,fvbcfl, 

    00,,  ccbacba . 

ვsmdfs, f[kf a  lf b  fhfrjkbytfhekb dtmnjht,bf. 

vfiby nSba   (b[. njkj,f (18.8)), cfblfyfw  

              cScnScnScbacba
n

utu,,        (18.11) 

                     
                    ba  
                                                                       
                                      C  
                                              

                  n     c             B  
                                   b      E                            D                       
                        O  
                                         a               A  
                         n  

 
 
 

                    ba  
 

yf[. 18.7  

se cba ,,  rjvgkfyfhekb dtmnjht,bf, vfiby c  bmyt,f 

n  dtmnjhbc jhsjujyfkehb (b[. yf[. 18.7), fvbnjv 0c
n

utu . 

se fvfc ufdbsdfkbcobyt,s (18.11) njkj,fib, vbdbqt,s, hjv 

fcts itvs[dtdfib   0,, cba . 

se cba ,,  fhfrjvgkfyfhekb dtmnjht,bf lf tc 

cfvtekb vfhჯdtyff, vfiby 0c
n

utu  lf itcf,fvbcfl, 
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  0,, cba , [jkj se tc cfvtekb vfhw[tyff, vfiby 0c
n

utu  

lf   0,, cba . 

hflufy ba,   lf c   dtmnjht,pt fut,ekb 

gfhfktktgbgtlbc OADB  aeძtpt lfidt,ekb CE  cbvfqkt 

c
n

utu  hbw[dbc njkbf, fvbnjv (18.11) ajhvekblfy 

vbdbqt,s, hjv   

  VCEScScba
n

 utu,, , 

cflfw V fqybiyekb gfhfktktgbgtlbc vjwekj,ff.    

ITLTUB 18.2. bvbcfsdbc, hjv cfvb dtmnjhb bყjc 

rjvgkfyfhekb, fewbkt,tkbf lf cfrvfhbcb, hjv fv 

dtmnjhsf ithtekb yfvhfdkb bყjc yekbc njkb.     

4. dtmnjhsf crfkfhekb, dtmnjhekb lf ithtekb 

yfvhfdkbc ძbhbsflb sdbct,t,b.  ,,,, 3Vdcba R : 

1. cbba  ; 

2.    cbcacba  ; 

3.   baba   ; 

4.  ;0
2
a   se ,0

2
a  vfiby 0a ; 

5.  se ,3 cbcaVc   vfiby ba  ;  

6.  abba  ; 

7.     cbacba  ; 
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8.             abcbcacabbacacbcba ,,,,,,,,,,,,  ; 

9.             dcadbadcbadcbdcadcba ,,,,,,,,,,,,,  , 

            dbacbadcba ,,,,,,  ; 

10.         cbacbacbacba ,,,,,,,,   ; 

11.    cbcacba    (lbcnhb,ewbekj,f); 

12.   bababa   ; 

13.  0,1
222

 kjkijikji  

14.   

kijjikikjkjikkjjii  ,,,,0 , 

       ijkjki  , . 

vjdbყdfyjs pjubthsb sdbct,bc lfvnrbwt,f: 

2.          bacbaccba
ccc

utuutuutu  

         cbcabcac
cc

 utuutu ; 

3. vnrbwlt,f fyfkjubehfl.  

7.    cbacba ,, , [jkj      acbacbcba ,, . vfuhfv  

    Vacbcba  ,,,,  (stjhtvf 18.1). fvfdt lhjc, cba ,,  lf 

acb ,,  dtmnjhsf cfvtekt,c fmds thsyfbhb jhbtynfwbf, 

fvbnjv  cba ,,  lf  acb ,,  hbw[dt,bc ybiyt,bw tvs[dtdf 

thsvfytsc lf vfifcflfvt,    acbcba ,,,,  . 
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8. ufvjvlbyfhtj,c vt-7 sdbct,blfy. 

 

5. crfkfhekb, dtmnjhekb lf ithtekb yfvhfdkbc 

ufvjcf[df rjjhlbyfnt,ib. 

STJHTVF 18.3. se   111 ,, zyxa  ,  222 ,, zyxb  , 

 333 ,, zyxz  , vfiby  

I. 212121 zzyyxxba  ; 

II. ,

222

111

zyx
zyx
kji

ba   

Fy, se lfdikbs ltnthvbyfynbc gbhdtkb cnhbmjybc 

vb[tldbs, 

k
yx
yx

j
zx
zx

i
zy
zy

ba
22

11

22

11

22

11  ;  

III.  
333

222

111

,,
zyx
zyx
zyx

cba   . 

L F V N R B W T , F. ptvjfqybiyekb sdbct,t,bc 

ufsdfkbcobyt,bs vbdbqt,s: 

I.    1 1 1 2 2 2a b x i y j z k x i y j z k      
       

 

        kjzyjyyijxykizxjiyxixx 21
2

21212121
2

21  

    ;212121

2

212121 zzyyxxkzzjkyzikxz   
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II.    1 1 1 2 2 2a b x i y j z k x i y j z k       
       

 

            ijxykizzjiyxiixx 21212121  

              kkzzjkyzikxzkjzyjjyy 2121212121  

     iyzjxzizykxyjzxkyx 212121212121  

     kxyyxjxzzxiyzzy )()()( 212121212121  

    ;

222

111
22

11

22

11

22

11

zyx
zyx
kji

k
yx
yx

j
zx
zx

i
zy
zy

  

I I I. hflufy 

kzjyixa 111   

lf 

k
yx
yx

j
zx
zx

i
zy
zy

cb
33

22

33

22

33

22  , 

[jkj dtmnjhsf crfkfhekb yfvhfdkb vfsb thscf[tkf 

rjjhlbyfnt,bc yfvhfdksf ჯfvbc njkbf, fvbnjv  

    
33

22
1

33

22
1

33

22
1,,

yx
yx

z
zx
zx

y
zy
zy

xcbacba  

333

222

111

zyx
zyx
zyx

 . 

ITLTUB 18.4. se  zyxa ,, , vfiby  

.        222 zyxa   .                          (18.12) 
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vfhskfw, stjhtvbc ძfkbs, 2222
zyxa  , [jkj 

(18.4) ajhvekbc sfyf[vfl, 
2
aa  . 

itdybiyjs, hjv vt-16 gfhfuhfabcufy ufyc[dfdt,bs 

(b[. itltub 16.5), fv ajhvekbc ufvjყdfybcfc fm fh 

dbcfhut,kts vfhsres[f gfhfktktgbgtlbc lbfujyfkbc 

sdbct,bs. gbhbmbs, vfhsres[f gfhfktktgbgtlbc 

lbfujyfkbc fqybiyekb sdbct,f gbhlfgbh ufvjvlbyfhtj,c 

(18.12) ajhvekblfy. 

ITLTUB 18.5. bvbcfsdbc, hjv jhb fhfyekjdfyb 

 111 ,, zyxa   lf  222 ,, zyxb   dtmnjhb bყjc jhsjujyfkehb, 

fewbkt,tkbf lf cfrvfhbcb, hjv fv dtmnjht,bc itcf,fvbcb 

rjjhlbyfnt,bc yfvhfdksf ჯfvb bყjc yekbc njkb, t.b, 

0212121  zzyyxx . 

ITLTUB 18.6. res[t   jh fhfyekjdfy  111 ,, zyxa   

lf  222 ,, zyxb   dtmnjhc ijhbc ufvjbsdkt,f itvltub 

ajhvekbc cfiefkt,bs: 

2
2

2
2

2
2

2
1

2
1

2
1

212121cos
zyxzyx

zzyyxx




 . 

ITLTUB 18.7. bvbcfsdbc, hjv cfvb  111 ,, zyxa  ,  

 222 ,, zyxb   lf  333 ,, zyxc   dtmnjhb bყjc rjvgkfyfhekb, 

fewbkt,tkbf lf cfrvfhbcb, hjv vfsb rjjhlbyfnt,bcufy 
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itlutybkb vtcfvt hbubc ltnthvbyfynb bყjc yekbc njkb, 

t.b. 

0

333

222

111


zyx
zyx
zyx

. 

VFUFKBSB 1. dsmdfs,  2,2,1 a ,  1,1,2 b , 

 3,2,3 c . dbgjdjs: 

1) a   lf b  dtmnjht,bc crfkfhekb yfvhfdkb; 

2) res[t a   lf b  dtmnjht,c ijhbc; 

3) a   lf b  dtmnjht,bc dtmnjhekb yfvhfdkb; 

4) a   lf b  dtmnjht,pt fut,ekb cfvres[tlbc afhsj,b; 

5) a  , b   lf c  dtmnjht,bc ithtekb yfvhfdkb;  

6) a  , b   lf c   dtmnjht,pt fut,ekb gfhfktktgbgtlbc 

vjwekj,f. 

F V J [ C Y F. 

   1) ;2)1)(2()1(221 ba  

       2)      
      9

6
63

2

112221

121221
222222





cos ,   

cfblfyfw  

9

6
arccos ; 
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    3) kji
kji

ba 534
112
221 


 , 

t.b.  

 5;3;4 ba ; 

    4) a   lf b  dtmnjht,pt fut,ekb cfvres[tlbc afhsj,b 

fv dtmnjht,pt fut,ekb gfhfktkjuhfvbc afhsj,bc 

yf[tdhbc njkbf (yf[. 18.8), fvbnjv  

     
2
25534

2
1

2
1 222  baS ; 

                                              B                               C  
                                        b  

 
                                O             a               A  

 
yf[.18.8  

    5)   ;3
323
112
221

,, 




cba  

    6)  , , 3 3.V a b c   
  

gfh   

VFUFKBSB 2. wyj,bkbf gbhfvblbc odthjt,b  2,1,1 A , 

 0,1,2B ,  1,2,3 C   lf   1,1,4 D  . dbgjdjs fv gbhfvblbc 

vjwekj,f lf D  odthjlfy lfidt,ekb gbhfvblbc DO  

cbvfqkt (yf[. 18.9).  
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F V J [ C Y F. cfvres[f gbhfvblbc vjwekj,f 

itcf,fvbcb gfhfktktgbgtlbc vjwekj,bc 
6
1 -bc njkbf, t.b.  

 ADACABV ,,
6
1

gbh& . 

D  
 
 
 

                                                                             C  
 

                                    A                  O  

                 B  

yf[. 18.9  

vfuhfv  2;2;1 AB ,  1;1;2 AC ,   3;2;3 AD , fvbnjv  

  ;3
323
112
221

,, 




ADACAB  

fmtlfy dqt,ekj,s, hjv  

1 13
6 2

V   gbh . 

hflufy 
1
3 ABCV S DO gbh , fvbnjv  

3

ABC

VDO
S

 gbh . 

vfuhfv (b[. vfufkbsb 1)  
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2
25

2
1

 ACABS ABC , 

cfblfyfw        
10

23

2
25
2
13



DO . 

 

 

 

 

 

 

 

  

 



 157 

  

 IV  SFDB.  FYFKBPEHB UTJVTNHBBC 

TKTVTYNT,B 

 

fyfkbpehb utjvtnhbf fhbc vfstvfnbrbc lfhub, hjvtkbw  

itbcofdkbc utjvtnhbek abueht,c fkut,hekb vtsjlt,bs.  

XVII cfereytib ahfyub vfstvfnbrjcbc h. ltrfhnbc vbth 

gbhdtkfl bmyf itveifdt,ekb rjjhlbyfnsf vtsjlb, 

hjvtkbw cfiefkt,fc udfძktdc thsvfytsc lfderfdibhjs 

utjvtnhbekb lf fkut,hekb wyt,t,b. 

fv sfdib rjjhlbyfnsf vtsjlbc cfaeძdtkpt 

lfdfvყfht,s itcf,fvbcj,fc othnbkt,cf lf hbw[dt,c ijhbc. 

fv itcf,fvbcj,bc cfiefkt,bs rb utjvtnhbekb abueht,bc 

sdbct,t,c itdbcofdkbs fkut,hekb ufynjkt,t,bc 

cfiefkt,bs. [ibh itvs[dtdfib tc cfuhძyj,kfl ffldbkt,c 

fvjwfybc fvj[cyfc. vfufkbsfl, ufydb[bkjs utjvtnhbekb 

fvjwfyf, hjvkbc fvj[cyf eahj vjcf[th[t,tkbf 

rjjhlbyfnsf vtsjlbs, dblht ovbylf utjvtnhbekb 

vtsjlt,bs. dbgjdjs, hf obhc fqothc jh ehsbthsvfhsj,ek 

qthძpt thsb lf bvfdt cblblbc cbxmfhbs vjძhfdb jhb 

vfnthbfkehb c[tekbc itvfthst,tkb vjyfrdtsbc ief 

othnbkb. ვsmdfs, gbhdtkb c[tekb vjძრაj,c OX  qthძbc 

ufcodhbd  0,aA  othnbkblfy, [jkj vtjht  OY  qthძbc 

ufcodhbd  bB ,0  othnbkblfy (b[. yf[fpb). 



 158 

                          Y  
 
 

                      b,0  

                                               M  
   
                                             45       
                          O                                    0,a                 X  

 
vfiby t  lhjbc itvltu gbhdtkb c[tekb bmyt,f  0,vta  

othnbkib, [jkj vtjht  vtb,0  othnbkib, cflfw v  fhbc 

c[tekt,bc vjძhfj,bc cbxmfhbc cblblt. ვsmdfs, fqybiyekb 

vjyfrdtsbc ief othnbkbf  yxM , . vfiby 
2

,
2

vtbyvtax 



 , 

cfblfyfw t  gfhfvtnhbc ufvjhbw[dbs vbdbqt,s 
2
abxy 

  

fkut,hek ufynjkt,fc, hjvtkbw, hjujhw dyf[fds, 

ofhvjflutyc ohabc ufynjkt,fc. tc rb udfძktdc 

cfiefkt,fc lfdfcrdyfs, hjv vjyfrdtsbc ief othnbkb 

vjძhfj,c ohatpt. 

rjjhlbyfnsf vtsjlbc ufvjყtyt,bs itdbcofdkbs 

c[dflfc[df cf[bc obht,bcf lf ptlfgbht,bc ajhvt,c lf vfs 

sdbct,t,c, hjvkt,bw, sfdbc v[hbd, afhsj ufvjყtyt,fc 

gjekj,c cfby;byhj fvjwfyt,ib (b[. §22). 
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§19. obhbc lf ptlfgbhbc ufynjkt,bc wyt,f. 

fkut,hekb obht,b lf ptlfgbht,b 

 

ufycfpqdht,f. ვsmdfs, cb,hnყtpt vjwtvekbf 

ltrfhnbc vfhsres[f rjjhlbyfnsf OXY  cbcntvf lf L  fhbc 

fv cb,hnყtib vlt,fht obhb (yf[. 19.1). 

                 0, yxF                                      (19.1) 

ufynjkt,fc tojlt,f L  obhbc ufynjkt,f, se cb,hnყbc 

 yxM ,  othnbkb tresdybc L  obhc vfiby lf v[jkjl vfiby, 

hjwf fv othnbkbc rjjhlbyfnt,b frvfყjabkt,c (19.1) 

ufynjkt,fc, t.b.  

    0,,  yxFLyxM . 

                                Y  
                                                                    L  

 
 

                                y               M  
 
 

 
                               0                 x                             X  

yf[. 19.1 

itdybiyjs, hjv pjubths itvs[dtdfib itcfძkt,tkbf 

  0, yxF  ufynjkt,bc ofhvjlutyf w[flb  xy   cf[bs. 

ufycfpqdht,f. 02211
21  mm lk

m
lklk yxAyxAyxA   

cf[bc ufynjkt,fc,  cflfw  mAAA ,,, 21   yt,bcvbthb yfvldbkb 
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hbw[dt,bf, [jkj mm lklklk ,,,,,, 2211   fhfefhყjabsb vstkb          

hbw[dt,bf, tojlt,f fkut,hekb ufynjkt,f x  lf y           

ewyj,t,bc vbvfhs. se mAAA ,,, 21   rjtabwbtynt,b         

ufyc[dfdt,ekbf yekbcfufy, vfiby mm lklklk  ,,, 2211           

hbw[dt,c ijhbc elbltcc tojlt,f fkut,hekb ufynjkt,bc 

[fhbc[b.  

vfufkbsfl, 

03
2
12 3223  yxyx  

fhbc vt[est [fhbc[bc fkut,hekb ufynjkt,f (vbc otdht,c 

ijhbc elbltcb [fhbc[b 5 fmdc gbhdtk otdhc 232 yx ), [jkj 

052  yx  fhbc gbhdtkb [fhbc[bc ufynjkt,f. gbhdtkb         

[fhbc[bc ufynjkt,fc tojlt,f fuhtsdt ohabdb ufynjkt,f. 

ufycfpqdht,f. cb,hnყtib vlt,fht L  obhc tojlt,f 

fkut,hekb obhb, se ltrfhnbc vfhsres[f rjjhlbyfnsf 

cbcntvfib tc obhb vjbwtvf fkut,hekb ufynjkt,bs. Fv   

ufynjkt,bc [fhbc[c tojlt,f fkut,hekb obhbc hbub. obhbc 

hbub fh fhbc lfvjrblt,ekb ltrfhnbc vfhsres[f           

rjjhlbyfnsf cbcntvbc ithxtdfpt. 

vfufkbsfl, xy 2  ufynjkt,bs ufycfpqdhekb obhb 

(ohat) fhbc gbhdtkb hbubc obhb, [jkj 2xy  ufynjkt,bs 

ufycfpqdhekb obhb (gfhf,jkf)  vtjht hbubc. 
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ITYBIDYF.   0, yxF  cf[bc ufynjkt,f itbძkt,f 

ufycfpqdhfdltc fhf ths obhc, fhfvtl obhsf ufhrdtek     

thsj,kbj,fc (vfufkbsfl, ufynjkt,f 022  yx  

ufycfpqdhfdc jh ohatc xy  lf xy  ); bub itbძkt,f          

ufycfpqdhfdltc ths othnbkc fy othnbksf cfchek    

thsj,kbj,fc (vfufkbsfl, 022  yx  ufynjkt,f 

ufycfpqdhfdc ths othnbkc  rjjhlbyfnsf cbcntvbc O   

cfsfdtc); itbძkt,f cfthsjl fh ufycfpqdhfdltc fhw ths 

obhc lf fhw ths othnbkc (fctsbf, vfufkbsfl, 0122  yx  

ufynjkt,f). 

pjubths itvs[dtdfib vbpfyitojybkbf obhbc vjwtvf 

gfhfvtnhekb ufynjkt,bc cfiefkt,bs. fcts itvs[dtdfib 

othnbkbc x  lf y  rjjhlbyfnt,b thsvfytsc erfdibhlt,f 

lfv[vfht t  gfhfvtnhbc cfiefkt,bs: 

                 
 
 







tyy
txx

  ,         (19.2) 

cflfw  tx  lf  ty  hfbvt   ,  iefktlpt ufycfpqdhekb t  

fhuevtynbc eoყdtnb aeymwbt,bf. se gfhfvtnhbc ყjdtk 

 ,t  vybidytkj,fc itdecf,fvt,s cb,hnყbc bcts  yxM ,  

othnbkc, hjvkbc rjjhlbyfnt,bf  txx  lf  tyy , vfiby 

ყdtkf fctsb othnbkbc cbvhfdkt ofhvjflutyc (19.2)         

ufynjkt,bs ufycfpqdhek L  obhc. 
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VFUFKBSB 1. dfxdtyjs,, hjv ufynjkt,f   

  







tsinRy
tcosRx

  ,   020  Rt                (19.3) 

ofhvjflutyc R -hflbecbfyb ohtobhbc gfhfvtnhek       

ufynjkt,fc wtynhbs  0;0O  othnbkib. 

F V J [ C Y F. ვsmdfs,  yxM ,  othnbkbc            

rjjhlbyfnt,b frvfყjabkt,c (19.3) ufynjkt,fc. tc ybiyfdc, 

hjv  2,0  iefktlib fhct,j,c t -c bctsb vybidytkj,f,   

hjvkbcsdbcfw tRx cos   lf tRy sin . fmtlfy  

  2222222222 RtsintcosRtsinRtcosRyx  , 

ე.b. fqybiyekb  yxM ,  othnbkb tresdybc vjwtvek ohtobhc. 
gbhbmbs,  dsmdfs  y,xN  othnbkb tresdybc vjwtvek 

ohtobhc. t - sb fqdybiyjs res[t OX  qthძcf lf ON  c[bdc 
ijhbc, fsdkbkb OX  qthძblfy cffsbc bchbc vjძhfj,bc        
cfobyffqvltuj vbvfhsekt,bs (yf[. 19.2). vfiby 

tcosRtcosONx   lf tsinRtsinONy  , t.b.   y,xN  othnbkbc 

rjjhlbyfnt,b frvfყjabkt,c (19.3) ufynjkt,fc.  
 

                                                   Y  
 
 

                                                    y           y,xN  
 

                                                            t  
                                     R         O       x    R      X  

 
 
 

yf[. 19.2. 



 163 

cb,hnყtib vlt,fht obhbc ufynjkt,f itbძkt,f bყjc 

vjwtvekb fuhtsdt gjkfhek rjjhlbyfnsf cbcntvfib.     

cb,hnყbc gjkfhek rjjhlbyfnsf cbcntvf itlut,f fv       

cb,hnყtib vlt,fht hjvtkbvt O  othnbkbcfufy lf vfcpt    

ufvfdfk OU  c[bdbcfufy, hjvtkptw ithxtekbf cbuhძbc       

thstekb (vfcinf,b). O  othnbkc tojlt,f gjkecb, [jkj  

OU  c[bdc  gjkfhekb qthძb. cb,hnყbc yt,bcvbthb M         

othnbkbc gjkfhekb rjjhlbyfnt,bf r  lf   hbw[dt,b,      

cflfw r  fhbc vfyძbkb M  lf O  othnbkt,c ijhbc, [jkj   

 res[t OX  lf OM  c[bdt,c ijhbc, fsdkbkb OU -lfy          

cffsbc bchbc vjძhfj,bc cfobyffqvltuj vbvfhsekt,bs (yf[. 

19.3). 

                                                      ,rM  

                                          r  
 
                                             

                                O                                            U  

yf[. 19.3  

obhbc gjkfhek ufynjkt,fc fmdc itvltub cf[t: 

  0,rF , 

Fy, se bc fvj[cyflbf r -bc vbvfhs,  

    rr , 

cflfw  r  fhbc hfbvt   ,  vjyfrdtspt ufycfpqdhekb   

fhuevtynbc fhfefhყjabsb aeymwbf. 
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vfufkbsfl,    20 ar  ufynjkt,bs    

ufycfpqdhekb obhb, cflfw a  abmcbht,ekb hbw[dbf, t.o.     

fhmbvtltc cgbhfkc (yf[. 19.4) ofhvjflutyc.    

 

 

 

 

 

 

 

 

yf[. 19.4  

ufycfpqdht,f. ვsmdfs, cbdhwtib vjwtvekbf ltrfhnbc 

vfhsres[f rjjhlbyfnsf OXYZ  cbcntvf lf S  hfbvt          

ptlfgbhbf.  

            0z,y,xF                  (19.4) 

ufynjkt,fc tojlt,f S  ptlfgbhbc ufynjkt,f, se  z,y,xM  

othnbkb tresdybc S  ptlfgbhc vfiby lf v[jkjl vfiby,         

hjwf fv othnbkbc rjjhlbyfnt,b frvfყjabkt,c (19.4)         

ufynjkt,fc, t.b. 

    0 z,y,xFSz,y,xM . 

se fvjd[cybs (19.4) ufynjkt,fc z -bc vbvfhs (bv         

itvs[dtdfib, hjwf tc itcfძkt,tkbf), vbdbqt,s S           

ptlfgbhbc ufynjkt,fc w[flb cf[bs:  
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 yxfz , . 

bctdt, hjujhw obhbc itvs[dtdfib, ufybcfpqdht,f            

fkut,hekb ptlfgbhb lf vbcb hbub. 

ufycfpqdht,f. S  ptlfgbhc tojlt,f fkut,hekb         

ptlfgbhb, se ltrfhnbc vfhsres[f rjjhlbyfnsf cbcntvfib 

tc ptlfgbhb vjbwtvf fkut,hekb ufynjkt,bs: 

0222111
21  nmm mlk

m
mlkmlk zyxAzyxAzyxA  . 

fv ufynjkt,bc [fhbc[c tojlt,f fkut,hekb S  ptlfgbhbc 

hbub. 

hflufy cbdhwtib ufykfut,ekb ყjdtkb obhb itbძლt,f 

ofhvjlutybkb bყjc hjujhw jhb ptlfgbhbc sაyfrdtsf,        

fvbnjv obhbc ufynjkt,f cbdhwtib ofhvjblubyt,f itvltub 

cf[bs: 

 
 







0
0

2

1

z,y,xF
z,y,xF

, 

cflfw cbcntvbc sbsjtekb ufynjkt,f ofhvjflutyc            

itcf,fvbcb ptlfgbhbc ufynjkt,fc. 

vfufkbsfl, hflufy 0z  fhbc OXY  cb,hnყbc       

ufynjkt,f, 0y  rb OXZ   cb,hnყbcf, fvbnjv cbcntvf  








0
0

y
z

 

ofhvjflutyc OX  ohabc ufynjkt,fc cbdhwtib.  
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§20. ohabcf lf cb,hnყbc ufynjkt,t,b 

 

obyf gfhfuhfaib ufdtwfybs fkut,hekb obhbcf lf    

fkut,hekb ptlfgbhbc wyt,t,c. f[kf lfodhbkt,bs          

itdbcofdkjs gbhdtkb hbubc obht,b lf ptlfgbht,b. 

cb,hnყtpt gbhdtkb hbubc obhbc pjuflb ufynjkt,ff: 

              00 22  BACByAx .         (20.1) 

fqdybiyjs tc obhb L -bs lf dsmdfs,    LyxM 000 , . vfiby  

000  CByAx , 

cfblfyfw  

00 ByAxC  . 

se C -c fv vybidytkj,fc itdbnfys (20.1) ufynjkt,fib,        

vfiby tktvtynfhekb ufhlfmvyt,bc itvltu vbdbqt,s                

ufynjkt,fc: 

                      000  yyBxxA .         (20.2) 

(20.2) ufynjkt,f itbძkt,f xfbothjc dtmnjhekb cf[bs: 

                        00  rrn ,            (20.3) 

cflfw      000 ,,,,, yxryxrBAn  . hflufy 0n  (gbhj,bc 

ძაkbs 022 BA ), fvbnjv (20.3) itbძkt,f itbwdfkjc vbcb 

trdbdfktynehb gbhj,bs (b[.(18.3)): 

0rrn  . 
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fmtlfy ufvjvlbyfhtj,c (b[. yf[. 20.1), hjv L  obhb   

ofhvjflutyc  yxM ,  cb,hnყbc ყdtkf bv othnbksf         

cbvhfdktc,  hjvtksfsdbcfw  

nMM 0 , 

t.b. L  obhb fhbc  000 ,yxM  othnbkpt ufvfdfkb lf  BAn ,  

dtmnjhbc vfhsj,ekb ohat. 

 

                                  
         Y  

 
 
 

                                                           a  
                                                   0M  

                                      n   0r                 M  

                                                         r                  L  
                                  O                                                       X  

 
yf[. 20.1  

xfvjdfყfkb,js vbqt,ekb itltub stjhtvbc cf[bs. 

STJHTVF 20.1. ltrfhnbc vfhsres[f rjjhlbyfnsf    

cbcntvfib ყjdtkb ohabdb fkut,hekb ufynjkt,f cb,hnყtpt 

ufycfpqdhfdc ohatc lf gbhbmbs, cb,hnყtib vlt,fht           

yt,bcvbthb ohabc ufynjkt,f fhbc ohabdb ufynjkt,f. 

(20.1) ufynjkt,fc tojlt,f ohabc pjuflb ufynjkt,f 

cb,hnყtpt. fv ufynjkt,bc A  lf B  rjtabwbtynt,b          

ofhvjflutyc bv dtmnjhbc rjjhlbyfnt,c, hjvkt,bw fv 
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ohabc vfhsj,ekbf. fcts  BAn ,  dtmnjhc tojlt,f L  

ohabc yjhvfkehb dtmnjhb. 

se wyj,bkbf  000 ,yxM  othnbkb, hjvtkptw uflbc L  

ohat, lf  BAn ,  dtmnjhb, hjvtkbw fv ohabc vfhsj,ekbf, 

vfiby L  ohabc ufynjkt,bc itcflutyfl itbძkt,f              

dbcfhut,kjs  (20.2) ajhvekbs.  

VFUFKBSB 1. lfdothjs bv ohabc ufynjkt,f, hjvtkbw 

uflbc  1;30 M  othnbkpt lf fhbc  2;1n  dtmnjhbc       

vfhsj,ekb (yf[. 20.2). 

F V J [ C Y F. fm ,1,3,2,1 00  yxBA  fvbnjv (20.2) 

ajhvekbc sfyf[vfl, cfძbt,tkb ohabc ufynjkt,ff 

    01231  yx . ufvfhnbdt,bc itvltu vbdbqt,s 012  yx  

ufynjkt,fc.     

 

                Y  
                                             
 
                                             2  
 
                                              1    n  
                                         
                                     a   
                                2         0         1                  3             X  

                                            1                                 L  
                                        0M        

 

yf[. 20.2. 
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stjhtvf 20.1-bc fyfkjubehfl vnrbwlt,f  

STJHTVF 20.2. ltrfhnbc vfhsres[f OXYZ                   

rjjhlbyfnsf cbcntvfib ყjdtkb ohabdb fkut,hekb                

ufynjkt,f  

       00 222  CBADCzByAx       (20.4) 

ofhvjflutyc cb,hnყbc ufynjkt,fc lf gbhbmbs, yt,bcvbthb 

cb,hnყbc ufynjkt,f fhbc ohabdb (yf[. 20.3). 

 

                                       Z  
                             

 
                                                        0M                      S  

                                                                M                      
                                                   0r       r     

 
                                               n  

 
     

                                            O                                               X  
                   Y  

 

 

yf[. 20.3. 

(20.4) ufynjkt,fc tojlt,f cb,hnყbc pjuflb        

ufynjkt,f. BA,  lf C  rjtabwbtynt,b ofhvjflutyc bv n  

dtmnjhbc rjjhlbyfnt,c, hjvkt,bw fv cb,hnყbc 

vfhsj,ekbf. fcts  CBAn ,,  dtmnjhc tojlt,f cb,hnყbc 

yjhvfkehb dtmnjhb. 
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vjdbყdfyjs ohabc lf cb,hn.bc ufynjkt,t,bc c[df        

cf[tt,b. 

1.  Rtatrr  0   ohabc dtmnjhek-gfhfvtnhekb    

ufynjkt,f (fm 0a  fhbc ohabc gfhfktkehb yt,bcvbthb  

dtmnjhb; fcts dtmnjhc tojlt,f ohabc vbvvfhsdtkb         

dtmnjhb (yf[. 20.1)); 

2.  Rt
ntzz
mtyy
ltxx














0

0

0

    ohabc gfhfvtnhekb ufynjkt,f 

(fm nml ,,  ohabc a  vbvvfhsdtkb dtmnjhbc rjjhlbyfnt,bf); 

3. 
n
zz

m
yy

l
xx 000 







  ohabc rfyjybrehb ufynjkt,f. 

(fm   LzyxM 0000 ,,  ohabc ths-thsb othnbkbf (yf[. 20.1)); 

4. bkxy    ohabc ufynjkt,f cb,hnყtpt res[ehb         

rjtabwbtynbs.  

                                   Y  
 
                                 
                                 L                               
                                        b  
 

                                                                 a            

                                  O                                                       X  

yf[. 20.4  

fm tgk , cflfw   fhbc res[t OX  qthძcf lf L  
ohatc ijhbc, fsdkbkb OX  qthძblfy cffsbc bchbc        
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vjძhfj,bc cfobyffqvltuj vbvfhsekt,bs 





 

2
,0 
  , 

[jkj b  bv vjyfrdtsbc cblbltf, hjvtkcfw L  ohat vjrdtsc 
OY  qthძpt (yf[. 20.4).   res[tc tojlt,f ohabc lf[hbc 

res[t, [jkj k  hbw[dc  res[ehb rjtabwbtynb; 

5. 1
b
y

a
x   ohabc ufynjkt,f qthძsf vjyfrdtst,ib. 

 
                                 Y  
                                    
 
                                 

                          b     L        
 
                                 
                                 O                         a                          X  
 
 

yf[.. 20.5  

fm a  lf b  gfhfvtnhbc vybidytkj,t,b ofhvjflutyc bv       
vjyfrdtst,bc cblbltt,c, hjvkt,cfw L  ohat vjrdtsc         
itcf,fvbcfl OX  lf OY  qthძt,pt (yf[. 20.5); 

6. 1
c
z

b
y

a
x   cb,hnყbc ufynjkt,f qthძsf vjyfrdtst,ib 

(yf[. 20.6); 

                                          Z  
 
 
                                          c  
 
 
                                                 S  

 
                                             O                 b             Y  
                            a  
                   X  

yf[. 20.6  
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7. 







0
0

2222

1111

DzCyBxA
DzCyBxA

   ohabc pjuflb cf[bc ufynjkt,f 

cbdhwtib. 

cbcntvbc sbsjtekb ufynjkt,f ofhvjflutyc cb,hnყbc 

ufynjkt,fc, [jkj L  ohat ufybcfpqdht,f, hjujhw fv         

cb,hnყtt,bc sfyfrdtsf. itdybiyjs, hjv vjwtvekb          

cb,hnყtt,b fhfgfhfktkehbf; 

8..  00  ppsinycosx    ohabc yjhvfkehb           

ufynjkt,f.                     

                                   Y  
 

                                      
                                     F   
 

                                             n                   L  
                                            
                                              
                                    O                                                          X  

 
yf[.20.7  

fm   fhbc res[t OX  qthძcf lf rjjhlbyfnsf O         

cfsfdblfy L  ohabcflvb ufdkt,ek vfhsj,c ijhbc, [jkj p  

fhbc vfyძbkb rjjhlbyfnsf cbcntvbc O  cfsfdblfy ohatvlt 

(yf[. 20.7). 

bvbcfsdbc, hjv ohabc pjuflb (20.1) ufynjkt,blfy         

uflfdblts ohabc yjhvfkeh ufynjkt,fpt, pjuflb           

ufynjkt,bc    jhbdt   v[fht    eylf   ufdfvhfdkjs   t.o.                    

vfyjhvbht,tk vfvhfdkpt  
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22

1

BA 
  . 

   vfvhfdkbc  ybifyb  eylf  itbhxtc   bctsyfbhfl, hjv 

itchekltc 0C  gbhj,f; 

9. 0 pcoszcosycosx     cb,hnყbc yjhvfkehb    

ufynjkt,f.  

Fm  p  hbc vfyძbkb rjjhlbyfnsf cbcntvbc cfsfdblfy  

cb,hnყtvlt, [jkj  ,, res[tt,bf, hjvtksfw                      

rjjhlbyfnsf  cbcntvbc   O     cfsfdblfy   ufdkt,ekb   

მარsj,b itflutyc itcf,fvbcfl OYOX ,  lf OZ  qthძt,bc    

lflt,bs vbvfhsekt,fcsfy. bvbcfsdbc, hjv cb,hnყbc           

pjuflb   (20.4)   ufynjkt,blfy   uflfdblts   yjhvfkeh      

cf[tpt, fv ufynjkt,bc jhbdt v[fht eylf ufdfvhfdkjs          

vfyjhvbht,tk vfvhfdkpt: 

 01
222




 D
CBA

  . 

 

 

 

§21. ძbhbsflb fvjwfyt,b ohatt,cf lf  

cb,hnყtt,pt 

 

FVJWFYF 21.1. vjwtvek jh othnbkpt ufvfdfkb ohabc 

ufynjkt,f (yf[.21.1). 
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  1111 ,, zyxM  lf  2222 ,, zyxM  othnbkt,pt ufvfdfkb L   

ohabc ufynjkt,ff: 

        
12

1

12

1

12

1

zz
zz

yy
yy

xx
xx












 .         (21.1) 

 

                L                                
                                                 a                
                                                           2M  
                                         1M                

  
 

yf[. 21.1. 

se ohat vlt,fhtj,c OXY  cb,hn.tib, vfiby 021  zz  

lf ufynjkt,f vbbqt,c itvltu cf[tc: 

   
12

1

12

1

yy
yy

xx
xx








 .            (21.2) 

VFUFKBSB 1. lfdothjs   3;21 M   lf      4;12M              

othnbkt,pt ufvfdfkb ohabc ufynjkt,f. 

F V J [ C Y F. fm 4,1,3,2 2211  yxyx , fvbnjv 

(21.2)-lfy dqt,ekj,s: 

34
3

21
2






 yx  , 

cfblfyfw  

 

7
3

1
2 



 yx  . 

se fvjdcybs fv ufynjkt,fc y -bc vbvfhs, vbdbqt,s ohabc 



 175 

ufynjkt,fc res[ehb rjtabwbtynbs: 

117  xy .      

FVJWFYF 21.2. vjwtvek cfv othnbkpt ufvfdfkb          

cb,hnყbc ufynjkt,f.  

se  1111 ,, zyxM ,  2222 ,, zyxM  lf  3332 ,, zyxM  ths         

ohatpt  fhfvlt,fht othnbkt,bf, vfiby fv othnbkt,pt        

ufvfdfkb  cb,hnყbc  ufynjkt,f  itbძkt,f  xfbothjc          

itvltub cf[bs: 

                       0

131313

121212

111






zzyyxx
zzyyxx
zzyyxx

 .                            (21.3) 

VFUFKBSB 2. lfdothjs bv cb,hnყbc ufynjkt,f,         

hjvtkbw  uflbc   1;3;21 M ,    0,4,32M    lf  5,1,13 M           

othnbkt,pt.  

F V J [ C Y F. (21.3)-bc sfyf[vfl, 

0
153121
103423
132




 zyx

. 

se   ufvjdsdkbs   ltnthvbyfync  lf     ufdfvfhnbdt,s             

vbqt,ek ufvjcf[ekt,fc, vbdbqt,s ufynjkt,fc: 

023710  zyx .     

FVJWFYF 21.3. res[t jh ohatc ijhbc. 

1. se  1L  lf  2L    ohatt,bc   ufynjkt,t,b   vjwtvekbf           

rfyjybrehb cf[bs  
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1

1

1

1

1

1

n
zz

m
yy

l
xx 







   lf   
2

2

2

2

2

2

n
zz

m
yy

l
xx 







 , 

vfiby   (b[. yf[. 21.2)       res[t   fv    ohatt,c   ijhbc        

ufybcfpqdht,f itvltub njkj,bs: 

                     
2
2

2
2

2
2

2
1

2
1

2
1

212121

nmlnml

nnmmll
cos




 .          (21.4) 

 
  
 

                          2L                      1a


  
                                                               
                                                        2a


 

                          1L                            
yf[. 21.2  

 

jhb ohabc gfhfktkehj,bc gbhj,ff: 

2

1

2

1

2

1

n
n

m
m

l
l

 , 

[jkj vfhsj,ekj,bc -  

0212121  nnmmll ; 

2. se   1L   lf   2L   ohatt,bc   ufynjkt,t,b   cb,hnყtpt              

vjwtvekbf pjuflb cf[bs  

0111  CyBxA ,  0222  CyBxA , 

vfiby (b[. yf[. 21.3): 

                          
2
2

2
2

2
1

2
1

2121

BABA

BBAA
cos




 .             (21.5) 
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                                               1n      2n  
                            2L  
                                                                

 
                    
                         1L  

yf[. 21.3  

fv ohatt,bc gfhfktkehj,bc gbhj,ff:  

2

1

2

1

B
B

A
A

 , 

[jkj vfhsj,ekj,bc -  

02121  BBAA ; 

3. se   1L   lf  2L   ohatt,bc   ufynjkt,t,b   cb,hnყtpt            

vjwtvekbf res[ehb rjtabwbtynt,bs: 

11 bxky        lf  22 bxky  , 

vfiby, se 121 kk , 

                                          
21

12

1 kk
kktg




  .                               (21.6) 

se 121 kk , vfiby 90 . fvhbufl, 

1
2

1
k

k   

fhbc jhb ohabc vfhsj,ekj,bc gbhj,f. 

VFUFKBSB 3. dbgjdjs res[t 12  xy  lf 53  xy  

ohatt,c ijhbc. 
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F V J [ C Y F. 21k ,  32 k ,  fvbnjv 

  1
321

23





tg , 

cfblfyfw  

451arctg .      

FVJWFYF 21.4. res[t jh cb,hnყtc ijhbc. 

01111  DzCyBxA     lf 02222  DzCyBxA  

cb,hnყtt,bc   ijhbc     res[t   ufybcfpqdht,f itvltub         

njkj,bs: 

                       
2
2

2
2

2
2

2
1

2
1

2
1

212121

CBACBA

CCBBAA
cos




 .        (21.7) 

FVJWFYF 21.5. res[t ohatcf lf cb,hnყtc ijhbc. 

se ohat vjwtvekbf ufynjkt,bs  

n
zz

m
yy

l
xx 000 







, 

[jkj S  cb,hnყt ufynjkt,bs  

0 DCzByAx , 

vfiby   res[t vfs ijhbc ufybcfpqdht,f njkj,bs (b[. yf[. 

21.4): 

                
2 2 2 2 2 2

sin
Al Bm Cn

A B C l m n


 


   
 .      (21.8) 
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                                                              n          L  

                      a  
                                             S                    

 
 
 
 
 

yf[., 21.4  

FVJWFYF 21.6. vfyძbkb othnbkblfy ohatvlt   

(cb,hnყtpt). 

1. se L  ohabc ufynjkt,f vjwtvekbf yjhvfkehb cf[bs 

0 psinycosx  , 

vfiby d  vfyძbkb  000 ,yxM  othnbkblfy fv ohatvlt 

ufybcfpqdht,f njkj,bs: 

                                psinycosxd   00 ;         (21.9) 

2. se L  ohabc ufynjkt,f vjwtvekbf pjuflb cf[bs 

0 CByAx , 

vfiby d  vfyძbkb  000 ,yxM  othnbkblfy fv ohatvlt              

ufybcfpqdht,f ajhvekbs: 

                                       
22

00

BA

CByAx
d




  .                          (21.10) 

VFUFKBSB 4. dbgjdjs vfyძbkb  3;20 M  othnbkblfy 

0443  yx  ohatvlt. 

F V J [ C Y F. 44332 00  C,B,A,y,x , fvbnjv 

(21.10)-bc sfyf[vfl, 
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2

43

43423
22





d .    

FVJWFYF 21.7. vfyძbkb othnbkblfy cb,hnყtvlt. 

1. se cb,hnყbc ufynjkt,f vjwtvekbf yjhvfkehb cf[bs:  

0 pcoszcosycosx  , 

vfiby d  vfyძbkb  0000 ,, zyxM  othnbkblfy fv cb,hnყtvlt 

ufybcfpqdht,f njkj,bs: 

           pzyxd   coscoscos 000 ;         (21.11)                    

se cb,hnყbc ufynjkt,f vjwtvekbf pjuflb cf[bs 

0 DCzByAx , 

vfiby d  vfy'bkb  0000 ,, zyxM  othnbkblfy fv cb,hnყtvlt   

ufybcfpqdht,f njkj,bs: 

                                     
222

000

CBA

DCzByAx
d




 .         (21.12) 

 

§22. vtjht hbubc obht,b lf ptlfgbht,b 

 

1. vtjht hbubc obht,b. vtjht hbubc obhbc pjuflb            

ufynjkt,ff: 

  002 22222  CBAFEyDxCyBxyAx . (22.1) 

itvjdbqjs fqybidyf:  

2BAC . 
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vnrbwlt,f (b[. II yfo.), hjv (22.1) cf[bc yt,bcvbthb        

ufynjkt,bcfsdbc fhct,j,c wdkflsf bctsb   ufhlfmvyf,       

hjvtkbw byfhxeyt,c obhbc ajhvfc lf fvfdt lhjc lfჰყfdc  

fqybiyekb    ufynjkt,f  itvltub   cf[bc    ufynjkt,t,blfy 

ths-thspt: 

I.    012

2

2

2

 
b
y

a
x ; 

II.  012

2

2

2

 
b
y

a
x ; 

III.  00,22  ppxy . 

obht,c, hjvkt,bw ufybcfpqdht,f fv ufynjkt,t,bs, 

tojlt,f itcf,fvbcfl tkbacb, ჰbgth,jkf lf  gfhf,jkf.   

itdybiyjs, hjv ufhlf fqybiyekb ufynjkt,t,bcf, (22.1)-lfy 

vbbqt,f fuhtsdt c[df cf[bc ufynjkt,t,b, vfuhfv bcbyb fy 

cfthsjl fh ufycfpqdhfdty fhw ths obhc (vfufkbsfl,   

0122  yx    ufynjkt,bc   fvjyf[ctysf  cbvhfdkt  wfhbtkbf,  

[jkj   022  yx     ufynjkt,f ufycfpqdhfdc v[jkjl ths 

othnbkc),   fy ufycfpqdhfdty ths ohatc (vfufkbsfl,          

ufynjkt,f 02 y  ufycfpqdhfdc  ths ohatc  0y )   fy   

ohatsf   oყdbkc (ufynjkt,f 022 xy  ufycfpqdhfdc jh 

ohatc xy  lf xy  ).    fcts   ufycfresht,ek  itvs[dtdt,c   

fm   fh    განვი[bkfds. 
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fvhbufl, fhct,j,c vtjht   hbubc v[jkjl   cfvb   obhb: 

tkbacb, ჰbgth,jkf, gfhf,jkf. 

VFUFKBSB 1. lfdflubyjs,   hf   obhbf vjwtvekb         

itvltub ufynjkt,bs: 

                                     0324 22  xyx .                             (22.2) 

F V J [ C Y F. fm 4,0,1  CBA , 

fvbnjv 

42  BAC . 

fmtlfy ufvjvlbyfhtj,c, hjv se cfmvt fhf udfmdc                    

ufycfresht,ek   itvs[dtdfcsfy,  fv ufynjkt,bs                  

ufycfpqdhekb obhb fhbc tkbacb. vfhskfw, hflufy 

  4414412324 222222  yxyxxxyx , 

fvbnjv 

xx 1 . 

fqybidybc itvjqt,bc itvltu, vbdbqt,s ufynjkt,fc: 

  044 22  yx , 

cfblfyfw 

  1
14

22


 yx . 

fvhbufl, (22.2) ofhvjflutyc tkbacbc ufynjkt,fc (b[. 

vfufkbsb 2-w).   

lfodhbkt,bs itdbcofdkjs vtjht hbubc obht,b. 
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^. tkbacb.  

                                 0,012

2

2

2

 ba
b
y

a
x                   (22.3) 

ufynjkt,fc tojlt,f tkbacbc rfyjybrehb ufynjkt,f. se 
ba , vfiby a  hbw[dc  tojlt,f tkbacbc  lblb yf[tdfhqthძb,  

b -c  vwbht yf[tdfhqthძb;   0,1 cF    lf  0,2 cF  othnbkt,c,  
cflfw  

                22 bac            (22.4) 

tojlt,f tkbacbc ajrect,b, [jkj 

a
c

  

hbw[dc tojlt,f tkbacbc tmcwtynhbcbntnb.  
w[flbf, tkbacbc tmcwtynhbcbntnb 1 . fqdybiyjs       

fuhtsdt, hjv (22.3)-lfy ufvjvlbyfhtj,c, 

1,1 2

2

2

2


b
y

a
x . 

fvbnjv 

,, bybaxa   

t.b. tkbacb itvjcfpqdhekb abuehff (yf[. 22.1). 

                                                    Y  
 

                                                      b            yxM ,  
 

                                             1r                          2r  
 

                          a      0,1 cF    O           02 ,cF    a        X  
 
 

                                            b  
 
 
 

yf[. 22.1 
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STJHTVF 22.1. tkbacbc  yt,bcvbthb othnbkblfy           

ajrect,fvlt vfyძbkt,bc ჯfvb fhbc velvbdb cblblt lf          

elhbc a2 -c. 

L F V N R B W T , F.   ვsmdfs,    yxM ,  tkbacbc               

yt,bcvbthb othnbkbf, vfiby 

          22222
11 20 yccxxycxMFr  .  (22.5) 

ufydcfpqdhjs (22.3) ufynjkt,blfy 2y  lf itdbnfyjs (22.5) 

njkj,fib: 









 222

2

2
2

2

2
222

11 212 bccxx
a
bx

a
bbccxxMFr  

222
2

22

2 bccxx
a
ba




 . 

vfuhfv (22.4)-lfy 222 cba   lf 222 abc  , fvbnjv  

  axaxax
a
cacxx

a
cr 






   2

2
22

2

2

1 2 . 

hflufy ax   lf  10  , fvbnjv ax   lf, vfifcflfvt, 

0 xa  . 

fvhbufl, 

xar 1 . 

fyfkjubehfl,  

    xaaxycxr   22
2 0 . 

fmtlfy  
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axaxarr 221   , 

hfw fvnrbwt,c stjhtvfc.  

სავარჯიშო 22.2.  lffvnrbwts,  hjv vfhst,ekbf         

it,heyt,ekb lt,ekt,f: se  cb,hnყbc   hjvtkbvt M           

othnbkbcfsdbc  

aMFMF 221  , 
vfiby    tc   M  othnbkb   fhbc   (22.3)    ufynjkt,bs            

ufycfpqdhekb tkbacbc othnbkb. 

fvhbufl, tkbacb itbძkt,f ufybcfpqdhjc hjujhw      

cb,hnყbc   ყdtkf bv   othnbksf cbvhfdkt,    hjvtksf   

vfyძbkt,bc ჯfvb fv cb,hnყtib vlt,fht jh   vjwtvek           

othnbkfvlt velvbdb cblbltf (tc velvbdb cblblt vtnbf         

vjwtvek othnbkt,c ijhbc vfyძbkpt). 

  xar 1  lf xar 2  hbw[dt,c tojlt,f tkbacbc 

 yxM ,  othnbkbc ajrfkehb hflbect,b. hjwf 0  (t.b. hj-

wf  0c   fy, hfw bubdtf, ba ),  arr  21    lf     (22.3)              

ufynjkt,f vbbqt,c itvltu cf[tc: 

222 ayx  . 

fvhbufl,  0    itvs[dtdfib   tkbacb   ofhvjflutyc   

a -hflbecbfy ohtobhc. cfpjufljl, hfw eahj vwbhtf         

tkbacbc   tmcwtynhbcbntnb,  vbs eahj   f[kjcff            

tkbacbc ajhvf ohtobhbc ajhvfcsfy, [jkj hfw eahj         
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lblbf  , vbs eahj vtnfl bmyt,f ufzbvekb tkbacb OX  

qthძbc ufcodhbd.  

wyj,bkbf, hjv gkfytnt,bc lf pjubthsb rjvtnt,bc 

vjძhfj,bc nhftmnjhbf ofhvjflutyc tkbacc, hjvkbc ths-

ths  ajrecib  vjsfdct,ekbf vpt.   fvfdt   lhjc,   gkfytnt,bc 

nhftmnjhbbc tmcwtynhbcbntnb   cfrvfjl vwbhtf   (t.b.         

gkfytnt,bc   vjძhfj,bc    nhftmnjhbf    vbf[kjt,ekbf       

ohtobhsfy), [jkj rjvtnt,bc nhftmnjhbbc tmcwtynhbcbntnb 

  f[kjcff 1-sfy (tc ybiyfdc, hjv rjvtnt,b [fy  ef[kjdlt,f 

vptc, [fy rb vybidytkjdyfl ijhlt,f). 

VFUFKBSB 2. lfd[fpjs 0324 22  xyx  ufynjkt,bs 

ufycfpqdhekb obhb. 

F V J [ C Y F. hjujhw yfxdtyt,b bყj (b[. vfufkbsb 1), 

vjwtvekb ufynjkt,f itbძkt,f uflfbothjc itvltub       

cf[bs: 

  1
14

1 22


 yx . 

fm ,1,4 22  ba  fvbnjv 1,2  ba . tc tkbacb vbbqt,f 

1
14

22


yx

 

tkbacbcfufy gfhfktkehb  0,1r  uflfnfybs OX  qthძbc       

vbvfhsekt,bs thsb thstekbs (yf[. 22.2). 
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                                       Y  
 
                                        1 
 

                                                r  
                                               
                            1           0        1                       3                   X  

 
                                      1  
 

 

yf[. 22.2  

სავარჯიშო 22.3. lffvnrbwts, hjv tkbacbc  gfhfvtnhek 

ufynjkt,fc fmdc itvltub cf[t: 

20,
sin
cos









t
tby
tax

. 

 

 

II. ჰbgth,jkf 

                                      0,012

2

2

2

 ba
b
y

a
x                 (22.6) 

ufynjkt,fc tojlt,f ჰbgth,jkbc rfyjybrehb ufynjkt,f. a  

lf b  hbw[dt,c tojlt,f ჰbgth,jkbc itcf,fvbcfl    yfvldbkb 

lf ofhvjcf[dbsb yf[tdfhqthძt,b;  0,1 cF   lf  0,2 cF          

othnbkt,c, cflfw 

22 bac   

tojlt,f ჰbgth,jkbc ajrect,b, [jkj 

a
c
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hbw[dc  ჰbgth,jkbc tmcwtynhbcbntnb (ჰbgth,jkbc              

ეmcwtynhbcbntnb 1 ). (22.6) ufynjkt,blfy                            

გfvjvlbyfhtj,c, hjv: 

12

2


a
x , 

cfblfyfw 

ax  , 

t.b. ჰbgth,jkf fh fhbc itvjcfpqdhekb abuehf (yf[. 22.3). 

ჰbgth,jkfc fmdc fcbvgnjnt,b, hjvtksf  ufynjkt,t,bf: 

x
a
byx

a
by  , . 

se ba , ჰbgth,jkfc tojlt,f njkathlf ჰbgth,jkf. 

 

                                                    
 
                                                      Y  

                                      x
a
by                   x

a
by   

                                                                 1r             yxM ,  
                                                       b    
                                                                       2r  
 
                             0,1 cF          a O    a      0,2 cF                        X  
 
                                                     b  
 

 
 
 
 
 

yf[. 22.3 
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stjhtvf 22.1-bc fyfkjubehfl vnrbwlt,f 

STJHTVF 22.4. ჰbgth,jkbc yt,bcvbthb othnbkblfy    

ajrect,fvlt vfyძbkt,bc c[dfj,bc vjlekb fhbc velvbdb           

cblblt lf elhbc a2 -c, t.b. (b[. yf[. 22.3) 

                                        aMFMF 221  .              (22.7) 

vfhst,ekbf it,heyt,ekb lt,ekt,fw, t.b. se             

cb,hnყbc hjvtkbvt M  othnbkbcfsdbc cheklt,f (22.7)       

njkj,f, vfiby M  othnbkb fhbc (22.6) ufynjkt,bs              

ufycfpqdhekb ჰbgth,jkbc othnbkb. 

fvhbufl, ჰbgth,jkf itbძkt,f ufybcfpqdhjc hjujhw 

cb,hnყbc ყdtkf bv othnbksf cbvhfdkt, hjvtksf                

vfyძbkt,bc c[dfj,bc vjlekb fv cb,hnყtib vlt,fht jh           

vjwtvek othnbkfvlt velvbdb cblbltf (tc velvbdb cblblt 

yfrkt,bf vjwtvek othnbkt,c ijhbc vfyძbkpt).  

MFr 11   lf MFr 22   hbw[dt,c tojlt,f ჰbgth,jkbc M  

othnbkbc ajrfkehb hflbect,b. tc hflbect,b ufvjbsdkt,f 

itvltub ajhvekt,bs: 

xar 1 ,     xar 2 . 

III. gfhf,jkf. 

                                          022  ppxy                              (22.8) 
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ufynjkt,fc tojlt,f gfhf,jkbc rfyjybrehb ufynjkt,f. 









2
,0 PF  othnbkc tojlt,f gfhf,jkbc ajrecb, [jkj 

2
px   

ohatc  gfhf,jkbc lbhtmnhbcf (yf[. 22.4). 
 
                                            Y  

             





 ypK ,

2
                          ),( yxM  

 
                      

                 
2
p

                    O                  





 0,

2
pF            X  

                       
                       
 

 

 yf[. 22.4  

STJHTVF 22.5. gfhf,jkbc yt,bcvbthb othnbkblfy         

ajrecfvlt vfyძbkb fv othnbkblfy lbhtmnhbcfvlt vfyძbkbc 

njkbf.  

L F V N R B W T , F. Dsmdfs,  yxM ,  gfhf,jkbc        

yt,bcvbthb othnbkbf (yf[. 22.4), vfiby 

  





  2

2
22

2

4
0

2
yppxxypxFM  

,
2224

2
4

22
2

2
2 pxpxpxppxxpxppxx 






 

 

[jkj 
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2222

2
2

2 pxpxpxyypxKM 





 






  , 

t.b.  

                                                 KMFM  ,                              (22.9) 

hbcb lfvnrbwt,fw udbyljlf.     
CFDFHჯBIJ 22.6. lffvnrbwts, hjv se cb,hnყbc          

hjvtkbvt M  othnbkbcfsdbc cheklt,f (22.9) njkj,f,     
vfiby M  othnbkb ofhvjflutyc (22.8) ufynjkt,bs               
ufycfpqdhekb gfhf,jkbc othnbkc. 

VFUFKBSB 3. lfd[fpjs 

01242  xy  

ufynjkt,bs ufycfpqdhekb obhb. 
F V J [ C Y F. vjdf[lbyjs vjwtvekb ufynjkt,bc   

ufhlfmvyf 

 340124 22  xyxy . 

fmtlfy itudbძkbf lfdfcrdyfs, hjv tc obhb ofhvjflutyc     
gfhf,jkfc, hjvtkbw vbbqt,f xy 42   gfhf,jkbcfufy 

 0,3r  gfhfktkehb uflfnfybs (yf[. 22.5).       
                                              
                                                   Y  
 
 
 
 

                                                   r  
            
                          3   O                                 X 

 
 
 
 
 

yf[. 22.5  
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fqdybiyjs gfhf,jkbc thsb vybidytkjdfyb jgnbrehb 

sdbct,f: gfhf,jkbc F  ajrecblfy ufvfdfkb cbyfskbc          

c[bdt,b gfhf,jkblfy cfhrekb fhtrdkbc itvltu gfhf,jkbc 

qthძbc gfhfktkeh c[bdsf rjyfc mvybfy (yf[. 22.6 f). 

 

 

  Y                                                       Y     
 
 
 
 
 
 
 O                    F                         X  O                 F                              X  
 

 

 

              f                      , 

yf[. 22.6. 

 

gfhf,jkbc fqybiyekb sdbct,f ufvjbყtyt,f ufyfst,bc 

c[dflfc[df cf[bc vjoყj,bkj,t,bc rjycnhebht,bcfc. ეს    

sdbct,f ufvjbყtyt,f fuhtsdt ntktcrjgt,cf lf fyntyt,ib, 

rthძjl, gfhf,jkeh fyntyt,ib, cflfw tktmnhjvfuybnehb  

tythubbc lfajrect,f [lt,f gfhf,jkbc ajrecib (yf[. 22.6 ,). 

fqdybiyjs gfhf,jkfcsfy lfrfdibht,ekb rbltd thsb 

cfbynthtcj afmnb: ჰjhbpjynfkehfl yfnყjhwyb c[tekbc 

nhftmnjhbf ofhvjflutyc gfhf,jkfc (yf[. 22.7). 
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                                                       tv0  
                                      O                                                X  

 
 
 
 

                                  
2

2gt                                         M  

 
                                      Y  

yf[. 22.7  

 

vfhskfw, fv nhftmnjhbbc yt,bcvbthb M  othnbkbc 

rjjhlbyfnt,bf tvx 0  lf 
2

2gty . se gbhdtkb ufynjkt,blfy 

yfgjdyb gfhfvtnhbc 
0v
xt  vybidytkj,fc itdbnfys vtjht          

ufynjkt,fib, vbdbqt,s cfძbt,tkb gfhf,jkbc ufynjkt,fc:    

 

2
2
02
x

v
gy . 

 

itdybiyjs, hjv vtjht hbubc obht,c eojlt,ty               

fuhtsdt rjyeceh rdtst,c, hfw ufygbhj,t,ekbf bvbs, hjv 

tc obht,b ofhvjflutyc ohbekb rjyecbc ufhrdtek rdtst,c 

(yf[. 22.8 f  tkbacb, 22.8 ,  ჰbgth,jkf, 22.8 u                   

gfhf,jkf). 
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       f)           ,)            u) 

 
yf[. 22.8 

 

 

2. vtjht hbubc ptlfgbht,b.  vtjht hbubc ptlfgbhbc            

pjuflb ufynjkt,ff: 

0222  NMzLyKxFxyExzDyzCzByAx , (22.10) 

cflfw 0222222  FEDCBA . 

bctdt, hjujhw vtjht hbubc obht,bc itvs[dtdfib,                   

itbძkt,f lfvnrbwltc, hjv ufycfresht,ekb itvs[dtdt,bc 

ufvjrkt,bs, vtjht hbubc ptlfgbhbc pjuflb ufynjkt,f 

wdkflsf ufhrdtekb ufhlfmvybs, hjvtkbw ltrfhnbc             

vfhsres[f rjjhlbyfnsf cbcntvbc itwdkbc njkafcbf,          

I – XI     cf[bc ths-ths ufynjkt,fpt lfbყdfyt,f: 
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I 
12

2

2

2

2

2


c
z

b
y

a
x  

tkbacjblb 

 

 

 

 

 

 

 

 

II 

 

 

 

12

2

2

2

2

2


c
z

b
y

a
x  

wfkrfksf 

ჰbgth,jkjblb 

 

 

 

 

 

 

 

 

 

 

 

III 

 

 

12

2

2

2

2

2


c
z

b
y

a
x

 

 

jhrfksf ჰbgth,jkjblb 
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IV 
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fvhbufl, fhct,j,c vtjht hbubc v[jkjl w[hf                

ptlfgbhb: tkbacjblb, wfkrfksf ჰbgth,jkjblb,  jhrfkfsf 

ჰbgth,jkjblb, rjyecb, tkbacehb gfhf,jkjblb,                        

ჰbgth,jkehb gfhf,jkjblb, tkbacehb wbkbylhb,                 

ჰbgth,jkehb wbkbylhb lf gfhf,jkehb wbkbylhb. 
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c f h x t d b 

itcfdfkb.    

  I sfdb. rjvgktmcehb hbw[dt,b lf vhfdfkotdht,b.    

1. rjvgktmcehb hbw[dbc wyt,f vjmvtlt,fyb rjvgktmceh  

რიცხვებზე.     

2. rjvgktmcehb hbw[dbc utjvtnhbekb ofhvjlutyf.                   

rjvgktmcehb hbw[dbc vjlekb lf fhuevtynb.   

3. rjvgktmcehb hbw[dbc nhbujyjvtnhbekb lf vfxdtyt,kbfyb 

ajhvf.    

4. rjvgktmcehb hbw[dt,bc ufvjყtyt,f wdkflb ltybc             

tktmnhjohtlt,bc uffyufhbit,t,ib.   

5. vhfdfkotdhbc lfikf vfvhfdkt,fl.   

  II  sfdb. vfnhbwsf fkut,hf lf ohabd fkut,hek ufynjkt,f-

sf cbcntvt,b   

6. vfnhbwbc wyt,f.  ohabdb jgthfwbt,b vfnhbwt,pt.   

7. vfnhbwsf yfvhfdkb.    

8. vtjht lf vtcfvt hbubc ltnthvbyfynt,b. ძbhbsflb sdbct,t,b. 

n - ehb hbubc ltnthvbyfynb.   

9. it,heyt,ekb vfnhbwf.    

10. ohabd fkut,hek ufynjkt,fsf cbcntvt,b. cbcntvbc fvj[cyf 

ufecbc vtsjlbs.    

11. ohabd fkut,hek ufynjkt,fsf cbcntvt,bc vfnhbwekb       

ajhvf. rhfvthbc ajhvekt,b.   

12. vfnhbwbc hfyub.  stjhtvf ,fpbcehb vbyjhbc itcf[t,.   
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13. rhjytrth–rfgtkbc stjhtvf.   

14. vfnhbwsf fkut,hbc pjubthsb ufvjყtyt,bc itcf[t,             

(tktmnhjohtlt,bc fyfkbpb).   

 III  sfdb. dtmnjht,b   

15. dtmnjhbc wyt,f. ohabdb jgthfwbt,b dtmnjht,pt.   

16. dtmnjhbc utuvbkb qth'pt. dtmnjhbc rjjhlbyfnt,b.   

17. dtmnjhsf vfhჯdtyf lf vfhw[tyf cfvtekb. rjjhlbyfnsf   

cbcntvbc jhbtynfwbf.   

18. dtmnjhsf crfkfhekb, dtmnjhekb lf ithtekb  yfvhfdkb.   

 IV  sfdb. fyfkbpehb utjvtnhbbc tktvtynt,b  

19. obhbc lf ptlfgbhbc ufynjkt,bc wyt,f. fkut,hekb obht,b 

lf ptlfgbht,b.   

20. ohabc lf cb,hnყbc ufynjkt,t,b.   

21. ძbhbsflb fvjwfyt,b ohatt,pt lf cb,hnყtt,pt.   

22. vtjht hbubc obht,b lf ptlfgbht,b.    

 

 

 

 

 

            

  

 
 
 

 


