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$1. logikuri operaciebis gansazRvra$1. logikuri operaciebis gansazRvra$1. logikuri operaciebis gansazRvra$1. logikuri operaciebis gansazRvra    

    

   yovel maTematikur TeoriaSi Seiswavleba sxvadasxva 
debulebebi, romlebic ukavSirdebian mocemuli Teoriis 
obieqtebs (mTel ricxvebs–ricxvTa TeoriaSi, wertilebsa 
da wrfeebs–geometriaSi da a. S.). mocemul TeoriaSi 
garkveuli msjelobebisa da logikis saSualebiT 
dgindeba debulebebis WeSmariteba an mcdaroba Teoriis 
obieqtebis mimarT. nebismieri maTematikuri Teoriis 
Sinagani buneba mdgomareobs am Teoriis gansazRvruli 
debulebis damtkicebaSi (e. i. WeSmaritebis dadgenaSi) an 
mis uaryofaSi (e. i. mcdarobis dadgenaSi). es imas niSnavs, 
rom yovel TeoriaSi gamoiyofa debulebaTa klasi, sadac 
yoveli debuleba aucileblad iqneba an WeSmariti, an 
mcdari. aseT debulebebs gamonaTqvamebi ewodebaT. garda 
gamonaTqvamebisa maTematikaSi ganixileba predikatebi, 
romelTa WeSmariteba damokidebulia erT an ramdenime 
cvladze da ganisazRvreba mxolod maSin, roca 
mocemulia am cvladebis konkretuli mniSvnelobebi. 
predikatebis aRsaniSnavad gamoiyeneba simboloebi:  

( ) ( ) ( )0 2 1,  , ,  , , , ,nx x y x x xB A P −⋯ ⋯ , 

sadac predikatebSi frCxilebSi aRniSnulia cvladebi, 
romlebzec damokidebulia mocemuli predikatebis 
mniSvnelobebi. erT cvladian predikats ewodeba 
erTadgiliani, or cvladians - oradgiliani da a.S. 
    maTematikuri Teoriis yoveli debuleba warmoadgens 
mocemuli Teoriis garkveuli debulebebis logikur 
Sedegs. e. i. yoveli debuleba warmoidgineba sxva 
debulebebze logikuri operaciebis saSualebiT. 
logikuri operaciebia: uaryofis operacia, diziunqcia, 
koniuqcia, implikacia, eqvivalenturoba, arsebobisa da 
zogadobis kvantorebTan dakavSirebuli operaciebi. 

    vTqvaT, A  da B  raime Teoriis ori debulebebaa da 
maTTvis ganvsazRvroT zemoT CamoTvlili ZiriTadi 
logikuri operaciebi.    
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            uaryofis  operaciauaryofis  operaciauaryofis  operaciauaryofis  operacia. A  debulebis uaryofa ewodeba 

iseT debulebas, romelic WeSmaritia, roca A  mcdaria 

da mcdaria, roca A  WeSmaritia.  

   A  debulebis uaryofa aRiniSneba A¬  simboloTi da 

ikiTxeba, rogorc “ara A ”.  

            diziunqciis  operaciadiziunqciis  operaciadiziunqciis  operaciadiziunqciis  operacia (logikuri jami). A  da B  
debulebebis diziunqcia ewodeba iseT debulebas, 
romelic WeSmaritia, roca WeSmaritia erTi mainc 

mocemuli A  da B  debulebebidan da mcdaria, roca A -c 

mcdaria da B -c.   

   A  da B  debulebebis diziunqcia Caiwereba A B∨  
saxiT. ,,∨ ” logikuri kavSiris saxelwodebaa ,,an”.  
            koniuqciis   operaciakoniuqciis   operaciakoniuqciis   operaciakoniuqciis   operacia (logikuri namravli). A  da B  
debulebebis koniuqcia ewodeba iseT debulebas, romelic 

WeSmaritia, roca WeSmaritia orive A  da B  debulebeba 

da mcdaria, roca A  da B  debulebebidan erTi mainc 
mcdaria.       

   A  da B  debulebebis koniuqciis  CawerisaTvis 

sargebloben A B∧  formas. ,,∧ ” logikuri kavSiris 
saxelwodebaa ,,da”, amitom mas xSirad SevcvliT ,,&” 
simboloTi. 

            imlikaciis  operaciaimlikaciis  operaciaimlikaciis  operaciaimlikaciis  operacia (gamomdinareoba). implikacia A  

debulebidan  B  debulebaSi ewodeba iseT debulebas, 

romelic mcdaria maSin da mxolod maSin, roca A  

WeSmaritia da B  mcdari.   

   miRebulia, rom A -dan  B -Si  implikacia Caiweros 

A B⇒  saxiT. 

            eqvivalenturoba.eqvivalenturoba.eqvivalenturoba.eqvivalenturoba. ori A  da B  debulebis 
eqvivalenturoba ewodeba iseT debulebas, romelic 

WeSmaritia maSin da mxolod maSin, roca A  da B  
debulebebidan orive WeSmaritia an orive mcdaria.     

   A  da B  debulebebis eqvivalenturobis aRsaniSnavad 

sargebloben A B⇔  simboloTi. 
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            arsebobis  kvantorTanarsebobis  kvantorTanarsebobis  kvantorTanarsebobis  kvantorTan  dakavSirebuli operacia. 

yovel erTadgilian ( )P x  predikats Seesabameba 

gamonaTqvami, romelic aRiniSneba ( )xP x∃  simboloTi, 

romelic WeSmaritia, roca ( )P x -is WeSmaritebis are 

aracarielia da mcdaria winaaRmdeg SemTxvevaSi.  

   ,,∃ ” simbolos  ewodeba arsebobis kvantori. 
            zogadobzogadobzogadobzogadobis  kvantorTanis  kvantorTanis  kvantorTanis  kvantorTan dakavSirebuli operacia.  

yovel erTadgilian ( )P x  predikats Seesabameba 

gamonaTqvami, romelic aRiniSneba ( )xP x∀  simboloTi, 

romelic WeSmaritia, roca ( )P x  WeSmaritia cvladis  

nebismieri mniSvnelobisaTvis da mcdaria winaaRmdeg 
SemTxvevaSi.  

   ,,∀ ” simbolos  ewodeba zogadobis kvantori. 
   moviyvanoT de morganis kanonebis saxelwodebiT 
cnobili eqvivalenturobebi.  

   Tu 0 1 1, , nA A A −⋯  raime Teoriis nebismieri debulebebia, 

maSin: 

( )
( )

0 1 1 0 1 1

0 1 1 0 1 1

.

.

n n

n n

A A A A A A

A A A A A A

− −

− −

¬ ∧ ∧ ∧ ⇔ ¬ ∨¬ ∨ ∨¬

¬ ∨ ∨ ∨ ⇔ ¬ ∧¬ ∧ ∧¬

⋯ ⋯

⋯ ⋯
 

  zemoT moyvanili logikuri operaciebi gamoiyeneba 
maTematikuri winadadebebis CawerisaTvis. logikur 
CanawerebSi mkacrad unda iyos daculi logikuri 
operaciebis Tanmimdevroba. logikuri operaciebis 
Tanmimdevrobis Secvla iwvevs erTmaneTisagan 
gansxvavebuli winadadebebis miRebas.  amis 
sailustraciod ganvixiloT raime intervalze erTi 
cvladis funqciis uwyvetobisa da Tanabrad uwyvetobis 
cnebebi, romlebic TavianTi arsiT erTmaneTisagan 
sruliad gansxvavebulni arian. maT logikur CanawerebSi 
ki mxolod logikuri operaciebis Tanmimdevrobaa 

gansxvavebuli. raime I intervalSi ( )y f x=  funqciis 
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uwyvetoba da Tanabrad uwyvetoba logikuri operaciebiT 
Sesabamisad Caiwereba Semdegi saxiT:   

( ) ( ) ( ) ( ) ( ) ( )( ) ( ),   ;t x x t f x f t t Iε δ δ ε∀ ∀ ∃ ∀ − < ⇒ − < ∈

( )( ) ( ) ( ) ( ) ( )( ) ( ),   .t x x t f x f t t Iε δ δ ε∀ ∃ ∀ ∀ − < ⇒ − < ∈     

   maTematikuri logika ganixileba, rogorc 
universaluri ena mTeli maTematikisaTvis. Cven ar 
SevudgebiT ufro dawvrilebiT gadmovceT maTematikuri 
logikis Rrma da Sinaarsobrivi masala. amisaTvis 
arsebobs bevri saintereso literatura da 
dainteresebul mkiTxvels SeuZlia ixilos da gaiazros 
maTematikuri azrovnebis es udidesi monapovari.  

 
    
    

$2. simravleebi. moqmedebani simravleebze. $2. simravleebi. moqmedebani simravleebze. $2. simravleebi. moqmedebani simravleebze. $2. simravleebi. moqmedebani simravleebze. 
simravleTa klasebisimravleTa klasebisimravleTa klasebisimravleTa klasebi    

    
   simravle warmoadgens Tanamedrove maTematikis yvela 
mimarTulebisaTvis erT-erT yvelaze saerTo da ZiriTad 
maTematikur obieqts. maTematikaSi simravlis cneba 
pirvelad Semotanili iqna simravleTa Teoriis 
fuZemdeblis germaneli maTematikosis georg kantoris    
(1845-1918) mier. kantoriseuli gansazRvrebiT termini 
“simravle” gamoiyeneba sxvadasxva, Cveni warmosaxvisaTvis 
misawvdomi sagnebis erTobliobis gamomxatvelad, 
romlebic gaerTianebulni arian erT mTelSi. sagnebs, 
romlebiTac Sedgenilia simravle, ewodebaT mocemuli 
simravlis elementebi. SevniSnoT, rom simravlis 
kantoriseuli gansazRvra ar Seicavs raime SezRudvas 
rogorc simravlis elementebis bunebis, aseve simravleSi 
Semavali elementebis raodenobis Sesaxeb. simravlis 
mocema SesaZlebelia nebismieri meTodiT, mxolod 
sakmarisia yoveli simravlisaTvis da yoveli 
obieqtisaTvis principSi SesaZlebeli iyos imis dadgena, 
rom mocemuli obieqti ekuTvnis Tu ara mocemul 
simravles.  
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   simravlis zemoT mocemuli aRwera ar SeiZleba 
CaiTvalos simravlis mkacr maTematikur gansazRvrebad, 
radgan yoveli maTematikuri cneba ganisazRvreba sxva  
ukve cnobili cnebebis saSualebiT. simravle  aris  
zogadi, romelic ar SeiZleba ganisazRvros sxva 
cnebebze dayrdnobiT, anu simravle maTematikis sawyisi 
cnebaa da is SeiZleba daxasiaTdes, rogorc raime saerTo 
niSniT gaerTianebuli saganTa erToblioba. amave dros 
SevniSnoT, rom garkveuli erToblioba, anu simravle, 
SeiZleba ganvixiloT, rogorc axali simravlis obieqti. 
simravlis arsis gageba SesaZlebelia mxolod 
simravleebze magaliTebis ganxilviT. simravlis 
magaliTebia: saqarTveloSi mcxovrebi adamianTa 
simravle, mocemuli wignis winadadebaTa simravle, 
sibrtyeze samkuTxedebis simravle, caSi varskvlavebis 
simravle da sxva.  
   Cveni mizani ar aris dawvrilebiT gadmovceT 
simravleTa Teoriis bevr sakiTxSi bolomde wvdoma. 
wignSi gadmocemuli iqneba simravleTa Teoriis mxolod 
is nawili, romelic arsebiT rols TamaSobs 
maTematikuri analizis zogierTi Zireuli sakiTxis 
kvlevaSi. 
   tradiciulad miRebulia (magram ar aris 
savaldebulo), rom simravleebi aRiniSnos laTinuri 

anbanis didi asoebiT: , , , , ,A B C D⋯  xolo misi 

elementebi patara laTinuri asoebiT: , , , , .a b c d ⋯   

   Tu raime a  obieqti aris romeliRac A  simravlis 

elementi, maSin es faqti Caiwereba a A∈  saxiT da 

ikiTxeba, rogorc ,, a  ekuTvnis A -s”, xolo Tu a  ar 

warmoadgens A -s elements, maSin weren a A∉  da 

ikiTxeba, rogorc ,, a  ar ekuTvnis A -s”.  
   simravle, romlis elementebia , , ,a b c⋯ aRiniSneba 

{ }, , ,a b c⋯  saxiT, xolo yvela im x  elementTa simravle, 

romlebic floben raime P  Tvisebas, aRiniSneba 

Semdegnairad:  { }:x P .  magaliTad, yvela im naturalur 
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n  ricxvTa simravle, romlebic akmayofileben 5 30n ≤  

utolobas, Caiwereba Semdegi saxiT: { }: ,5 30n n N n∈ ≤ , 

sadac N -iT AaRniSnulia yvela naturalur ricxvTa 

simravle. e.i. { }0,1, 2,N = ⋯ . SevniSnoT, rom magaliTSi 

moyvanili simravle SesaZlebelia Caiweros 

{ }0,1,2,3,4,5,6  formiTac. pirvel SemTxvevaSi simravle 

mocemulia daxasiaTebis xerxiT, xolo meore SemTxvevaSi 
ki elementebis CamoTvlis xerxiT.  
   simravles, romelic ar Seicavs arc erT elements, 

carieli simravle ewodeba da aRiniSneba ∅ simboloTi. 
magaliTad, yvela im naturalur ricxvTa simravle, 
romlebic naklebia -1-ze carieli simravlea. e. i.  

{ }: , 1n n N n∈ < − = ∅ . 

   Tu A  simravlis yoveli elementi aris B  simravlis 

elementic, maSin A  simravles ewodeba B  simravlis 

qvesimravle da Caiwereba A B⊂  saxiT. cxadia, rom 
marTebulia Semdegi Tanafardoba: 

( ) .a A a B A B∀ ∈ ⇒ ∈ ⇔ ⊂  

   Canaweri A B⊂  ikiTxeba, rogorc ,, A  CarTulia B -

Si”, an ,, A  ekuTvnis B -s”.  

   Tu A  simravle ar aris B  simravlis qvesimravle, 

maSin weren: A B⊄ . es imas niSnavs, rom A  simravleSi 

arsebobs erTi mainc elementi a , romelic B  simravles 
ar ekuTvnis. e. i. 

A B⊄ ⇔ ( a A∃ ∈  WeSmaritia a B∉ ). 
   magaliTad, Tu A -Ti avRniSnavT sibrtyeze yvela 

tolferda samkuTxedebis simravles, xolo B -Ti imave 
sibrtyeze yvela samkuTxedebis simravles, maSin cxadia 

rom adgili aqvs CarTvas: A B⊂ . SevniSnoT, rom am 

magaliTisaTvis B A⊂  damokidebuleba ar aris 

WeSmariti. e. i. B A⊄ . 
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   simravlis qvesimravlis gansazRvrebidan uSualod 
gamomdinareobs Semdegi ori debuleba: 
   yoveli simravle Tavisi Tavis qvesimravlea. e.i. 

A∀  WeSmaritia A A⊂ ; 
   carieli simravle nebismieri simravlis qvesimravlea.  
e. i. 

A∀  WeSmaritia A∅ ⊂ . 
   zemoT moyvanili ori debulebidan pirveli 
trivialuria simravlis qvesimravlis gansazRvrebis 
Tanaxmad.  
   meore debulebis dasamtkiceblad davuSvaT 

sawinaaRmdego. e. i. nebismieri A  simravlisaTvis A∅ ⊄ . 
es imas niSnavs, rom cariel simravleSi unda arsebobdes 

iseTi elementi, romelic ar ekuTvnis A  simravles. 
magram bolo winadadeba mcdaria, vinaidan carieli 
simravle ar Seicavs arc erT elements. 

   Tu A  simravle B  simravlis qvesimravlea, xolo B -

Si arsebobs erTi elementi mainc, romelic A -s ar 

ekuTvnis, maSin A -s ewodeba B -s sakuTrivi qvesimravle. 

   Tu A B⊂  da B A⊂ , maSin A  da B  simravleebs 

toli simravleebi ewodebaT da weren .A B=  

   magaliTad, Tu { }0,1,2,3A =  da { }: , 4B n n N n= ∈ < , 

sadac, iseve rogorc zemoT, N  aRniSnavs yvela 

naturalur ricxvTa simravles, maSin .A B=  
   axla ganvsazRvroT simravleebisaTvis ZiriTadi 
simravlur-Teoriuli operaciebi. 
   vTqvaT, mocemulia simravleTa sasruli raodenoba 

0 1 2 1, , , , nA A A A −⋯  ( n N∈ ). 

   mocemul 0 1 2 1, , , , nA A A A −⋯  simravleTa gaerTianeba 

ewodeba yvela im elementebis simravles, romelic 
ekuTvnis erT-erTs mainc mocemuli simravleebidan da 
aRiniSneba Semdegi saxiT: 

0 1 2 1nA A A A −∪ ∪ ∪ ∪⋯   an  
1

0
k

n

k
A

−

=
∪ . 
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   mocemul 0 1 2 1, , , , nA A A A −⋯  simravleTa TanakveTa 

ewodeba yvela im elementebis simravles, romelic 
erTdroulad ekuTvnis yvela mocemul simravles da 
aRiniSneba Semdegi saxiT: 

0 1 2 1nA A A A −∩ ∩ ∩ ∩⋯   an  
1

0
k

n

k
A

−

=
∩ . 

   advilia Cveneba, rom nebismieri ,  A B  da C  

simravleebisaTvis marTebulia damokidebulebebi: 

)1 ,   A B B A A B B A∪ = ∪ ∩ = ∩  (komutatiuroba); 

) ( ) ( ) ( ) ( )2 ,    A B C A B C A B C A B C∪ ∪ = ∪ ∪ ∩ ∩ = ∩ ∩      

  (asociaciuroba); 

) ( ) ( ) ( )3 A B C A B A C∩ ∪ = ∩ ∪ ∩  (distribuciuloba). 

   zustad analogiurad ganisazRvreba simravleTa 
gaerTianebisa da TanakveTis operaciebi im SemTxveve-
bisaTvis, roca mocemul simravleTa raodenoba 
usasruloa. aseT situaciaSi visargeblebT Semdegi 

CanawerebiT:  k
k
A∪ , k

k
A∩ .    

   vTqvaT, mocemulia ori A  da B  simravle.  

   Tu A B∩ =∅ , maSin A  da B  simravleebs TanaukveTi 
simravleebi ewodebaT. 

   mocemuli A  da B  simravleebis sxvaoba ewodeba iseT 

simravles, romelic Seicavs A  simravlis yvela im 

elementebs, romelic B  simravleSi ar Sedis da 

Caiwereba A \ B  saxiT.  
   Tu yvela is simravle, romlebic figurirebs raime 

amocanaSi, CarTulia romeliRac U  simravleSi, maSin U -

s universaluri simravle ewodeba. Tu A U⊂ , maSin 

\U A  sxvaobas ewodeba A  simravlis damateba (U  

universaluri simravlis mimarT) da aRvniSnavT A′  
simboloTi. 
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   simravlis damatebis gansazRvrebidan uSualod 

gamomdinareobs, rom nebismieri A  simravlisaTvis 

( ) .A A′′ = .    

   A  da B  simravleebis simetriuli sxvaoba, romelic 

Caiwereba A B△  saxiT, ganisazRvreba Semdegi 
damokidebulebiT: 

( ) ( )\ \A B A B B A= ∪△ . 

   simetriuli sxvaobis gansazRvrebidan uSualod 
gamomdinareobs, rom: 

a)  ;A A = ∅△  

b)  .A A∅ =△  
  simravleebze sxvadasxva moqmedebebis grafikul 
gamosaxvas sibrtyeze eiler-venis diagramebi ewodeba. 

qvemoT moyvanilia ori A  da B  simravlis SemTxvevaSi 
zemoT gansazRvruli moqmedebebis (gaerTianebis, 
TanakveTis, sxvaobis, simetriuli sxvaobis) gamosaxva 
eiler-venis diagramebis saSualebiT  (Sesabamisi 
moqmedebis Sedegad miRebuli simravleebi gamuqebulia). 
 

 
    
  
 
 
 
 
 
    
 
 
 
 
 

   A  da B  simravleebis pirdapiri namravli anu 

dekartuli namravli ewodeba yvela ( ),a b  dalagebul 
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wyvilTa simravles, sadac a A∈  da b B∈  da Caiwereba 

A B×  saxiT. e. i. gvaqvs 

( ) ( ) ( ){ , : }.A B a b a A b B× = ∈ ∧ ∈  

   magaliTad, Tu { }1,2A =  da { }2,3B = , maSin      

( ) ( ) ( ) ( ){ }1,2 , 1,3 , 2,2 , 2,3 ,A B× =  

xolo  

( ) ( ) ( ) ( ){ }2,1 , 2,2 , 3,1 , 3,2 .B A× =  

   am magaliTidan Cans, rom dekartuli namravli 

sazogadod ar aris komutatiuri. A B B A× = ×  toloba 

WeSmaritia maSin, roca .A B=   
   ori simravlis dekartuli namravlis umartives 
magaliTs warmoadgens sakoordinato sibrtye, romelic 
SeiZleba ganvixiloT, rogorc koordinatTa RerZebis 

dekartuli namravli.  aqedan gamomdinare  A B×  

namravls xSirad uwodeben marTkuTxeds, xolo A  da B  
simravleebs ki am marTkuTxedis gverdebs. 

   Tu mocemulia simravleTa sasruli 0 1 2 1, , , nA A A A −⋯  

ojaxi, maSin am simravleTa dekartuli namravli aris 

yvela ( )0 1 2 1, , , na a a a −⋯  saxis simravle, sadac k ka A∈  

( )0,1,2,3, 1k n= −⋯ . 

   Tu  0 1 2 1, , , nA A A A −⋯   simravleebi  emTxvevian  

erTmaneTs, e. i. yoveli 0,1, 2,3, , 1k n= −⋯  indeqsisaTvis 

kA A= , maSin mocemuli simravleebis dekartuli 

namravli  aRiniSneba 
nA  simboloTi. 

    simravleTa dekartul namravls nebismieri 

0 1 0 1,  ,  ,  ,  ,  A A A B B B  simravleebisaTvis gaaCnia Semdegi 

Tvisebebi: 
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( ) ( ) ( ) ( ) ( )
( )

0 1 0 1 0 0 0 1 1 0

1 1 ;

1 .

    

A A B B A B A B A B

A B

′ ∪ × ∪ = × ∪ × ∪ × ∪

∪ ×

( ) ( ) ( ) ( )0 1 0 1 0 0 1 12 . ;A A B B A B A B′ ∩ × ∩ = × ∩ ×  

( ) ( ) ( )0 1 0 13 . \ \ ;A A B A B A B′ × = × ×  

( ) ( ){ } [ ]0 0 1 1 0 1 0 14 . ;A B A B A A B B′ × = × ⇒ = ∧ =

( ) [ ]5 . .A B A B′ × =∅ ⇔ =∅∨ =∅  

   magaliTi 1.magaliTi 1.magaliTi 1.magaliTi 1. vaCvenoT, rom nebismieri A , B  da C  
simravleebisaTvis adgili aqvs tolobas 

( ) ( ) ( ).A B C A B A C∩ = ∩ ∩△ △  

   marTlac, vTqvaT, ( )x A B C∈ ∩ △ . es imas niSnavs, rom 

x A x B C∈ ∧ ∈ △ . radgan ( ) ( )\ \B C B C C B= ∪△ , amitom 

\ \ .x B C x C B∈ ∨ ∈  vTqvaT, \x B C∈ . ori simravlis 
sxvaobis gansazRvrebidan gamomdinareobs, rom 

.x B x C∈ ∧ ∉  sabolood  am SemTxvevisaTvis gvaqvs:  

, .x A x B x C∈ ∈ ∧ ∉  

aqedan ki gamomdinareobs, rom x A B x A C∈ ∩ ∧ ∉ ∩ . e. i. 

( ) ( )\x A B A C∈ ∩ ∩  da maSasadame, ( ) ( )x A B A C∈ ∩ ∩△ . 

rac niSnavs, rom 

                  ( ) ( ) ( ).A B C A B A C∩ ⊂ ∩ ∩△ △  

im SemTxvevaSi, roca \x C B∈  msjeloba Catardeba 
zustad analogiurad. 
   axla vTqvaT,   

( ) ( ) ( ) ( )( ) ( ) ( )( )\ \ .x A B A C A B A C A C A B∈ ∩ ∩ = ∩ ∩ ∪ ∩ ∩△

  ganvixiloT SemTxveva, roca ( ) ( )\x A B A C∈ ∩ ∩ . ori 

simravlis sxvaobis gansazRvrebidan gamomdinareobs, rom 

.x A B x A C∈ ∩ ∧ ∉ ∩  aqedan ki miviRebT, rom 
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, .x A x B x C∈ ∈ ∧ ∉  radgan x B x C∈ ∧ ∉  amitom \ .x B C∈  

e. i. sabolood, ( )x A B C∈ ∩ △ . es ki niSnavs, rom  

( ) ( ) ( ).A B A C A B C∩ ∩ ⊂ ∩△ △  

im SemTxvevaSi, roca ( ) ( )\x A C A B∈ ∩ ∩ , msjeloba 

Catardeba analogiurad.  
   SevniSnoT, 

rom ( ) ( )( ) ( ) ( )( )\ \A B A C A C A B∩ ∩ ∩ ∩ da   

simravleebi TanaukveTi simravleebia, amitom im 
SemTxvevis ganxilva, roca x  elementi ekuTvnis orive am 
simravleebs erTdroulad ar aris saWiro.  
   ori simravlis tolobis gansazRvrebidan 
gamomdinareobs dasamtkicebeli toloba. 
   simravleTa TeoriaSi da mis gamoyenebebSi 
mniSvnelovan rols TamaSobs e. w. oradulobis principi, 
romelic dafuZnebulia Semdeg or Tanafardobaze: 

( ),            1k k
k k
A A

′  ′= 
 
∪ ∩  

( ),           2k k
k k
A A

′  ′= 
 
∩ ∪  

sadac { }:
k
A k N∈  simravleTa nebismieri mimdevrobaa. 

    oradulobis principis arsi mdgomareobs SemdegSi:   
   Tu simravleebs Soris raime WeSmariti Tu simravleebs Soris raime WeSmariti Tu simravleebs Soris raime WeSmariti Tu simravleebs Soris raime WeSmariti 
damokidebuleba warmodgenilia tolobis an CarTvis damokidebuleba warmodgenilia tolobis an CarTvis damokidebuleba warmodgenilia tolobis an CarTvis damokidebuleba warmodgenilia tolobis an CarTvis 
saxiT da gamosaxulia gaerTianebebis, TanakveTebis an saxiT da gamosaxulia gaerTianebebis, TanakveTebis an saxiT da gamosaxulia gaerTianebebis, TanakveTebis an saxiT da gamosaxulia gaerTianebebis, TanakveTebis an 
damatebebis terminebSi, maSin WeSmariti iqneba imave tdamatebebis terminebSi, maSin WeSmariti iqneba imave tdamatebebis terminebSi, maSin WeSmariti iqneba imave tdamatebebis terminebSi, maSin WeSmariti iqneba imave tipis ipis ipis ipis 
damokidebuleba, romelic miiReba gamosavali damokidebuleba, romelic miiReba gamosavali damokidebuleba, romelic miiReba gamosavali damokidebuleba, romelic miiReba gamosavali 
damokidebulebidan, Tu masSidamokidebulebidan, Tu masSidamokidebulebidan, Tu masSidamokidebulebidan, Tu masSi    

, , ,∪ ∩ ⊂ ⊃     

simboloebs Sesabamisad SevcvliTsimboloebs Sesabamisad SevcvliTsimboloebs Sesabamisad SevcvliTsimboloebs Sesabamisad SevcvliT    
, , ,∩ ∪ ⊃ ⊂     

simboloebiT, xolo yovel simravles ki SevcvliT maTi simboloebiT, xolo yovel simravles ki SevcvliT maTi simboloebiT, xolo yovel simravles ki SevcvliT maTi simboloebiT, xolo yovel simravles ki SevcvliT maTi 
damatebebiT.damatebebiT.damatebebiT.damatebebiT.    
   moviyvanoT (1) tolobis damtkiceba.  
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   vTqvaT, k
k

x A
′ ∈ 

 
∪ .  es niSnavs, rom k

k
x A∉∪ , amitom 

x  ar ekuTvnis arc erT k
A  da Sesabamisad, x  ekuTvnis 

yovel 
k
A ′ simravles. e. i. k

k
x A ′∈∩ . miviReT,  

. 
k k

k k
A A

′  ′⊂ 
 
∪ ∩  

   axla vTqvaT, k
k

x A ′∈∩ . es niSnavs, rom x  ekuTvnis 

yovel 
k
A ′ da rac igivea, x  ar ukuTvnis arc erT k

A  

simravles da Sesabamisad, k
k

x A∉∪ . e. i. k
k

x A
′ ∈ 

 
∪ . e. i.  

. 
k k

k k
A A

′ ′ ⊂  
 

∩ ∪  

amiT (1) toloba damtkicebulia. 
   analogiurad damtkicdeba (2) tolobac. 

            magaliTi 2.magaliTi 2.magaliTi 2.magaliTi 2.  vTqvaT, ,   A U B U⊂ ⊂ , sadac U  

fiqsirebuli universaluri simravlea. vipovoT iseTi 

X U⊂  simravle, romelic akmayofilebs  

( ) ( )X A X A B′ ′′∪ ∪ ∪ =  

gantolebas. 
   cxadia, rom adgili aqvs tolobebs 

( ) ( ) ( ) ( )( )X A X A X A X A

′ ′′ ′ ′ ′′ ′∪ ∪ ∪ = ∪ ∪ ∪ = 
 
 

 

= ( ) ( )( )X A X A B′′∪ ∩ ∪ = . 

aqedan gamomdinareobs, rom  

( ) ( )( ) .X A X A B′ ′∪ ∩ ∪ =  
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radgan 

( ) ( )( ) ( )( ) ( )( )
( ) ( ) ( )( ) .

X A X A X X A A X A

X X A A X X X A A X X X B

′ ′ ′∪ ∩ ∪ = ∩ ∪ ∪ ∩ ∪ =

′ ′ ′= ∪ ∩ ∪ ∩ = ∪ ∩ ∪ = ∪ = =
 

e. i. .X B′=  
   axla vTqvaT, mocemulia simravleTa nebismieri 

0 1 2, , ,A A A ⋯  mimdevroba. 

   mocemul 0 1 2, , ,A A A ⋯  simravleTa mimdevrobas ewodeba 

zrdadi (CarTvis TvalsazrisiT), Tu  

( )1n nn N A A +∀ ∈ ⇒ ⊂ , 

xolo ewodeba klebadi (CarTvis TvalsazrisiT), Tu 

 ( )1n nn N A A +∀ ∈ ⇒ ⊃ . 

   Tu simravleTa mimdevroba  zrdadia an klebadi, maSin 
mas monotonuri mimdevroba ewodeba. 

   mocemul 0 1 2, , ,A A A ⋯ simravleTa mimdevrobis zeda 

zRvari (aRiniSneba lim nA  simboloTi) ewodeba simravles, 

gansazRvruls Semdegi tolobiT: 

,lim n m
n N m n

AA
∈ ≥

= ∩ ∪  

e. i.  

( ) ( ) ( )0 1 1 2 2 3lim nA A A A A A A= ∪ ∪ ∩ ∪ ∪ ∩ ∪ ∪ ∩⋯ ⋯ ⋯ ⋯ . 

   mocemul 0 1 2, , ,A A A ⋯  simravleTa mimdevrobis qveda 

zRvari (aRiniSneba lim nA  simboloTi) ewodeba simravles, 

gansazRvruls Semdegi tolobiT: 

lim n m
n N m n

AA
∈ ≥

= ∪ ∩ , 

e. i.  

( ) ( ) ( )0 1 1 2 2 3lim nA A A A A A A= ∩ ∩ ∪ ∩ ∩ ∪ ∩ ∩ ∪⋯ ⋯ ⋯ ⋯ . 

   simravleTa mimdevrobebis zeda da qveda zRvrebis 
gansazRvrebebidan uSualod gamomdinareobs, rom 

lim lim .n nA A⊂  
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   Tu  mocemul 0 1 2, , ,A A A ⋯  simravleTa mimdevroba 

iseTia, rom lim limn nA A= , maSin  lim nA  ( lim nA ) ewodeba 

mocemuli mimdevrobis zRvari da aRiniSneba lim nA  

simboloTi.  
   simravleTa mimdevrobis zeda da qveda zRvrebis 
gansazRvrebebidan uSualod gamomdinareobs, rom Tu 
simravleTa mimdevroba monotonuria, maSin mas gaaCnia 

zRvari da misi mniSvneloba toli iqneba n
n
A∪ -is an     

n
n

A∩ -is, imis mixedviT zrdadia Tu klebadi mocemuli 

mimdevroba.  
   magaliTi 3.magaliTi 3.magaliTi 3.magaliTi 3. vTqvaT, mocemulia simravleTa mimdevroba 

1
0, ,  =1,2,3,n

n
A n

n

− =   
⋯ . radgan 1 2 3, , ,A A A ⋯ mimdevroba  

zrdadia, amitom [ )
1

1
0, 0,1lim n

n

n

n
A

∞

=

−
=

 =   
∪ . 

   magaliTi 4.magaliTi 4.magaliTi 4.magaliTi 4. vTqvaT, mocemulia simravleTa mimdevroba 

1
0, ,  =1,2,3,n

n
A n

n

+ =   
⋯ . radgan 1 2 3, , ,A A A ⋯ mimdevroba  

klebadia, amitom gveqneba [ ]
1

1
0,lim 0,1n

n

n

n
A

=

∞ + = =  
∩ . 

   rogorc am paragrafis dasawyisSive aRvniSneT yoveli 
simravle SesaZlebelia Tavad iyos sxva simravlis 
elementi. es garemoeba saSualebas gvaZlevs ganvixiloT 
simravleebi, romelTa elementebic iqnebian simravleebi. 
simravleTa simravleebs ewodebaT simravleTa klasebi an 

simravleTa ojaxebi. magaliTad, Tu R  aris ricxviTi 
RerZi, maSin yvela intervalTa erToblioba warmoqmnis 

simravleTa klasebs R -Si.  
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   mocemuli A  simravlis yvela qvesimravleTa ojaxs 

ewodeba A  simravlis buleani da aRiniSneba ( )P A  an 

2A
 simboloebiT. 

   simravleTa { }:A i Ii ∈  ojaxs ewodeba diziunqtiuri, Tu 

Sesrulebulia piroba 

( )( )( )i ji j i I j I i j A A∀ ∀ ∈ ∧ ∈ ∧ ≠ ⇒ = ∅∩ . 

      vityviT, rom  A  simravle dafarulia simravleTa  

0 1 2, , ,A A A ⋯  ojaxiT, Tu 

n
n
AA⊂ ∪ , 

xolo Tu mocemuli simravleTa 0 1 2, , ,A A A ⋯  ojaxi 

dizunqtiuria da Sesrulebulia toloba n
n
AA = ∪ , maSin 

simravleTa 0 1 2, , ,A A A ⋯  ojaxi warmoadgens  mocemuli A  

simravlis daSlas.  

   vityviT, rom ( ):a i Ii ∈  elementTa ojaxi aris 

diziunqtiuri { }:A i Ii ∈  simravleTa ojaxis seleqtori, 

Tu 

( ) ( ).i i I a Ai i∀ ∈ ⇒ ∈  

   simravleTa klasebis magaliTebs warmoadgenen raime 
universalur simravleze gansazRvruli  ideali da 
filtri, romlebic uaRresad did rols TamaSoben 
maTematikuri analizis mTel rig mniSvnelovani 
sakiTxebis SeswavlaSi.  

   vTqvaT, U Euniversaluri simravlea. U E simravlis 

qvesimravleTa Ι  klass ewodeba ideali U -ze, Tu am 

klasisaTvis Sesrulebulia Semdegi pirobebi: 

1) Ι∅∈ ; 

2) ;U Ι∉  
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3) ( )( )( ) ;A B A B A BΙ Ι Ι∀ ∀ ∈ ∧ ∈ ⇒ ∪ ∈  

4) ( )( )( )A B A B A BΙ Ι∀ ∀ ∈ ∧ ⊂ ⇒ ∈ . 

   idealis cnebis oraduli gansazRvrebaa filtris 

cneba. kerZod, U E simravlis qvesimravleTa Φ  klass 

ewodeba filtri U E-ze, Tu am klasisaTvis 

Sesrulebulia Semdegi pirobebi: 

1) Φ∅∉ ; 

2) ;U Φ∈  

3) ( )( )( ) ;A B A B A BΦ Φ Φ∀ ∀ ∈ ∧ ∈ ⇒ ∩ ∈  

4) ( )( )( )A B A A B BΦ Φ∀ ∀ ∈ ∧ ⊂ ⇒ ∈ . 

 

    
    

$3. simravleTa Teoriis aqsiomebi$3. simravleTa Teoriis aqsiomebi$3. simravleTa Teoriis aqsiomebi$3. simravleTa Teoriis aqsiomebi    
    

   rogorc ukve aRvniSneT, maTematikuri logika da 
simravleTa Teoria aris mTeli Tanamedrove maTematikis 
myari logikuri safuZveli da es garemoeba ganapirobebs 
am disciplinis uaRresad did mniSvnelobas. garda amisa, 
simravlur-Teoriul meTodebs aqvs mravali gamoyeneba 
rogorc maTematikis wminda Teoriul dargebSi (algebra, 
geometria, topologia, maTematikuri da funqcionaluri 
analizi da sxv.), iseve maTematikis gamoyenebiT dargebSi 
(grafTa Teoria, kombinatorika, albaTobis Teoria da 
sxv.). simravleTa Teoria amJamad ganixileba maTematikur 
logikasTan mWidro kavSirSi, misi aqsiomatikis kvleva da 
analizi uSualo TanaxebaSia filosofiis iseT 
fundamentur sakiTxebTan, rogoricaa potencialuri da 
aqtualuri usasrulobebis arsi, kavSiri diskretulsa da 
uwyvet struqturebs Soris, logikuri paradoqsebis 
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axsna-ganmartebebi, obieqtis arsebobis kriteriumebi, 
kavSiri aqsiomatur Teoriebsa da maT modelebs Soris da 
a.S.    
    mecnierebis ganviTarebis sawyis etapze ZiriTadi 
cnebebi da debulebebi, kerZod, aqsiomebi, bunebis 
sagnebsa da movlenebze uSualo dakvirvebiT miiRebian. 
mecnierebis ganviTarebis Semdgom safexurze Teoriuli 
kvleviT miRebul Sedegebze dayrdnobiT SesaZlebeli 
xdeba aqsiomaTa nusxis dazusteba, rac  warmoadgens 
gamosaval wertils mecnieruli kvlevis 
gafarToebisaTvis.  
   simravleTa Teoria warmoadgens universalur 
fundaments mTeli maTematikisaTvis. yoveli maTematikuri 
mimarTuleba SeiZleba warmovidginoT mocemuli 
struqturis simravleTa erTobliobis saxiT. magram 
Teoriul-simravluri universumis intuiciur cnebebs 
zogjer mivyavarT winaaRmdegobamde.  
   magaliTisaTvis ganvixiloT ingliseli maTematikosis 
bertran raselis (1872-1970) paradoqsi. rogorc ukve 
aRvniSneT, simravle Tavad SeiZleba iyos simravlis 
elementic, magram simravleTa umravlesoba ar 
warmoadgens Tavis Tavis elements. magaliTad, dedamiwaze 
mcxovrebi adamianTa simravle ar aris Tavis Tavis 
elementi, radgan es simravle ar aris adamiani. 
miuxedavad amisa, arseboben simravleebi, romlebic arian 
TavisTavis elementebi. magaliTad, yvela simravleTa 
simravle.  

   axla ganvixiloT E  simravle, romelic aris yvela 
iseTi simravleTa simravle, romlebic ar warmoadgenen 
TavisTavis elementebs. e. i. 

{ }:E A A A= ∉ . 

   maSin nebismieri A  simravlisaTvis gveqneba 
damokidebuleba 

.A E A A∈ ⇔ ∉  

Tu A -s SevcvliT E -Ti, miviRebT, rom  

.E E E E∈ ⇔ ∉  
   aseTi tipis paradoqsebi aris Sedegi aqsiomaturi 
simravleTa Teoriis. yoveli aqsiomatur TeoriaSi 
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Tavdapirvelad Semodis sawyisi cnebebi da Semdeg am 
cnebebisaTvis adgenen aqsiomebs. simravleTa 
TeoriisaTvis ZiriTadi cnebaa TviT simravle. simravle 
iqmneba gansazRvruli obieqtebis SerCeviT da simravle am 
obieqtebiT srulad ganisazRvreba, amitom simravlis 
elementebi SeiZleba iyos nebismieri Bbunebis. aqedan 
gamomdinare saWiroa simravlis elementebze SemoviRoT 
garkveuli SezRudvebi, romlebic agvarideben 
paradoqsebs. magaliTad, paradoqsebi SesaZlebelia 
aviciloT Tavidan, Tu SemovitanT obieqtTa erTobliobis 
or formas. erT-erTs maT Soris vuwodoT klasebi, 
meores ki – simravleebi. Tanac, simravleebi iqnebian 
klasebidan mxolod isini, romlebic TviTon SeiZleba 
iyos sxva klasebis elementebi.  garda amisa, SeiZleba 
CaiTvalos, rom simravle igeba safexurebis mixedviT. 
yoveli mimdinare safexurisTvis winamorbedi safexuri 
(aseTis arsebobis SemTxvevaSi) igeba ufro ,,adre” 
(logikuri azriT). e. i. mimarTeba ,,adre” alagebs 
safexurebs. yoveli simravle igeba garkveuli 
safexurebis Semdeg, ris Semdegac SesaZlebelia misi 
gamoyeneba.  
   msgavsi tipis SezRudvebi Tavidan agvacilebs 
paradoqsebs, magram miuxedavad amisa mizanSewonilia 
SemovisazRvroT mxolod iseTi simravleebis ganxilviT, 
romelTa arseboba SesaZlebelia damtkicdes raime 
aqsiomaTa sistemiT.  
   aseTi aqsiomaTa sistema 1908 wels SemoTavazebuli iyo 
germaneli maTematikosis ernst cermelos (1871-1953) mier, 
romelic Semdgom srulyo ebraelma maTematikosma 
abraxam frenkelma (1891-1965), amitom am aqsiomaTa sistemas 
ewodeba cermelo-frenkelis simravleTa Teoria (ZF). 
   (ZF) simravleTa Teoriis aqsiomebia: 
   1. moculobis  aqsioma (eqstensionalobis aqsioma): . moculobis  aqsioma (eqstensionalobis aqsioma): . moculobis  aqsioma (eqstensionalobis aqsioma): . moculobis  aqsioma (eqstensionalobis aqsioma): 
yoveli simravle savsebiT ganisazRvreba misi 
elementebiT. ori simravle tolia maSin da mxolod 
maSin, Tu isini Sedgebian erTidaigive elementebisagan.  
            logikuri operaciebiT moculobis aqsioma Caiwereba 
Semdegi saxiT: 
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( ) .x x A x B A B∀ ∈ ⇔ ∈ ⇔ =     

            2.        carieli   simravlis   arsebobis  aqsioma: carieli   simravlis   arsebobis  aqsioma: carieli   simravlis   arsebobis  aqsioma: carieli   simravlis   arsebobis  aqsioma: 
arsebobs simravle, romelic arc erT elements ar 
Seicavs. e. i.  

{ }: .x x x∃∅ = ≠     

            3.    wyvilis  arsebobis  aqsioma:  wyvilis  arsebobis  aqsioma:  wyvilis  arsebobis  aqsioma:  wyvilis  arsebobis  aqsioma:  nebismieri A B da  

simravleebisaTvis arsebobs simravle, romlis erTaderTi 

elementic iqneba A B da .  

            logikuri operaciebiT es aqsioma Caiwereba Semdegi 
saxiT: 

Tu A∃  da ,B∃  maSin { }, .A B∃     

            4.    gaerTianebis   aqsioma: gaerTianebis   aqsioma: gaerTianebis   aqsioma: gaerTianebis   aqsioma: nebismieri A  simravlis  
yvela  elementTa  gaerTianeba aris simravle.  

   e. i. nebismieri A  simravlisaTvis arsebobs simravle 

A∪ , romelic Sedgeba yvela im elementebisagan, 

romlebic  A  simravleSi Sedian elementebis saxiT. 
   logikuri  operaciebiT gaerTianebis aqsioma Caiwereba 
Semdegi saxiT: 

Tu A∃ , maSin A∃∪ = { :a a b∈  romeliRac b A∈ }. 
            5.    xarisxis  aqsioma (simravlis buleanis arsebobis xarisxis  aqsioma (simravlis buleanis arsebobis xarisxis  aqsioma (simravlis buleanis arsebobis xarisxis  aqsioma (simravlis buleanis arsebobis 

aqsioma): aqsioma): aqsioma): aqsioma): nebismieri A  simravlis yvela SesaZlo 
qvesimravleTa erToblioba warmoadgens simravles.  

   rogorc ukve SevTaxmdiT $2-Si, A  simravlis yvela 
qvesimravleTa klass ewodeba am simravlis buleani da 

aRiniSneba ( )P A  simboloTi.  

   logikuri  operaciebiT xarisxis aqsioma Caiwereba 
Semdegi saxiT: 

Tu ,A∃  maSin ( ) { }: .P A B B A∃ = ⊂  

            6.    usasrulobis  aqsioma. usasrulobis  aqsioma. usasrulobis  aqsioma. usasrulobis  aqsioma. arsebobs iseTi simravleTa 

ojaxi X , romelsac ekuTvnis ∅  simravle da Tu A X∈ , 

maSin X -Si arsebobs elementi B , romelic Seicavs A  

simravlis yvela elements da TviT A  simravlesac. 
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   usasrulobis aqsioma ganapirobebs usasrulo 
simravlis arsebobas. am aqsiomis erT-erT ekvivalentur 

formas miviRebT, Tu davuSvebT yvela naturalur N     
ricxvTa simravlis arsebobas.  

{ }0,1, 2,3, ,N∃ = ⋯  sadac { }0 ,  1n n n= ∅ + = ∪ . 

            7.    Canacvlebis  aqsioma: Canacvlebis  aqsioma: Canacvlebis  aqsioma: Canacvlebis  aqsioma: yoveli A  simravlisaTvis da 

yoveli A -ze gansazRvruli ( )xϕ  funqciisaTvis 

arsebobs simravle, romelis Seicavs ( )xϕ  obieqtebs, 

sadac .x A∈  
   logikuri  operaciebiT Canacvlebis aqsioma Caiwereba 
Semdegi saxiT: 

( ){ }: .B y x A y xϕ∃ = ∈ ∧ =  

   SevniSnoT, rom wyvilis arsebobis aqsioma 
gamomdinareobs sxva aqsiomebidan, amitom mas aqsiomaTa 
CamonaTvalSi  xSirad ar weren. 
   imisaTvis, rom simravleTa Teoriis aqsiomaTa sistema 
iyos sruli, anu formalizebuli iyos maTematikuri 
gansjis cnobili meTodebi, aucilebelia (ZF) aqsiomaTa 
sistemas daematos ori urTierTsawinaaRmdego 
debulebidan erT-erTi: amorCevis aqsioma (AC) an 
determinirebis aqsioma (AD).   
   rogorc ukve aRvniSneT, nebismieri Tanamedrove 
maTematikuri Teoria  dafuZnebulia  simravleTa  Teoriis 
yvelaze popularul aqsiomaTa sistemaze, rogoricaa 
cermelo-frenkel (ZF) simravleTa  Teoria. magram  
Semdgomi  ganviTarebisaTvis aucilebelia amorCevis aqsiomis 
(AC) miReba. amorCevis aqsiomis gareSe   SeuZlebelia  
ganviTardes  ara  marto  maTematikuri logika  (simravleTa  
Teoria  da modelebis  Teoria),  aramed maTematikis iseTi 
Tanamedrove dargebic, rogoricaa, topologia, 
funqcionaluri analizi, algebra, zomis Teoria da a. S. 
   amorCevis aqsioma 1904 wels SemoRebul iqna            
e. cermelos mier.  
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   vTqvaT, yoveli x A∈  mocemulia simravle .xA ≠ ∅  

yoveli xA  simravlidan romeliRac xy A∈  elementis 

amorCeviT miviRebT A -ze gansazRvrul iseT f  funqcias, 

rom ( ) xf x A∈ , yoveli .x A∈  e.i. ( )f x y= . aseTi saxis 

f  funqcias ewodeba amorCevis funqcia. 

   arsebobs amorCevis aqsiomis sxvadasxva eqvivalenturi 
formebi.  

a) vTqvaT, 

{ }:F A i Ii= ∈  

aris aracarieli dizunqtiuri simravleebis ojaxi. maSin 

arsebobs iseTi { }:B x i Ii= ∈  simravle, romelic Seicavs 

erTaderT ix   elements yoveli   A Fi ∈  simravlidan. 

b) aracariel simravleTa yoveli xA  ojaxisaTvis 

arsebobs amorCevis f funqcia, e. i.  

( ),  :x x xA f P A A∀ ≠ ∅ ∃ →   

iseTi rom  

( ) ,   .xf A A A A A∈ ∀ ⊂ ≠ ∅, A A 
   mravali faqtoris gamo SeuZlebelia amorCevis 
aqsiomis mTlianad uaryofa. rom SevinarCunoT garkveuli 
kargi Tvisebebi, magaliTad lebegis zomisaTvis, 
sakmarisia, miviRoT amorCevis aqsiomis ufro susti 
forma, magaliTad, damokidebuli amorCevis principi (DC). 
damokidebuli amorCevis princips SevexebiT Semdeg 
TavebSi.     
  Tanamedrove maTematikaSi miRebulia Semdegi aRniSvna:                                                 

(ZF)∧ (AC)=(ZFC). 
   amorCevis aqsiomis alternativas warmoadgens 
determinirebis aqsioma, romelic 1962 wels Semotanil 
iqna poloneli maTematikosebis gugo Steinhauzisa (1887-
1972) da ian miCelskis mier. 
   ganvixiloT naturalur ricxvTa usasrulo 

mimdevrobebis A  simravle.  A simravlesTan asocirdeba 
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ori moTamaSis Semdegi usasrulo AG  TamaSi: pirveli 

moTamaSe iwyebs TamaSs 0n N∈  ricxvis amorCeviT. Semdeg 

meore moTamaSe irCevs 1n N∈  ricxvs da a.S. TamaSis 

Sedegs warmoadgens  

                : N Nφ →  

funqcia, gansazRvruli Semdegi pirobiT: 

( ) ii nφ =  

nebismier i∈N-sTvis. 

Tu ϕ∈A, maSin igebs pirveli moTamaSe, winaaRmdeg 
SemTxvevaSi ki - meore moTamaSe. mogebis strategia orive 
moTamaSisaTvis gansazRvrulia cxadi saxiT.   

A simravles ewodeba determinirebuli, Tu 
usasrulo TamaSSi erT moTamaSes mainc gaaCnia 

momgebiani strategia. (AD) gulisxmobs, rom yoveli A  
simravle aris determinirebuli. 
   marTebulia Semdegi debuleba: 
            determinirebis aqsioma ewinaaRmdegeba amorCevis determinirebis aqsioma ewinaaRmdegeba amorCevis determinirebis aqsioma ewinaaRmdegeba amorCevis determinirebis aqsioma ewinaaRmdegeba amorCevis 
aaaaqsiomas. qsiomas. qsiomas. qsiomas.     
   simravleTa Teoriis sxva aqsiomebs SevexebiT Semdeg 
TavebSi da nawilobriv mainc SevecdebiT am aqsiomebze 
dayrdnobiT agebuli maTematikuri Teoriebis mTeli 
silamaze da simdidre gadmovceT. 

    
    
    
    

    
    
    

$4. binaruli mimarTeba. funqcia$4. binaruli mimarTeba. funqcia$4. binaruli mimarTeba. funqcia$4. binaruli mimarTeba. funqcia 
 

   maTematikaSi xSirad gvxvdeba situaciebi, roca raime 
simravlis elementebs Soris arsebobs garkveuli tipis 
mimarTebebi. mocemul simravlze am simravlis elementebs 
Soris nebismieri mimarTebis mocema gulisxmobs zustad 
ganisazRvros romeli elementebi imyofebian am 
mimarTebaSi da romeli ara. 
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   mocemul 0 1 2 1, , , , nA A A A −⋯  ( )n N∈  simravleebze 

gansazRvruli     n -adgiliani mimarTeba, an n -adgiliani 

predikati Ρ , ewodeba 0 1 2 1nA A A A −× × × ×⋯  dekartuli 

namravlis nebismier qvesimravles da es faqtiA aRiniSneba 

( )0 1 2 1, , , , na a a a −Ρ ⋯  simboloTi, sadac    

( ) ( )0 1 i ii i n a A∀ ≤ ≤ − ⇒ ∈ . 

   roca 0n = , maSin Ρ  ewodeba unaruli da warmoadgens 

1A  simravlis qvesimravles. binaruli (anu oradgiliani, 

anu 1n = -sTvis) mimarTeba ewodeba dalagebul wyvilTa 
simravles. yvela aseT wyvilTa simravles ki ewodeba 

mocemuli binaruli mimarTebis grafiki. 0 1 2 1, , , , na a a a −⋯  

elementebs ewodebaT Ρ  mimarTebis koordinatebi an 
komponentebi. 

   nebismieri A  simravlisaTvis ( ){ }, :Aid a a a A= ∈  

mimarTebas ewodeba igivuri mimarTeba anu diagonali, 

xolo ( ){ }2 , : ,  AU A A A a b a A b A= = × = ∈ ∈  mimarTebas ki 

– sruli mimarTeba anu sruli kvadrati. 

   vTqvaT, Ρ  nebismieri binaruli mimarTebaa.    
   mocemuli Ρ  binaruli mimarTebis gansazRvris are 
ewodeba Semdeg simravles: 

( ) ( ) ( )( ){ }1 : , ,pr a b a bΡ = ∃ ∈Ρ  

xolo simravles  

( ) ( ) ( )( ){ }2 : ,pr b a a bΡ = ∃ ∈Ρ  

ewodeba mocemuli Ρ  mimarTebis mniSvnelobaTa simravle. 
   Ρ  binaruli mimarTebis Seqceuli mimarTeba 
ganisazRvreba Semdegi damokidebulebiT: 

( ) ( ){ }1 , : , .b a a b−Ρ = ∈Ρ  

   vTqvaT, mocemulia sami ,   A B  da C  simravle. ori 

A BΡ ⊂ ×  da B CΤ ⊂ ×  binaruli mimarTebis kompozicia 
ganisazRvreba Semdegnairad: 
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( ) ( ) ( ) ( )( ){ }, : , , .a c b a b b cΡ Τ = ∃ ∈Ρ∧ ∈Τ�  

   nebismieri ,  P T  da K  binaruli mimarTebebisaTvis 

adgili aqvs Semdeg tolobebs: 

( )
( )
( ) ( )

11

1 1 1

1. ;

2. ;

3. .

−−

− − −

Ρ = Ρ

Ρ Τ = Τ Ρ

Ρ Τ Κ = Ρ Τ Κ

� �

� � � �

 

   am tolobebis damtkicebebi eyrdnoba mxolod zemoT 
moyvanil cnebebs da maTi WeSmaritebis dadgena migvindia 
mkiTxvelisaTvis. 

   magaliTi 1.magaliTi 1.magaliTi 1.magaliTi 1. vTqvaT, Ρ  binaruli mimarTeba mocemulia 
Semdegi damokidebulebiT: 

( ){ }, : , 2 3x y x y R x yΡ = ∈ ∧ ≥ . 

ipoveT ( ) ( ) 1 1
1 2,  ,  ,  .pr pr − −Ρ Ρ Ρ Ρ Ρ�  

   amoxsna. zemoT moyvanili gansazRvrebebidan uSualod 
gamomdinareobs, rom  

( ) ( )1 2 .pr pr RΡ = Ρ =  

( ){ }
( ){ }

1

1 2

, : , 2 3 ;

, : , 4 9 .

y x y x R y x

x y x y R x y R

−

−

Ρ = ∈ ∧ ≥

Ρ Ρ = ∈ ∧ ≥ ⊂�
 

   ganvixiloT A BΡ ⊂ ×  binaluri mimarTebebis 
zogierTi mniSvnelovani saxeebi.  

   a) Ρ  binarul mimarTebas ewodeba refleqsuri, Tu mas 
ekuTvnis yvela ( ),a a  saxis wyvili. 

   magaliTad, a b<  mimarTeba ar aris refleqsuri, 

magram a b≤  mimarTeba ki – refleqsuria. Tu namdvil 

ricxvTa R  simravleze mocemuli mimarTeba refleqsuria, 
maSin sibrtyis wertilTa Sesabamis simravles 
aucileblad miekuTvneba y x=  wrfis yvela wertili. 
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   b) Ρ  binarul mimarTebas ewodeba simetriuli, Tu is 
( ),a b  wyvilTan erTad aucileblad Seicavs ( ),b a  

wyvilsac. 
   magaliTad, x y< −  mimarTeba simetriulia, xolo 

x y<  ki – ara. Tu namdvil ricxvTa R  simravleze 

mocemuli mimarTeba simetriulia, maSin sibrtyis 
wertilTa Sesabamisi simravle simetriuli iqneba y x=  

wrfis mimarT. 

   g) Ρ  binarul mimarTebas ewodeba antisimetriuli, Tu 
( ),a b ∈Ρ  da  ( ),b a ∈Ρ , maSin a b= .  

   binaruli mimarTebis antisimetriulobis 
gansazRvrebidan uSualod gamomdinareobs, rom 

1 .Aid−Ρ∩Ρ ⊂  

   d) binalur mimarTebas ewodeba tranzituli, Tu 
Sesrulebulia Semdegi piroba: 

( ) ( ){ } ( ), , ,a b P b c P a c P∈ ∧ ∈ ⇒ ∈ . 

   tranzituli binaruli mimarTebis martiv magaliTebad 
gamodgeba CarTvis mimarTeba, mimarTeba ,,naklebi” (Tu 

a b b c< ∧ < , maSin a c< ). 

   vTqvaT, mocemulia ori Ρ  da Τ  binaruli mimarTeba. 
amboben, rom Ρ  mimarTeba aris Τ -s Seviwroeba, an rac 
igivea, rom Τ  mimarTeba agrZelebs Ρ -s, Tu .Ρ ⊂ Τ  Tu 

( )1A pr⊂ Ρ , maSin Τ -s Seviwroeba A  simravleze – es 

aris Semdegi simravle: 

( ) ( ){ }, : , .A a b a b a AΤ = ∈Τ∧ ∈  

                                    magaliTi 2. magaliTi 2. magaliTi 2. magaliTi 2. mocemulia Ρ  binaruli mimarTeba 
gansazRvruli Semdegi pirobiT: 

( )2 2 2, , 1.R x y x yΡ ⊂ ∈Ρ ⇔ + =  

   ipoveT, mocemuli Ρ  binaruli mimarTebis gansazRvris 
are, mniSvnelobaTa simravle da gamovarkvioT aris Tu 
ara es mimarTeba refleqsuri, simetriuli da 
tranzituli. 
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   amoxsna. cxadia, rom ( )1 2[ 1,1],  [ 1,1].pr prΡ = − = −  radgan 

2 2 1x x+ ≠  nebismieri namdvili ricxvisaTvis [-1,1] 

Sualedidan, amitom mocemuli Ρ  mimarTeba ar aris 

refleqsuri. advili SesamCnevia, rom Tu ( ),x y ∈Ρ , maSin 

( ), ,y x ∈Ρ  es ki niSnavs, rom Ρ  mimarTeba simetriulia. 

Semdeg, radgan 
2 2 1x y+ =  amitom ( )1,0 ∈Ρ  da ( )0,1 ,∈Ρ  

magram 0 1.≠  Sesabamisad, Ρ  mimarTeba ar aris 

antisimetriuli. da bolos, Tu ( ) 2 2, 1x y x y∈Ρ ⇒ + =  da 

( ) 2 2, 1,y z y z∈Ρ ⇒ + =  maSin 
2 2 22 2 1.x z y+ = − ≠  e. i. 

( ),x z ∉Ρ  da Ρ  mimarTeba ar aris tranzituli. 

   binarul mimarTebebs Soris gansakuTrebiT interess 
iwveven iseTi mimarTebebi, romlebic erTdroulad arian 
refleqsuri, simetriuli da tranzituli. aseT 
mimarTebebs eqvivalenturobis mimarTebebi ewodebaT. Tu 

P aris eqvivilenturobis mimarTeba da ( ),a b P∈ , maSin 

vwerT  a ~ b.  
   nebismier A  simravleze eqvivalenturobis mimarTebis 

elementalur magaliTad SeiZleba gamodges A  simravlis 
obieqtebs Soris igiveobis an tolobis mimarTeba, 
romelic sruldeba mxolod maSin, roca ori elementi 
emTxveva erTmaneTs. 

   nebismieri A  simravlis x A∈  elementis 
eqvivalenturobis klasebi ewodeba Semdeg simravles: 

( ) { }: ~E x y x y= , 

xolo A  simravlis elementebis eqvivalenturobis 
klasebis simravles ,,~ ~ eqvivalenturobis mimarTebis 

mimarT ewodeba A -s faqtor-simravle da aRiniSneba ~A  

simboloTi. e. i.  

( ){ }~ : .A E x x A= ∈  
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   TeoremaTeoremaTeoremaTeorema    1.1.1.1. nebismier nebismier nebismier nebismier A     simravleze yoveli simravleze yoveli simravleze yoveli simravleze yoveli 

eqvivalenturobis mimarTeba gansazRvravs eqvivalenturobis mimarTeba gansazRvravs eqvivalenturobis mimarTeba gansazRvravs eqvivalenturobis mimarTeba gansazRvravs A     simravlis simravlis simravlis simravlis 
daSlas eqvivalenturobis klasebad.daSlas eqvivalenturobis klasebad.daSlas eqvivalenturobis klasebad.daSlas eqvivalenturobis klasebad.    

   damtkiceba. A  simravlis yovel x  elements 

SevusabamoT xA  simravleTa klasi, gansazRvruli Semdegi 

damokidebulibiT: 

{ }: ~ .A y y xx =  

   cxadia, Ax ≠ ∅  ( )x A∈ . marTlac, refleqsurobis 

Tvisebidan gamomdinare ~ ,x x  da Sesabamisad, .xx A∈  

   Tu 1 xy A∈  da 2 xy A∈ , maSin 1 2~ .y y  marTlac, xA  

simravleTa klasis gansazRvrebidan gamomdinareobs, rom 

1 ~y x  da 2 ~y x . mimarTebis simetriulobidan 

gamomdinareobs, rom 2~ ,x y  xolo tranzitulobidan ki 

miviRebT, rom 1 2~ .y y  

   axla vaCvenoT, rom Tu 1 2~ ,x x  maSin 
1 2

.x xA A=  

marTlac, vTqvaT, 
1x

y A∈ , e. i. 1~ .y x  bolo 

eqvivalenturobidan da 1 2~x x  pirobidan tranzitulobis 

TvisebiT miviRebT, rom 2~ .y x  e. i. 
2
.xy A∈  maSasadame, 

1 2
.x xA A⊂  Sebrunebuli CarTva mtkicdeba analogiurad. 

sabolood miviReT, rom  

( ) ( )~ .x yx y A A⇒ =  

   advilad mtkicdeba, rom sxvadasxva klasis elementebi 
ar arian eqvivalenturebi. marTlac, Tu davuSvebT, rom 

1 2 1 21 2
~ ,   ,   x xy y y A y A∈ ∈ , maSin zemoT Catarebuli 

msjelobis analogiuri msjelobiT miviRebT, rom 

1 1 2 2 1 2
,  ,  y x y x y yA A A A A A= = = , da Sesabamisad, 

1 2
.x xA A=  

   axla vaCvenoT, rom sxvadasxva klasebi ar 

TanaikveTebian erTmaneTTan. marTlac, Tu 
1x

y A∈  da 
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2x
y A∈ , maSin kvlav zemoT Catarebuli msjelobidan 

miviRebT, rom 
1y xA A=  da 

2y xA A= , da Sesabamisad, 

1 2
.x xA A=  

   da bolos, SevniSnoT, rom adgili aqvs Semdeg 
warmodgenas: 

.x
x A

A A
∈

= ∪  

   amiT Teorema damtkicebulia. 
   bolo Teoremidan SeiZleba davaskvnaT, rom: 

   faqtor-simravle ~A  warmoadgens A  simravlis 

daSlas. piriqiT, Tu ( )kA  aris A  simravlis daSla, 

maSin A -ze romeliRac k -sTvis SeiZleba ganisazRvros 
mocemuli daSlis Sesabamisi eqvivalenturobis mimarTeba 
Semdegi wesiT: 

~ , kx y x y A⇔ ∈ . 

   magaliTi 3. magaliTi 3. magaliTi 3. magaliTi 3. namdvil ricxvTa R  simravleze 

ganvsazRvroT VR  eqvivalenturobis mimarTeba Semdegi 

pirobiT: 

( ){ }2, ,x y R x R y R x y Q∈ ⇔ ∈ ∧ ∈ ∧ − ∈  

sadac, rogorc yovelTvis, Q  aRniSnavs yvela 

racionalur ricxvTa simravles. 
   cxadia, rom Sesrulebulia Semdegi pirobebi: 

   a). ( ), ;Vx x R∈  

   b). ( ) ( ), , ;V Vx y R y x R∈ ⇒ ∈  

   g). ( ) ( ){ } ( ), , , .V V Vx y R y z R x z R∈ ∧ ∈ ⇒ ∈  

   R  simravlis daSlas, romelic miiReba VR  eqvi-

valenturobis damokidebulebiT, ewodeba R -is vitalis 

daSla da AaRiniSneba R Q  simboloTi.  
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   R  simravlis vitalis daSlis yovel seleqtors 

ewodeba vitalis qvesimravle R -Si.  

   aqve avRniSnoT, rom vitalis qvesimravle R -Si 
TamaSobs gansakuTrebul rols zomis Teoriis 
umniSvnelovanes sakiTxebis SeswavlaSi da mas Semdeg 
TavebSi davubrundebiT. 
  ganvixiloT  binaruli mimarTebis  kidev erTi 
mniSvnelovani saxe, romelsac nawilobrivi dalagebis 
mimarTebis saxeliTaa cnobili. 
   nebismier simravleze nawilobrivi dalagebis  
mimarTebas ewodeba amave simravleze gansazRvrul 
binarul mimarTebas, romelic aris refleqsuri, 
tranzitiuli da antisimetriuli. 
   nawilobrivi dalagebis mimarTebis aRsaniSnavad 

gamoiyeneba ,, ≤  ” simbolo. 
   nawilobrivi dalagebuli simravlis magaliTebia: 

_ yvela namdvil ricxvTa R  simravle masze 
gansazRvruli bunebrivi dalagebiT: 

0.x y y x≤ ⇔ − ≥  

_ A  simravlis buleanze gansazRvruli dalagebis 
mimarTeba: 

.Y X Y X≤ ⇔ ⊂  

_ { }\ 0N  simravleze gansazRvruli dalagebis mimarTeba: 

m n m n≤ ⇔ . 

(m n  simbolo Sinaarsobrivad gamoxatavs winadadebas 
,, n  yofs m -s”). 

   A  simravles ewodeba nawilobrivad dalagebuli, Tu 
masze gansazRvrulia nawilobrivi dalagebis raime ,, ≤  ” 
mimarTeba. am SemTxvevaSi nawilobrivi dalagebas 

aRniSnaven ,, A≤ ” simboloTi, xolo TviT nawilobrivad 

dalagebul simravles Caweren ( ), AA ≤  formiT an 

ubralod ( ),A ≤  saxiT. 
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   Tu B  aris nawilobrivad dalagebuli A  simravlis 

qvesimravle, maSin A  simravlis nawilobrivi dalagebis 

mimarTebasTan asocirdeba dalagebis mimarTeba B  

simravleSi da aseTi saxiT dalagebul B  simravles 

ewodeba A  simravlis nawilobrivad dalagebuli 
qvesimravle. 

   vTqvaT, A  aris nawilobrivad dalagebuli simravle, 

xolo B  ki misi qvesimravle. 

   a A∈  elements ewodeba nawilobrivad dalagebuli B  
simravlis maJoranti (Sesabamisad, minoranti) Tu 
Sesrulebulia Semdegi piroba: 

( ) ( )b b B b a∀ ∈ ⇒ ≤  

(Sesabamisad, ( ) ( )b b B a b∀ ∈ ⇒ ≤ ). 

   nawilobrivad  dalagebuli A  simravlis B  

qvesimravlis zeda sazRvari anu ( )sup B  ewodeba mis 

maJorantebs Soris umciress, xolo B  simravlis 

minorantebs Soris udidess ewodeba B  simravlis qveda 

sazRvari anu ( )inf B . 

   nawilobrivad dalagebuli A  simravlis a  elements 
ewodeba udidesi elementi (Sesabamisad, umciresi) Tu 
Sesrulebulia Semdegi piroba: 

( ) ( )b b A b a∀ ∈ ∧ ≤  

(Sesabamisad, ( ) ( )b b A a b∀ ∈ ∧ ≤ ). 

   yovel nawilobrivad dalagebul simravleSi ar 
SeiZleba arsebobdes  erTze meti udidesi (Sesabamisad, 

umciresi) elementi. marTlac, Tu 1x  da 2x  aris raime 

simravlis ori udidesi elementi, maSin 1 2 2 1x x x x≤ ∧ ≤ , 

saidanac gamomdinareobs, rom 1 2.x x=  

   nawilobrivad dalagebuli A  simravlis a  elements 
ewodeba maqsimaluri elementi (Sesabamisad, minimaluri) 
Tu Sesrulebulia Semdegi piroba: 
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( ) ( )b b A a b b a∀ ∈ ∧ ≤ ⇒ =  

(Sesabamisad, ( ) ( )b b A b a a b∀ ∈ ∧ ≤ ⇒ = ). 

   SevniSnoT, rom nawilobrivad dalagebul simravles 
SeiZleba gaaCndes ramdenime maqsimaluri an ramdenime 
minimaluri elementi. 

   magaliTi 4.magaliTi 4.magaliTi 4.magaliTi 4. aracarieli A  simravlis ( )P A  buleanSi, 

romelic dalagebulia Semdegi Y X Y X≤ ⇔ ⊂  

damokidebulebiT, umciresi elementia ∅  da udidesi 

elementia A . ∅  da A  amave dros erTaderTi 

minimaluri da erTaderTi maqsimaluri elementia ( )P A -

Si.  

   Tu A  simravle or elements mainc Seicavs, maSin 

( ) { }\P A ∅  simravleSi umciresi elementi ar arsebobs, 

udidesi elementi kvlav iqneba A , romelic imave dros 

erTaderTi maqsimaluri elementic aris, xolo A -s 
yoveli erTelementiani simravle iqneba minimaluri 

elementi ( ) { }\P A ∅ -Si. 

   magaliTi 5.magaliTi 5.magaliTi 5.magaliTi 5. ganvixiloT { }\ 0N  simravle, romelic 

dalagebulia m n m n≤ ⇔  damokidebulebiT. maSin 

{ }\ 0N -Si udidesi da maqsimaluri elementebi ar 

arsebobs, xolo umciresi da erTaderTi minimaluri 

elementi aris 1. Tu ganvixilavT N  simravlis 

dalagebul { }\ 0,1N  qvesimravles, maSin udidesi da 

maqsimaluri elementi ar arsebobs, xolo umciresi da 
minimaluri elementi iqneba martivi ricxvi. 

   magaliTi 6.magaliTi 6.magaliTi 6.magaliTi 6. vTqvaT, aracarieli A  simravlis ( )P A  

buleani dalagebulia Semdegi Y X Y X≤ ⇔ ⊂  

damokidebulebiT da B  aris nebismieri aracariel 

simravleTa klasi ( )P A -dan. Tu B -s gaaCnia umciresi 
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(Sesabamisad, udidesi) elementi C,  maSin C aris B -Si 
Semavali simravleebis TanakveTa (Sesabamisad, 

gaerTianeba). piriqiT, Tu B -Si Semavali simravleebis 

TanakveTa (Sesabamisad, gaerTianeba) agreTve ekuTvnis B -
s, maSin is aris umciresi (Sesabamisad, udidesi) elementi 

B -Si. 

   aqve SevniSnoT, rom B -Si Semavali simravleebis 
TanakveTa (Sesabamisad, gaerTianeba) warmoadgens qveda 
sazRvars (Sesabamisad, zeda sazRvars). 
   sazogadod, nebismier or x  da y  elementisaTvis ar 

aris aucilebeli Sesruldes x y≤  an y x≤  

damokidebulebebidan erT-erTi. aseT SemTxvevaSi x  da y  

elementebs arasadari ewodebaT mocemuli dalagebis 
mimarTebisaTvis. 

   A  simravleze gansazRvrul Ρ  mimarTebas ewodeba 
bmuli, Tu Sesrulebulia damokidebuleba: 

( )( ) ( ) ( )( ), , .x y x A y A x y y x∀ ∀ ∈ ∧ ∈ ⇒ ∈Ρ∨ ∈Ρ  

   dalagebul A  simravles ewodeba wrfivad 
dalagebuli an ubralod dalagebuli, Tu masze 
gansazRvruli dalagebis mimarTeba bmulia. e. i. 

( )( ) ( ).x y x A y A x y y x∀ ∀ ∈ ∧ ∈ ⇒ ≤ ∨ ≤  

   wrfivad dalagebuli simravlis klasikuri magaliTia 

namdvil ricxvTa R  simravleze gansazRvruli bunebrivi 
dalagebis mimarTeba. 
   mniSvnelovania aRiniSnos, rom erTidaimave simravleze 
SesaZlebelia SemovitanoT sxvadasxva dalagebis 
mimarTeba, ris gamoc miviRebT gansxvavebul dalagebul 
simravleebs. magaliTad, naturalur ricxvTa simravle 
erTi mxriv SeiZleba davalagoT ,,bunebrivi gziT”, e. i. 
miviRebT 

0,1, 2,3, ,⋯  

meore mxvriv, SeiZleba davalagoT calke yvela kenti 
ricxvebis zrdis mixedviT da calke yvela luwi 
ricxvebis zrdis mixedviT da amave dros vigulisxmoT, 
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rom yoveli kenti ricxvi win uswrebs yovel luw ricxvs. 
am SemTxvevaSi miviRebT Semdeg dalagebul simravles: 

1,3,5, , 2,4,6,⋯ ⋯ . 

   dalagebul A  simravles ewodeba savsebiT 
dalagebuli, Tu misi nebismieri aracarieli qvesimravle 
Seicavs umcires elements. 
   magaliTad, [0,1] segmenti aris dalagebuli, magram ar 

aris savsebiT dalagebuli, radgan 
1

,1
2

 
  

 ar Seicavs 

umcires elements. naturalur ricxvTa simravle, masze 
gansazRvruli bunebrivi dalagebis mimarTebiT, aris 
savsebiT dalagebuli simravle. cxadia, rom yoveli 
sasruli dalagebuli simravle savsebiT dalagebulia. 
   dalagebul simravles ewodeba induqciuri, Tu mis 
yovel wrfivad dalagebul qvesimravles gaaCnia 
maJoranti.   

   Tu mocemul dalagebul ( ),A ≤  simravleSi gvaqvs 

a x b≤ ≤  ( ),a b A∈ , maSin amboben, rom x  elementi Zevs 

a  da b -s Soris. yvela im x  elementTa simravles, 

romlebic Zevs a  da b -s Soris ewodeba dalagebuli A  

simravlis ( ),a b  intervali. Tu ( ),a b  intervals 

davumatebT a  da b  elementebs, maSin miviRebT [ ],a b  

segments. analogiurad ganisazRvreba Semdegi 
simravleebic: 

[ [ { }
] ] { }

, : ,

, : .

a b x x A a x b

a b x x A a x b

= ∈ ∧ ≤ <

= ∈ ∧ < ≤
 

   Tu sabaziso dalagebul simravled aviRebT yvela 

namdvil ricxvTa R  simravles, maSin miviRebT 
maTematikuri analizis cnobil terminebs (intervali anu 
Sualedi, segmenti anu monakveTi, naxevrad Ria 
intervalebi). 
    binaruli mimarTebis erT-erT mniSvnelovan kerZo 
saxes warmoadgens funqcia.  
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   vTqvaT, mocemulia ori A  da B  simravle. binarul 

mimarTebas f A B⊂ ×  ewodeba funqcia an gadasaxva A  

simravlidan B  simravleSi, Tu ( )1pr f A= , ( )2pr f B⊂  

da Sesrulebulia Semdegi damokidebuleba:  

( ) ( ){ }, , .x y f x y f y y′ ′∈ ∧ ∈ ⇒ =  

Tu ( )1 ,pr f A⊂  maSin f -s ewodeba nawilobiTi funqcia. 

terminebi ,,Sesabamisoba”, ,,gadasaxva”, ,,operatori” 
warmoadgenen sityva ,,funqciis” sinonimebs. 
   funqciis SemTxvevaSi xSirad visargeblebT Semdegi 
eqvivalenturi aRniSvnebiT:  

( ) ( ) ( ) ( )1 2,   .pr f dom f pr f ran f= =  

   Tu  f  aris funqcia A  simravlidan B -Si, maSin es 

faqti aRiniSneba  

( ) ( ) ( )( ): ,  : ,  ,   f
f A B f A B x f x y f x x dom f→ → → = ∈  

simboloebiT, xolo yvela gadasaxvebis  simravle A  

simravlidan B  simravleSi aRiniSneba ( )AB  simboloTi.  

   yvela ( )( ){ }, :x f x x A∈  wyvilTa simravles ewodeba 

( )x f x→  funqciis grafiki. SevniSnoT, rom Teoriul-

simravluri TvalsazrisiT funqciis cneba da funqciis 
grafiki emTxveva erTmaneTs. 

   gadasaxvas :f A B→  ewodeba inieqciuri, Tu 

Sesrulebulia Semdegi damokidebuleba: 

( ) ( ) ( ) ( )( ) ,a A b A a b f a f b∀ ∈ ∀ ∈ ≠ ⇒ ≠  

an rac igivea, rom nebismieri b B∈  elementis winaresaxe 

( )1f b−
 an carieli simravlea an Seicavs mxolod erT 

elements.  

   gadasaxvas :f A B→  ewodeba siureqciuli, Tu 

( )( )b B a A f a b∀ ∈ ⇒ ∃ ∈ ∧ = , 
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an rac igivea, rom nebismieri b B∈  elementis winaresaxe 

( )1f b−
 aracarieli simravlea.  

   dabolos, :f A B→  gadasaxvas ewodeba bieqciuri (anu 

bieqcia) Tu is erTdroulad inieqciacaa da siureqciac. 

Tu f  gadasaxva bieqciaa, maSin amboben, rom f  amyarebs 

urTierTcalsaxa Tanadobas A  da B  simravleebs Soris.  
   sqematurad zemoT moyvanili gadasaxvebi SeiZleba 
warmovidginoT naxazze. 
 
 
 
 
 
 
    
     
 
 
 
   radgan funqcia warmoadgens binarul mimarTebas, 
amitom bevr cnebas ar gavimeorebT. magram wignis 
Sinaarsidan gamomdinare aucilebeli migvaCnia zogierTi 
cneba Tu winadadeba CamovayaliboT funqciis terminebSi. 

   vTqvaT, mocemulia sami ,  A B  da C  simravle da ori  

: ,   :f A B g B C→ →  

gadasaxva. maSin am gadasaxvebis kompozicia ewodeba iseT 

:h A C→  gadasaxvas, romelic ganisazRvreba 

( ) ( )( )h a f g a=  (a A∈ ) tolobiT da aRiniSneba h f g= �  

formiT. 

   vTqvaT, mocemulia ori :f A B→  da 0 0:f A B→  

funqcia, sadac 0 .A A⊂  Tu ( ) ( )0f a f a=  toloba 

sruldeba 0A  simravleze, maSin f  funqcias ewodeba 0f  

funqciis gagrZeleba A  simravleze anu 0f  aris f -is 



 38 

Seviwroeba 0A  simravleze. is faqti, rom 0f  aris f -is 

Seviwroeba 0A  simravleze Caiwereba 0 0|f f A=  saxiT. 

   vTqvaT, mocemulia :f A B→  funqcia da vTqvaT,  

,   .k kA A B B⊂ ⊂  marTebulia damokidebulebebi: 

               

) ( )

) ( )

1 ;

2 ;

k k
k k

k k
k k

f A f A

f A f A

  = 
 

  ⊂ 
 

∪ ∪

∩ ∩

 

               ) ( ) ( ) ( )0 1 0 13 \ \ ;f A f A f A A⊂  

               ) ( )1 14 ;
k k

k k
f B f B− −  = 

 
∪ ∪  

               ) ( )1 15 ;k k
k k

f B f B− −  = 
 
∩ ∩  

              ) ( ) ( ) ( )0 1 0 1
1 1 16 \ \ ;f B B f B f B− − −=  

              ) ( ) ( ) ( )( )1 1
0 1 0 17 B B f B f B− −⊂ ⇒ ⊂ . 

    miTiTebuli tolobebis damtkicebebi ar aris 
dakavSirebuli did sirTuleebTan, amitom maTi gaazreba 
migvindia mkiTxvelisaTvis. 

   Teorema 2 (banaxi). davuSvaT, rom ori Teorema 2 (banaxi). davuSvaT, rom ori Teorema 2 (banaxi). davuSvaT, rom ori Teorema 2 (banaxi). davuSvaT, rom ori X     da da da da Y     

simravlisaTvis simravlisaTvis simravlisaTvis simravlisaTvis :f X Y→     da da da da :g Y X→ inieqciuri inieqciuri inieqciuri inieqciuri 

gadasaxvebigadasaxvebigadasaxvebigadasaxvebia. maSin arsebobs a. maSin arsebobs a. maSin arsebobs a. maSin arsebobs 0 1 0,  ,  X X Y     da da da da 1Y     

simravleebi iseTi, rom simravleebi iseTi, rom simravleebi iseTi, rom simravleebi iseTi, rom     

1 2 1 2 1 2 1 2,  ,   ,  ,X X X X X Y Y Y Y Y= ∪ ∩ = ∅ = ∪ ∩ = ∅     

da da da da 0 0 0: ,f X X Y→     1 1 1:g Y Y X→     gadasaxvebi bieqciebia.gadasaxvebi bieqciebia.gadasaxvebi bieqciebia.gadasaxvebi bieqciebia.    

            damtkiceba. vTqvaT, ( ) ( ): P X P Xφ →  iyos gadasaxva, 

gansazRvruli formuliT 

( ) ( )( )\ \ ,Z X g Y f Zφ =  
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sadac ( ).Z P X∈  Tu ( ):Z k I
k

∈  aris X  simravlis 

qvesimravleTa raime ojaxi, maSin 1) Tanaxmad 

k
k I

Zφ
∈

 
 
 
∪ = ( )k

k I
Zφ

∈
∪ . 

   SemoviRoT aRniSvna 

( ) ( )2A φ φ= ∅∪ ∅ ∪ ∅ ∪⋯  

da SevniSnoT, rom 

( ) .A Aφ =  

amrigad, Cven gvaqvs 

( )( )\ \ ,A X g Y f A=   ( )( )\ \ .X A g Y f A=  

Tu davuSvebT, rom 

( ) ( )0 1 0 1,  \ ,  ,  \X A X X A Y f A Y Y f A= = = = , 

maSin miviRebT banaxis Teoremis damtkicebas. 
   banaxis Teorema mniSvnelovania mTeli rigis 
sakiTxebis Seswavlisas da Cven mas gamoviyenebT SemdegSi.  
   am paragrafis bolos moviyvanoT dekartuli 
namravlis gansazRvra simravleTa nebismieri ojaxisaTvis. 

   vTqvaT, mocemulia simravleTa { }:iA i I∈  ojaxi, sadac 

I  indeqsTa nebismieri simravlea. 
   mocemul { }:iA i I∈  simravleTa ojaxis dekartuli 

namravli ewodeba Semdeg simravles: 

i
i I

A
∈

=∏ { ( ):  ,  i i
i I

f f : I A f i A
∈

→ ∈∪  yoveli i I∈ -saTvis}. 

   moviyvanoT simravleTa dekartul namravlTan 
dakavSirebuli ramdenime sasargeblo toloba, romelTa 
damtkicebasac aseve  mivandobT mkiTxvels. 

   nebismieri aracarieli I  da J  simravleebisaTvis 
marTebulia Semdegi tolobebi:  
 

( );i i i i
i I i I i I

A B A B
∈ ∈ ∈

× = ×∩ ∩ ∩  
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         ( )
( ),

;i j i j
i I j J i j I J

A B A B
∈ ∈ ∈ ×

× = ×∪ ∪ ∪  

       ( )
( ),

i j i j
i I j J i j I J

A B A B
∈ ∈ ∈ ×

× = ×∩ ∩ ∩ . 

 
 

    
    

$5. simravlis simZlavre. $5. simravlis simZlavre. $5. simravlis simZlavre. $5. simravlis simZlavre. sasrulisasrulisasrulisasruli    da usasrulo da usasrulo da usasrulo da usasrulo 
simravleebisimravleebisimravleebisimravleebi    

    

   mocemul A  da B  simravleebs ewodeba eqvivalenturi, 
an tolsimZlavriani, Tu arsebobs urTierTcalsaxa 

Tanadoba (bieqcia) A  da B  simravleebs Soris.  

   Tu ori A  da B  simravle eqvivalenturia, maSin 

vwerT: ~A B .  
   yvela simravlis klasSi tolsimZlavrianoba 
warmoadgens eqvivalenturobis mimarTebas. marTlac, 

vTqvaT, mocemulia ,   A B  da C  simravleebi. maSin: 

   a) ~ ,A A  vinaidan igivuri asaxva A -dan A -ze aris 

bieqcia; 

   b) Tu ~A B , maSin ~B A .  

   marTlac, radgan ~A B , arsebobs bieqcia : .f A B→  

amitom 
1 :f B A− →  asaxvac bieqciaa. e. i. ~ .B A   

   g)  Tu ~A B  da ~B C , maSin ~ .A C   

   marTlac,  ~A B  da ~B C  damokidebulebebidan 
gamomdinareobs, rom arseboben bieqciuri asaxvebi 

:f A B→  da :g B C→ .  amitom :f g A C→�  

kompoziciac iqneba bieqcia. e. i. ~ .A C  
   $4-is Teorema 1-dan gamomdinareobs, rom eqvivalen-
turobis mimarTeba yvela SesaZlo simravleTa klass 
dayofs eqvivalenturobis klasebad.  

   raime A  simravlis simZlavre ewodeba romeliRac 

warmomadgenels A  simravlis tolsimZlavriani 
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simravleTa klasidan da aRiniSneba ( )card A  an  A  

simboloebiT. amgvarad, simravlis simZlavre romeliRac 
simravlea. 

            magaliTi 1. magaliTi 1. magaliTi 1. magaliTi 1. namdvil ricxvTa nebismieri ] [,a b  da 

] [,c d  intervalebi eqvivalenturia. 

   marTlac, bieqcia ] [ ] [: , ,f a b c d→  SeiZleba 

gansazRvroT Semdegi formuliT: 

( ) ( ).d c
f x x a

b a

−
= −

−
 

   magamagamagamagaliTi 2.liTi 2.liTi 2.liTi 2. namdvil ricxvTa ] [,a b  intervali 

eqvivalenturia R  namdvil ricxvTa  RerZis. 
   radgan magaliTi 1-is Tanaxmad namdvil ricxvTa 
nebismieri ori  intervali eqvivalenturia, amitom 

sakmarisia vaCvenoT, rom ,
2 2

π π −  
 intervali 

eqvivalenturia R  namdvil ricxvTa RerZis. es faqti ki 
gamomdinareobs iqidan, rom x tgx→  gadasaxva 

gansazRvravs : ,
2 2

f R
π π − →  

 bieqcias. 

   vityviT, rom  

( ) ( )card A card B< , 

Tu ar arsebobs A  simravlis bieqcia B -ze, magram 

arsebobs A  simravlis bieqcia B  simravlis sakuTriv 

qvesimravleze.      

   cxadia, rom Tu arsebobs A  simravlis inieqcia B  
simravleSi, maSin 

( ) ( ).card A card B≤  

   Tu arsebobs A  simravlis siureqcia B -ze, maSin  

( ) ( ).card A card B≥  
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   wina paragrafSi moyvanili banaxis Teoremidan 
uSualod gamomdinareobs Semdegi Teorema. 

                Teorema 1 (kantorTeorema 1 (kantorTeorema 1 (kantorTeorema 1 (kantor----bernSteini). Tu bernSteini). Tu bernSteini). Tu bernSteini). Tu :f A B→     da da da da 

:g B A→     inieqciuri gadasaxvebia, maSin arsebobs inieqciuri gadasaxvebia, maSin arsebobs inieqciuri gadasaxvebia, maSin arsebobs inieqciuri gadasaxvebia, maSin arsebobs 

urTierTcalsaxa Tanadoba urTierTcalsaxa Tanadoba urTierTcalsaxa Tanadoba urTierTcalsaxa Tanadoba A     da da da da B     simravleebs Soris.simravleebs Soris.simravleebs Soris.simravleebs Soris. 
            sxva sityvebiT rom vTqvaT, Tu ori simravlidan 
yoveli eqvivalenturia meoris raime nawilis, maSin es 
simravleebi eqvivalenturia.  

   magaliTi 3.magaliTi 3.magaliTi 3.magaliTi 3. nebismieri intervalis wertilTa A  
simravle eqvivalenturia nebismieri segmentis wertilTa 

B  simravlis. 

   marTlac, ganvixiloT raime segmenti 1A  iseTi, rom 

1A A⊂  da iseTi intervali 1B , rom 1B B⊂ . cxadia, rom 

1 1~ ,   ~A A B B . maSin Teorema 1-is Tanaxmad ~ .A B    

   sazogadod, simravleebi simZlavreebis mixedviT iyofa 
or ZiriTad nawilad. esenia: sasruli da usasrulo 
simravleebi.  

   raime A  simravles ewodeba sasruli, Tu arsebobs 

n N∈  ricxvi, rom { }~ 0,1,2, , 1 .A n−⋯  am SemTxvevaSi 

( ) .card A n=  es niSnavs, rom sasruli simravlis 

simZlavre udris masSi Semavali elementebis raodenobas. 
sazogadod, sasruli simravlis Tvisebaa, rom is ar 
SeiZleba iyos Tavisi sakuTrivi qvesimravlis 
tolsimZlavriani. 

   magaliTi 4. magaliTi 4. magaliTi 4. magaliTi 4. vTqvaT,    ( )n A     simboloTi    aRvniSnoT 

sasruli A  simravlis elementTa raodenoba. Tu 

mocemulia ori sasruli A  da B  simravle, maSin 
marTebulia Semdegi toloba:  

( ) ( ) ( ) ( )n A B n A n B n A B∪ = + − ∩ . 

 ori simravlis gaerTianebis elementebis raodenobis 
gamosaTvlel miTiTebul formulas CarTvisa da 
gamoricxvis meTodi ewodeba. es meTodi SeiZleba 
ganzogaddes sasruli raodenobis simravleTa 
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ojaxisaTvis. kerZod, Tu mocemulia sasrul simravleTa 

0 1 2 1, , , , mA A A A −⋯  sasruli ojaxi, Sesabamisad  

( ) ( ) ( ) ( )0 1 2 1, , , , mn A n A n A n A −⋯  

elementTa raodenobiT, maSin adgili aqvs Semdeg 
tolobas: 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ){ }
( ) ( )

( ) ( )

0 1 2 0 1 2

0 1 0 2 2

0 1 2 0 1 3 3 2

1

0 1 2

1

1 1

1 1

{ (

)} 1 .
m

m

m m m

m m

m m

n A A A A n A n A n A

n A n A A n A A n A A

n A A A n A A A n A A

A n A A A A

−

− −

−

−

− −

− −

∪ ∪ ∪ ∪ = + + + +

+ − ∩ + ∩ + + ∩ +

+ ∩ ∩ + ∩ ∩ + + ∩ ∩

∩ + + − ∩ ∩ ∩ ∩

⋯ ⋯

⋯

⋯

⋯ ⋯

 

   simravles, romelic ar aris sasruli usasrulo 
simravle ewodeba. sxva sityvebiT rom vTqvaT usasruloa 
simravle, romelic Tavisi romeliRac sakuTrivi 
qvesimravlis tolsimZlavriania. 

   raime A  simravles ewodeba Tvladi, Tu ~ .A N  es 

niSnavs, rom A  simravle Tvladia, Tu SesaZlebelia A  
simravlis yvela elementebis gadanomra usasrulo 

mimdevrobis 0 1 2 3, , , ,a a a a ⋯ saxiT ise, rom yovel 

elements mieniWos mxolod erTi nomeri da yoveli 
naturaluri n  ricxvi iyos mxolod erTi elementis 
nomeri.  
   Tu simravle sasruli an Tvladia, maSin mas araumetes 
Tvladi simravle ewodeba.   

   yvela naturalur ricxvTa simZlavre aRiniSneba 0ℵ  

(alefi) asoTi. 
   simravles, romelic eqvivalenturia yvela namdvil 

ricxvTa R  simravlis ewodeba kontinuumis simZlavris 
mqone simravle anu kontinualuri simravle. kontinuumis 
simZlavre aRiniSneba c asoTi.  
   moviyvanoT Teoremebi usasrulo simravleebis Sesaxeb. 
            Teorema 2.  Tvladi simravlis nebismieri qvesimravle Teorema 2.  Tvladi simravlis nebismieri qvesimravle Teorema 2.  Tvladi simravlis nebismieri qvesimravle Teorema 2.  Tvladi simravlis nebismieri qvesimravle 
araumetes Tvladia.araumetes Tvladia.araumetes Tvladia.araumetes Tvladia.    

   damtkiceba. marTlac, vTqvaT A  simravle Tvladia da 

B  - ki misi nebismieri qvesimravlea. A  simravlis 
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Tvladobis gamo SesaZlebelia misi elementebis 

warmodgena usasrulo 0 1 2 3, , , ,a a a a ⋯  mimdevrobis saxiT. 

ganvsazRvroT B  simravleSi Semavali  elementebis 

mimdevroba Semdegi wesiT: 1b  iyos B  simravlis is 

elementi, romelic pirvelad gvxvdeba  0 1 2 3, , , ,a a a a ⋯ 

mimdevrobaSi. Tu 0 1 3 1, , , , nb b b b −⋯  elementebi ukve 

gansazRvrulia, maSin nb  iyos { }0 1 2 3 1\ , , , , , nB b b b b b −⋯  

simravlis is elementi, romelic pirvelad gvxvdeba 

0 1 2 3, , , ,a a a a ⋯ mimdevrobaSi. cxadia, am wesiT 

ganisazRvreba B  simravlis elementTa inieqciuri ( e. i. 

Tu 1 2k k≠ , maSin 
1 2k k

b b≠ ) mimdevroba.  

   SesaZlebelia ori SemTxveva: B  simravlis elementebi 
SesaZloa amoiwuros sasruli an Tvladi nabijebis 

Semdeg. pirvel SemTxvevaSi B  simravle iqneba sasruli, 
xolo meore SemTxvevaSi ki – Tvladi.  
   amiT Teorema 2 damtkicebulia. 
   Teorema 3. yoveli usasrulo simravle Seicavs Tvlad Teorema 3. yoveli usasrulo simravle Seicavs Tvlad Teorema 3. yoveli usasrulo simravle Seicavs Tvlad Teorema 3. yoveli usasrulo simravle Seicavs Tvlad 
qvesimravles.qvesimravles.qvesimravles.qvesimravles.    

            damtkiceba. vTqvaT, A  nebismieri usasrulo simravlea. 

ganvixiloT ( ) { }\P A ∅  simravlis Tavis Tavze igivuri 

asaxva. maSin amorCevis aqsiomis Tanaxmad arsebobs 
gadasaxva 

( ) { }: \f P A A∅ → , 

rom  

( )( ) ( ) .B B A B f B B∀ ⊂ ∧ ≠ ∅ ⇒ ≠  

   davuSvaT, rom ( )0 .a f A=  Tu 0 1 2 1, , , , na a a a −⋯  

elementebi gansazRvrulia, maSin  

{ }( )0 1 3 1\ , , , ,n na f A a a a a −= ⋯ . 
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maSasadame, gansazRvrulia Tvladi inieqciuri 

0 1 2 3, , , ,a a a a ⋯ mimdevroba, romelic warmoadgens A  

simravlis qvesimravlesac.       
   amiT Teorema 3 damtkicebulia. 
            magaliTi 5magaliTi 5magaliTi 5magaliTi 5. Tvladi simravlis simZlavre aris 
usasrulo simravleebis simZlavreebs Soris umciresi. 

   marTlac, vTqvaT, A  nebismieri usasrulo simravlea. 
logikurad SesaZlebelia ori SemTxveva: 

   pirveli, ~A N . maSin A  Tvladi simravlea.  

   meore, A  ar aris N -is eqvivalenturi. maSin Teorema 

3-is  Tanaxmad arsebobs 1A A⊂ Tvladi simravle. e. i. 

arsebobs bieqcia 1:f N A→ . magram f gadasaxva 

imavdroulad aris inieqciac da ( ) ( )card A card N> .  

            Teorema 4.  Tvladi simravleebis Tvladi gaerTianeba Teorema 4.  Tvladi simravleebis Tvladi gaerTianeba Teorema 4.  Tvladi simravleebis Tvladi gaerTianeba Teorema 4.  Tvladi simravleebis Tvladi gaerTianeba 
Tvladia.Tvladia.Tvladia.Tvladia.    

            damtkiceba. vTqvaT, mocemulia ( ):
k
A k N∈  Tvladi 

simravleebis diziunqtiuri Tvladi ojaxi. mocemuli 
ojaxis TiToeuli Tvladi simravle warmovidginoT 
usasrulo mimdevrobis saxiT. 

0 00 01 02 0

1 10 11 12 1

30 1

:   , , , , ,

:    , , , , ,

:   , , , , ,k

n

n

k k k kn

A a a a a

A a a a a

A a a a a

⋯ ⋯

⋯ ⋯

⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯

⋯ ⋯

⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯

 

   ganvixiloT k
k N

A A
∈

= ∪  gaerTianeba. cxadia, rom am 

gaerTianebis elementebi SesaZlebelia davalagoT 
cnobili meTodebis gamoyenebiT (magaliTad, kantoris 
diagonaluri meTodiT, romlis arss moviyvanT     $6-Si): 

00 01 11 10 02 12 22 21 20, , , , , , , , ,a a a a a a a a a ⋯ , 

rac niSnavs A  simravlis Tvladobas. 
   amiT Teorema 4 damtkicebulia. 
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   rogorc vnaxeT, Teorema 3-is damtkicebaSi gamoviyeneT 
amorCevis aqsioma. saqme is aris, rom Teorema 4-is 
damtkicebaSic SeuZlebelia gverdi avuaroT am aqsiomas. 

marTlac, gvaqvs simravleTa { }0 1 2 3, , , , , ,
k

A A A A A⋯ ⋯  

( )k N∈  ojaxi, sadac yoveli   kA simravle Tvladia. 

amitom yoveli k -sTvis arsebobs kA  simravlis 

elementebis numeracia: 

{ } ( )10 , ,   .k kkA a a k N= ∈⋯  

   magram yoveli  kA  simravlisaTvis arsebobs erTze 

meti numeracia. Tu yoveli k -sTvis kE -Ti avRniSnavT kA  

simravlis numeraciaTa simravles, maSin zemoT moyvanili 

cxrilis gamoyenebisaTvis saWiroa yoveli ( )  kA k N∈  

simravlisaTvis avirCioT erTi konkretuli numeracia. 

sxva sityvebiT rom vTqvaT, yoveli kE  simravlidan unda 

avirCioT erTi elementi. e. i. dagvWirdeba amorCevis 

funqcia { }0 1 2 3, , , ,E E E E ⋯  simravleTa ojaxisaTvis.  

   Teorema 5.  usasrulo Teorema 5.  usasrulo Teorema 5.  usasrulo Teorema 5.  usasrulo A     simravlis simZlavre ar simravlis simZlavre ar simravlis simZlavre ar simravlis simZlavre ar 

Seicvleba, Tu mas gavaerTianebT Tvlad an sasrul Seicvleba, Tu mas gavaerTianebT Tvlad an sasrul Seicvleba, Tu mas gavaerTianebT Tvlad an sasrul Seicvleba, Tu mas gavaerTianebT Tvlad an sasrul B     
simravlesTan.simravlesTan.simravlesTan.simravlesTan.    
            damtkiceba. zogadobis SeuzRudavad vigulisxmoT, rom 

.A B∩ = ∅  Teorema 3-is Tanaxmad, marTebulia A  
simravlis warmodgena  Semdegi saxiT: 

1 1,A A B= ∪     

sadac 1B  aris Tvladi simravle. 

   gvaqvs 

( )1 1.B A B B A∪ = ∪ ∪  

   radgan 1B B∪  Tvladi simravlea, amitom arsebobs 

bieqcia 1 1: .f B B B∪ →  maSin ϕ  gadasaxva  

ganvsazRvruli Semdegi formuliT 
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( )
( ) 1

1

, ,

, ,

f x x B B
x

x x B
ϕ

 ∈ ∪
= 

∈

 

    
 

aris bieqcia A B∪  da A  simravleebs Soris. e. i. 

~ .A B A∪  
   Teorema damtkicebulia. 

   Teorema 6. araTvladi Teorema 6. araTvladi Teorema 6. araTvladi Teorema 6. araTvladi A     simravlis simZlavre ar simravlis simZlavre ar simravlis simZlavre ar simravlis simZlavre ar 

Seicvleba, Tu mas gamovaklebT Tvlad an sasrul Seicvleba, Tu mas gamovaklebT Tvlad an sasrul Seicvleba, Tu mas gamovaklebT Tvlad an sasrul Seicvleba, Tu mas gamovaklebT Tvlad an sasrul B     
simravles.simravles.simravles.simravles.    

            damtkiceba. A  simravle warmovidginoT 

( )\A A B B= ∪  saxiT. radgan A  simravle araTvladia, 

amitom \A B  iqneba usasrulo da Teorema 5-is Tanaxmad 
miviRebT 

( ) ( )( ) ( )\ \ .card A B card A B B card A= ∪ =  

amiT Teorema 6 damtkicebulia. 
   magaliTi 6 (hilbertis sastumro). magaliTi 6 (hilbertis sastumro). magaliTi 6 (hilbertis sastumro). magaliTi 6 (hilbertis sastumro). warmovidginoT, rom 
sadRac, Soreul kosmosSi mdebareobs sastumro 
usasrulo raodenobis erTadgiliani nomrebiT. erTxel 
sastumros estumra adamiani da moiTxova misTvis 
gamoeyoT calke oTaxi. sastumros direqtorma aRmoaCina, 
rom yvela nomeri dakavebuli iyo, magram miuxedavad 
amisa, man SeZlo daekmayofilebina stumaris moTxovna. 
rogor SeZlo man es? 
   Tavdapirvelad direqtorma daalaga sastumros 

nomrebi usasrulo 0 1 2 1 ,, , , , na a a a − ⋯⋯  mimdevrobis saxiT,  

sastumros Sesabamis nomrebSi mcxovrebi adamianebi  

0 1 2 1, , , , ,nb b b b −⋯ ⋯  mimdevrobis saxiT, xolo axali 

stumari ki – aRniSna b -Ti. axali stumari moaTavsa 0a  

nomerSi, Zveli 0b  stumari gadaiyvana 1a  nomerSi, 1b  

stumari gadaiyvana 2a  nomerSi da a. S. 

   moyvanili magaliTi gviCvenebs, rom Tu gvaqvs bieqcia 

: ,f A B→  maSin SesaZlebelia avagoT bieqcia 1 1:f A B→ , 
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sadac 1A  aris simravle, romelic miiReba A  

simravlisagan erTi elementis damatebiT.  
   SevniSnoT, rom ,,hilbertis sastumros” idea xSirad 
gamoiyeneba sxvadasxva simravleebis eqvivalenturobis 

dasadgenad. magaliTad, cxadia rom [ ] ] [, ~ ,a b a b .  

   Teorema 7. Tvladi simravlis yvela qvesimravleTa Teorema 7. Tvladi simravlis yvela qvesimravleTa Teorema 7. Tvladi simravlis yvela qvesimravleTa Teorema 7. Tvladi simravlis yvela qvesimravleTa 
simravle kontinualuri simravlea.simravle kontinualuri simravlea.simravle kontinualuri simravlea.simravle kontinualuri simravlea.    

        damtkiceba. vTqvaT, A  mocemuli Tvladi simravlea. es 
niSnavs, rom misi elementebi SeiZleba warmovadginoT 

iseTi 0 1 2 1 ,, , , , na a a a − ⋯⋯  mimdevrobis saxiT, romlis 

elementebi erTmaneTisagan gansxvavdebian naturaluri 
indeqsebiT. Teorema iqneba damtkicebuli Tu vaCveneT, rom 
naturalur ricxvTa nebismieri zrdadi mimdevroba 
eqvivalenturia yvela namdvil ricxvTa simravlis, 

romelic ekuTvnis ] ]0,1  intervals (rogorc ukve vnaxeT, 

] ]0,1 ~ R ). Yyovel ] ]0,1a∈  namdvil ricxvs Seesabameba 

erTaderTi usasrulo orobiTi wiladi 0 10,  α α ⋯ da 

piriqiT.  

   yovel  0 10,  α α ⋯ ricxvs SevusabamoT naturalur 

ricxvTa zrdadi ( ):kn k N∈  mimdevroba, sadac 

mimdevrobis zrdadobas gansazRvravs mimdevrobis 

wevrebis is mniSvnelobebi, romlebisTvisac 1kα =  

(magaliTad, 0, 000101001 orobiT wilads SevusabamoT 4, 6, 

9, ). e. i. yovel ] ]0,1a∈  ricxvs Seesabameba erTaderTi 

naturalur ricxvTa mimdevroba da piriqiT, yovel zrdad 
naturalur ricxvTa mimdevrobas Seesabameba erTaderTi 
orobiTi wiladi (magaliTad, 3, 5, 7,⋯ mimdevrobas 
Seesabameba 0, 001001001⋯ ricxvi). es niSnavs, rom 
arsebobs urTierTcalsaxa Tanadoba naturalur ricxvTa 

yvela zrdad mimdevrobebsa da ] ]0,1  intervalis yvela 

namdvil ricxvTa simravles Soris. aqedan ki 
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gamomdinareobs, rom Tvladi simravlis yvela 
qvesimravleTa simravle kontinualuria.  
   Teorema damtkicebulia.     
   Teorema 8. Tvlad simravleTa Tvladi ojaxis Teorema 8. Tvlad simravleTa Tvladi ojaxis Teorema 8. Tvlad simravleTa Tvladi ojaxis Teorema 8. Tvlad simravleTa Tvladi ojaxis 
dekartuli namravli kontinualuri simravlea.       dekartuli namravli kontinualuri simravlea.       dekartuli namravli kontinualuri simravlea.       dekartuli namravli kontinualuri simravlea.           
            damtkiceba. sakmarisia moviyvanoT damtkiceba yvela 

SesaZlo usasrulo mimdevrobebis 
NN N N N= × × ×⋯ 

simravlisaTvis. kerZod, vaCvenoT, rom ] ]~ 0,1 .NN  

   vTqvaT, ( )0 1 2 1, , , , ,nx k k k k −= ⋯ ⋯  aris naturalur 

ricxvTa raime mimdevroba. am mimdevrobas SevusabamoT 

naturalur ricxvTa zrdadi ( )0 1 2 1, , , , ,iy n n n n −= ⋯ ⋯  

mimdevroba, gansazRvruli Semdegi wesiT: 

0 0 1 0 1 1,  , , ,i i in k n n k n n k−= = + = +⋯ ⋯ . amis Semdeg y  

mimdevrobas SevusabamoT ] ]0,1z∈  ricxvi, romlis mZimis 

Semdeg 0 1 2, , ,n n n ⋯ adgilebze weria erTianebi, xolo 

danarCen adgilebze ki – nulebi. magaliTad, 

( )3,1, 2, 2, 2,x = ⋯  mimdevrobas SevusabamoT 

( )3, 4,6,8,10,y = ⋯  mimdevroba da am SemTxvevisaTvis 

0,0011010101 .z = ⋯  

   gansazRvrebis Tanaxmad, y  mimdevroba zrdadia, amitom 

am mimdevrobaSi Semavali ricxvebs Soris gvaqvs ragind 
didi ricxvebi. amis gamo Sesabamis z  ricxvis CanawerSi 
iqneba usasrulo raodenoba erTianebi da amave dros 
yoveli aseTi ricxvi gansazRvravs erTaderT ricxvs 

] ]0,1  Sualedidan. e. i. agebulia gadasaxva 
NN  

simravlidan ] ]0,1  SualedSi. 

   SevniSnoT, rom or gansxvavebul mimdevrobas 

Seesabameba gansxvavebuli ricxvebi ] ]0,1  Sualedidan. 

marTlac, vTqvaT, ( ) ( )0 1 0 1 11 ,, , , , , , ,nik k k k k k −−
′ ′ ′≠⋯⋯ ⋯ ⋯ . 

maSin moiZebneba iseTi nomeri t , rom 



 50 

0 0 1 1, , ,t tk k k k− −
′ ′= =⋯  magram t tk k ′≠ . vigulisxmoT, rom 

t tk k< ′ . am SemTxvevaSi gveqneba 00 1 1, , t tn n n n− −
′ ′= =⋯ . 

magram t tn n ′< . amis gamo pirveli aTwiladis tn -ur 

adgilze (mZimis Semdeg) weria erTiani, xolo meore 
aTwiladis igive nomris (mZimis Semdeg)  adgilze ki – 
nuli. es imas niSnavs, rom miRebuli aTwiladebi 
gansxvavdebian erTmaneTisagan. sabolood miviReT, rom 

gadasaxva ] ]: 0,1Nf N →  aris inieqciuri. 

   radgan nebismier  ] ]0,1z∈  ricxvs Seesabameba zrdadi 

( )0 1 2 1, , , , ,iy n n n n −= ⋯ ⋯  mimdevroba, romelic Sedgeba im 

adgilis nomrebisagan, sadac mZimis Semdeg weria 
erTianebi, xolo yovel aseT mimdevrobas ki – Seesabameba 

( )0 1 2 1, , , , ,nx k k k k −= ⋯ ⋯  mimdevroba, sadac 0 0k n=  da 

1i i ik n n −= −  ( )2i ≥ . cxadia, rom ( )f x z= . e.i. gadasaxva 

f  aris bieqcia da Sesabamisad, ] ]~ 0,1 .NN  maSasadame, 

( )Ncard N = c . 
   Teorema damtkicebulia. 
   Teorema 9. kTeorema 9. kTeorema 9. kTeorema 9. kontinualuri simravleebis sasruli daontinualuri simravleebis sasruli daontinualuri simravleebis sasruli daontinualuri simravleebis sasruli da    
Tvladi ojaxis dekartuli namravli kontinualuri Tvladi ojaxis dekartuli namravli kontinualuri Tvladi ojaxis dekartuli namravli kontinualuri Tvladi ojaxis dekartuli namravli kontinualuri 
simravlea.simravlea.simravlea.simravlea.    
   damtkiceba. vTqvaT, mocemulia kontinualur 

simravleTa 0 1 2, , , , ,kA A A A⋯ ⋯ ojaxi da vTqvaT,  

0 1 2 kA A A A A= × × × × ×⋯ ⋯ . 

   damtkiceba moviyvanoT im SemTxvevisaTvis, roca 
mocemulia aseTi simravleTa Tvladi ojaxi. 

   ganvixiloT ( )0 1 2, , , , ,na a a a a A= ∈⋯ ⋯  elementi, sadac 

k ka A∈  ( k N∈ ). radgan yoveli kA  simravle 

kontinualuria, amitom arsebobs bieqcia : N

kf A N→ . es 
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niSnavs, rom a  mimdevrobis yovel ka  elements 

Seesabameba naturalur ricxvTa gansazRvruli 
mimdevroba: 

( )
( )

( )

0 01 02

1 11 12

1 2

0

1

, , , , ,

, , , , ,

, , , , ,

.

k

m

m

k k km

a n n n

a n n n

a n n n

→

→

→

⋯ ⋯

⋯ ⋯

⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯

⋯ ⋯

⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯

 

xolo a  mimdevrobas ki - Seesabameba usasrulo cxrili 

01 02

11 12

21 22

0

1

2

        

        

        

                  

m

m

m

n n n

n n n
a

n n n

 
 
 →
 
  
 

⋯ ⋯

⋯ ⋯

⋯ ⋯

⋮ ⋮ ⋯ ⋮ ⋯

, 

romelic Sedgeba naturaluri ricxvebisagan. SevniSnoT, 
rom sxvadasxva elementebs Seesabameba sxvadasxva cxrili. 
   cxadia, rom aseTi cxrilis elementTa raodenoba 
Tvladia, rogorc Tvladi raodenoba elementebis 
Tvladi gaerTianeba. amitom SesaZlebelia misi 
elementebis Cawera mimdevrobis saxiT. amis gamo yvela 
cxrilisaTvis aseTi mimdevrobebi SeiZleba SevadginoT 
erTidaigive saxiT (magaliTad, kantoris diagonaluri 
meTodiT). maSin gansxvavebul cxrilebs SeesabamebaT 
gansxvavebuli mimdevrobebi da Sesabamisad, miviRebT 

bieqciur gadasaxvas A  simravlidan NN  simravleze. e. i. 

( )card A = c . 
   amiT Teorema 8 damtkicebulia.  
   Teorema 8-dan uSualod gamomdinareobs, rom sibrtyis 
yvela wertilTa simravle kontinualuri simravlea. es 
faqti Tavis droze CaiTvala moulodnelobad, radgan 
kantori Tvlida, rom sibrtyis wertilTa simravlis 
simZlavre meti iyo, vidre wrfis wertilTa simravlis 
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simZlavre. ,,vxedav, magram ar mjera” - am faqtis 
damtkicebis Semdeg kantori werda dedekinds. 
   Teorema 10 (kantori). nebismieri  simravTeorema 10 (kantori). nebismieri  simravTeorema 10 (kantori). nebismieri  simravTeorema 10 (kantori). nebismieri  simravlis buleanis lis buleanis lis buleanis lis buleanis 
simZlavre metia TviT simravlis simZlavreze.simZlavre metia TviT simravlis simZlavreze.simZlavre metia TviT simravlis simZlavreze.simZlavre metia TviT simravlis simZlavreze.    

            damtkiceba. vTqvaT, mocemulia nebismieri A  simravle. 

rogorc yovelTvis ( )P A  simboloTi avRniSnoT A  

simravlis buleani. 

   Tu A  simravlis yovel a  elements SevusabamebT 

erTelementian { }a  simravles, maSin cxadia, rom A  

simravle eqvivalenturia Tavisi erTelementiani 
simravleebisagan Sedgenili qvesimravleTa simravlis. e. 

i. cxadia, rom ( ) ( )( ).card A card P A≤  amis gamo 

sakmarisia davamtkicoT, rom A  da ( )P A  ar arian 

eqvivalenturebi. davuSvaT sawinaaRmdego. e. i. arsebobs 
bieqcia  

( ):f A P A→ . 

   nebismieri a A∈  elementisaTvis SesaZlebelia Semdegi 

ori SemTxvevidan erT-erTi: pirveli, a  Sedis ( )f a  

qvesimravleSi an meore, a  ar Sedis ( )f a -Si. ganvixiloT 

B A⊂  qvesimravle, romelic akmayofilebs meore 

pirobas. e. i. ( ){ }: .B a a A a f a= ∈ ∧ ∉  radgan ( )B P A∈  

da f  gadasaxva bieqciaa, amitom B -s gaaCnia winasaxe 

b A∈ , Tanac erTaderTi.  
   ganvixiloT ori SemTxveva: 

   a) ( )b f b B∈ = , e. i. b  akmayofilebs pirvel pirobas; 

   b) ( )b f b B∉ = , e. i. b  akmayofilebs meore pirobas. 

miviReT winaaRmdegoba. es niSnavs, rom Cveni daSveba 

mcdaria, e. i. ar arsebobs bieqcia ( )A P A→ . maSasadame, 

( ) ( )( ).card A card P A<  

   amiT Teorema damtkicebulia. 



 53

   magalmagalmagalmagaliTi 7.iTi 7.iTi 7.iTi 7. Tu A  raime sasruli simravlea da 

( )card A n=  maSin ( )( ) 2 .ncard P A =   

   marTlac, A  simravlis buleani Seicavs erT cariel 

simravles, 
1
nC  raodenobis erTelementian simravles, 

2
nC  raodenobis orelementian simravles da a. S. (

m
nC -

iT aRniSnulia n  elementiani sim-ravlis m  elementiani 
qvesimravleTa raodenoba anu juf-deba n -dan m -ad). anu 

( )P A -s elementTa raodenoba iqneba: 

1 21 2 .n n
n n nC C C+ + + + =⋯  

SevniSnoT, rom es formula marTebuli iqneba im 

SemTxvevebSic, roca A  simravle carieli simravlea 

( )0n =  da roca A  erTelementiani simravlea ( )1n = . 

   magaliTi 8.magaliTi 8.magaliTi 8.magaliTi 8. Tu A  nebismieri simravlea, maSin 

( )( ) ( )2 .
card A

card P A =  

   marTlac, vTqvaT, mocemulia raime A  simravle da 

( ).B P A∈  ganvsazRvroT B  simravlisaTvis 

maxasiaTebeli funqcia  

( )
1,    ,

0, \ .

x B
x

x A B
χ

∈
= 

∈

roca 

  roca B
 

   amrigad, gansazRvrulia bieqciuri  gadasaxva  

( ) { }: 0,1 .
A

P Aχ →  

e. i. ( ) { }~ 0,1 .
A

P A  maSasadame, ( )( ) ( )2 .
card A

card P A =        

   Teorema 11. Teorema 11. Teorema 11. Teorema 11. 02
ℵ

c = .... 
   simravleTa Teoriis bevr klasikur, aseve Tanamedrove,  
literaturaSi simravles, romlis simZlavre tolia 

02
ℵ

c =  ewodeba kontinualuri. kontinuumis simZlavris 
aseTi gansazRvra aris safuZveli kardinalur ricxvTa 
mTeli Teoriis Semdgomi ganviTarebisaTvis.  
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   Teorema 10-dan uSualod gamomdinareobs Semdegi 
Teoremis marTebuloba: 
   Teorema 12. usasruTeorema 12. usasruTeorema 12. usasruTeorema 12. usasrulo simravleebs Soris ar arsebobs lo simravleebs Soris ar arsebobs lo simravleebs Soris ar arsebobs lo simravleebs Soris ar arsebobs 
simravle udidesi simZlavriT.simravle udidesi simZlavriT.simravle udidesi simZlavriT.simravle udidesi simZlavriT.    
       

    
    
    

$6. ordinaluri ricxvebi. transfinituli $6. ordinaluri ricxvebi. transfinituli $6. ordinaluri ricxvebi. transfinituli $6. ordinaluri ricxvebi. transfinituli 
induqciis meTodiinduqciis meTodiinduqciis meTodiinduqciis meTodi    

                                
                                    

            or dalagebul ( ),A ≤  da ( ),B ≤  simravles ewodeba 

izomorfuli, Tu arsebobs bieqcia :f A B→ , romelic 

inarCunebs A  simravleSi gansazRvrul rigs. e. i.    

( )( ) ( ) ( )( )1 2 1 2 1 2 1 2 .a a a A a A a a f a f a∀ ∀ ∈ ∧ ∈ ∧ ≤ ⇔ ≤  

   magaliTi 1. magaliTi 1. magaliTi 1. magaliTi 1. ori sasruli toli simZlavris mqone 

dalagebuli A  da B  simravle izomorfulia. marTlac, 
vTqvaT, am simravleebis elementebi mocemulia im 
dalagebis mixedviT, romelic gansazRvrulia mocemul 
simravleebze: 

0 1 2 1

0 1 2 1

( , , , , ),

( , , , , ).
k

k

A a a a a

B b b b b

−

−

=

=

⋯

⋯
 

Tu ia -s SevusabamebT ib  ( [ ]0,i k∈ ) elements, maSin cxadia 

miviRebT izomorfizms A  da B  simravleebs Soris. 

   magaliTi 2.magaliTi 2.magaliTi 2.magaliTi 2. wrfivi gardaqmna 
x a

y
b a

−
=

−
 amyarebs 

izomorfizms ricxviTi RerZis a x b< <  da 0 1y< <  

intervalebs Soris. aqve SevniSnoT, rom ricxviTi RerZis 
yvela intervali da maTTan erTad mTeli ricxviTi RerZi 
izomorfulebia.    
   cxadia, rom ori dalagebuli simravlis izomorfizmis 
cneba warmoadgens eqvivalenturobis mimarTebas yvela 
dalagebul simravleTa klasSi da amitom, rogorc ukve 
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avRniSneT $4-Si, aseTi mimarTeba yvela dalagebul 
simravleTa klass dayofs eqvivalenturobis klasebad. 
   mocemuli dalagebuli simravlis rigobrivi tipi 
ewodeba am simravlis izomorfuli simravleTa klasis 
romeliRac warmomadgenels. 
   savsebiT dalagebuli simravlis rigobriv tips 
ewodeba rigobrivi anu ordinaluri ricxvi. usasrulo 
ordinalur ricxvs ewodeba transfinituli ricxvi. 

   naturalur N  ricxvTa simravlis ordinaluri 

ricxvi aRiniSneba ω  an 0ω  asoebiT, xolo dalagebis 

mimarTebaSi igulisxmeba bunebrivi dalageba. 
   magaliTi 3.magaliTi 3.magaliTi 3.magaliTi 3. ganvixiloT savsebiT dalagebuli 
simravle 

1 2 3
, , , , ,

2 3 4 1

n

n +
⋯ ⋯ . 

   es simravle izomorfulia yvela naturalur ricxvTa 
simravlis. Tu mocemul simravles davumatebT ricxvs 1 
da davalagebT zrdadobis mixedviT, miviRebT 

1 2 3
, , , , , ,1.

2 3 4 1

n

n +
⋯ ⋯  

   miRebuli simravle kvlav savsebiT dalagebuli 
Tvladi simravlea, magram ar aris yvela naturalur 
ricxvTa simravlis izomorfuli. es daskvna 
gamomdinareobs Tundac im faqtidan, rom mocemul 
simravles gaaCnia udidesi elementi, xolo  yvela 
naturalur ricxvTa simravles ki aseTi elementi ar 

gaaCnia. am mocemul simravles ewodeba 1ω +  tipis 
simravle. 

   vTqvaT, ( ),A ≤  nebismieri dalagebuli simravlea. A  

simravlis dalagebul ( ),B ≤  qvesimravles ewodeba 

monakveTi, Tu Sesrulebulia Semdegi piroba: 

( )( )( ).a b a A b B a b a B∀ ∀ ∈ ∧ ∈ ∧ ≤ ⇒ ∈  
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   Tu a  aris dalagebuli ( ),A ≤  simravlis elementi, 

maSin am elementiT gansazRvruli monakveTi aRiniSneba 
A

aS  simboloTi da gansazRvravs Semdeg simravles: 

{ }: .A
aS b b A b a= ∈ ∧ ≤  

   ordinaluri ricxvis gansazRvrebidan gamomdinareobs, 
rom ordinaluri ricxvebi simravleebs warmoadgenen. or 

ordinalur α  da β  ricxvs ewodeba toli, Tu α  da β  
simravleebi izomorfulia da am SemTxvevaSi vwerT 

.α β=  

   ordinalur α  ricxvs ewodeba ordinalur β  ricxvze 
naklebi, Tu α  izomorfulia β  simravlis sakuTrivi 
monakveTisa da vwerT .α β<  

   davrwmundeT, rom nebismieri ordinaluri α  da β  
ricxvebisaTvis α β<  da β α<  damokidebulebebi 

gamoricxaven erTmaneTs. 

   davuSvaT sawinaaRmdego. e. i.  α β<  da β α<  

damokidebulebebi sruldeba erTdroulad. vTqvaT, f  

aris α -s izomorfizmi β -s sakuTriv monakveTze, xolo 
g  ki aris β -s izomorfizmi α -s sakuTriv monakveTze. 

maSin kompozicia h f g= �  iqneba α -s izomorfizmi Tavis 

sakuTriv monakveTze, rac winaaRmdegobaa, vinaidan ar 

arsebobs dalagebuli A  simravlis izomorfizmi Tavis 
sakuTriv monakveTze. marTlac, Tu ϕ  warmoadgens 

dalagebuli ( ),A ≤  simravlis izomorfizmi Tavis TavSi, 

maSin 

( ) ( )( )a a A a aϕ∀ ∈ ⇒ ≤ .    ( )∗  

   davuSvaT, ( )∗  pirobis sawinaaRmdego. e. i. ( )a aϕ < . 

ganvixiloT simravle  

( ){ }:B a a A a aϕ= ∈ ∧ <   
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da b -Ti aRvniSnoT B  simravlis umciresi elementi. Tu 

( )b cϕ = , maSin cxadia, rom .c b<  aqedan gamomdinareobs, 

rom ( ) ( )c b cϕ ϕ< = . rac imas niSnavs, rom c B∈  da c  

elementi mkacrad win uswrebs b  umciress elements. 
miviReT winaaRmdegoba.  
   analogiurad mtkicdeba, rom  

( )
( )
1        ,

2        

α β α β

β α α β

< ∧ =

< ∧ =
 

damokidebulebebSi mocemuli Tanafardobebi erTmaneTs 
gamoricxaven.  
   vaCvenoT, rom ordinalur ricxvTa klasSi 
Sesrulebulia e. w. trixotomiis Tviseba. 
   yoveli α  ordinaluri ricxvisaTvis SegviZlia 

ganvixiloT misi yvela monakveTis ( )W α  simravle, 

romelic izomorfulia α -s. α  da β  ordinaluri 

ricxvebisTvis SemoviRoT aRniSvna 

( ) ( )C W Wα β= ∩  

da davuSvaT, rom γ  aris C  simravlis rigobrivi tipi. 
cxadia, rom C  simravle Sedgeba iseTi ordinaluri 
ricxvebisagan, romlebic erTdroulad ar aRematebian α  

da β  ordinalur ricxvebs. cxadia, rom γ α<  da γ β<  

damokidebulebebi erTdroulad ar SeiZleba iyos 
Sesrulebuli. winaaRmdeg SemTxvevaSi miviRebdiT, rom γ  
erTdroulad warmoadgens α  da β  ordinaluri 

ricxvebidan TiToeulis sakuTriv monakveTs, romelic 
maT TanakveTas emTxveva. 
   amgvarad, Sesrulebulia oTxi logikuri SemTxvevidan 
sami: 

  1)       .γ α γ β< ∧ =  e. i. β α< ; 
  2)      .γ β γ α< ∧ =  e. i. α β< ; 
  3)       .γ α γ β= ∧ =  e. i. α β= . 

amiT trixotomiis Tviseba damtkicebulia.  
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   yvela ordinalur ricxvTa simravle aris dalagebuli 
simravle bunebrivi dalagebis Semdegi mimarTebiT: 

.α β α β< ⇔ ∈  

   ordinaluri ricxvebisaTvis marTebulia Semdegi 
winadadebebi: 

   - { }:α β β α= <  nebismieri α -sTvis; 

   - { }1α α α+ = ∪  aris umciresi ordinali, romelic 

metia α -ze; 
   - ordinalTa nebismier aracariel simravles gaaCnia 
umciresi elementi. 
   marTebulia Semdegi Teorema. 
   Teorema 1. Tvladze arameti simZlavris yvela Teorema 1. Tvladze arameti simZlavris yvela Teorema 1. Tvladze arameti simZlavris yvela Teorema 1. Tvladze arameti simZlavris yvela 
ordinaluri ricxvTa klasi araTvladia. ordinaluri ricxvTa klasi araTvladia. ordinaluri ricxvTa klasi araTvladia. ordinaluri ricxvTa klasi araTvladia.     
   damtkiceba.  aRniSnuli klasis Sesabamisi ordinaluri 

ricxvi avRniSnoT  1ω  asoTi. davuSvaT sawinaaRmdego. e. 

i.  1ω  ordinaluri ricxvi Tvladi simZlavrisaa. 

ganvixiloT nebismieri x  elementi, romelic ar 

miekuTvneba  1ω  simravles. maSin vigulisxmoT, rom 

{ } 1 xω ∪  simravleSi yoveli elementi  1ω  simravlidan 

win uswrebs x -s, rac ganapirobebs  1ω  simravlis 

savsebiT dalagebulobas.  radgan { } 1 xω ∪  simravle 

Tvladia, amitom { } 1 xω ∪  simravlis Sesabamisi 

ordinaluri ricxvic Tvladia da is unda iyos  1ω -is 

monakveTi. rac SeuZlebelia. 
   amiT Teorema 1 Ddamtkicebulia. 

   gansazRvrebis Tanaxmad,  1ω  aris pirveli araTvladi 

transfinituli ricxvi da yoveli ordinaluri  1α ω<  

ricxvi sasrulia an Tvladia. aqedan gamomdinareobs, rom 
Tvladze arameti simZlavris yvela ordinaluri ricxvTa 
klasis    yoveli araTvladi qvesimravlis Sesabamisi 

ordinaluri ricxvia  1ω . pirveli araTvladi  1ω  
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ordinaluri ricxvis Sesabamisi simZlavre aRiniSneba  1ℵ  

asoTi. 
   Teorema 2. ar arsebobs Teorema 2. ar arsebobs Teorema 2. ar arsebobs Teorema 2. ar arsebobs iseTi iseTi iseTi iseTi kardinaluri ricxvi kardinaluri ricxvi kardinaluri ricxvi kardinaluri ricxvi m , , , , 
romelic akmayofilebs romelic akmayofilebs romelic akmayofilebs romelic akmayofilebs     

0 1mℵ < <ℵ     

utolobas.utolobas.utolobas.utolobas.    
            marTlac, vTqvaT, aseTi ricxvi arsebobs. radgan 

1m <ℵ , , , , amitom arsebobs  Tvladze arameti simZlavris 

yvela ordinaluri ricxvTa klasis qvesimravle M  

iseTi, rom ( ) .card M m=  magram 0 1mℵ < <ℵ     

damokidebulebis gamo    M     simravle araTvladia da 

amitom ( ) 1card M =ℵ . miRebuli winaaRmdegoba cxadyofs 

Teorema 2-is marTebulobas. 
   rogorc ukve vnaxeT, yvela ordinaluri ricxvTa 
klasi savsebiT dalagebuli simravlea. bunebrivad ismis 
SekiTxva: nebismier simravleze SesaZlebelia Tu ara 
ganisazRvros savsebiT dalagebis mimarTeba? 
   am SekiTxvaze pasuxs iZleva cermelos Teorema, 
romlis formulirebasac moviyvanT simravleTa Teoriis 
sxva fundamentalur winadadebebTan damokidebulebaSi. 
   Teorema 3. Teorema 3. Teorema 3. Teorema 3. (ZF) simravleTa Teoriis farglebSi Semdegi simravleTa Teoriis farglebSi Semdegi simravleTa Teoriis farglebSi Semdegi simravleTa Teoriis farglebSi Semdegi 
winadadebebi eqvivalenturia:winadadebebi eqvivalenturia:winadadebebi eqvivalenturia:winadadebebi eqvivalenturia:    
            a) amorCevis aqsioma WeSmaritia;a) amorCevis aqsioma WeSmaritia;a) amorCevis aqsioma WeSmaritia;a) amorCevis aqsioma WeSmaritia;    
            b) (cermelos Teorema) yovel simravleSi b) (cermelos Teorema) yovel simravleSi b) (cermelos Teorema) yovel simravleSi b) (cermelos Teorema) yovel simravleSi 
SesaZlebelia  gSesaZlebelia  gSesaZlebelia  gSesaZlebelia  ganisazRvros savsebiT dalagebis anisazRvros savsebiT dalagebis anisazRvros savsebiT dalagebis anisazRvros savsebiT dalagebis 
mimarTeba;mimarTeba;mimarTeba;mimarTeba;    
            g) (cornis lema) yoveli induqciuri simravle Seicavs g) (cornis lema) yoveli induqciuri simravle Seicavs g) (cornis lema) yoveli induqciuri simravle Seicavs g) (cornis lema) yoveli induqciuri simravle Seicavs 
maqsimalur elements.maqsimalur elements.maqsimalur elements.maqsimalur elements.    

   axla vTqvaT, α nebismieri ordinaluri ricxvia. 
   vityviT, rom α aris momdevno ordinali, Tu 

romeliRac β  ordinaluri ricxvisaTvis 1.α β= +  

   vityviT, rom α aris zRvruli ordinali, Tu 
Sesrulebulia piroba  

{ }sup : .α β β α= <  
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e. i. α  zRvruli ordinalia, Tu is ar aris momdevno 
ordinali. 

   magaliTi 4.magaliTi 4.magaliTi 4.magaliTi 4. 0 aris zRvruli ordinali. 
   yoveli ordinaluri α  ricxvi SeiZleba warmodgenil 
iqnas Semdegi formiT 

nα β= + , 

sadac β  aris zRvruli ordinaluri, xolo n ω< . Tu n  

ricxvi luwia, maSin α -s ewodeba luwi ordinali, xolo 
Tu n  kentia, maSin ki kenti ordinali. 
   konfinaloba zRvruli α ordinalisTvis aris 

umciresi ξ ordinali, romlisTvisac arsebobs 

ordinalTa { }:ζα ζ ξ<  iseTi ojaxi, rom  

( )( ),ζζ ζ ξ α α∀ < ⇒ <  

{ }sup : .ζα α ζ ξ= <  

            magaliTi 5. magaliTi 5. magaliTi 5. magaliTi 5. 0 1t< <  intervali konfinaluria 

qvesimravlis, romelic Sedgeba yvela 
1

n

n +
 ( )n N∈  saxis 

wertilebisagan.  
ordinalur ricxvTa Teoriis ariTmetikaSi 

mniSvnelovan rols TamaSobs xartogsis ricxvi ( )AΧ , 

romelic nebismieri A  simravlisaTvis ganisazRvreba 
Semdegnairad: 

( )AΧ = (umciresi α , romlisTvisac ar arsebobs 

bieqcia  α -dan AA-Si).   
xartogsis  ricxvisTvis sruldeba Semdegi 

Tvisebebi: 

( )1 . A′ Χ  aris kardinaluri ricxvi yoveli A-sTvis;  

( )2 . A′ Χ  aris umciresi kardinaluri ricxvi, romelic 

metia A-ze. 
kardinaluri ricxvebi (alefebi) ganisazRvreba 

Semdegi rekurentuli damokidebulebebiT: 
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( )
0 0

1 1 ,

,

α α α

ω ω

ω ω+ +

ℵ = =

ℵ = = Χ
 

,α α β
β α

ω ω
<

ℵ = = ∪  Tu α  aris zRvruli ordinali.  

   kardinalur  αω   ricxvs  ewodeba  miuRwevadi, Tu is 

regularulia da mis Sesabamis rigobriv α indeqss ar 
gaaCnia winamorbedi.  

kardinalur α ricxvs ewodeba dominanturi, Tu 

( )β∀  (β aris kardinaluri ricxvi & 2 ).ββ α α< ⇒ <  

kardinalur αω  ricxvs ewodeba Zlierad 

miuRwevadi, Tu is erTdroulad aris miuRwevadic da 
dominanturic. 

axla ganvsazRvroT jamisa da namravlis operaciebi 
kardinalur ricxvTa nebismieri ojaxisaTvis. 

vTqvaT, ( )i i I
α ∈  aris kardinalur ricxvTa raime 

ojaxi. maSin 

{ }( ) ,

,

i I i I

i I i I

card A ii i

card Ai i

α

α

∈ ∈

∈ ∈

 
= ×∑  

 

 
=∏ ∏ 

 

∪

 

sadac ( )i i I
A

∈
 simravleTa iseTi nebismieri ojaxia, rom 

( ) ( )    .i icard A i Iα= ∈  

kerZod, Tu mocemulia ori α  da β  kardinaluri 
ricxvi, maSin 

{ }( ) { }( )( )
( )

1 ,

.

card

card

α β α β

α β α β

+ = × ∅ ∪ ×

⋅ = ×
 

usasrulo kardinalur α ricxvs ewodeba 
regularuli, Tu is ar warmoidgineba kardinalur 
ricxvTa 
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i
i I

α∑
∈

 

iseTi jamis saxiT, romlisTvisac 

( ) ,Card I α<  

).)(( αα <⇒∈∀ iIii  

   Tu usasrulo kardinaluri α ricxvi warmoidgineba 
zemoT miTiTebuli jamis saxiT, maSin α-s ewodeba 
singularuli. 
  marTebulia Semdegi Teorema. 
   Teorema 4. Tu Teorema 4. Tu Teorema 4. Tu Teorema 4. Tu α     usasrulo kardinaluri ricxvia, usasrulo kardinaluri ricxvia, usasrulo kardinaluri ricxvia, usasrulo kardinaluri ricxvia, 
maSin maSin maSin maSin .α α α⋅ =     

            damtkiceba. roca 0α =ℵ , maSin Teoremis marTebuloba 

cxadia. axla davuSvaT, rom Teorema marTebulia yvela 

usasrulo β α< -sTvis. Sesabamisad, gvaqvs β β α⋅ < . 

ganvsazRvroT dalagebis ≪  mimarTeba α α⋅ -ze Semdegi 
pirobiT: 

( ) ( ), ,ξ η ξ η′ ′≪  

maSin da mxolod maSin, Tu Sesrulebulia Semdegi sami 
piroba: 

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

1 max , max , ,

2 max , max , ,

3 max , max , .

ξ η ξ η

ξ η ξ η ξ ξ

ξ η ξ η ξ ξ η η

′ ′<

′ ′ ′= ∧ <

′ ′ ′ ′= ∧ = ∧ <

 

   advili dasanaxia, rom aseTi gziT gansazRvrulia 

dalagebis mimarTeba α α⋅ -ze. yoveli ( ),γ θ α α∈ ⋅  

wyvilisTvis gvaqvs 

( ) ( ) ( ) ( )( ) ( )( ){ }, : , , max , 1 max , 1 .ξ η ξ η γ θ γ θ γ θ⊂ + × +≪  

   aqedan ki gamomdinareobs, rom 

( ) ( ) ( ){ }( ) ( ) ( ), : , , .card cardcardξ η ξ η γ θ ω γ θ α≤ ⋅ <⋅≪  

maSasadame, α α α⋅ ≤  da radgan α α α≤ ⋅  Tanafardobac 
avtomaturad Sesrulebulia, amitom miviRebT, rom 

.α α α⋅ =  
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   amiT Teorema 4 damtkicebulia. 
   Teorema 4 da banaxis Teoremidan (ixileT, $4, Teorema 
2) uSualod gamomdinareobs, rom nebismieri usasrulo α  

da β  kardinaluri ricxvebisaTvis marTebulia toloba 
 ( )max , .α β α β α β+ = ⋅ =   

   SemovitanoT danarCeni algebruli operaciebi 
kardinaluri ricxvebisaTvis.  

   vTqvaT, A  da B  nebismieri simravleebia da vTqvaT, 

( )card A α= , ( )card B β= . maSin 

( ) .
Bcard A

βα=  

   axla, vTqvaT, ,α β  da γ  nebismieri kardinaluri 
ricxvebia. maSin: 

( )

( )

;

;

.

γ γ γ

γ β γ β

γβ β γ

α β α β

α α α

α α

+

⋅

⋅ = ⋅

⋅ =

=

 

   advili dasanaxia, rom 
0 1α =  nebismieri α -sTvis da 

1 1.α
=  Tu α  usasrulo kardinaluri ricxvia da 

00 β< <ℵ , maSin .βα α=  Tu 2 α β≤ ≤  da β  aris 

usasrulo kardinaluri ricxvi, maSin .2β βα =  

SevniSnoT, rom Tu 0 ,α β= =ℵ  maSin 0
0 0 .2ℵ ℵ

=ℵc =   

    davubrundeT $3-Si moyvanil msjelobebs simravleTa 
Teoriis aqsiomatur sistemebTan dakavSirebiT. am 
paragrafSi moviyvaneT damatebiTi aqsiomebi amorCevis 
aqsiomisa da determinirebis aqsiomis saxiT. rogorc 
davinaxeT amorCevis aqsiomis gareSe SeuZlebelia 
damtkicdes maTematikuri analizis bevri mniSvnelovani 
Teorema (ixileT, $5, Teorema 3; Teorema 4). garkveuli azriT 
sisrulisaTvis qvemoT moviyvanoT sxva simravlur-Teoriuli 
aqsiomebi, romlebic agreTve gadamwyvet rols TamaSoben 
Tanamedrove maTematikuri Teoriis ganviTarebaSi.         A   
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   $3-Si mocemulia amorCevis aqsiomis sxvadasxva forma da 
aRvniSneT, rom maTematikuri analizis bevr amocanebSi 
umjobesia gamoviyenoT damokidebuli amorCevis principidamokidebuli amorCevis principidamokidebuli amorCevis principidamokidebuli amorCevis principi    
(DC). is mdgomareobs SemdegSi: 

   vTqvaT, Ρ  aris binaruli damokidebuleba aracariel 
X simravleze iseTi, rom 

( )( )( ( )( , ))x x X y y X x y∀ ∈ ⇒ ∃ ∈ ∧ ∈Ρ . 

maSin arsebobs X simravlis elementebis iseTi 

0 1 1, , , ,nx x x −⋯ ⋯ mimdevroba, rom nebismieri n∈N 

ricxvisaTvis gvaqvs 

( )1, .n nx x− ∈Ρ  
   (DC)-dan gamomdinareobs Semdegi debulebebi: 
1) aracariel simravleTa yoveli Tvladi ojaxisaTvis 

arsebobs amorCevis funqcia; 
2) yoveli usasrulo simravle Seicavs usasrulo Tvlad 

qvesimravles; 

3) 1ω  kardinali regularulia.  

   kontinuumis hipoTeza (kontinuumis hipoTeza (kontinuumis hipoTeza (kontinuumis hipoTeza (CH)))) mdgomareobs SemdegSi:  

12ω ω= =c . 

   ganzogadoebuli kontinuumis hipoTezaganzogadoebuli kontinuumis hipoTezaganzogadoebuli kontinuumis hipoTezaganzogadoebuli kontinuumis hipoTeza    ((((GCH) yalibdeba 
Semdegnairad: 

)( α∀  (α nebismieri ordinalia ∧   12 αω
αω += ). 

   SevniSnoT, rom aqsiomaTa (ZFC) sistemaSi SeuZlebelia 
damtkicdes rogorc kontinuumis hipoTeza, aseve misi 
uaryofa. 

   vTqvaT, (X, ≤) nawilobriv dalagebuli simravlea.  

      Y⊂X simravles ewodeba konicialuri, Tu yoveli x∈X 
elementisTvis moiZebneba  y∈Y elementi iseTi, rom 

.y x≤  

XZ ⊂  simravles ewodeba Tavsebadi, Tu yoveli 

sasruli T Z⊂  simravlisaTvis moiZebneba x∈X elementi 
iseTi, rom 

tx ≤  
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nebismieri t∈T elementisaTvis. 
kerZod, x∈X da y∈X elementebs ewodebaT Tavsebadi, 

Tu { }yx,  orelementiani simravle Tavsebadia X-Si. 

XY ⊂  simravles ewodeba wyvil-wyvilad 

araTavsebadi, Tu nebismieri ori gansxvavebuli x∈Y da 
y∈Y elementebi araTavsebadia.  

vityviT, rom nawilobriv dalagebuli (X, ≤) 
simravle akmayofilebs Tvlad jaWvTa pirobas, Tu 

nebismieri wyvil-wyvilad araTavsebadi qvesimravleebi X-
dan ara umetes Tvladia. 

martinis aqsiomamartinis aqsiomamartinis aqsiomamartinis aqsioma    ((((MA)))) simravlur-Teoriuli 
TvalsazrisiT yalibdeba Semdegnairad: 

vTqvaT, (X, ≤) nawilobriv dalagebuli simravlea, 

romelic akmayofilebs Tvlad jaWvTa pirobas, xolo F 

aris X simravlis koinicialur  qvesimravleTa iseTi 

ojaxi, rom <)(FCard c. maSin arsebobs X simravlis iseTi 

Tavsebadi qvesimravle, romelsac F ojaxis yovel 
simravlesTan eqneba aracarieli TanakveTa. 

(ZF)&(DC) simravleTa TeoriaSi advilad mowmdeba 
Semdegi implikacia: 

(CH)⇒(MA). 
   paragrafis bolos moviyvanoT transfinituli 
induqciis meTodis arsi, romelic erT-erT mniSvnelovan 
rols TamaSobs namdvili cvladis funqciaTa Teoriis 
mTeli rigi sakiTxebis gadawyvetaSi. 
   transfinituli induqciis meTodi warmoadgens 
maTematikuri induqciis meTodis ganzogadebas nebismieri 
savsebiT dalagebuli simravleebisaTvis. am meTodis arsi 
mdgomareobs SemdegSi: 

   vTqvaT, mocemulia savsebiT dalagebuli vTqvaT, mocemulia savsebiT dalagebuli vTqvaT, mocemulia savsebiT dalagebuli vTqvaT, mocemulia savsebiT dalagebuli A     simravle simravle simravle simravle 

da vTqvaT, da vTqvaT, da vTqvaT, da vTqvaT, ( )aΤ     raime iseTi winadadebaa, romlis raime iseTi winadadebaa, romlis raime iseTi winadadebaa, romlis raime iseTi winadadebaa, romlis 

Camoyalibeba SesaZlebCamoyalibeba SesaZlebCamoyalibeba SesaZlebCamoyalibeba SesaZlebelia nebismieri elia nebismieri elia nebismieri elia nebismieri a A∈     

elementisTvis. Tu es winadadeba marTebulia elementisTvis. Tu es winadadeba marTebulia elementisTvis. Tu es winadadeba marTebulia elementisTvis. Tu es winadadeba marTebulia A     
simravlis pirveli elementisaTvis da aseve marTebulia simravlis pirveli elementisaTvis da aseve marTebulia simravlis pirveli elementisaTvis da aseve marTebulia simravlis pirveli elementisaTvis da aseve marTebulia 
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a ----sTvis im SemTxvevaSi, Tu  sTvis im SemTxvevaSi, Tu  sTvis im SemTxvevaSi, Tu  sTvis im SemTxvevaSi, Tu  ( )aΤ     marTebmarTebmarTebmarTebulia yvela im ulia yvela im ulia yvela im ulia yvela im 

elementebisaTvis, romelic win uswrebs elementebisaTvis, romelic win uswrebs elementebisaTvis, romelic win uswrebs elementebisaTvis, romelic win uswrebs a ----s, maSin s, maSin s, maSin s, maSin ( )aΤ     

marTebulia yoveli marTebulia yoveli marTebulia yoveli marTebulia yoveli a A∈     elementisTvis.elementisTvis.elementisTvis.elementisTvis.    
   transfinituli induqciis meTodis damtkicebisaTvis 

sakmarisia SevniSnoT, rom Tu iarsebebda iseTi a A∈  

elementebi, rom Τ  winadadeba iqneboda mcdari, maSin am 
elementebis simravleSi iarsebebs umciresi elementi da 

avRniSnoT is a′ -iT. magram aseTi a′  elementis arsebobas 
mivyavarT winaaRmdegobamde, radgan yoveli a a′<  

elementebisaTvis ( )aΤ  winadadeba iqneboda WeSmariti. 

            SevniSnoT, rom Tu A N= , maSin miviRebT maTematikur 
induqciis princips.  
   

    
    
    
    

$7. ricxviTi simravleebi$7. ricxviTi simravleebi$7. ricxviTi simravleebi$7. ricxviTi simravleebi    
    

   wina paragrafebSi ganvixileT abstraqtuli 
simravleebis Tvisebebi da maTi zogadi Teoriuli 
aspeqtebi. obieqtebis abstraqtuloba ganpirobebuli iyo 
im TvalsazrisiT, rom  CvenTvis ar iyo arsebiTi 
simravlis Semadgeneli elementebis buneba. Tumca 
rogorc ukve vnaxeT TvalsaCinoebisaTvis bevr magaliTSi 
vixilavdiT ricxviT simravleebsac.  
   ricxviTi simravleebis calke gamoyofa bunebrivia im 
azriT, rom isini warmoadgenen namdvili cvladis 
analizis fundaments, xolo mravalganzomilebiani 
evklides sivrce, rogorc namdvil ricxvTa RerZebis 
dekartuli namravli, aris sabaziso sivrce mTeli 
maTematikisaTvis. aqve aRvniSnoT, rom namdvil ricxvTa 
geometria ukve metnaklebad gaazrebulia maTematikisa da 
fizikis saskolo kursis programebidan.    
   sayovelTaod miRebulia   ricxviTi simravleebis 
Semdegi aRniSvnebi: 
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   { }0,1,2,3,4,5,N = ⋯  - yvela naturalur ricxvTa 

simravle; 

   { }\ 0N N+ =  - yvela dadebiTi naturalur ricxvTa 

simravle; 

   { }2, 1,0,1,2,Z = − −⋯ ⋯  - yvela mTel ricxvTa 

simravle; 

   : ,
m

Q m Z n N
n

+ = ∈ ∈ 
 

 - yvela racionalur ricxvTa 

simravle; 

   I = { :x x aris usasrulo araperioduli aTwiladi} - 
yvela  iracionalur ricxvTa simravle; 

   { }:R x x Q I= ∈ ∪ -yvela namdvil ricxvTa simravle. 

   cxadia, rom marTebulia Semdegi Tanafardoba: 

N Z Q R⊂ ⊃ ⊂ . 

   Teorema 1. naturalur ricxvTa yvela mimdevrobebis Teorema 1. naturalur ricxvTa yvela mimdevrobebis Teorema 1. naturalur ricxvTa yvela mimdevrobebis Teorema 1. naturalur ricxvTa yvela mimdevrobebis 
simravle kontinualuri simravlea.simravle kontinualuri simravlea.simravle kontinualuri simravlea.simravle kontinualuri simravlea.    
   damtkiceba. ganvixiloT naturalur ricxvTa raime 

0 1 2, , ,n n n ⋯ mimdevroba da SevusabamoT mas naturalur 

ricxvTa zrdadi 0 1 2, , ,k k k ⋯  mimdevroba iseTi, rom  

0 0 1 0 1 2 1 2,  ,  ,  k n k k n k k n= = + = + ⋯ . 

   e. i. yovel naturalur ricxvTa mimdevrobas 
Seesabameba erTaderTi elementi naturalur ricxvTa 
zrdadi mimdevrobaTa simravlidan da piriqiT, yovel 
naturalur ricxvTa zrdad mimdevrobas Seesabameba 
erTaderTi naturalur ricxvTa mimdevroba. 
   amiT Teorema damtkicebulia. 
            magaliTi 1. magaliTi 1. magaliTi 1. magaliTi 1. naturalur ricxvTa simravlis yvela 
qvesimravliTa simravle kontinuumis simZlavrisaa.  

            magaliTi 2.  magaliTi 2.  magaliTi 2.  magaliTi 2.  yvela mTel ricxvTa Z  simravle 
Tvladia. 
  marTlac, gadasaxva  

:f Z N→ , 

gansazRvruli pirobiT 
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( )
2 1, 0

2 ,   

z z
f z

z z o

+ ≥
= 

<

  Tu  

    Tu
 

warmoadgens bieqcias Z -dan N -ze. 

   magaliTi 3. magaliTi 3. magaliTi 3. magaliTi 3.  yvela racionalur ricxvTa Q  simravle 

Tvladia.  
   marTlac, nebismieri racionaluri ricxvi Caiwereba 

( ) ,
m

m Z n N
n

+∈ ∈  ukveci wiladis saxiT, amitom 

sakmarisia vaCvenoT aseTi saxis wiladebis simravlis 

Tvladoba. ricxvs m n+  vuwodoT racionaluri ricxvis 

simaRle. cxadia, rom konkretuli sididis simaRle 
SeiZleba gaaCndes sasruli raodenoba racionalur 
ricxvebs. jer amovweroT erTis toli simaRlis mqone 

racionaluri ricxvebi (aseTia, mxolod 
0

1
), Semdeg oris 

toli simaRlis mqone racionaluri ricxvebi ( aseTebia, 

mxolod 
1 1

1 1

−
 da ) da  a. S. am procesiT moxerxdeba 

racionalur ricxvTa warmodgena usasrulo mimdevrobis 

saxiT, rac niSnavs, rom yvela racionalur ricxvTa Q  

simravle Tvladia. 
   racionalur ricxvTa Tvladobis damtkiceba 
SesaZlebelia warmovadginoT kantoris diagonaluri 
meTodiT, romelsac sqematurad aqvs Semdegi saxe: 
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            magaliTi 4.magaliTi 4.magaliTi 4.magaliTi 4. vTqvaT, A  aris R  namdvili   RerZis raime 

Tvladi simravle. maSin arsebobs iseTi a R∈  ricxvi, 

rom { }: .x a x A A+ ∈ ∩ = ∅     

   marTlac, ganvixiloT simravle { }: , .B x y x y A= − ∈  

radgan A  simravle Tvladia, amitom B  simravlec 

Tvladia. vTqvaT, \ ,a R B∈  maSin yoveli  \a R B∈  

ricxvisaTvis cxadia, rom Sesruldeba sasurveli 
simravluri toloba. 
            magaliTi 5. magaliTi 5. magaliTi 5. magaliTi 5. yvela iracionalur ricxvTa simravle 
kontinualuri simravlea. 

   marTlac, radgan \I R Q= , R  araTvladia da Q  

Tvladia, amitom ( ) ( )card I card R= = c . 

   Teorema 2 (kantori). vTqvaT, Teorema 2 (kantori). vTqvaT, Teorema 2 (kantori). vTqvaT, Teorema 2 (kantori). vTqvaT, R     namdvil ricxvTa namdvil ricxvTa namdvil ricxvTa namdvil ricxvTa 
RerZze mocemulia segmentTa klebadi (CarTvis RerZze mocemulia segmentTa klebadi (CarTvis RerZze mocemulia segmentTa klebadi (CarTvis RerZze mocemulia segmentTa klebadi (CarTvis 

TvalsazrisiT) TvalsazrisiT) TvalsazrisiT) TvalsazrisiT) [ ]{ }, :n na b n N∈     mimdevroba, mimdevroba, mimdevroba, mimdevroba, 

romlisTvisac Sesrulebulia piroba:romlisTvisac Sesrulebulia piroba:romlisTvisac Sesrulebulia piroba:romlisTvisac Sesrulebulia piroba:    

lim 0n n
n

b a
→∞

− = ....    

maSin arsebobs mxolmaSin arsebobs mxolmaSin arsebobs mxolmaSin arsebobs mxolod erTi ricxvi, romelic ekuTvnisod erTi ricxvi, romelic ekuTvnisod erTi ricxvi, romelic ekuTvnisod erTi ricxvi, romelic ekuTvnis    

yvela yvela yvela yvela [ ] ( ),   n na b n N∈ segments.segments.segments.segments.    

            kantoris Teoremis damtkiceba mocemulia bevr 
maTematikuri analizis saxelmZRvaneloSi, amitom mas Cven 
ar moviyvanT.  
   SevniSnoT, rom Cvens mier Camoyalibebulia Teorema 
namdvil ricxvTa RerZisaTvis, amitom TeoremaSi 
figurireben ricxviTi segmentebi da namdvili ricxvebi. 
sayuradReboa is faqti, rom kantoris TeoremiT 
xasiaTdeba namdvil ricxvTa simravlis uwyvetoba. es ki 
Tavis mxriv Seesabameba Cvens geometriul warmodgenas 
namdvili RerZis uwyvetobasTan dakavSirebiT. marTlac, 
Tu warmovidgenT, rom namdvil ricxvTa RerZis or 
wertils Soris gvaqvs ,,Suqi”, maSin SesaZlebelia aigos 
segmentTa klebadi (CarTvis TvalsazrisiT) mimdevroba, 
romelic akmayofilebs kantoris Teoremis pirobebs. maSin 
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ar iarsebebs ricxvi, romelic ekuTvnis yvela am segments 
da mis adgils daikavebda es ,,Suqi”.   geometriaSi wrfis 
uwyvetoba gansazRvrulia aqsiomiT, radgan es faqti sxva 
aqsiomebidan ar gamomdinareobs. am TvalsazrisiT 
kantoris Teoremas SeiZleba vuwodoT namdvili RerZis 
uwyvetobis aqsioma. 

            magaliTi 6.magaliTi 6.magaliTi 6.magaliTi 6. yvela naturalur ricxvTa N  simravle 

da yvela namdvil ricxvTa R  simravle ar arian 
eqvivalenturebi. 

   marTlac, vTqvaT f  aris nebismieri gadasaxva N -dan 

R -Si. cxadia, rom sakmarisia vaCvenoT, rom [ ]: 0,1f N →  

gadasaxva ar aris bieqcia.. ganvixiloT [0,1] R⊂  monakveTi 
da davyoT is sam kongruentul nawilad. cxadia, rom 

erTi mainc am nawilebidan ar Seicavs 1-is saxes f  

gadasaxvis dros da avRniSnoT is 1∆ -iT. e. i. ( ) 11 .f ∉∆  

axla davyoT  1∆  kvlav sam kongruentul nawilad da 

avirCioT is nawili, romelic ar Seicavs 2-is saxes f  

gadasaxvis dros da avRniSnoT is 2∆ -iT. e. i. ( ) 22 .f ∉∆  

Tu am process gavagrZelebT usasrulod miviRebT 

1 2 3 n∆ ⊃ ∆ ⊃ ∆ ⊃ ⊃ ∆ ⋯⋯  mimdevrobas, sadac ( ) nf n ∉∆ . 

radgan n∆  monakveTis sigrZe tolia 
1

3n
 da 

1
lim 0

3nn→∞
= , 

amitom Calagebul segmentTa principidan gamomdinareobs, 
rom arsebobs wertili a , romelic ekuTvnis yvela 
miTiTebul monakveTs. 
   SevniSnoT, rom arc erTi naturaluri n  ricxvis saxe 

f  gadasaxvis dros ar SeiZleba iyos a , radgan rogorc 

ukve avRniSneT na∈∆  da  ( ) nf n ∉∆ . es niSnavs, rom 

:f N R→  gadasaxva ar aris bieqcia da radgan is 

nebismieria niSnavs, rom N  da R  simravleebi ar arian 
eqvivalenturebi. 
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   yvela namdvil ricxvTa R  simravles uwodeben 
ricxviT kontinuums, xolo, rogorc ukve aRvniSneT, 
kontinuumis simZlavris simravle ewodeba iseT 

simravleebs, romlebic eqvivalenturebi arian R -is. 

   magaliTi 7magaliTi 7magaliTi 7magaliTi 7. ganvixiloT [ ]0,1  segmenti da davyoT is 

sam kongruentul monakveTad 
1

3
 da 

2

3
 wertilebiT. [ ]0,1  

segmentidan amovagdoT 
1 2

,
3 3

 
  

 Sualedi da darCenili  

ori 
1

0,
3

 
  

 da 
1 2

,
3 3

 
  

 monakveTi kvlav davyoT sam 

kongruentul monakveTad da TiToeuli maTganidan kvlav 

amovagdoT Sua nawilebi.Ye. i. 
1 2

,
9 9

 
  

 da 
7 8

,
9 9

 
  

 

intervalebi. amis Semdeg darCenili oTxi monakveTisaTvis 

1 2 1
0, ,  , ,  

9 9 3
   
      

2 7 8
, ,  ,1

3 9 9
   
      

 CavataroT analogiuri 

moqmedeba. davyoT yoveli maTgani sam kongruentul 
nawilad da TiToeuli maTganidan amovagdoT Sua nawili. 

Tu am process gavagrZelebT usasrulod, maSin [ ]0,1  

segmentSi darCenil wertilTa simravles kantoris 
simravle ewodeba. 
   pirveli eqvsi nabiji kantoris simravlis agebisa 
sqematurad mocemulia Semdeg naxazze: 
    0                                          1  

 
 

   kantoris C  simravlisaTvis adgili aqvs Semdeg 
formulas: 
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  kantoris simravlis yoveli wertili SesaZlebelia 
warmovidginoT usasrulo samobiTi wiladis saxiT, 
romlis yoveli cifri mZimis Semdeg udris 0-s an 2-s. 
radgan usasrulo mimdevrobebis simravle, romelic 
Cawerilia 0 an 2-iT, kontinualuria, amitom kantoris 
simravlec kontinualuria.  
   kantoris simravlis agebis konstruqciidan 
gamomdinare SeiZleba darCes STabeWdileba imisa, rom 

intervalebis usasrulo amogdebisas C  simravle Sedgeba 
mxolod amogdebuli intervalebis bolo wertilebisagan. 
am intervalebis bolo wertilebi qmnian mxolod Tvlad 
A simravles, xolo rogorc ukve vnaxeT, kantoris 

simravle kontinualuria. amitom C \ A kontinualuri 
simravlea. e. i. kantoris simravle Seicavs rogorc 
amogdebuli monakveTebis bolo wertilebs, aseve am 
monakveTebis Soris wertilebsac. 
   kantoris simravles ewodeba diskontinuumi namdvil 
ricxvTa RerZze. 
   am paragrafis bolos moviyvanoT brtyeli 

diskontinuumis magaliTi. vTqvaT, 0C  aris 0 , 1x y≤ ≤  

kvadratis im wertilTa simravle, romlis koordinatebi 

ekuTvnian abscisaTa da ordinatTa RerZebis [ ]0,1  

segmentebis kantoris simravleebs (ixileT naxazi. TeTri 
kvadratebi warmoadgenen mocemuli kvadratidan 
amogdebul areebs. amogdebis procesi grZeldeba 
usasrulod). 
 

    
    

        
    
    
    
    

  0C  simravles ewodeba serpinskis xaliCa. 
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$8$8$8$8. jgufi. rgoli. veli. . jgufi. rgoli. veli. . jgufi. rgoli. veli. . jgufi. rgoli. veli.     
gardaqmnaTa jgufebigardaqmnaTa jgufebigardaqmnaTa jgufebigardaqmnaTa jgufebi    

    
            ariTmetikis kursidan cnobilia umartivesi 
moqmedebani ricxvebze. aseT moqmedebebs ganekuTnebian 
Sekrebis, gamoklebisa da gamravlebis operaciebi. am 
operaciebis erT-erT saerTo maxasiaTeblad SeiZleba 
CaiTvalos Semdegi garemoeba: yoveli maTgani raime or 
ricxvs Seusabamebs mesame ricxvs (Sesabamisad, jams, 
sxvaobas da namravls). aqve SevniSnoT, rom magaliTad, 
gamoklebis operaciis dros ori ricxvis sxvaoba 
damokidebulia ara mxolod am ricxvebze, aramed imaze 
romeli ricxvi iqneba saklebi da romeli maklebi. es 
niSnavs, rom operaciis Sedegi damokidebulia ara marto 
ricxvebze, aramed maT rigzec. 
   yovelive zemoTTqmulidan gamomdinareobs, rom 
ariTmetikuli operaciebi tardeba dalagebul ricxvTa 
wyvilebze da yoveli aseTi operacia warmoadgens 
gadasaxvas, romelic yovel ricxvTa wyvils Seusabamebs 
garkveul ricxvs. 
   sazogadod, algebra Seiswavlis iseT simravleebs, 
romlebisTvisac gansazRvrulia garkveuli tipis 
operaciebi. aseT simravleebs algebruli sistemebi 
ewodebaT. SesaZlebelia algebrul sistemebze 
gansazRvruli iyos erTi, ori da sazogadod nebismieri 
sasruli raodenoba operaciebisa (garda gamonaklisisa).  

   vTqvaT, mocemulia raime A  simravle. vityviT, rom  

A -ze gansazRvrulia binaruli algebruli operacia an 
ubralod algebruli operacia, Tu yovel or garkveuli 

rigiT aRebul elements A -dan, raime wesiT Seesabameba 

sruliad gansazRvruli mesame elementi igive A  
simravlidan. 
   algebruli sistemebis magaliTebia: yvela namdvil 
ricxvTa simravle masze gansazRvruli Sekrebis, 
gamoklebisa da gamravlebis binaruli algebruli 
operaciebiT; garkveuli rigis kvadratul matricTa 
simravle masze gansazRvruli Sekrebisa da gamravlebis 
binaruli algebruli operaciebiT da sxv. 
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   binaruli algebruli operaciis gansazRvreba erTis 
mxvriv gulisxmobs mesame ricxvis erTaderTobas. meore 
mxriv, gansazRvrebaSi miniSnebulia elementebis rigi. 
sxva sityvebiT rom vTqvaT, ar aris gamoricxuli rom 

( ),a b A∈  da ( ),b a A∈  wyvilebs Seesabamebodnen 

sxvadasxva elementebi A -dan. aseT SemTxvevaSi binarul 
algebrul operacias arakomutatiuri ewodeba. winaaRmdeg 
SemTxvevaSi operacia komutatiuria.  

   vTqvaT, mocemulia ori A  da A′  simravle, romlebSic 
gansazRvrulia TiTo algebruli operacia.  

   mocemul A  da A′  simravleebs ewodebaT 

izomorfulebi, Tu arsebobs :f A A′→  bieqcia, 

romelsac gaaCnia Semdegi Tviseba: Tu f  gadasaxvis 

dros ( ),a b A∈  wyvils Seesabameba c A∈  elementi da 

( ),a b A′ ′ ′∈  wyvils Seesabameba c A′ ′∈  elementi, maSin 

( ) .f c c′=  

   magaliTi 1.magaliTi 1.magaliTi 1.magaliTi 1. yvela luw ricxvTa simravle 
izomorfulia yvela 3-is jeradi ricxvebis simravlis, Tu 

yovel 2k  saxis ricxvebs SevusabamebT 3k  tipis 

ricxvebs, romlebic ekuTvnian sxva simravles ( k N∈ ). 
igulisxmeba, rom TiToeul simravleSi gansazRvrulia 
Sekrebis operacia.   
   magaliTi 2.magaliTi 2.magaliTi 2.magaliTi 2. ganvixiloT Semdegi ori algebruli 

sistema: yvela dadebiTi namdvil ricxvTa R+
 simravle 

masze gansazRvruli gamravlebis operaciis mimarT da 

meore, yvela namdvil ricxvTa R  simravle, masze 
gansazRvruli Sekrebis operaciis mimarT.  vTqvaT, 

:R Rϕ + →  aris iseTi gadasaxva, rom ( ) lga aϕ =  

( )a R+∈ . cxadia, rom ϕ  gadasaxva aris bieqcia 

logariTmuli funqciis zrdadobisa da uwyvetobis gamo. 
Semdegi tolobidan 
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( )( ) ( )( )& lg lg lga b a R b R a b a b+ +∀ ∀ ∈ ∈ ⇒ ⋅ = + . 

gamomdinareobs, rom 

( ) ( ) ( )a b a bϕ ϕ ϕ⋅ = + . 

rac imas niSnavs, rom mocemuli algebruli sistemebi 
izomorfulia. 

   vTqvaT, kvlav mocemulia ori A  da A′  simravle, 
romlebSic Sesabamisad gansazRvrulia TiTo ,,⊗ ” da 

,,⊙ ” algebruli operaciebi. ganvixiloT gadasaxva 

: A Aϕ ′→ , romelic yovel a A∈  elements Seusabamebs 

sruliad gansazRvrul ( )a aϕ′ =  elements A′  

simravlidan, Tanac A′  simravlis yovel elements gaaCnia 
ara nakleb erTi winaresaxe A -dan ϕ  gadasaxvis dros. 

aseT gadasaxvas ewodeba homomorfuli, Tu Sesrulebulia 
Semdegi piroba: 

( )( ) ( ) ( )
( )

(

).

a b a A b A a a b b

a b a b

ϕ ϕ

ϕ

′ ′∀ ∀ ∈ ∧ ∈ ∧ = ∧ = ⇒

′ ′⇒ ⊗ = ⊙
 

   rogorc vxedavT, or simravles Soris homomorfizmi 
aris amave simravleebs Soris izomorfizmis ganzogadeba. 

   magaliTi 3. magaliTi 3. magaliTi 3. magaliTi 3. vTqvaT, A  aris yvela mTel ricxvTa 
simravle, romelSic gansazRvrulia jamis operacia, 

xolo { }1,1A′ = − orelementiani simravlea, romelSic 

gansazRvrulia gamravlebis operacia. gadasaxva iyos 

iseTi, rom yovel luw ricxvs A -dan Seesabameba 1, xolo 
yovel kent ricxvs ki -1. aseTi gadasaxva warmoadgens 

homomorfizms A -dan A′ -Si, radgan ,,luw ricxvs 
damatebuli kenti ricxvi kenti ricxvia” wess Seesabameba 

( )1 1 1⋅ − = −  toloba.  

            magaliTi 4. magaliTi 4. magaliTi 4. magaliTi 4. ganvixiloT aranulovani rigis 
aragadagvarebuli kvadratul matricTa  

multiplikatiuri M  simravle (e. i. miTiTebul 
simravleSi gansazRvrulia gamravlebis operacia) da 
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namdvil ricxvTa multiplikatiuri { }\ 0R  simravle. 

maSin arsebobs homomorfizmi miTiTebul simravleebs 
Soris. marTlac, avagoT gadasaxva  

{ }: \ 0M Rϕ →  

Semdegi wesiT: yovel A M∈  matricas SevusabamoT misi 

Sesabamisi ( ) { }det \ 0A R∈  determinanti. aseTi wesiT 

agebuli gadasaxva inarCunebs operacias, radgan 

nebismieri ,  A B M∈  matricebisaTvis 

( ) ( ) ( ) ( ) ( ) ( )det det detA B A B A B A Bϕ ϕ ϕ⋅ = ⋅ = ⋅ = ⋅  

   es niSnavs, rom ϕ  aris homomorfuli gadasaxva 

mocemul simravleebs Soris. 
   sxvadasxva algebrul sistemebSi gansakuTrebul rols 
TamaSobs algebruli sistemebi erTi algebruli 
operaciiT. aseT algebrul sistemebs jgufebi ewodebaT. 
jgufi warmoadgens erT-erT mniSvnelovan obieqts 
Tanamedrove maTematikaSi. jgufTa Teoriis meTodebi 
farTod gamoiyeneba geometriuli gardaqmnebis, 
maTematikuri analizis, topologiis, arqiteqturis, 
kristalografiis da sxva mecnieruli mimarTulebebis 
Zireuli sakiTxebis SeswavlisaTvis. 

   aracariel G  simravles, erTi binaruli algebruli 

, , "⋅  operaciiT, ewodeba jgufi, Tu Sesrulebulia 

Semdegi pirobebi: 
   1) asociaciuroba: 

( )( ) ( ) ( ) ( )( );a b c a G b G c G a b c a b c∀ ∀ ∀ ∈ ∧ ∈ ∧ ∈ ⇒ ⋅ ⋅ = ⋅ ⋅  

   2) erTeulovani elementis arseboba: 

      G -Si arsebobs iseTi e  elementi, rom   

( )( );a a G e a a e a∀ ∈ ⇒ ⋅ = ⋅ =  

   3) Sebrunebuli elementis arseboba: 

( )( )1 1 1  .a a G a G a a a a e− − −∀ ∈ ⇒ ∃ ∈ ∧ ⋅ = ⋅ =  
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   SevniSnoT, rom , , "⋅  operacia aris raime binaruli 
algebruli operaciis pirobiTi aRniSvna da ar niSnavs 
yovelTvis gamravlebis operacias.  
   magaliTi 5.magaliTi 5.magaliTi 5.magaliTi 5. yvela namdvil ricxvTa simravle 
warmoadgens jgufs Sekrebis operaciis mimarT. 
erTeulovani elementis rolSi gamodis 0, xolo 
Sebrunebuli elementis rolSi ki mocemuli ricxvis 

mopirdapire ( a a→− , a R∈ ).  
            magaliTi 6.magaliTi 6.magaliTi 6.magaliTi 6. yvela dadebiTi namdvil ricxvTa  
simravle aris jgufi gamravlebis operaciis mimarT. am 
SemTxvevaSi erTeulovani elementis rols TamaSobs 1, 
xolo Sebrunebuli elementisas ki mocemuli ricxvis 

Sebrunebuli (
1

a
a

→ , 0,  a a R> ∈ ). 

            magaliTi 7.  magaliTi 7.  magaliTi 7.  magaliTi 7.  yvela erTidaigive  rigis 
aragadagvarebuli kvadratuli matricTa simravle qmnis 
arakomutatiur jgufs matricTa gamravlebis operaciis 
mimarT. am SemTxvevaSi erTeulovani elementis rols 
asrulebs igive rigis erTeulovani matrica, xolo 
Sebrunebuli elementis rols ki gansaxilveli matricis 
Sebrulebuli matrica (cxadia, rom igulisxmeba 1-ze meti 
rigis matricTa simravle).  
   komutatiur jgufs abelis jgufi ewodeba da mis 

aRsaniSnavad visargeblebT ( ),G +  simboloTi, xolo 

arakomutatiur jgufs ki CavwerT ( ),G ⋅  saxiT. 

komutatiuri jgufis SemTxvevaSi erTeulovani elementis 

rolSi aviRebT ,,0”-s, xolo a G∈  elementis 

Sebrunebuli elementis rolSi ki , , "a− -s.    

   jgufis zogadi gansazRvrebidan uSualod 
gamomdinareobs komutatiuri jgufis Semdegi gansazRvra:  

   aracariel G  simravles, erTi binaruli algebruli 

, , "+  operaciiT, ewodeba komutatiuri jgufi, Tu 

Sesrulebulia Semdegi pirobebi: 
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) ( ) ( )
)
)
) ( )

1 ;

2 ;

3 0 ;

4 0.

a b c a b c

a b b a

a a

a a

′ + + = + +

′ + = +

′ + =

′ + − =

 

         Tu jgufi Sedgeba sasruli raodenoba 
elementebisagan mas sasruli jgufi ewodeba, winaaRmdeg 
SemTxvevaSi jgufi usasruloa. sasrul jgufebSi 
elementebis raodenobas ewodeba jgufis rigi. 

   H  ewodeba G  jgufis qvejgufi, Tu H G⊂  da H  

warmoadgens jgufs G -Si gansazRvruli algebruli 
operaciis mimarT. 
   magaliTi 8. magaliTi 8. magaliTi 8. magaliTi 8. yvela 3-is jeradi mTeli ricxvebis 

simravle aris aditiuri mTel ricxvTa Z  jgufis 

qvejgufi (e. i. Z  aris jgufi Sekrebis operaciis mimarT).  
   marTlac, gvaqvs 

{ }: 3 , ,   .H a a k k Z H Z= = ∈ ⊂  

   ganvixiloT 1 2,  h h H∈  elementebi, Tanac 

1 1 2 23    h k h k= da = 3  ( )1 2,  .k k Z∈  radgan Z  aditiuri 

jgufia, amitom 1 2k k Z+ ∈  da amitom 

( )1 2 1 23 .h h k k H+ = + ∈  

   axla vTqvaT, 3h k H= ∈  nebismieri elementia ( k Z∈ ). 

radgan k Z− ∈ , amitom 

( )3 3 .h k k H− = − = − ∈  

es ki imas niSnavs, rom H  aris Z -is qvejgufi. 

   Teorema 1. Tu Teorema 1. Tu Teorema 1. Tu Teorema 1. Tu 1H     da da da da 2H     raime raime raime raime G     jgufis jgufis jgufis jgufis 

qvejgufebia, maSin qvejgufebia, maSin qvejgufebia, maSin qvejgufebia, maSin 1 2H H∩     TanakveTa agreTve mocemuli TanakveTa agreTve mocemuli TanakveTa agreTve mocemuli TanakveTa agreTve mocemuli 

G     jgufis qvejgufia.jgufis qvejgufia.jgufis qvejgufia.jgufis qvejgufia.    
   Teorema 1-is damtkiceba ar warmoadgens raime siZneles 
da misi damtkiceba migvindia mkiTxvelTaTvis.  
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   SevniSnoT, rom Teorema 1 marTebulia rogorc 
sasruli, aseve usasrulo raodenoba qvejgufebisaTvis. 

   vTqvaT, G  raime jgufia da n N∈  nebismieri 
naturaluri ricxvia. n  raodenobis elementebis 

namravls, romelTagan TiToeuli aris a G∈  elementi 

ewodeba a  elementis n -uri xarisxi da aRiniSneba na  
simboloTi. Tu jgufSi gansazRvrulia Sekrebis 
operacia, maSin a  elementis xarisxebis nacvlad 
gamoiyeneba termini jeradoba amave elementisaTvis da 
weren .n a⋅  

   G  jgufis qvejgufs, romelic Sedgeba a G∈  

elementis yvela xarisxisagan ewodeba G  jgufis 

cikluri qvejgufi da aRiniSneba { }a  simboloTi.  

   G  jgufs ewodeba cikluri jgufi, Tu is Sedgeba misi 
romeliRac a  elementis xarisxebisagan, anu daemTxveva 

Tavis romelime ciklur { }a  qvejgufs. a G∈  elements 

ewodeba warmomqmneli elementi. cxadia, rom yoveli 
cikluri jgufi komutatiuria. 

            magaliTi 9. magaliTi 9. magaliTi 9. magaliTi 9. yvela    mTeli ricxvTa simravlis Z  
aditiuri jgufi cikluri jgufia,  radgan yoveli  
mTeli ricxvi jeradia 1-is. SevniSnoT, rom am SemTxvevaSi 
warmomqmnel elementad SeiZleba gamoviyenoT -1-ic. 

   vTqvaT, H  da W  aris ( ),G ⋅  jgufis ori qvejgufi. 
maSin: 

H W⋅ { }:h w h H w W= ⋅ ∈ ∧ ∈ ; 

( )1 1 :H h h H− −= ∈  

{ } { }:h W h W h w w W⋅ = ⋅ = ⋅ ∈  

{ } { }: .W h W h w h w W⋅ = ⋅ = ⋅ ∈  

   vTqvaT, mocemulia raime ( ),G ⋅  jgufi da vTqvaT, H  

aris misi nebismieri qvejgufi. Tu g G∈  nebismieri 
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elementia, maSin g H⋅ -s ewodeba G  jgufis marcxena 

mosazRvre klasebi H  qvejgufis mimarT, romelic 

warmoqmnilia g  elementiT. SevniSnoT, rom g G∈  

elementi Sedis g H⋅  mosazRvre klasSi. marTlac, 

radgan H  qvejgufi Seicavs erTeulovan e  elements, 
amitom .g e g⋅ =  

   advili saCvenebelia, rom G  jgufis ori mosazRvre 

klasi  H  qvejgufis mimarT an emTxvevian erTmaneTs, an 
arian TanaukveTebi. aqedan gamomdinare SeiZleba 

davaskvnaT, rom  G  jgufi warmoidgineba, rogorc misi 

nebismieri H  qvejgufis mimarT TanaukveTi marcxena 

mosazRvre klasebis gaerTianeba. G  jgufis aseT daSlas 

ewodeba marcxena daSla H  qvejgufis mimarT. 

   sruliad analogiurad ganisazRvreba ( ),G ⋅  jgufis 

marjvena mosazRvre H g⋅  ( ,  H G g G⊂ ∈ ) klasebi H  

qvejgufis mimarT, romlebic warmoqmnilia g  elementiT. 

aseve zustad analogiurad ganisazRvreba G  marjvena 

daSla H  qvejgufis mimarT. 
            magaliTi 10. magaliTi 10. magaliTi 10. magaliTi 10. kvlav ganvixiloT yvela mTel ricxvTa 

simravlis aditiuri Z  jgufi da misi 

{ }: 5 ,H h h k k Z= = ∈  qvejgufi. radgan Z  jgufi 

komutatiuria, amitom mocemuli H  jgufic 

komutatiuria. amitom Z  jgufis daSla marcxena da 
marjvena mosazRvre klasebad emTxvevian erTmaneTs. 

davSaloT Z  jgufi wyvil-wyvilad TanaukveTi mosazRvre 

klasebad H  qvejgufis mimarT. pirvel mosazRvre klasad 
aviRoT TviT     

{ }, 15, 10, 5,0,5,10,15, 0H H= − − − = +⋯ ⋯  

qvejgufi, romelic Sedgeba 5-is jeradi ricxvebisagan. 
meore mosazRvre klasi ganvsazRvroT Semdegi saxiT   

{ } { }1 : 5 1, , 14, 9, 4,1,6,11,H h h k k Z+ = = + ∈ = − − −⋯ ⋯  
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   cxadia, rom es mosazRvre klasi Seicavs im 
elementebs, romlebic 5-ze gayofisas naSTSi gvaZlevs 1-s. 

mesame mosazRvre klasi iqneba 2 H+ , meoTxe iqneba 3 H+  

da mexuTe ki - 4 H+ . radgan 5-ze gayofisas naSTi 

SeiZleba iyos 0, 1, 2, 3, 4, amitom H  qvejgufiT 
warmoqmnili sxva gansxvavebuli mosazRvre klasi ar 
iarsebebs. cxadia, rom Cvens mier agebuli mosazRvre 

klasebis elementebi srulad amowuraven Z  jgufis 
elementebs, amitom 

( ) ( ) ( ) ( )1 2 3 4 .Z H H H H H= ∪ + ∪ + ∪ + ∪ +  

   e. i. Z  aditiuri jgufi warmovadgineT TanaukveTi 
marcxena mosazRvre klasebis gaerTianebis saxiT. 

   vTqvaT, kvlav mocemulia raime ( ),G ⋅  jgufi. H G⊂  

qvejgufs ewodeba normaluri gamyofi anu invariantuli 

qvejgufi, Tu G  jgufis H  qvejgufis mimarT marcxena 

da marjvena daSlebi emTxvevian erTmaneTs. e. i. H G⊂  
qvejgufs ewodeba normaluri gamyofi, Tu nebismieri 

g G∈  elementisaTvis 

.g G G g⋅ = ⋅  

   normaluri gamyofis gansazRvrebidan uSualod 
gamomdinareobs, rom nebismieri komutatiuri jgufis 
yoveli qvejgufi amave dros aris normaluri gamyofic. 

   vTqvaT, H G⊂  aris ( ),G ⋅  jgufis normaluri gamyofi. 

Tu 1 1H g H= ⋅  da 2 2H H g= ⋅  ( )1 2,g g G∈  arian G  

jgufis nebismieri ori mosazRvre klasi H  qvejgufis 

mimarT, maSin cxadia, rom 1 2 1 2 1 2H H g g H H g g⋅ = ⋅ ⋅ = ⋅ ⋅  

agreTve aris  G  jgufis  mosazRvre klasi H -is mimarT 

(cxadia, rom H H H⋅ = ). advilia Cveneba imisa, rom G  

jgufis yvela mosazRvre klasebis simravle H  

qvejgufis mimarT warmoadgens jgufs G -Si 

gansazRvruli operaciis mimarT. aseT jgufs ewodeba G  

jgufis faqtor-jgufi H  normaluri gamyofis mimarT da 
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aRiniSneba G H  simboloTi (ixileT $4-Si faqtor-

simravlis cneba da SeadareT faqtor-jgufis cnebas). 

   magaliTi 11. magaliTi 11. magaliTi 11. magaliTi 11. davubrundeT magaliT 10-s. H  qvejgufi 

warmoadgens komutatiuri, aditiuri Z  jgufis 
normalur gamyofs. cxadia, rom 

{ },1 , 2 ,3 ,4 .Z H H H H H H= + + + +  

vaCvenoT, rom Z H  aris jgufi. marTlac, 

( ) ( ) ( )
( )( )

3 4 3 4 7

: 7 5 2 5 1 , 2 ;

H H H H

h h k k k Z H

+ + + = + + = + =

= = + = + + ∈ = +
 

( ) ( ) ( ) ( )3 3 0 3 3 ;H H H H H H H+ + = + + + = + = + +  

( ) ( ) ( ){ }2 3 5 : 5 5 5 1 , .H H H h h k k k Z H+ + + = + = = + = + ∈ =

moyvanili tolobebidan gamomdinareobs, rom Z H  

jgufia. am jgufis erTeulovan elements warmoadgens H , 

xolo 2 H+  elementis Sebrunebuli elementia 3 .H+   
   magaliTi 12. magaliTi 12. magaliTi 12. magaliTi 12. ganvixiloT racionalur ricxvTa 

multiplikatiuri { }\ 0G Q=  jgufi da misi { }1, 1H = −  

normaluri gamyofi. maSin G  da faqtor-jgufi G H  

arian homomorfulebi.  

   pirvel rigSi avagoT  G H  faqtor-jgufi. vTqvaT, 

q Q∈  da 0q > . radgan { },q H q q⋅ = − amitom mosazRvre 

klasebi emTxvevian erTmaneTs. aqedan gamomdinareobs, rom 

G H = ({ }, , ,  0q q q Q q− ∈ > ). axla G  jgufi gadavsaxoT 

G H  faqtor-jgufSi Semdegi wesiT: 

( ) { }, .q q H q qϕ = ⋅ = −  

radgan nebismieri ,  ,    ,  0q r Q q r∈ >  ricxvebisaTvis 

marTebulia Semdegi toloba 

( ) ( ) ( ) ( ) ,q r q r H q H r H q rϕ ϕ ϕ⋅ = ⋅ ⋅ = ⋅ ⋅ ⋅ = ⋅  
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amitom ϕ  gadasaxva inarCunebs operacias da e. i. ϕ  

gadasaxva aris homomorfizmi mocemul simravleebs 
Soris. 
   jgufis TavisTavSi homomorful gadasaxvas 
endomorfizmi ewodeba, xolo jgufis TavisTavSi 
izomorful gadasaxvas ki – avtomorfizmi.  
   davubrundeT algebrul sistemebs da ganvixiloT 
sistemebi, romlebSic gansazRvrulia ori algebruli 
operacia. 

   rgoli ewodeba nebismier ℜ  simravles, romelSic 
gansazRvrulia ori binaluri algebruli ,,+” da ,, ⋅ ” 
operacia, Tanac ,,+” operaciis mimarT warmoadgens 
komutatiur jgufs, xolo ,, ⋅ ” operaciis mimarT ki 

ormagad distributiulia. e. i. Tu , ,a b c∈ℜ , maSin 

Sesrulebulia Semdegi pirobebi: 

   a) ( ) ( );a b c a b c+ + = + +  

   b) ;a b b a+ = +  

   g) 0 ;a a+ =  

   d) ( ) 0;a a+ − =  

   e) ( ) ;a b c a c b c+ ⋅ = ⋅ + ⋅  

   v) ( ) .a b c a b a c⋅ + = ⋅ + ⋅  

   Tu ,, ⋅ ” operacia asociaciuria, e. i. ( ) ( )a b c a b c⋅ ⋅ = ⋅ ⋅ , 

maSin rgols asociaciuri rgoli ewodeba, xolo Tu ,, ⋅ ” 
operacia komutatiuria, e. i. a b b a⋅ = ⋅ , maSin rgols 
komutatiuri rgoli ewodeba.  

   sxeuli ewodeba iseT Τ  rgols, romlisTvisac { }\ 0Τ  

simravle  ,, ⋅ ”  operaciis mimarT warmoadgens jgufs. e. i. 
a) – v) pirobebTan erTad unda Sesruldes Semdegi 
damatebiTi pirobebi: 

   z) ( ) ( )a b c a b c⋅ ⋅ = ⋅ ⋅ ; 

   T) arsebobs erTeulovani elementi;  
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   i) yovel elements { }\ 0Τ  gaaCnia Sebrunebuli 

elementi. 
   veli ewodeba komutatiur sxeuls. e. i. a) – i) pirobebs 
unda daematos piroba:  

   k) a b b a⋅ = ⋅ .  

            magaliTi 13.magaliTi 13.magaliTi 13.magaliTi 13. ganvixiloT nebismieri aracarieli X  

simravle da misi ( )P X  buleani. Tu ( )P X -Si ,,+” 

operaciis nacvlad aviRebT ,,△ ” simetriul sxvaobas, 
xolo ,, ⋅ ” operaciis nacvlad ki ,,∩ ” TanakveTas, maSin 
miviRebT rgols, romelic asociaciuric iqneba da 

komutatiuric. marTlac, Tu ( ), ,A B C P X∈ , maSin 

Sesruldeba Semdegi tolobebi: 

   a. ( ) ( );A B C A B C=△ △ △ △  

   b. A B B A=△ △ ; 

   g. erTeulovani elementia ∅ , radgan ;A A∅ =△  

   d. yoveli A  simravlis mopirdapire simravlea ,A  

radgan ;A A = ∅△  

   e. ( ) ( ) ( );A B C A B A C∩ = ∩ ∩△ △  

   v. ( ) ( ) ( );A B C A C B C∩ = ∩ ∩△ △  

   z. ( ) ( ) ;A B C A B C∩ ∩ = ∩ ∩  

   T. .A B B A∩ = ∩  

   SevniSnoT, rom aRebuli operaciebiT ( )P X  ar iqneba 

veli, radgan ar sruldeba T) da i) pirobebi. 
   magaliTi 14. magaliTi 14. magaliTi 14. magaliTi 14. yvela erTidaigive  rigis kvadratuli 
matricTa simravle qmnis rgols  matricTa Sekrebisa da  
gamravlebis operaciis mimarT. magram es simravle ar 
aris veli, radgan matricTa  gamravlebis operaciis 
mimarT mocemuli simravle arakomutatiuria 
(igulisxmeba, rom matricTa rigi metia erTze). 
   jgufebis erT-erT umniSvnelovanes magaliTs 
warmoadgenen gardaqmnaTa jgufebi. gardaqmnaTa jgufebi 
TamaSoben gansakuTrebul rols maTematikis mTeli rigi 
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mimarTulebebisaTvis. gansakuTrebiT gamoyofis Rirsia   
e. w. erlangelis programa, romlis ZiriTadi idea 
mdgomareobs imaSi, rom jgufis saxe gansazRvravs 
geometrias (moZraobaTa jgufi gansazRvravs evklides 
geometrias, afinuri gardaqmnaTa jgufi _ afinur 
geometrias, proeqciul gardaqmnaTa jgufi – proeqciul 
geometrias da a. S.)  

   vTqvaT, mocemulia raime X  simravle.  

   X  simravlis TavisTavSi bieqcias am simravlis 

gardaqmna ewodeba. ganvixiloT X  simravlis yvela 

SesaZlo gardaqmna, e. i. yvela SesaZlo :f X X→  

bieqciebis simravle. aseTi gardaqmnebis simravle 

aRvniSnoT G  asoTi da G -Si ganvsazRvroT ,, ⋅ ” operacia 
Semdegi pirobiT: yovel or 1g  da 2g  gardaqmnas 

SevusabamoT gardaqmna, romelic miiReba am gardaqmnebis 

Tanmimdevruli moqmedebis Sedegad. e. i. yoveli x X∈  
elementisaTvis Sesrulebulia piroba: 

( )( ) ( )( )1 2 2 1g g x g g x⋅ = . 

aseT gardaqmnas ewodeba mocemul 1g  da 2g  gardaqmnaTa 

kompozicia da aRiniSneba 1 2g g�  simboloTi. 

   advili saCvenebelia, rom X  simravlis yvela 

gardaqmnaTa G  simravle warmoadgens jgufs. aseT 
jgufSi erTeulovani elementis rols asrulebs igivuri 

gadasaxva, xolo g G∈  elementis Sebrunebuli elementia 

1
g

−
 Seqceuli gadasaxva.  

   vTqvaT, mocemulia raime ( ),G ⋅  jgufi. fiqsirebuli 

a G∈  elementisaTvis x ax→  da x xa→  gadasaxvebs  G  
jgufis Tavis TavSi Sesabamisad ewodebaT marcxena da 

marjvena Zvrebi.  
1x axa−→  gadasaxvas G  jgufis Tavis 

TavSi ewodeba G  jgufis avtomorfizmi.  SevniSnoT, rom 

G  jgufis yvela avtomorfizmTa simravles warmoadgens 
jgufs gardaqmnaTa kompoziciis operaciis mimarT.  
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   magaliTi 15. magaliTi 15. magaliTi 15. magaliTi 15. samganzomilebian evklidur sivrceSi 
moZraoba qmnis jgufs. es faqti marTebulia iseTi 
moZraobebisTvisac, romlebSic uZravad rCeba mocemuli 
wertili. aseT moZraobas ewodeba mobruneba am wertilis 
mimarT.   

   magaliTi 16. magaliTi 16. magaliTi 16. magaliTi 16. vTqvaT, G  aris namdvil ricxvTa R  
simravlis yvela iseTi gardaqmnaTa simravle, romelic 

moicema formuliT ( ) ,f x x a= +  sadac .a R∈  advilia 

Cveneba imisa, rom   G  aris jgufi gardaqmnaTa ,, ⋅ ” 
operaciis mimarT. 

   marTlac, pirvel rigSi SevamowmoT, rom Tu f G∈  da 

h G∈ , maSin .f h G⋅ ∈  mocemuli ,, ⋅ ” operaciisaTvis 

marTebulia toloba ( )( ) ( )( ).f h x f h x⋅ =  

   af  simboloTi avRvniSnoT R  simravlis gardaqmnaTa 

simravle, romelic gansazRvrulia x x a→ +  
damokidebulebiT. maSin 

( )( ) ( )( ) ( ) ( ).a b b a b a bf f x f f x f x a x a b f x+⋅ = = + = + + =  

e. i. .a bf f G⋅ ∈  

   mocemuli operaciis asociaciurobis Tviseba 
trivialuria.  

   erTeulovani elementis rols Seasrulebs ( )0f x x=  

( )x R∈  igivuri gardaqmna, xolo af  gardaqmnis 

Sebrunebuli gardaqmnaa x x a→ − . es gardaqmna 

aRvniSnoT af−  simboloTi da cxadia, rom af G− ∈ . 

maSasadame, G  jgufia. 

   vTqvaT, X Eraime simravlea, xolo G  aris simravlis 
raime gardaqmnaTa jgufi. 

   vityviT, rom G jgufi moqmedebs tranzitulad X  
simravleze, Tu adgili aqvs damokidebulebas 

( )( )( ( )( ( ) ))x y x X y X g g G g x y∀ ∀ ∈ ∧ ∈ ⇒ ∃ ∈ ∧ = . 

   vityviT,  rom  G  jgufi   moqmedebs  Tavisuflad  

X  simravleze, Tu Sesrulebulia piroba 
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( )( (( )( ( ) ) ))Xg g G x x X g x x g I∀ ∈ ⇒ ∃ ∈ ∧ = ⇒ = , 

sadac XI  simboloTi aRniSnulia igivuri gardaqmna X  

simravlisa Tavis Tavze. 
   advili dasanaxia, rom bolo damokidebuleba 
eqvivalenturia Semdegi Tanafardobis: 

( )( )( (( )( ( ) ( )) ))g h g G h G x x X g x h x g h∀ ∀ ∈ ∧ ∈ ⇒ ∃ ∈ ∧ = ⇒ =

            magaliTi 17magaliTi 17magaliTi 17magaliTi 17. yvela paralelur gadatanaTa nπ  jgufi 

evklides n -ganzomilebian nR  sivrceSi moqmedebs 
tranzitulad da Tavisuflad (evklides 
sasrulganzomilebian sivrceebze masala ixileT Semdeg 
TavebSi). 

   yovel aracariel X  simravlis yovel gardaqmnaTa G 
jgufTan, eqvivalenturobis Semdegi damokidebulebiT 

{ }, (( )( ( ) )),R x y x X y X g g G g x y− ∈ ∧ ∈ ∧ ∃ ∈ ∧ =  

kanonikurad asocirdeba X E sivrcis  daSla 

eqvivalenturobis klasebad. am klasebs ewodebaT G G 

jgufis intranzitulobis klasebi, anu G-orbitebi. 

Tu Z aris X  simravlis qvesimravle, maSin 

{ }
,

( ) ( ) .
g G z Z

G Z g z
∈ ∈

= ∪  

   Tu { }zZ =  ( )z X∈ , maSin vwerT G(z) da mas, e. i.  G(z)-
s,  ewodeba z wertilis orbita G jgufis mimarT. 

            magaliTi 18magaliTi 18magaliTi 18magaliTi 18. jgufi G moqmedebs tranzitulad X  

simravleze maSin da mxolod maSin, roca X  sivrcis 
daSla intranzitulobis klasebad iqneba erTelementiani, 

anu daemTxveva { }X -s. 

   vTqvaT, Y aris ZiriTadi bazisuri X  sivrcis 

qvesimravle da G aris X  sivrcis gardaqmnaTa jgufi. Y  

simravlis Tvladi G-konfiguracia ewodeba iseT Y ′  
simravles, romelic akmayofilebs Semdeg pirobas: 

( ),i

i I

Y g Y

∈

′ ⊂∪  
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sadac { }Iigi ∈:  aris romeliRac (Y ′ -ze damokidebuli) 
gardaqmnaTa Tvladi ojaxi G jgufidan. 

   vTqvaT, ( ){ }, :   iG i I∈⋅  jgufTa nebismieri ojaxia da 

yoveli Ii∈  indeqsisaTvis ( ),Gi ⋅  jgufis erTeulovani 

elementia ei . ( ){ }, :   G i Ii ⋅ ∈  jgufTa ojaxis pirdapiri 

namravli ewodeba  

i I

G Gi
∈

= ∏  

jgufis iseT qvejgufs, romlis yoveli 

{ }:x x i I Gi= ∈ ∈  

elementisTvis Sesrulebulia piroba 

{ }( ): &card i i I x ei i ω∈ ≠ < . 

   cxadia, rom Tu indeqsTa I simravle sasrulia, maSin 

( ){ }, :   G i Ii ⋅ ∈  jgufTa ojaxis pirdapiri namravli 

daemTxveva G jgufs, romelsac jgufTa miTiTebuli 
ojaxis sruli namravli ewodeba. 
   arseboben mniSvnelovani klasi jgufebisa, romlebic 
TavianTi Sinagani BbunebiT axlos arian komutatiur 
jgufebTan. aseT jgufebs ganekuTvnebian amoxsnadi 
jgufebi, romelTa saxelwodeba dakavSirebulia 
algebruli gantolebebis radikalebSi amoxsnadobasTan.   

   (G,⋅) jgufs  ewodeba  amoxsnadi, Tu misTvis arsebobs 

{ }: 0G i ni ≤ ≤  qvejgufTa kompoziciuri mwkrivi, 

romlebic akmayofileben Semdeg pirobebs: 

a)  { } ;0 1e G G G Gn= ⊂ ⊂ ⊂ =⋯  

b) 1( )(0 1i i n Gi∀ ≤ ≤ − ⇒ −  aris iG  jgufis normaluri 

gamyofi); 

g) 1( ) ( 0 1  /i i n G Gi i∀ ≤ ≤ − ⇒ −  faqtor-jgufi aris          

komutatiuri). 
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   moviyvanoT ramdenime mniSvnelovani Teorema jgufTa 
Teoriidan, romlebic dagvWirdeba Cveni Semdgomi 
msjelobasaTvis. 

   Teorema 2.EE vTqvaTTeorema 2.EE vTqvaTTeorema 2.EE vTqvaTTeorema 2.EE vTqvaT, , , , (G, +)    dadadada    (H, +)    nebismieri nebismieri nebismieri nebismieri 

kokokokomutatiuri jgufebia, Tanacmutatiuri jgufebia, Tanacmutatiuri jgufebia, Tanacmutatiuri jgufebia, Tanac    (G, +)    jgufi gayofadia.  jgufi gayofadia.  jgufi gayofadia.  jgufi gayofadia.  

TuTuTuTu    H H′ ⊂     nebismieri qvejgufia, maSin yovelinebismieri qvejgufia, maSin yovelinebismieri qvejgufia, maSin yovelinebismieri qvejgufia, maSin yoveli    

GH →′Ψ′ :     
homomorfizmi SeiZleba gagrZeldeshomomorfizmi SeiZleba gagrZeldeshomomorfizmi SeiZleba gagrZeldeshomomorfizmi SeiZleba gagrZeldes    

          Ψ    ::::H G→ H H H H     GGGG    
homomorfizmamde.homomorfizmamde.homomorfizmamde.homomorfizmamde.    

            Teorema 3.Teorema 3.Teorema 3.Teorema 3. yoveli koyoveli koyoveli koyoveli komutatiurimutatiurimutatiurimutatiuri    (G, +)    jgufisaTvis jgufisaTvis jgufisaTvis jgufisaTvis 
arsebobs CarTvis TvalsazrisiT minimaluri komutatiuri arsebobs CarTvis TvalsazrisiT minimaluri komutatiuri arsebobs CarTvis TvalsazrisiT minimaluri komutatiuri arsebobs CarTvis TvalsazrisiT minimaluri komutatiuri 

gayofadi gayofadi gayofadi gayofadi G′     jgufi iseTi, rom jgufi iseTi, rom jgufi iseTi, rom jgufi iseTi, rom G G′⊂ ....    

            Teorema 4. vTqvaT, Teorema 4. vTqvaT, Teorema 4. vTqvaT, Teorema 4. vTqvaT, ( ),G +     nebismieri komutatiuri nebismieri komutatiuri nebismieri komutatiuri nebismieri komutatiuri 

jgufia. maSin arsebobjgufia. maSin arsebobjgufia. maSin arsebobjgufia. maSin arsebobs s s s G     jgufis CarTvis TvalsazrisiT jgufis CarTvis TvalsazrisiT jgufis CarTvis TvalsazrisiT jgufis CarTvis TvalsazrisiT 

zrdadi qvejgufTa iseTi zrdadi qvejgufTa iseTi zrdadi qvejgufTa iseTi zrdadi qvejgufTa iseTi { }:nG n ω<     Tvladi ojaxi, romTvladi ojaxi, romTvladi ojaxi, romTvladi ojaxi, rom    

            (1) (1) (1) (1) { }:  ;nG n Gω< =∪     

            (2) yoveli (2) yoveli (2) yoveli (2) yoveli nG     ( )n ω<     jgufi warmoidgineba cikluri jgufi warmoidgineba cikluri jgufi warmoidgineba cikluri jgufi warmoidgineba cikluri 

jjjjgufebis pirdapiri jamis saxiT.gufebis pirdapiri jamis saxiT.gufebis pirdapiri jamis saxiT.gufebis pirdapiri jamis saxiT.    
   Teorema 2, Teorema 3-isa da Teorema 4-is damtkicebebi 
SeiZleba ixiloT jgufTa Teoriis nebismier 
saxelmZRvaneloebSi. 
   marTebulia Semdegi Teorema, romlis damtkicebac 
ekuTvnis a. xaraziSvils. 

            Teorema 5. Teorema 5. Teorema 5. Teorema 5. vTqvaT,vTqvaT,vTqvaT,vTqvaT,    (G, +) nebnebnebnebismieri araTvladi ismieri araTvladi ismieri araTvladi ismieri araTvladi 

komutatiuri jgufia. komutatiuri jgufia. komutatiuri jgufia. komutatiuri jgufia. arsebobs arsebobs arsebobs arsebobs (H, +)    komutatiuri jgufi, komutatiuri jgufi, komutatiuri jgufi, komutatiuri jgufi, 
romelic akmayofilebs Semdegromelic akmayofilebs Semdegromelic akmayofilebs Semdegromelic akmayofilebs Semdeg    pirobebs:pirobebs:pirobebs:pirobebs:    

1) 1) 1) 1) 1( )card H ω= ;;;;    

2) 2) 2) 2) H    arisarisarisaris    G    jgufis homomorfuli saxe.jgufis homomorfuli saxe.jgufis homomorfuli saxe.jgufis homomorfuli saxe.    

   damtkiceba. pirobis Tanaxmad, (G,+) jgufi araTvladi 
jgufia, amitom arsebobs 1G G⊂  komutatiuri jgufi 

iseTi, rom  
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1 1( )card G ω= . 

   Teorema 3-is Tanaxmad arsebobs CarTvis TvalsazrisiT 

minimaluri komutatiuri gayofadi 1( , )G′ +  jgufi iseTi, 

rom 

1 1G G′⊂ . 

   ganvixiloT gantoleba 
,gnx =  

sadac 1g G∈  da { }\ 0n N∈ . yoveli 1g G∈  elementisaTvis 

aviRoT mocemuli gantolebis xɶ  amonaxsni 1G′ − Si da am 

amonaxsnebis simravle aRvniSnoT X
~
-iT. 2G -iT aRvniSnoT 

1G Xɶ∪  simravleze moWimuli qvejgufi 1G′ − Si. cxadia, 
rom 

2 1( ) ,card G ω=  1 2G G⊂ . 

   Tu 2G  jgufze, 1G  jgufis msgavsad, CavatarebT 

analogiur msjelobas miviRebT 3G  jgufs, romelic 

akmayofilebs Semdeg pirobebs: 

3 1( ) ,card G ω=  2 3G G⊂ . 

   Tu am process gavagrZelebT, miviRebT 1G′ − is 
komutatiur qvejgufTa mimdevrobas, romlebisTvisac 
Sesrulebulia Semdegi pirobebi: 

1 2 3G G G⊂ ⊂ ⊂⋯ 

1( )( ( ) ).i i N card Gi ω∀ ∈ ⇒ =  

   SemoviRoT aRniSvna 

G Gi
i N

′ =
∈
∪ . 

   cxadia, rom 1( )card G ω′ =  da miTiTebuli 

konstruqciiT miRebuli G′  jgufi aris gayofadi. 
   axla ganvixiloT kanonikuri Cadgma (epimorfizmi) 

, 11( ) : .G Gu G G′ ′→  
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radgan ( , )G′ +  jgufi gayofadia, amitom 
1( , )G Gu ′  

homomorfuli asaxva SeiZleba gavagrZeloT 

:G Gφ ′→  

homomorfizmamde (ixileT Teorema 2). SemoviRoT aRniSvna 

H = ϕ (G). 
   vinaidan 

1G H G′⊂ ⊂ , 

amitom gveqneba  

1( )card H ω= . 

amiT Teorema 5 damtkicebulia. 
   rogorc Cans, Teorema 5 Tavisi SinaarsiT wminda 
algebruli xasiaTisaa, magram is farTod gamoiyeneba 
maTematikuri analizis bevr mniSvnelovani debulebebis 
dasamtkiceblad. 
    
       

    
    

    

$ 9. simravleTa rgoli. simravleTa $ 9. simravleTa rgoli. simravleTa $ 9. simravleTa rgoli. simravleTa $ 9. simravleTa rgoli. simravleTa     
σσσσ ----rgoli rgoli rgoli rgoli     

    

   zomis TeoriisaTvis erT-erTi fundamentaluri 
sakiTxia garkveuli Tvisebebis mqone simravleTa 
klasebis arseboba. rogorc ukve vnaxeT, mocemuli 
simravlisaTvis yvela qvesimravleTa simravlis anu 
buleanis simZlavre metia TviT mocemuli simravlis 
simZlavre (kantoris Teorema). amis Semdeg Tu 
ganvixilavT simravles, romlis elementebsac 
warmoadgenen mocemuli simravlis buleanis elementebi, 
maSin miRebuli simravlis buleans eqneba meti simZlavre, 
vidre Sualedur simravles. ufro metic,  usasrulo 
simravleTa klasSi ar arsebobs udidesi simZlavris 
mqone simravle (ixileT, $5, Teorema 12).    
   yovelive zemoTTqmuli niSnavs imas, rom mocemuli 
simravlisaTvis SesaZlebelia aigos mdidari (simZlavris 
TvalsazrisiT) ojaxi qvesimravleTa klasebisa da es 
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faqti mniSvnelovania sxvadasxva simravleTa klasebis 
arsebobis sakiTxisaTvis. zomis Teoriis ZiriTad 
interess warmoadgens mocemuli simravlis simravleTa 
klasebidan gamoiyos rac SeiZleba meti simZlavris 
simravleTa klasebi, romlebic akmayofileben garkveul 
Tvisebebs. aseT simravleTa klasebs ganekuTvnebian: 
simravleTa rgoli, algebra, simravleTa monotonuri 
klasebi, σ -rgoli, σ -algebra da sxv.    

   sabaziso E  simravlis aracariel qvesimravleTa ℝ  
klass ewodeba rgoli, Tu is Caketilia TanakveTis da 
simetriuli  sxvaobis (ori simravlis) operaciis mimarT. 

e. i. qvesimravleTa ℝ  klasi aris rgoli, Tu 
Sesrulebulia Semdegi piroba: 

( ) ( )( ).A B A B A B A B∀ ∀ ∈ ∧ ∈ ⇒ ∩ ∈ ∧ ∈ℝ ℝ ℝ △ ℝ  

   cxadia, rom yoveli rgoli Caketilia agreTve 
gaerTianebisa da sxvaobis operaciebis mimarTac. es faqti 
gamomdinareobs Semdegi tolobebidan (miTiTebuli 
tolobebis marTebuloba SeamowmeT damoukideblad): 

( ) ( )
( )

;

\ .

A B A B A B

A B A A B

∪ = ∩

= ∩

△ △

△
 

   rgolis gansazRvrebidan gamomdinareobs, rom ∅∈ℝ , 
radgan  

( )( )\ .A A A A∀ ∈ ⇒ =∅ℝ  

   Tu gamoviyenebT maTematikuri induqciis meTods 
miviRebT rgolis gansazRvras nebismieri sasruli 

raodenoba simravleebisaTvis. e. i.  sabaziso E  

simravlis aracariel qvesimravleTa ℝ  klass ewodeba 
rgoli, Tu 

( )( )
1 1

0 0
0 1 .

n n

k k k k
k k

k A A k n A A
− −

= =

 
∀ ∀ ∈ ∧ ≤ ≤ − ⇒ ∈ ∧ ∈ 

 
ℝ ℝ ℝ∩ ∪  

   magaliTi 1. magaliTi 1. magaliTi 1. magaliTi 1. nebismieri simravlis yvela qvesimravleTa 
klasi anu buleani qmnis rgols.  
   magaliTi 2.magaliTi 2.magaliTi 2.magaliTi 2. vTqvaT mocemulia ricxviTi RerZi da 

ganvixiloT ℝ  simravleTa klasi, romelic warmoqmnilia 
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ricxviTi RerZis marcxnidan Caketili da marjvnidan Ria 
yvelaSesaZlo intervalebis sasruli gaerTianebebiT, e. i. 

ℝ  simravle Seicavs  [ [
1

,
n

k k
k

a b
=
∪  ( ),k ka b R∈  saxis 

simravleebs. miRebuli simravleTa ℝ  klasi rgolia. 
   sruli garkveulobisaTvis aRvniSnoT, rom simravleTa  
rgoli da rgoli algebruli TvalsazrisiT ar aris 
erTidaigive.  Tumca zogierT SemTxvevaSi isini 
warmoadgenen erTidaigive simravleTa klasis matarebels 
(ixileT, $8, magaliTi 13) da es aris kidec safuZveli 
saerTo saxelwodebisa. SemdgomSi xSirad simravleTa 
rgolis nacvlad visargeblebT ubralod terminiT 
,,rgoli”. Tu garkveul situaciebSi dagvWirdeba 
algebruli rgoli, maSin mas Sinaarsobrivad 
davazustebT.   

   sabaziso E  simravlis aracariel qvesimravleTa 

rgols ewodeba algebra, Tu .E∈ℝ   
   algebris gansazRvra SesaZlebelia Camoyalibdes 
Semdegi formiTac: 

   sabaziso E  simravlis aracariel qvesimravleTa ℝ  
klass ewodeba algebra, Tu Sesrulebulia Semdegi 
pirobebi: 

   1) ( ) ( ) ( );A B A B A B∀ ∀ ∈ ∧ ∈ ⇒ ∪ ∈ℝ ℝ ℝ  

   2) ( )( )\ .A A A E A′∀ ∈ ⇒ = ∈ℝ ℝ  

   magaliTi 3. magaliTi 3. magaliTi 3. magaliTi 3. simravleTa klasi { },E∅  warmoadgens 

algebras.    

   magaliTi 4magaliTi 4magaliTi 4magaliTi 4.... vTqvaT, E  araTvladi simravlea. 

ganvixiloT E  simravlis qvesimravleTa iseTi klasi, 
romelSic yoveli simravle sasruli an Tvladia, an maTi 
damatebebi aris sasruli an Tvladi.  algebris 
gansazRvrebidan gamomdinareobs, rom agebuli simravleTa 
klasi algebraa. 
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   simravleTa rgolisa da algebris gansazRvrebebidan 
uSualod gamomdinareobs Semdegi winadadebebis 
marTebuloba: 
   - sabaziso simravlis qvesimravleTa rgolebis 
nebismieri simravlis TanakveTa rgolia; 
   - sabaziso simravlis qvesimravleTa algebrebis 
nebismieri simravlis TanakveTa algebraa. 

   Teorema 1Teorema 1Teorema 1Teorema 1. Tu  Tu  Tu  Tu  X     aris sabaziso aris sabaziso aris sabaziso aris sabaziso E     simravlis simravlis simravlis simravlis 
qvesimravleTa raime klasi, maSin arsebobs CarTvis qvesimravleTa raime klasi, maSin arsebobs CarTvis qvesimravleTa raime klasi, maSin arsebobs CarTvis qvesimravleTa raime klasi, maSin arsebobs CarTvis 

TvalsazrisiT umciresi rgoli, romelTvalsazrisiT umciresi rgoli, romelTvalsazrisiT umciresi rgoli, romelTvalsazrisiT umciresi rgoli, romelic ic ic ic X ----s Seicavs.s Seicavs.s Seicavs.s Seicavs.    

   damtkiceba. radgan E  sabaziso simravlis buleani 
qmnis rgols, amitom arsebobs Tundac erTi rgoli, 

romelic Seicavs X  simravleTa klass. cxadia, rom 
aseTi simravleTa klasebis TanakveTa kvlav iqneba rgoli 
da ra Tqma unda saZiebeli simravle.  
   amiT Teorema damtkicebulia. 
   CarTvis TvalsazrisiT umcires rgols, romelic 

Seicavs  simravleTa X klass, ewodeba am klasiT 

warmoqmnili rgoli da aRiniSneba ( )Xℝ  simboloTi. 

   gamovarkvioT aseTi gziT gansazRvruli simravleTa 
rgolis struqtura. 

   davuSvaT, rom 0 X=ℝ  da vTqvaT, 0 1 1, , , n−ℝ ℝ ⋯ ℝ  

simravleTa klasebi ukve gansazRvrulia. nℝ  iyos 

1

0

n

k
k

−

=
ℝ∪  gaerTianebis elementebis yvelaSesaZlo 

sxvaobebis sasruli ojaxebis gaerTianebis klasi. cxadia, 

rom 2 1n n− −⊂ℝ ℝ  da 1

1

0
.

n

n k
k

−

−
=

=ℝ ℝ∪  

   uSualod mowmdeba, rom 

( )
0

n
n

X
∞

=
=ℝ ℝ∪ . 

   agebuli rgolis struqtura SesaZlebelia Caiweros 
formaluradac: 
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( )( ) ( )
0

1 1

;

{ : (

          )}.
n n n

X

Y A B A B Y A B

Y A B

− −

=

= ∃ ∃ ∈ ∧ ∈ ∧ = ∨

∨ = ∩

ℝ

ℝ ℝ ℝ △  

   cxadia, rom am SemTxvevaSic, iseve rogorc pirvel 
variantSi, miviRebT CarTvis TvalsazrisiT zrdad 

simravleTa mimdevrobas da ( )Xℝ  warmoidgineba 
0n

n
∞

=
ℝ∪  

gaerTianebiT saxiT. 
   mocemuli struqturis Semowmebis dros arsebiTia 

SeniSvna: 1,∅∈ℝ  amis Semdeg cxadia, rom faqtiurad 

0
n

n

∞

=
ℝ∪  aris simravle, romelsac miviRebT Tu X -is 

elementebs gavaerTianebT, aviRebT maT sxvaobebs, 

miRebul simravleebs gavaerTianebT M -Tan, kvlav 

ganvixilavT sxvaobebs da a. S. bunebrivia  
0

n
n

∞

=
ℝ∪  

gaerTianeba iqneba rgoli, Seicavs X -s da aris 

minimaluri ( X  simravlis Semcvelobis TvalsazrisiT), 
radgan Tu am gaerTianebidan amovagdebT romelime 
elements, maSin gaerTianebis an sxvaobis operaciebis 

mimarT Caketiloba dairRveva an X  ar iqneba agebuli 
rgolis elementi. 

   Teorema 2. Tu Teorema 2. Tu Teorema 2. Tu Teorema 2. Tu X     simravleTa raime klasia, maSin simravleTa raime klasia, maSin simravleTa raime klasia, maSin simravleTa raime klasia, maSin 

( )Xℝ     simravleTa klasSi Semavali yoveli simravle simravleTa klasSi Semavali yoveli simravle simravleTa klasSi Semavali yoveli simravle simravleTa klasSi Semavali yoveli simravle 

daifareba daifareba daifareba daifareba X     simravleTa klasis elementebis sasruli simravleTa klasis elementebis sasruli simravleTa klasis elementebis sasruli simravleTa klasis elementebis sasruli 
gaerTianebis saxiT.gaerTianebis saxiT.gaerTianebis saxiT.gaerTianebis saxiT.    
         damtkiceba. im simravleTa klasi, romelic 

SesaZlebelia daifaros X  simravleTa klasis 
elementebis sasruli gaerTianebis saxiT, aris rgoli. 

cxadia, rom es rgoli Seicavs X -s da Sesabamisad 

Seicavs ( )Xℝ -sac.   

   Teorema damtkicebulia.  
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   Teorema 3. vTqvaT, Teorema 3. vTqvaT, Teorema 3. vTqvaT, Teorema 3. vTqvaT, 1ℝ     da da da da 2ℝ     Sesabamisad arian Sesabamisad arian Sesabamisad arian Sesabamisad arian 1E     da da da da 

2E     sabaziso simravleebis qvesimravleTa simravleebis sabaziso simravleebis qvesimravleTa simravleebis sabaziso simravleebis qvesimravleTa simravleebis sabaziso simravleebis qvesimravleTa simravleebis 

raime ori rgoraime ori rgoraime ori rgoraime ori rgoli. maSin li. maSin li. maSin li. maSin A B×     ( )1 2A B∈ ∧ ∈ℝ ℝ     saxis saxis saxis saxis 

diziunqtiuri simravleebis yvelaSesaZlo sasruli diziunqtiuri simravleebis yvelaSesaZlo sasruli diziunqtiuri simravleebis yvelaSesaZlo sasruli diziunqtiuri simravleebis yvelaSesaZlo sasruli 

gaerTianebebis simravle qmnis gaerTianebebis simravle qmnis gaerTianebebis simravle qmnis gaerTianebebis simravle qmnis ℝ     rgols.rgols.rgols.rgols.    

            damtkiceba. SevniSnoT, rom A B×     ( )1 2A B∈ ∧ ∈ℝ ℝ     

saxis simravlis sasruli TanakveTa aris igive tipis 
simravle. Tu am ori simravlidan erT-erTi carieli 
simravlea, e. i. TanakveTa iqneba carieli simravle da 
maSin Teoremis damtkiceba trivialuria.  
   Tu 

( )1 1 1 2 2 2 1 2,   , ,F A B F A B a b F F= × = × ∈ ∩  da   

maSin 1 2 1 2 ,a A A b B B∈ ∩ ∈ ∩  da   Sesabamisad, 

F ( ) ( )1 2 1 2 1 2 .F F A A B B∩ ⊂ ∩ × ∩  

   meore mxriv, ( ) ( )1 2 1 2A A B B∩ × ∩  dekartuli namravli 

Sedis rogorc 1F -Si, aseve 2F  dekartul namravlSi. 

amitom 

( ) ( )1 2 1 2 1 2 .F F A A B B∩ = ∩ × ∩  

radgan 1ℝ  da 2ℝ  rgolebia, amitom 1 2 1A A∩ ∈ℝ  da 

1 2 2B B∩ ∈ℝ . es niSnavs, rom ℝ  Caketilia sasruli 

raodenobis TanakveTis operaciis mimarT. 
   Semdegi damokidebulebidan 

( ) ( ) ( ) ( ) ( )1 1 2 2 1 2 1 2 1 2 1\ \ \A B A B A A B B A A B× × = ∩ × ∪ ×        
gamomdinareobs, rom ganxiluli tipis simravleebis 
sxvaoba igive saxisaa. radgan 

( )
1 1 1 1

0 0 0 0
\ \

n m n m

j j
i j i j

C D C Di i

− − − −

= = = =

  
=  

   
∪ ∪ ∪ ∩ . 

   amitom mivdivarT im daskvnamde, rom ℝ  Caketilia 

simravleTa sxvaobis operaciis mimarTac. vinaidan ℝ -is 



 97

diziunqtiuri simravleTa sasruli ojaxis gaerTianeba 

kvlav Sedis ℝ -Si, amiT Teorema 3 damtkicebulia. 

   sabaziso E  simravlis aracariel qvesimravleTa Ξ  
klass ewodeba naxevarrgoli, Tu Sesrulebulia Semdegi 
pirobebi: 

( ) ( )( )1. ;A B A B A B∀ ∀ ∈Ξ∧ ∈Ξ ⇒ ∩ ∈Ξ  

( )( ) { }
( )

0 1 1

0 1 2 1

2. (  , ,

\ )  1 .

n

n k k

A B A B A B C C C

A C C C C B C C k n

−

−

∀ ∀ ∈Ξ∧ ∈Ξ∧ ⊂ ⇒ ∃ ∈Ξ

∧ = ⊂ ⊂ ⊂ ⊂ = ∧ ∈Ξ ≤ ≤

⋯

⋯
          

   SevniSnoT, rom yoveli naxevarrgoli Seacavs cariel 
simravles. 

   magaliTi 5. magaliTi 5. magaliTi 5. magaliTi 5. ganvixiloT nebismieri X  simravle da 

avagoT X  simravlis qvesimravleTa klasi, romelic 
Sedgeba carieli simravlisagan da mocemuli simravlis 
yvela erTelementiani simravleebisagan. cxadia, rom 
aseTi gziT agebuli simravleTa klasi iqneba 
naxevarrgoli. 

   simravleTa yoveli ℝ  rgoli aris naxevarrgolic. 
marTlac,   

\A B A B C B A B A C∈ ∧ ∈ ∧ ⊂ ⇒ ∃ = ∧ = ∪ℝ ℝ . 
   magaliTi naxevarrgolisa, romelic ar aris rgoli 

warmoadgens namdvil ricxvTa RerZis  ( ),a b  saxis 

intervalebis simravle an [ ],a b  monakveTebis simravle. am 

SemTxvevaSi intervalebis simravleSi CarTulia carieli 

( ),a a  intervali, xolo monakveTebis simravleSi ki 

erTwertiliani [ ],a a  monakveTi. 

   Teorema 4. Teorema 4. Teorema 4. Teorema 4. Ξ     naxevarrgolis nebismieri simravleTa naxevarrgolis nebismieri simravleTa naxevarrgolis nebismieri simravleTa naxevarrgolis nebismieri simravleTa 

0 1 2 1, , , , nA A A A −⋯     sasruli ojaxisaTvis sasruli ojaxisaTvis sasruli ojaxisaTvis sasruli ojaxisaTvis Ξ     naxevarrgolSi naxevarrgolSi naxevarrgolSi naxevarrgolSi 

arsebobs arsebobs arsebobs arsebobs 0 1 2 1, , , , tB B B B −⋯     simravleTa sasruli simravleTa sasruli simravleTa sasruli simravleTa sasruli 

diziunqtiuri ojaxi iseTi, rom yoveli diziunqtiuri ojaxi iseTi, rom yoveli diziunqtiuri ojaxi iseTi, rom yoveli diziunqtiuri ojaxi iseTi, rom yoveli kA     ( )0 1k n≤ ≤ −     

simravle SeiZleba warmodgenil iqnas simravle SeiZleba warmodgenil iqnas simravle SeiZleba warmodgenil iqnas simravle SeiZleba warmodgenil iqnas sB     ( )0 1s t≤ ≤ −     

simravleebis gaerTianebis saxiT. e. i. simravleebis gaerTianebis saxiT. e. i. simravleebis gaerTianebis saxiT. e. i. simravleebis gaerTianebis saxiT. e. i.     
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k

k s
s N

A B
∈

= ∪ ,,,,    

sadac sadac sadac sadac kN     aris aris aris aris { }0,1,2,3, , 1s −⋯     simravlis raimsimravlis raimsimravlis raimsimravlis raime e e e 

qvesimravle.qvesimravle.qvesimravle.qvesimravle.    
            Teorema 4 damtkicdeba efuZvneba maTematikuri 
induqciis meTods, romelic ar warmoadgens raime 
gansakuTrebul sirTules. Cven mas gamoviyenebT, rogorc 
damxmare debulebas da amitom mis damtkicebas ar 
moviyvanT. 

   davubrundeT isev ( )Xℝ  simravlis struqturas. 

amasTan dakavSirebiT avRniSnoT, rom ( )Ξℝ  klass 

martivi agebuleba aqvs. marTebulia Semdegi Teorema: 

   Teorema 5. simravleTa Teorema 5. simravleTa Teorema 5. simravleTa Teorema 5. simravleTa ( )Ξℝ     klasi emTxveva klasi emTxveva klasi emTxveva klasi emTxveva Ξ     

naxevnaxevnaxevnaxevarrgolis elementebisagan Sedgenili yvelaSesaZlo arrgolis elementebisagan Sedgenili yvelaSesaZlo arrgolis elementebisagan Sedgenili yvelaSesaZlo arrgolis elementebisagan Sedgenili yvelaSesaZlo 
sasruli ojaxebis gaerTianebebis klass.sasruli ojaxebis gaerTianebebis klass.sasruli ojaxebis gaerTianebebis klass.sasruli ojaxebis gaerTianebebis klass.    

            damtkiceba. Ξ     naxevarrgolis elementebisagan 
Sedgenili yvelaSesaZlo sasrulo ojaxebis 

gaerTianebebis klasi aRvniSnoT ′ℝ -iT da vaCvenoT, rom 
is rgolia. 

   vTqvaT, 
1 1

0 0
,  ,  ,  ,

n m

k k
k k

A B A D B Q
− −

= =
′ ′∈ ∈ = =ℝ ℝ ∪ ∪  sadac 

yoveli ,  .k kD Q′ ′∈ ∈ℝ ℝ  

   radgan 0 1 1 0 1 1, , , , , , ,n mD D D Q Q Q− −⋯ ⋯  simravleebi Ξ  

naxevarrgolis elementebia, amitom Teorema 4-is Tanaxmad 
arsebobs simravleTa diziunqtiuri sasruli ojaxi 

0 1 2 1, , , , tB B B B −⋯  iseTi, rom yoveli kD  da kQ  

simravleebi warmoidgineba sB  simravleebis gaerTianebis 

saxiT. 

   vTqvaT, 1 2N N da  arian { }0,1,2,3, , 1t −⋯  simravlis 

iseTi qvesimravleebi, rom  

1i N

A Bi
∈

= ∪  da  

2

.j
j N

B B
∈

= ∪  
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cxadia, rom 

1 2

i
i N N

A B B
∈ ∩

∩ = ∪  da  

1 2

.
N N

A B Bi
i

=
∈ △

△ ∪  

maSasadame, A B ′∩ ∈ℝ  da A B ′∈△ ℝ . Sesabamisad, ′ℝ  
rgolia, misi gansazRvrebidan gamomdinareobs, rom igi 

aris minimaluri rgoli, romelic Seicavs Ξ -s. 
   amiT Teorema 5 damtkicebulia.  
   Teorema 5-is damtkicebis procesidan SegviZlia 
davaskvnaT Semdegi: 

   Ξ  naxevarrgoliT warmoqmnili ( )Ξℝ  rgoli Sedgeba 

sabaziso E  simravlis iseTi da mxolod iseTi 

elementebisagan, romlebic warmoidginebian Ξ  
naxevarrgolis diziunqtiuri elementebis sasruli 
ojaxebis gaerTianebebis saxiT. 

   sabaziso E  simravlis aracariel simravleTa S  
klass ewodeba σσσσ -rgoli, Tu Sesrulebulia Semdegi 
pirobebi: 

   a) ( ) ( ) ( );A B A B A\ B∀ ∀ ∈ ∧ ∈ ⇒ ∈S S S  

   b) ( )( ) .k k k
k N

k A k N A A
∈

 ∀ ∀ ∈ ∧ ∈ ⇒ ∈ 
 

∪S S  

   amrigad, S  rgoli aris σσσσ -rgoli, Tu is Caketilia 
misi elementebis nebismieri Tvladi ojaxis 

gaerTianebebis mimarT. Tu S  aris σσσσ -rgoli da kA ∈S  

( )k N∈  maSin Semdegi tolobidan gamomdinare 

( )\ \k k
k N k N

A E E A
∈ ∈

=∩ ∪  

( ixileT, $2, formula (2)) davaskvniT, rom  

k
k N

A
∈

∈∩ S . 

   es niSnavs, rom σσσσ -rgoli Caketilia misi elementebis 
Tvladi TanakveTebis mimarT. aseve SevniSnoT, rom Tu 

kA ∈S  ( )k N∈ , maSin lim kA  da lim kA  agreTve arian S  

rgolis elementebi (ixileT, $2). 
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   sabaziso E  simravlis aracariel qvesimravleTa S  
klass ewodeba σσσσ -algebra, Tu Sesrulebulia Semdegi 
pirobebi: 

   a. ( )( ) ;k k k
k N

k A k N A A
∈

 
∀ ∀ ∈ ∧ ∈ ⇒ ∈ 

 
∪S S  

   b. ( ) ( )A A A′∀ ∈ ⇒ ∈S S . 

anu, Tu S  aris  σσσσ -rgoli da E∈ S , maSin  S -s ewodeba 
σσσσ -algebra.  
   umartivesi magaliTi σσσσ -algebrisa aris raime 
simravlis yvela qvesimravleTa klasi.  
   advilia Cveneba imasa, rom  
   - σσσσ -rgolebis nebismieri ojaxis TanakveTa 
warmoadgens  σσσσ -rgols; 
   - σσσσ -algebrebis nebismieri ojaxis TanakveTa 
warmoadgens  σσσσ -algebras. 
   CarTvis TvalsazrisiT umcires σσσσ -rgols, romelic 

Seicavs sabaziso E  simravlis qvesimravleTa X  klass, 

ewodeba X  klasiT warmoqmnili σσσσ -rgoli da aRiniSneba 

( )XS  simboloTi.  

   gavarkvioT ( )XS -is struqtura.  

   ganvsazRvroT ( ) 1:ξ ξ ω<S  transfinituli mimdevroba 

Semdegnairad: 0 .X=S  Tu  1η ω<  ordinaluri 

ricxvisTvis nawilobiTi ( ):ξ ξ η<S  simravleTa 

mimdevroba ukve agebulia, maSin ηS  iyos ξ
ξ η<
∪ S  

gaerTianebis elementebis yvelaSesaZlo sxvaobebis 
Tvladi ojaxebis gaerTianebebis simravle. cxadia, rom 

( )M Xξ η⊂ ⊂ ⊂S S S  ( )0 ξ η< <  da ξ
ξ η

η
<

= ∪S S . 

   uSualod mowmdeba, rom 
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( )
1

.X ξ
ξ ω<

= ∪S S  

   bolo warmodgenidan uSualod vRebulobT, rom 

( ) ( )( ).Ξ = ΞℝS S  

   Teorema 6. vTqvaT, Teorema 6. vTqvaT, Teorema 6. vTqvaT, Teorema 6. vTqvaT, Z     aris sabaziso aris sabaziso aris sabaziso aris sabaziso E     sivrcis sivrcis sivrcis sivrcis 

nebismieri simravleTa klasi, xolo nebismieri simravleTa klasi, xolo nebismieri simravleTa klasi, xolo nebismieri simravleTa klasi, xolo A     raime raime raime raime 

fiqsirebuli simravlea  fiqsirebuli simravlea  fiqsirebuli simravlea  fiqsirebuli simravlea  E ----dan. maSindan. maSindan. maSindan. maSin    

( ) ( )Z A Z A∩ = ∩S S ....    

   damtkiceba. K  asoTi aRvniSnoT ( )\B C A∪ saxis 

simravleTa klasi E -dan, sadac ( )B Z A∈ ∩S  da 

( )C Z∈S . advilia Semowmeba imisa, rom K  klasi aris 

σ -rgoli.  

   Tu T Z∈ , maSin Semdegi damokidebulebebidan  

( ) ( ) ( )\ ,    T T A T A T A Z A Z A= ∩ ∪ ∩ ∈ ∩ ⊂ ∩S  

gamomdinareobs, rom T K∈ . e. i. Z K⊂  da Sesabamisad 

( )Z K⊂S .  

   cxadia, rom ( )K A Z A∩ = ∩S  da amitom 

( ) ( )Z A Z A∩ ⊂ ∩S S . 

   radgan  ( )Z A∩S  aris σ -rgoli da marTebulia 

damokidebuleba ( )Z A Z A∩ ⊂ ∩S , amitom gveqneba 

( ) ( )Z A Z A∩ ⊂ ∩S S . 

   amiT Teorema damtkicebulia. 
   da bolos ganvixiloT kidev erTi simravleTa klasi, 
romelsac simravleTa monotonuri klasebi ewodebaT.  

   sabaziso E  simravlis aracariel qvesimravleTa M  
klass ewodeba monotonuri klasi, Tu is Tavisi 
elementebis nebismier zrdad (klebad) mimdevrobasTan 
erTad Seicavs aseTi mimdevrobebis zRvars. 
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   iseve rogorc sxva simravleTa klasebis ganxilvis 
SemTxvevaSi mtkicdeba, rom monotonuri klasebis 
nebismieri ojaxis TanakveTa aseve monotonuri klasia da 

am TvalsazrisiT nebismieri ( )X P E⊂  simravleTa 

klasebisaTvis arsebobs CarTvis TvalsazrisiT umciresi 
monotonuri klasi, romelic mas Seicavs. aseT umcires 

klass ewodeba X  klasiT warmoqmnili monotonuri 

klasi da aRiniSneba ( )XM  simboloTi.  

   gamovarkvioT ( )XM  simravleTa klasis struqtura.  

   ganvsazRvroT ( ) 1:ξ ξ ω<M  transfinituli 

mimdevroba Semdegnairad: 0 .X=M  Tu  1η ω<  

ordinaluri ricxvisTvis nawilobiTi ( ):ξ ξ η<M  

simravleTa mimdevroba ukve agebulia, maSin ηM  iyos 

ξ
ξ η<
∪ M -dan aRebuli yvelaSesaZlo mimdevrobebis zRvari. 

   uSualod mowmdeba, rom 

( )
1

.X ξ
ξ ω<

= ∪M M  

   Teorema 7. yoveli Teorema 7. yoveli Teorema 7. yoveli Teorema 7. yoveli σσσσ ----rgoli warmoadgens monotonur rgoli warmoadgens monotonur rgoli warmoadgens monotonur rgoli warmoadgens monotonur 
klass; monotonuri rgoli aris klass; monotonuri rgoli aris klass; monotonuri rgoli aris klass; monotonuri rgoli aris σσσσ -rgoli.rgoli.rgoli.rgoli.    
            damtkiceba. Teoremis pirveli nawili trivialuria σσσσ -
rgolis agebis stuqturidan gamomdinare. imisaTvis, rom 
davamtkicoT Teoremis meore nawili saWiroa SevniSnoT, 
rom rgoli, romelic imavdroulad aris monotonuri 
klasic, Caketilia gaerTianebis Tvladi operaciis 
mimarT.  

   vTqvaT, M  monotonuri rgolia da kA ∈M  ( )k N∈ . 

radgan  M  rgolia, amitom 
1

0

n

k
k

A
−

=
∈∪ M   ( )n N∈ . 
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SevniSnoT, rom 
1

0

n

k
k

A
−

=

 
 
 
∪  simravleTa mimdevroba zrdadia, 

amitom misi zRvari tolia k
k N

A
∈
∪ -s (ixileT $2). da 

bolos, radgan M  rgoli monotonuria, amitom  

k
k N

A
∈

∈∪ M . 

   amiT Teorema damtkicebulia. 

   Teorema 8. Tu Teorema 8. Tu Teorema 8. Tu Teorema 8. Tu ℝ     rgolia, maSinrgolia, maSinrgolia, maSinrgolia, maSin ( ) ( )=ℝ ℝM S . 

   damtkiceba. radgan σ -rgoli aris monotonuri klasi 

da ( )⊂ℝ ℝS , amitom 

( ) ( )= ⊂ℝ ℝM M S . 

   Tu M  klasi rgolia (e. i. is σ -rgolicaa) da 

( )⊂ℝ ℝM , amitom ( ) ( )⊂ℝ ℝS M . 

   vaCvenoT, rom M  klasi warmoadgens rgols.  
   vTqvaT,  

( ) { }: \ ,  \ ,  K Z Z Z T T Z Z T= ∪ ∈M , 

sadac T  raime fiqsirebuli simravlea M -dan.    

   simravleTa ( )K Z  klasis gansazRvrebidan 

gamomdinareobs, rom ( ) ( ),    Z K T T K Z∈ ∈ .  

   Tu simravleTa ( )K Z  klasi aracarielia da 

{ }:nZ n N∈  aris am klasSi Semavali raime monitonuri 

mimdevroba, maSin 

( )

( )

( )

lim \ lim \

\ lim lim \

lim lim

n n
n n

n n
nn

n n
n n

Z T Z T ,

T Z T Z ,

T Z Z T .

= ∈

= ∈

∪ = ∪ ∈

M

M

M

 

   es niSnavs, rom ( )K Z  aris monitonuri klasi. 
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   Tu Z ∈ℝ  da T ∈ℝ , maSin rgolis gansazRvrebis 
Tanaxmad ( )Z K T∈ . radgan bolo damokidebuleba 

marTebulia nebismieri Z ∈ℝ  simravlisaTvis, amitom 

( )K T⊂ℝ . saidanac M -is gansazRvrebis Tanaxmad  

uSualod gamomdinareobs, rom  

( )K Z⊂M . 

   axla Tu Z ∈M  da T ∈ℝ , maSin ( )Z K T∈  da 

Sesabamisad, ( )T K Z∈ . iseve rogorc zeviT, bolo 

damokidebuleba marTebulia nebismieri T ∈ℝ  
simravlisaTvis, amitom miviRebT 

( )K Z⊂M . 

   es CarTva marTebulia nebismieri Z ∈M  

simravlisaTvis. rac imas niSnavs, rom  M  aris rgoli 
da Teorema 7-is Tanaxmad is amave dros aris σ -rgolic. 
   amiT Teorema damtkicebulia. 
   maTematikuri analizis mTeli rigis sakiTxebis 
kvlevaSi did rols TamaSobs borelis simravleebi anu 

B -simravleebi. ricxviT RerZze borelis simravle aris 

[ ],a b  saxis yvela segmentTa klasis mier warmoqmnil 

umcires σσσσ -algebra (borelis σσσσ -algebris struqturas 
da Tvisebebs davubrundebiT Semdeg TavebSi). 

   vTqvaT, mocemulia gadasaxva :f A B→  da ℑ  da Ω  

arian  Sesabamisad A  da B  simravleebis qvesimravleTa 

raime klasebi. ( )f ℑ -iT aRvniSnoT yvela ( )f X  ( )X A⊂  

saxeTa simravle, xolo ( )1f − Ω -iT ki yvela ( )1f Y−
 

( )Y B⊂  winaresaxeTa simravle. maSin marTebulia 

Semdegi winadadebebi: 

   (1) Tu Ω  rgolia, maSin ( )1f − Ω -c rgolia; 

   (2) Tu Ω  algebraa, maSin ( )1f − Ω -c algebraa; 
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   (3) Tu Ω  aris σσσσ -algebra, maSin ( )1f − Ω -c aris σσσσ -

algebra; 

   (4) ( )( ) ( )( )1 1 ;f f− −Ω = Ωℝ ℝ  

   (5) ( )( ) ( )( )1 1 .f f− −Ω = ΩS S  

   sabaziso simravleebze gansazRvrul qvesimravleTa 
moyvanili klasebis sxvadasxva Tvisebebis Seswavlas 
davubrundebiT Semdeg TavebSi. 
    

               
 

 
 

$10. topologiuri sivrceebi$10. topologiuri sivrceebi$10. topologiuri sivrceebi$10. topologiuri sivrceebi    

    
    

   Cvens mier gadmocemul masalaSi gamosavali obieqti 
iyo sabaziso simravleebi, romelTa ,,Sinagani” bunebaze 
informacia faqtiurad ar iyo cnobili (Tu ar CavTvliT, 
magaliTad, mocemuli simravlis simZlavres).  mocemuli 
sabaziso simravle garkveuli aqsiomatikis Semotanis 
Semdeg masSi Semavali elementebis bunebis 
Taviseburebebis aRqma SesaZleblobas iZleva gamosavali 
obieqtis iseT struqturul obieqtad gadaqcevas, 
romelic Sesaswavl da gamosakvlev Tematikas gaxdis 
ufro mravalferovans da srulyofils. amave dros aseT 
obieqtebze SesaZlebelia ganisazRvros gacilebiT 
mdidari simravleTa klasebi, Semotanil iqnas sxvadasxva 
struqturebi, romlebis  Sesabamisad qmnian gacilebiT 
farTo speqtrs kvlevebisaTvis. aseT obieqtTa ricxvs 
ganekuTvnebian sxvadasxva saxis sivrceebi (topologiuri, 
metrikuli, normirebuli, veqtoruli da sxv.). 

   vTqvaT, mocemulia sabaziso E  simravle.  
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   topologia  E  simravlSi ewodeba E  simravlis 

nebismier iseT qvesimravleTa ℑ  klass, romelic 
akmayofilebs Semdeg pirobebs: 

   1) carieli simravle ∅  da TviT E  simravle ekuTvnis 

ℑ  klass; 

   2) ℑ  simravleTa klasis elementTa nebismieri ojaxis 

gaerTianeba (sasruli an usasrulo) ekuTvnis ℑ ; 

   3) ℑ  simravleTa klasis elementTa nebismieri 

sasruli ojaxis TanakveTa ekuTvnis ℑ . 

   E  simravles, masze gansazRvruli topologiiT, 

ewodeba topologiuri sivrce da aRiniSneba ( ),E ℑ  

wyvilis saxiT. SevTaxmdeT, rom Cven xSirad 
visargeblebT terminiT ,,topologiuri sivrce” da am 

SemTxvevaSi mas aRvniSnavT mxolod E  asoTi.D 

   simravleebs, romlebic ekuTvnian ℑ  simravleTa klass 

ewodeba Ria simravleebi. carieli simravle ∅  da 

gamosavali E  simravle Ria simravleebia. SemdgomSi 
topologiuri sivrcis elementebs vuwodoT wertilebi. 
   magaliTi 1.magaliTi 1.magaliTi 1.magaliTi 1. ganvixiloT simravleTa klasi, romelic 

Sedgeba mxolod ∅  da E  simravleebisagan. cxadia, rom 
aseTi simravleTa klasi qmnis topologias.  
   magaliT 1-Si gansazRvrul topologias 
antidiskretuli  anu trivialuri topologia ewodeba. 

   magaliTi 2. magaliTi 2. magaliTi 2. magaliTi 2. ganvixiloT E  simravlis yvela 
qvesimravleTa klasi anu buleani. am simravleTa klasiT 

gansazRvrul ℑ  topologias ewodeba diskretuli 

topologia E -ze, xolo ( ),E ℑ  wyvils ewodeba 

diskretuli topologiuri sivrce. diskretuli 
topologiuri sivrcis yoveli qvesimravle Ria simravlea. 

   magaliTi 3. magaliTi 3. magaliTi 3. magaliTi 3. ganvixiloT namdvil ricxvTa R  simravle 
da topologia SemoviRoT Semdegi wesiT: topologia aris 

im simravleTa ojaxi R -dan, romelic yoveli wertilis 
nacvlad Seicavs raime Ria intervals namdvil ricxvTa 
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RerZidan (am SemTxvevaSi Ria intervali emTxveva Ria 
simravles).  
   rogorc moyvanili magaliTebidanac Cans erTidaigive 
simravleze SeiZleba ganisazRvros sxvadasxva 
topologia. 

   vTqvaT, E  simravleze  sxvadasxva xerxiT Semotanilia 

ori 1ℑ  da 2ℑ  topologia.  

   vityviT, rom topologia 1ℑ  aris ufro susti, vidre 

topologia 2ℑ  an topologia 2ℑ  ufro Zlieria, vidre 

1ℑ , Tu 1 2ℑ ⊂ ℑ . sxva sityvebiT rom vTqvaT, yoveli Ria 

simravle 1ℑ  topologiaSi amave dros aris Ria simravle 

2ℑ  topologiaSi.  

   xSir SemTxvevaSi raime simravleze Semotanili 
topologiebis Sedareba SeuZlebelia. am dros mocemul 
topologiebs arasadari topologiebi ewodebaT.  
   magaliT 1 da magaliT 2-Si moyvanili antidiskretuli 
da diskretuli topologiebi Sesabamisad arian yvelaze 

susti da yvelaze Zlieri mocemul E  simravleze 
gansazRvrul topologiebs Soris. 

   vTqvaT, ( ),E ℑ  topologiuri sivrcea da 0E E⊂  

nebismieri simravlea. simravleTa 0G E∩  ( )G∈ℑ  klasi 

warmoadgens topologias 0E  simravleze da ris Semdegac 

0E  gadaiqceva topologiur sivrced. am SemTxvevaSi   

0E -ze gvaqvs inducirebuli topologia, xolo TviT 0E -s 

ewodeba E  topologiuri sivrcis qvesivrce.   

   or topologiur 1E  da 2E  sivrces ewodeba 

homeomorfuli, Tu Aarsebobs bieqcia 1 2:f E E→ , romlis 

mixedviTac yoveli Ria 1G E⊂  simravlisaTvis 

( )f G simravlec Ria simravlea   2E -Si.  topologiuri 
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TvalsazrisiT homeomorfuli sivrceebi gaigivebulni 
arian erTmaneTTan. 

   ( ),E ℑ  topologiur sivrceSi F  simravles ewodeba 

Caketili simravle, Tu \G E F=  aris Ria simravle imave 
sivrceSi. mocemul topologiur sivrceSi yvela Caketil 

simravleTa Κ  klasi akmayofilebs Semdeg Tvisebebs: 

   1. carieli simravle ∅  da TviT E  simravle ekuTvnis 
Κ  klass;   

   2. Κ  simravleTa klasis elementTa nebismieri ojaxis 

TanakveTa (sasruli an usasrulo) ekuTvnis Κ ; 

   3. Κ  simravleTa klasis elementTa nebismieri 

sasruli ojaxis gaerTianeba ekuTvnis Κ . 

   rogorc vxedavT, Κ  simravleTa klasi ganisazRvreba 

ℑ  simravleTa klasiT. amitom sabaziso E  simravleze 
topologia SeiZleba Semotanil iqnas agreTve Κ  
simravleTa klasis saSualebiT da simravleebs ewodos 
Caketili simravleebi, xolo Ria simravle ganvsazRvroT, 
rogorc Caketili simravlis damateba. 

   E  topologiuri sivrcis Ria simravleTa Tvlad 

TanakveTas ewodeba Gδ  tipis simravle, xolo Caketil 

simravleTa Tvlad gaerTianebas ki - Fσ  tipis simravle. 

   SevniSnoT, rom Gδ  da Fσ  tipis simravleebi 

yovelTvis ar arian Sesabamisad Ria da Caketili 

simravleebi E  topologiuri sivrceSi. magaliTad, Tu 
ganvixilavT yvela namdvil ricxvTa RerZis 

{ }( )1 1
1,  1   \ 0n N

n n

 − − + ∈ 
 

 saxis Tvlad Ria simravleTa 

ojaxs, maSin cxadia, rom maTi  TanakveTa iqneba [ ]1,1−   

simravle, romelic ar aris Ria simravle. 

   vTqvaT, mocemulia E  topologiuri sivrce. x E∈  

wertils ewodeba 1E E⊂  simravlis Siga wertili, Tu 

arsebobs Ria G E⊂  simravle iseTi, rom x G∈ . 
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topologiuri sivrcis x E∈  wertilis midamo ewodeba 

nebismier iseT V E⊂  simravles, romlisTvisac  x  Siga 
wertilia. SevniSnoT, rom wertilis midamo SeiZleba ar 
iyos Ria simravle, magram yoveli Ria simravle aris 
nebismieri Tavisi wertilis midamo da wertilis yoveli 
midamo Seicavs am wertilis Ria midamos.  

   topologiuri sivrcis x  wertilis midamoTa ( )V x  

simravles ewodeba fundamentaluri anu x  wertilis 

midamoTa bazisi, Tu x  wertilis nebismieri V  

midamosaTvis arsebobs  ( )xV V x∈  midamo, rom xV V⊂ . 

topologiuri E  sivrcis yvela wertilis bazisTa 

erTobliobas ewodeba E  topologiuri sivrcis bazisi. 
sivrcis bazisi akmayofilebs Semdeg pirobebs: 

   a. Tu ( )V V x∈ , maSin x V∈ ; 

   b. Tu ( )1 2,  ,V V V x∈  maSin arsebobs ( )V V x∈  iseTi, 

rom 1 2V V V⊂ ∩ ; 

   g. rogoric gind iyos ( )xV V x∈  midamo, arsebobs 

( )xV V x′ ∈  iseTi, rom x xV V′ ⊂ , Tanac nebismieri xy V ′∈  

wertilisaTvis moiZebneba ( )yV V y∈  iseTi, rom y xV V⊂ . 

   Caketili simravlis gansazRvrebidan UuSualod 

gamomdinareobs, rom E  topologiuri sivrcis F  

simravle Caketilia maSin da mxolod maSin, roca \E F  

simravlis yovel wertils gaaCnia midamo. e. i. F  
simravle Caketilia mxolod im SemTxvevaSi, roca yoveli 

x  wertili, romlis midamoc TanaikveTeba F -Tan, 

ekuTvnis F -s. am mosazrebidan gamomdinare SemovitanoT 
Semdegi gansazRvra:  

   E  topologiuri sivrcis x E∈  wertils ewodeba A  
simravlis dagrovebis anu zRvariTi wertili, Tu am 
wertilis nebismieri midamo Seicavs x  wertilisagan 

gansxvavebul A  simravlis wertilsac. aseT SemTxvevaSi 
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SeiZleba imis mtkiceba, rom x  wertilis nebismieri 

midamo TanaikveTeba A -Tan MmaSin da mxolod maSin, roca 

x A∈  an x  wertili A  simravlis dagrovebis wertilia.  
   yovelive zemoTTqmulidan gamomdinare marTebulia 
Semdegi Teorema: 
   Teorema 1. topologiuri sivrcis qvesimravle Teorema 1. topologiuri sivrcis qvesimravle Teorema 1. topologiuri sivrcis qvesimravle Teorema 1. topologiuri sivrcis qvesimravle 
Caketilia maSin da mxolod maSin, Tu is Seicavs Tavisi Caketilia maSin da mxolod maSin, Tu is Seicavs Tavisi Caketilia maSin da mxolod maSin, Tu is Seicavs Tavisi Caketilia maSin da mxolod maSin, Tu is Seicavs Tavisi 
yvela dagrovebis wertils.yvela dagrovebis wertils.yvela dagrovebis wertils.yvela dagrovebis wertils.    
   diskretul topologiur sivrceSi arc erTi wertili 
ar aris dagrovebis wertili.     
   magaliT 3-Si moyvanil topologiur sivrceSi gvaqvs 

sxvadasxva SemTxveva. magaliTad, Tu ( )0,1A = , maSin [ ]0,1  

segmentis yoveli wertili A  simravlis dagrovebis 

wertilia; Tu 
1

:A z Z
z

 = ∈ 
 

, maSin 0 aris A  simravlis 

erTaderTi dagrovebis wertili; mTel ricxvTa Z  
simravles dagrovebis wertili ar gaaCnia. 

   0x A∈  wertils ewodeba A  simravlis izolirebuli 

wertili, Tu arsebobs am wertilis iseTi midamo, 

romelic ar Seicavs A  simravlis 0x -sgan gansxvavebul 

arc erT wertils.   

   Tu A  simravle Caketilia da ar Seicavs izolirebul 
wertilebs, maSin mas srulyofili simravle ewodeba. es 
niSnavs, rom srulyofili simravlis yoveli wertili 
aris am simravlis zRvariTi wertili.  

   srulyofili simravlis magaliTebia: [ ],a b  segmenti, 

namdvil ricxvTa RerZi, kantoris simravle.   

   vTqvaT, kvlav mocemulia E  topologiuri sivrce.  

A E⊂  qvesimravlis Caketva aris yvela im Caketil 

simravleTa TanakveTa, romlebic Seicavs A -s da 

aRiniSneba A  simboloTi. radgan Caketil simravleTa 
nebismieri TanakveTa Caketilia, amitom simravlis 

Caketvac Caketili simravlea. radgan A  simravle Sedis 
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yvela Caketil simravleSi, amitom is aris umciresi 

Caketili simravle, romelic ekuTvnis A -s. es niSnavs, 

rom A  simravle Caketilia maSin da mxolod maSin, roca 

A A= . 
   marTebulia Semdegi Teorema: 
   Teorema 2.  nebismieri simravlis Caketva arisTeorema 2.  nebismieri simravlis Caketva arisTeorema 2.  nebismieri simravlis Caketva arisTeorema 2.  nebismieri simravlis Caketva aris    am am am am 
simravlisa da misi dagrovebis wertilebis gaerTianeba.simravlisa da misi dagrovebis wertilebis gaerTianeba.simravlisa da misi dagrovebis wertilebis gaerTianeba.simravlisa da misi dagrovebis wertilebis gaerTianeba.    
            Teorema 2-is damtkiceba ar warmoadgens sirTules da 
mis damtkicebas ar moviyvanT. 

   A E⊂  simravlis Caketvis operacias gaaCnia Semdegi 
Tvisebebi: 

   a) ;∅ = ∅  

   b) A A⊂ ; 

   g) ( ) ( )1 2 1 2A A A A⊂ ⇒ ⊂ ; 

   d) 1 2 1 2A A A A∪ = ∪ ; 

   e) A A= . 

   vTqvaT, E  topologiuri sivrcea. A E⊂  simravles 

ewodeba mkvrivi 0E E⊂  simravleSi, Tu 0E A⊂ . Tu 

A E= , maSin A  simravles ewodeba yvelgan mkvrivi E -Si.  

A E⊂  simravles ewodeba arsad mkvrivi E -Si, Tu \E A  

simravle yvelgan mkvrivia. e. i. A  simravle arsad 

mkvrivia E -Si, Tu E  sivrcis yoveli  V  midamo Seicavs 

iseT 1V  midamos, rom 1 .A V∩ = ∅  

   arsad mkvrivi simravlis gansazRvrebidan uSualod 
gamomdinareobs arsad mkvrivi simravlis Semdegi 
eqvivalenturi gansazRvrebebi: 

   - A E⊂  simravle arsad mkvrivia E -Si, maSin da 

mxolod maSin, Tu misi  damateba A′ Seicavs Ria yvelgan 
mkvriv simravles; 
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   - A E⊂  simravle arsad mkvrivia E -Si, maSin da 

mxolod maSin, Tu A  simravles ar gaaCnia Siga 
wertilebi. 
   magaliTi 4magaliTi 4magaliTi 4magaliTi 4.... ganvixiloT kantoris simravlis  (ixileT, 
magaliTi 7, $7) agebis meTodi. pirvel etapze darCenil 

1
0,

3
 
  

 da 
2

,1
3

 
  

 segmentebs vuwodoT I rangis segmentebi, 

meore etapze darCenil 
1 2 1 2 7 8

0, , , , , , ,1
9 9 3 3 9 9

       
              

 

segmentebs, romlebic miiReba 
1 2

,
9 9

 
 
 

 da 
7 8

,
9 9

 
 
 

 

intervalebis amogdebiT pirveli etapis Semdeg darCenili 
segmentebidan, vuwodoT II rangis segmentebi da a. S. 

cxadia, rom n -uri rangis segmentis sigrZea 
1

3n
 da rom 

miviRoT misgan ( )1n+  rangis segmenti, saWiroa  n -uri 

rangis segmentidan amovagdoT segmenti, romlis centria 

am segmentis Sua wertili da sigrZea 
1

1

3n+
. SevniSnoT, 

rom nebismieri n -sTvis yvela   n -uri rangis segmentis 

gaerTianeba faravs kantoris C  simravles. 

   ganvixiloT nebismieri ( ) [ ], 0,1I α β= ⊂  intervali. Tu 

es intervali ar Seicavs C  simravlis wertilebs, maSin 

im intervalis rolSi, romelic Sedis I -Si, ganvixiloT 

Tavad I  intervali. Tu arsebobs iseTi 0x C∈  wertili, 

rom 0x I∈ , maSin arsebobs raime, Tundac  maRali, n  

rangis segmenti, romelic Seicavs 0x -s da ekuTvnis I  

intervals. amis Semdeg aviRoT intervali sigrZiT 
1

1

3n+
 

da centriT am segmentis Sua wertilSi. es intervali ar 
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Seicavs 0x  wertils da ekuTvnis I -s. Sesabamisad, C  

simravle arsad mkvrivia [ ]0,1  segmentSi.  

  vTqvaT, kvlav E  topologiuri sivrcea. marTebulia 
Semdegi Teorema: 

   Teorema 3. Teorema 3. Teorema 3. Teorema 3. E  sivrcissivrcissivrcissivrcis aaaarsad mkvrivi simravlis rsad mkvrivi simravlis rsad mkvrivi simravlis rsad mkvrivi simravlis 
nebismieri qvesimravle arsad mkvrivia; arnebismieri qvesimravle arsad mkvrivia; arnebismieri qvesimravle arsad mkvrivia; arnebismieri qvesimravle arsad mkvrivia; arsad mkvrivi sad mkvrivi sad mkvrivi sad mkvrivi 
simravleebis sasrulisimravleebis sasrulisimravleebis sasrulisimravleebis sasruli    ojaxis gaerTianeba arsad mkvrivi ojaxis gaerTianeba arsad mkvrivi ojaxis gaerTianeba arsad mkvrivi ojaxis gaerTianeba arsad mkvrivi 
simravlea; arsad mkvrivi simravlis Caketva arsad mkvrivi simravlea; arsad mkvrivi simravlis Caketva arsad mkvrivi simravlea; arsad mkvrivi simravlis Caketva arsad mkvrivi simravlea; arsad mkvrivi simravlis Caketva arsad mkvrivi 
simravlea.simravlea.simravlea.simravlea.    
            damtkiceba. pirveli winadadeba trivialuria. meore ki 
davamtkicoT ori arsad mkvrivi simravlis SemTxvevaSi.  

   vTqvaT, 1A  da 2A  arsad mkvrivi simravleebia E  

topologiur sivrceSi. arsad mkvrivi simravlis 

gansazRvrebidan gamomdinareobs, rom yoveli V  

midamosaTvis arsebobs 1V  da 2V  modamoebi, rom 

1 1\V V A⊂ , 2 1 2\V V A⊂  da 2 1 .V V V⊂ ⊂  aqedan 

gamomdinareobs, rom ( )2 1 2\V V A A⊂ ∪ . es ki niSnavs, 

1 2A A∪  arsad mkvrivia E -Si.  

   mesame winadadeba gamomdinareobs im faqtidan, rom 

nebismieri midamo, romelic ekuTvnis A′ , agreTve 

ekuTvnis A′ -sac. 
   amiT Teorema damtkicebulia.  

   vTqvaT, E  raime topologiuri sivrcea. A E⊂  

simravles ewodeba pirveli kategoriis simravle, Tu A  
warmoidgineba arsad mkvrivi simravleebis Tvladi 
ojaxis gaerTianebis saxiT. simravles, romelic ar aris 
pirveli kategoriis ewodeba meore kategoriis simravle. 

   Teorema 4 (beri). Teorema 4 (beri). Teorema 4 (beri). Teorema 4 (beri). E  sivrcissivrcissivrcissivrcis pirveli kategoriis pirveli kategoriis pirveli kategoriis pirveli kategoriis 
simravlis damateba yvelgan mkvrivia; Ria yvelgan mkvsimravlis damateba yvelgan mkvrivia; Ria yvelgan mkvsimravlis damateba yvelgan mkvrivia; Ria yvelgan mkvsimravlis damateba yvelgan mkvrivia; Ria yvelgan mkvrivi rivi rivi rivi 
simravleTa nebismieri TanakveTa yvelgan mkvrivi simravleTa nebismieri TanakveTa yvelgan mkvrivi simravleTa nebismieri TanakveTa yvelgan mkvrivi simravleTa nebismieri TanakveTa yvelgan mkvrivi 
simravlea.simravlea.simravlea.simravlea.    
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            damtkiceba. vTqvaT, { }:nA n N∈  arsad mkvrivi 

simravleTa ojaxia E  topologiur sivrceSi da 

.n
n N

A A
∈

= ∪  nebismieri V  midamosaTvis arsebobs 

0 0\ .V V A⊂     vTqvaT,  1V  aris iseTi midamo, rom 

1 0 1\ ,V V A⊂  da a. S. maSin n
n N

V
∈
∩  aracarieli 

qvesimravlea \V A  simravlis. e. i. A′ yvelgan mkvrivia.  
   Teoremis meore nawili eqvivalenturia pirvelis. 
   amiT beris Teorema damtkicebulia.   

   Teorema 5 (banaxi). vTqvaT, Teorema 5 (banaxi). vTqvaT, Teorema 5 (banaxi). vTqvaT, Teorema 5 (banaxi). vTqvaT, E     topologiuri sivrcea topologiuri sivrcea topologiuri sivrcea topologiuri sivrcea 

da da da da ( ):iV i I∈     aris Riaris Riaris Riaris Ria pirveli kategoriis simravleTa a pirveli kategoriis simravleTa a pirveli kategoriis simravleTa a pirveli kategoriis simravleTa 

ojaxi ojaxi ojaxi ojaxi E ----dan. maSin dan. maSin dan. maSin dan. maSin i
i I

V
∈
∪     gaerTianeba agreTve Ria gaerTianeba agreTve Ria gaerTianeba agreTve Ria gaerTianeba agreTve Ria 

pirveli kategoriis simravlea pirveli kategoriis simravlea pirveli kategoriis simravlea pirveli kategoriis simravlea E ----Si. Si. Si. Si.     

   damtkiceba. vTqvaT, ( ):jG j J∈  aris maqsimaluri 

(CarTvis mimarT) aracarieli diziunqtiuri Ria 

simravleTa ojaxi E -dan iseTi, rom 

( )( ).j ij j J i I G V∀ ∈ ⇒ ∃ ∈ ∧ ⊂  

aseTi ojaxis arseboba gamomdinareobs cornis lemidan. 

( ):jG j J∈  simravleTa ojaxis maqsimalurobidan 

gamomdinareobs, rom \ j
j J

V G
∈
∪ simravle arsad mkvrivia 

E -Si. maSasadame, j
j J

G
∈
∪  gaerTianeba aris pirveli 

kategoriis simravle. marTlac, gvaqvs 

,j j n
n N

G X
∈

= ∪ , 

sadac ,j nX  simravleebi arian arsad mkvrivi simravleebi 

E  sivrcidan. yoveli n N∈  naturaluri ricxvisaTvis 
davuSvaT, rom 
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,n j n
j J

X X
∈

= ∪ . 

   ( ):jG j J∈ simravleTa ojaxis diziunqtiurobidan 

gamomdinareobs, rom yoveli n N∈  naturaluri 

ricxvisaTvis nX  simravle agreTve arsad mkvrivia, Tanac 

j n
j J n N

G X
∈ ∈

=∪ ∪ . 

   aqedan ki gamomdinareobs banaxis Teoremis damtkiceba. 

   SevniSnoT, rom banaxis Teorema marTebulia ( )ZFC  

simravleTa TeoriaSi. martinis aqsiomis ( )MA  miRebis 

SemTxvevaSi ki marTebulia Semdegi Teorema, romelsac 
moviyvanT damtkicebis gareSe. 

   Teorema 6.  Tu miviRebT martinis aqsiomas, mTeorema 6.  Tu miviRebT martinis aqsiomas, mTeorema 6.  Tu miviRebT martinis aqsiomas, mTeorema 6.  Tu miviRebT martinis aqsiomas, maSin aSin aSin aSin R ----Si  Si  Si  Si  

nebismieri pirveli kategoriis simravleTa nebismieri pirveli kategoriis simravleTa nebismieri pirveli kategoriis simravleTa nebismieri pirveli kategoriis simravleTa { }:Y i Ii ∈     

ojaxis gaerTianeba kvlav pirveli kategoriisaa, Tu ojaxis gaerTianeba kvlav pirveli kategoriisaa, Tu ojaxis gaerTianeba kvlav pirveli kategoriisaa, Tu ojaxis gaerTianeba kvlav pirveli kategoriisaa, Tu 

( )card I < c .  .  .  .      
            topologiuri sivrcis Ria simravleTa Ω  klass 
ewodeba mocemuli topologiuri sivrcis baza, Tu 

yoveli Ria simravle SeiZleba warmovidginoT Ω  
simravleTa klasis romeliRac qveklasis gaerTianebis 
saxiT. 

   Ria simravleTa Ο  klass ewodeba Ria qvebaza, Tu Ο  
simravlis yvela sasruli aracarieli TanakveTebis 
simravle warmoadgens sivrcis bazas. 
   magaliTi 5magaliTi 5magaliTi 5magaliTi 5.... namdvil ricxvTa RerZis yvela Ria 
racionalurboloebiani intervalebis ojaxi qmnis bazas 
(ixileT, magaliTi 3). 
   magaliTi 6magaliTi 6magaliTi 6magaliTi 6. . . . x r>     da x r<  saxis sxivTa ojaxi qmnis 
qvebazas namdvil ricxvTa RerZze. 
   sivrces Tvladi baziT ewodeba sivrce ω  woniT 
(sivrcis wona aris iseTi umciresi α  kardinaluri  
ricxvi, rom sivrces gaaCnia baza α  simZlavriT). 
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   cxadia, rom SeiZleba Semotanil iqnas  sivrcis 
Caketili bazis cneba. Tu gamoviyenebT oradulobis 
princips, miviRebT sivrcis Caketili bazis Semdeg cnebas: 

     topologiuri sivrcis Caketil simravleTa Τ  klass 
ewodeba mocemuli topologiuri sivrcis baza, Tu 

yoveli Caketili  simravle SeiZleba warmovidginoT Τ  
simravleTa klasis romeliRac qveklasis TanakveTis 
saxiT. 

   vTqvaT, mocemulia ori topologiuri 1E  da 2E  

sivrce. topologia 1 2E E×  sivrceSi ganisazRvreba 

Semdegi wesiT: 

   simravles 1 2A E E⊂ ×  ewodeba Ria simravle 1 2E E×  

sivrceSi maSin da mxolod maSin, Tu A  simravle 

warmoadgens G H×  dekartuli namravlis gaerTianebas, 

sadac G  da H  Sesabamisad arian 1E  da 2E  

topologiuri sivrceebis Ria simravleebi.  
   radgan Ria simravleTa nebismieri ojaxis gaerTianeba 

1 2E E×   sivrceSi kvlav Ria simravlea, amitom 

marTebulia Semdegi Teorema: 
   Teorema 14. sasruli raodenoba topologiur sivrceTa Teorema 14. sasruli raodenoba topologiur sivrceTa Teorema 14. sasruli raodenoba topologiur sivrceTa Teorema 14. sasruli raodenoba topologiur sivrceTa 
namnamnamnamravli topologiuri sivrcea.ravli topologiuri sivrcea.ravli topologiuri sivrcea.ravli topologiuri sivrcea.    

   axla vTqvaT, { }:tE t T∈  aris topologiur sivrceTa 

raime nebismieri ojaxi. t
t T

E
∈
∏  sivrceSi ganvsazRvroT 

topologia Semdegi wesiT: 

   t
t T

E
∈

∗∏  saxis simravleTa ojaxi aris qvebaza t
t T

E
∈
∏  

sivrceSi, sadac  mocemuli 0t T∈  indeqsisaTvis da 

mocemuli Ria 
0t

G E⊂  simravlisaTvis 
0t

E G∗ =  da 

t tE E∗ = , Tu 0t t≠ . 
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   aqedan gamomdinareobs, rom  t
t T

E
∈
∏  sivrcis bazis 

elementebs aqvs t
t T

G
∈
∏  saxe, sadac tG  ( )t T∈  Ria 

simravleebia tE  ( )t T∈  sivrceebSi da mxolod sasruli 

raodenoba indeqsebisaTvis gansxvavdebian tE  

sivrceebisagan. amis garda, SeiZleba CaiTvalos, rom tG  

simravle ekuTvnis tE  simravlis bazas. 

   aseTi wesiT gansazRvrul topologias ewodeba 
tixonovis topologia namravl sivrceSi.  
 
 
 

    
    

$11. metrikuli sivrceebi$11. metrikuli sivrceebi$11. metrikuli sivrceebi$11. metrikuli sivrceebi    
    

   topologiuri sivrceebis mniSvnelovan klass 
warmoadgens metrikuli sivrceebi. maTematikuri analizis 
ZiriTadi cnebebis (zRvari, uwyvetoba) Semotanis dros 
saWiroa ganisazRvros wertilebs Soris garkveuli 
metrikuli maxasiaTeblebi sibrtyeze da sivrceSi. aseTi 
midgoma SesaZlebelia ganzogaddes ufro farTo 
obieqtTa klasebisaTvis, romlebsac mivyavarT metrikuli 
sivrcis cnebamde. 

   vTqvaT, E  nebismieri simravlea.  

   ricxviT ρ  funqcias, romelic gansazRvrulia E E×  

simravleze ewodeba metrika E -ze, Tu nebismieri 

, ,x y z E∈  wertilebisaTvis sruldeba Semdegi pirobebi: 

   1. ( ), 0;x yρ ≥   ( ), 0x yρ =  maSin da mxolod maSin, 

roca x y= ; 

   2. ( ) ( ), , ;x y y xρ ρ=  

   3. ( ) ( ) ( ), , ,x y x z z yρ ρ ρ≤ +  (samkuTxedis aqsioma). 
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   simravles, romelSic Semotanilia metrika, metrikuli 
sivrce ewodeba. metrikuli sivrcis obieqtebs wertilebi 

ewodebaT. Tu E  simravleze Semotanilia ρ  metrika, 
maSin metrikul sivrces aRniSnaven ( ),E ρ  wyvilis saxiT, 

magram iseve rogorc topologiuri sivrcis SemTxvevaSi 

xSirad SemovifarglebiT ubralod E  CanaweriT. 
   miRebulia, rom termini ,,metrika” SeiZleba Seicvalos 
terminiT ,,manZili or wertils Soris”.  
            magaliTi 1. magaliTi 1. magaliTi 1. magaliTi 1. nebismier aracariel simravle, masze 
gansazRvruli metrikiT 

( )
1, ,

,
0, ,

x y
x y

x y
ρ

≠
= 

=

  Tu  

  Tu  
 

aris metrikuli sivrce. 
   es magaliTi gviCvenebs, rom nebismier aracariel 
simravleze SesaZlebelia ganisazRvros metrika. 
   magaliTi 2.magaliTi 2.magaliTi 2.magaliTi 2. namdvil ricxvTa simravle masze 
gansazRvruli metrikiT 

( ),x y x yρ = −  

warmoadgens metrikul sivrces. 
   magaliTi 3. magaliTi 3. magaliTi 3. magaliTi 3. naturalur ricxvTa simravle masze 
gansazRvruli metrikiT 

( ).mn m nρ = −  

aris metrikuli sivrce. 
   magaliTi 4. magaliTi 4. magaliTi 4. magaliTi 4. naturalur ricxvTa simravle masze 
gansazRvruli metrikiT    

( )
0,   ,

. 1
1 ,   ,

m n

m n
m n

m n

ρ
=


= 

+ ≠ +

Tu  

Tu  
 

aris metrikuli sivrce. 
   bolo ori magaliTi gviCvenebs, rom erTidaigive 
simravleze SesaZlebelia ganisazRvros sxvadasxva 
metrika.  
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   magaliTi 5. magaliTi 5. magaliTi 5. magaliTi 5. yvela namdvil ricxvTa dalagebuli 

( )0 1 1, , , nx x x x −= ⋯  n -eulebis simravle masze 

gansazRvruli metrikiT 

( ) ( )
1

2

0

,
n

k k

k

x y y xρ
−

=

= −∑  

aris metrikuli sivrce.  
   aseT metrikul sivrces  ewodeba n -ganzomilebiani 

evklides sivrce da aRiniSneba 
nR  simboloTi. 

   magaliTi 6. magaliTi 6. magaliTi 6. magaliTi 6. [ ],a b  segmentze gansazRvruli yvela 

namdvil uwyvet funqciaTa [ ],C a b  sivrce masze 

gansazRvruli metrikiT 

( ) ( ) ( ), max
a t b

f g g t f tρ
≤ ≤

= −  

aris metrikuli sivrce. 

   vTqvaT, KM  aris [ ],C a b  sivrcis im yvela f  

funqciebis simravle, romlebic akmayofileben lifSicis 

pirobas: nebismieri [ ]1 2, ,t t a b∈  ricxvebisaTvis sruldeba 

utoloba 

( ) ( )1 2 2 1 ,f t f t K t t− ≤ ⋅ −  

sadac K  raime fiqsirebuli ricxvia. KM  simravle 

Caketilia da is emTxveva [ ],a b -ze yvela iseT 

diferencirebad  funqciaTa simravlis Caketvas, romlebis 

akmayofileben ( )f t K′ ≤  pirobas. xolo funqciaTa 

K
K

M M= ∪  simravle ar aris Caketili. SevniSnoT, rom 

[ ], .M C a b=  

   magaliTi 7. magaliTi 7. magaliTi 7. magaliTi 7. ganvixiloT yvelaSesaZlo namdvil 

ricxvTa ( )0 1 1, , , ,nx x x −⋯ ⋯  mimdevrobebis simravle, 

romlebic akmayofileben pirobas 
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2

0
k

k

x
∞

=

< ∞∑ .  

   am simravleze gansazRvruli metrika 

( ) ( )2

0

, k k

k

x y y xρ
∞

=

= −∑  

mocemul simravles gadaaqcevs metrikul sivrced. es 

sivrce aRiniSneba  2l  simboloTi.  

   magaliTi 8.magaliTi 8.magaliTi 8.magaliTi 8. ganvixiloT yvelaSesaZlo namdvil 
ricxvTa mimdevrobebis simravle da mis nebismier or 

( )0 1 1, , , ,nx x x x −= ⋯ ⋯  da ( )0 1 1, , , ,ny y y y −= ⋯ ⋯  

wertilisaTvis ganvsazRvroT metrika 

( )
0

1
,

12
k k

k
k kk

x y
x y

x y
ρ

∞

=

−
= ⋅

+ −∑ , 

romelic mocemul simravles gadaaqcevs metrikul 
sivrced.  

   miRebuli metrikuli sivrce aRiniSneba 
NR  

simboloTi. 
   magaliTi 9.magaliTi 9.magaliTi 9.magaliTi 9. ganvixiloT namdvil ricxvTa yvela 

SemosazRvrul ( )0 1 1, , , ,nx x x x −= ⋯ ⋯  mimdevrobaTa 

simravle da mis nebismier or ( )0 1 1, , , ,nx x x x −= ⋯ ⋯  da 

( )0 1 1, , , ,ny y y y −= ⋯ ⋯  wertilisaTvis ganvsazRvroT 

metrika tolobiT 

( ), sup n n
n

x y y xρ = − . 

   aseTi metrika mocemul simravles gadaaqcevs 
metrikul sivrced.      
   yoveli metrikuli sivrce bunebrivad warmoqmnis sxva 
metrikul sivrceebsac.  
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   vTqvaT, M  aris E  metrikuli sivrcis nebismieri 

qvesimravle, romelSic gansazRvrulia Eρ  metrika. Tu 

M  simravleze  ganvsazRvravT metrikas 

( ) ( ), ,M Ex y x yρ ρ=   ( ,x y M∈ ), 

maSin M  agreTve iqneba metrikuli sivrce da mas 

ewodeba E  metrikuli sivrcis qvesivrce. amis gamo Mρ  

metrikas ewodeba inducirebuli metrika, warmoqmnili Eρ  

metrikiT. 
   magaliTi 10. magaliTi 10. magaliTi 10. magaliTi 10. sferoze gansazRvruli metrika, romelic 
sferos nebismier or wertils Soris manZils 
gansazRvravs, rogorc am wertilebis SemaerTebeli 
qordis sigrZes, inducirebulia sivrceSi gansazRvruli 
metrikiT. meore mxvriv, sferoze ganisazRvreba metrika, 
sadac sferos nebismier or wertils Soris manZili 
ganisazRvreba, rogorc im umoklesi rkalis sigrZe, 
romelic Zevs sferoze da romelic aerTebs mocemul 
wertilebs erTmaneTTan. aseT SemTxvevaSi miRebuli 
metrikuli sivrce ar iqneba sabaziso sivrcis qvesivrce. 

   vTqvaT, E  nebismieri simravlea.  

   ricxviT ρ  funqcias, romelic gansazRvrulia E E×  

simravleze ewodeba fsevdometrika E -ze, Tu nebismieri 

, ,x y z E∈  wertilebisaTvis sruldeba Semdegi pirobebi: 

   1
�
. ( ), 0;x xρ =  

   2
�
 ( ) ( ), ,x y y xρ ρ=   

   3
�
. ( ) ( ) ( ), , ,x y x z z yρ ρ ρ≤ + . 

   aqedan gamomdinareobs, rom 

( ), 0x yρ ≥ . 

   Tu davuSvebT Semdeg pirobas 

( ) ( ), 0x y x yρ≠ ⇒ ≠   , 
maSin miviRebT zemoTmoyvanil metrikis gansazRvrebas. 
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   aseT SemTxvevaSi, Sesabamisad, simravles, romelic 
aRWurvilia fsevdometrikiT, ewodeba fsevdometrikuli 
sivrce.  
   fsevdometrikul sivrceTa Teoria iseTive sainteresoa 
kvlevis TvalsazrisiT, rogorc metrikul sivrceTa 
Teoria. Cven fsevdometrikul sivrceebs SevexebiT 
nawilobriv da amis gamo faqtebs am sakiTxis garSemo 
moviyvanT saWiroebisamebr.  

   magaliTi 11.magaliTi 11.magaliTi 11.magaliTi 11. Tu mocemulia :f E R→  funqcia, maSin     

( ) ( ) ( ),x y f x f yρ = −  

tolobiT gansazRvruli funqcia aris fsevdometrika. 

   vTqvaT, mocemulia E  metrikuli sivrce. E  metrikul 
sivrceSi Caketili birTvi ewodeba Semdeg simravles:  

( ) ( ){ }, : ,U a r x E a x rρ= ∈ ≤ . 

am SemTxvevaSi a -s ewodeba birTvis centri, xolo r -s ki 
– birTvis radiusi. 

   E  metrikul sivrceSi sfero ewodeba Semdeg 
simravles: 

( ) ( ){ }, : ,S a r x E a x rρ= ∈ = . 

am SemTxvevaSic a -s ewodeba sferos centri, xolo r -s 
ki – sferos radiusi. 
   sxvaobas 

( ) ( ) ( ) ( ){ }, , \ , : ,U a r U a r S a r x E a x rρ= = ∈ < , 

ewodeba Ria birTvi anu a  wertilis midamo. 
   marTebulia Semdegi winadadebebi: 
   a) a  wertilis nebismieri sasruli midamoebis 
TanakveTa Seicavs am wertilis midamos; 

   b) E  metrikuli sivrcis ori gansxvavebul wertils 
gaaCniaT TanaukveTi midamoebi; 

   g) Tu ( ),x U a r∈ , maSin x  wertils gaaCnia midamo, 

romelic mTlianad Sedis ( ),U a r -Si.  

   topologiuri sivrce, romlis topologiasac 
warmoqmnis raime metrika, ewodeba metrizebadi. magram 
aqve SevniSnoT, rom nebismieri topologiuri sivrce ar 
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aris metrizebadi, Tanac gaviTvaliswinoT, rom sxvadasxva 
metrikam SeiZleba warmoqmnas erTidaigive topologia.  

   vTqvaT, mocemulia ori metrikuli ( )1 1,E ρ  da ( )2 2,E ρ  

sivrce. 1 2:f E E→  gadasaxvas ewodeba uwyveti    0 1x E∈  

wertilSi, Tu nebismieri 0ε >  ricxvisaTvis moiZebneba 

iseTi 0δ >  ricxvi, rom yvela 1x E∈  wertilisaTvis, 

romlisTvisac ( )1 0,x xρ δ< , sruldeba  

( ) ( )( )2 0 ,f x f xρ ε<  

utoloba.    

   Tu 1E  da 2E  topologiuri sivrceebia, maSin uwyveti 

gadasaxvis cneba Camoyalibdeba Semdegi saxiT: f  

gadasaxvas 1E  topologiuri sivrcidan 2E  topologiur 

sivrceSi ewodeba uwyveti 0 1x E∈  wertilSi, Tu   

nebismieri V  Ria midamosaTvis, romelic Seicavs   

( )0f x -s, arsebobs 0x  wertilis iseTi U  midamo, rom 

( )f x V∈  nebismieri x U∈  wertilisaTvis.   

   Tu 1 2:f E E→  aris urTierTcalsaxa Tanadoba 

mocemul sivrceebs Soris, maSin arsebobs ( )1x f y−=  

( )1 2,  x E y E∈ ∈  Seqceuli gadasaxva 2E  sivrcidan  1E -Si. 

Tu f  gadasaxva urTierTcalsaxa da urTierTuwyvetia, 

maSin mas homeomorfuli gadasaxva ewodeba, xolo TviT 
sivrceebs ki – homeomorfulebi. 
   homeomorfuli metrikuli sivrceebis magaliTs 
warmoadgens ricxviTi RerZi da nebismieri intervali, 

magaliTad, ( )1,1−  intervali. am SemTxvevaSi 

homeomorfizmi myardeba 
2

y arctgx
π

= ⋅  formuliT.   

   vTqvaT, kvlav mocemulia E  metrikuli sivrce.  
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   E  metrikuli sivrcis wertilTa ( ):kx k N∈  

mimdevrobas ewodeba fundamentaluri, Tu is 

akmayofilebs koSis kriteriums: Tu nebismieri 0ε >  

ricxvisaTvis arsebobs iseTi nε , rom yoveli n nε′ >  da 

n nε′′ >  sruldeba ( ),n nx xρ ε′ ′′ <  utoloba. 

   metrikuli sivrcis gansazRvrebis samkuTxedis 
aqsiomidan uSualod gamomdinareobs, rom yoveli krebadi 
mimdevroba fundamentaluria.   

   Tu E  metrikul sivrceSi yoveli fundamentaluri 
mimdevroba krebadia, maSin mocemul metrikul sivrces 
sruli sivrce ewodeba. 

   magaliTi 12. magaliTi 12. magaliTi 12. magaliTi 12. namdvil ricxvTa R  RerZi, masze 
gansazRvruli metrikiT 

( ) ( ), ,    ,x y x y x y Rρ = − ∈  

sruli metrikuli sivrcea. 

   marTlac, vTqvaT, { }:kx k N∈  nebismieri 

fundamentaluri mimdevrobaa R -dan. maSin yoveli ε >0 
ricxvisaTvis arsebobs iseTi naturaluri ricxvi 0n , 

rom, roca 0,m n n> , sruldeba utoloba 

( ),m n m nx x x xρ ε= − < . 

   koSis cnobili Teoremis Tanaxmad, namdvil ricxvTa 
SemosazRvruli mimdevrobis zRvris arsebobis Sesaxeb, 

gamomdinareobs iseTi x R∗ ∈  ricxvis arseboba, rom 

( )lim , 0k
k

x xρ ∗

→∞
= . 

   es ki amtkicebs magaliT 12-Si moyvanil faqts. 

   magaliTi 13magaliTi 13magaliTi 13magaliTi 13. n -ganzomilebiani evklides nR  sivrce 
aris sruli metrikuli sivrce. 

   marTlac, vTqvaT, 
nR  sivrceSi mocemulia 

fundamentaluri mimdevroba 

0 1 1, , , ,nx x x −⋯ ⋯ , 
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sadac 
( ) ( ) ( )( )1 2, ,m m m

m nx x x x= ⋯ .  

 radgan  
( )( ) ( ), ,p q

k k p qx x x xρ ρ≤  

yoveli 0,1, , 1k n= −⋯  indeqsisaTvis, amitom yoveli 

( ) ( ) ( )1 2, , , ,m

k k kx x x⋯ ⋯ mimdevroba ( 0,1, , 1k n= −⋯ ) aris 

namdvil ricxvTa fundamentaluri mimdevroba. magaliTi 
12-dan gamomdinareobs, rom  

( )lim m

k k
n

x x
→∞

=    ( )0,1, , 1k n= −⋯ . 

   cxadia, rom 0 1 1, , , ,nx x x −⋯ ⋯  mimdevroba krebadia 

( )1 2 1, , , nx x x x −= ⋯  wertilSi. 

   sruli metrikuli sivrceebis magaliTebia: 

[ ]2 ,  , ,  Nl C a b R  da sxva metrikuli sivrceebi. 

   magaliTi 14.magaliTi 14.magaliTi 14.magaliTi 14. racionalur ricxvTa Q  sivrce, masze 

gansazRvruli metrikiT 

( ) ( )1 2 1 2 1 2, ,    ,r r r r r r Qρ = − ∈  

ar aris sruli metrikuli sivrce. 
   marTlac, ganvixiloT racionalur ricxvTa 

( ):nr n N∈  mimdevroba, sadac 
1

1
n

nr
n

 = + 
 

. cxadia, rom es 

mimdevroba fundamentaluria, magram misi zRvari ar aris 
racionaluri ricxvi. 
   marTebulia Semdegi Teoremebi: 
   Teorema 1. imisaTvis, rom metrikuli sivrce iyos Teorema 1. imisaTvis, rom metrikuli sivrce iyos Teorema 1. imisaTvis, rom metrikuli sivrce iyos Teorema 1. imisaTvis, rom metrikuli sivrce iyos 
sruli aucilebeli da sakmarisia, rom mocemul sruli aucilebeli da sakmarisia, rom mocemul sruli aucilebeli da sakmarisia, rom mocemul sruli aucilebeli da sakmarisia, rom mocemul sivrceSi sivrceSi sivrceSi sivrceSi 
yoveli erTmaneTSi Calagebul Caketil birTvTa yoveli erTmaneTSi Calagebul Caketil birTvTa yoveli erTmaneTSi Calagebul Caketil birTvTa yoveli erTmaneTSi Calagebul Caketil birTvTa 
mimdevrobas, romelTa radiusebi miiswrafian nulisken, mimdevrobas, romelTa radiusebi miiswrafian nulisken, mimdevrobas, romelTa radiusebi miiswrafian nulisken, mimdevrobas, romelTa radiusebi miiswrafian nulisken, 
hqondes aracarieli TanakveTa.hqondes aracarieli TanakveTa.hqondes aracarieli TanakveTa.hqondes aracarieli TanakveTa.    
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            Teorema 2. sruli metrikuli Teorema 2. sruli metrikuli Teorema 2. sruli metrikuli Teorema 2. sruli metrikuli E     sivrcis sivrcis sivrcis sivrcis 0E     

qvesimravle srulia maSin dqvesimravle srulia maSin dqvesimravle srulia maSin dqvesimravle srulia maSin da mxolod maSin, roca a mxolod maSin, roca a mxolod maSin, roca a mxolod maSin, roca 0E     

Caketili simravlea Caketili simravlea Caketili simravlea Caketili simravlea E ----Si. Si. Si. Si.     
   sruli metrikuli sivrceTa TeoriaSi fundamentalur 
rols TamaSobs Semdegi Teorema: 

   Teorema 3 (beri). sruli metrikuli Teorema 3 (beri). sruli metrikuli Teorema 3 (beri). sruli metrikuli Teorema 3 (beri). sruli metrikuli E     sivrce asivrce asivrce asivrce ar r r r 
SeiZleba warmovidginoT arsad mkvrivi simravleebis SeiZleba warmovidginoT arsad mkvrivi simravleebis SeiZleba warmovidginoT arsad mkvrivi simravleebis SeiZleba warmovidginoT arsad mkvrivi simravleebis 
Tvladi gaerTianebis saxiT.Tvladi gaerTianebis saxiT.Tvladi gaerTianebis saxiT.Tvladi gaerTianebis saxiT.    

            damtkiceba. davuSvaT sawinaaRmdego. e. i. n
n N

E M
∈

= ∪ , 

sadac nM  ( )n N∈  arsad mkvrivia E -Si. vTqvaT, 0U  aris 

erTeulovani birTvi E -Si. radgan 0M  simravle araa 

mkvrivi 0U -Si, amitom arsebobs iseTi Caketili birTvi 

01U U⊂ , romlis  radiusi  naklebia  
1

2
-ze da 

1 0 .U M∩ = ∅  

   radgan 1M  araa mkvrivi 1U -Si, amitom igive mizeziT 

arsebobs iseTi Caketili 2 1U U⊂  birTvi, romlis 

radiusi naklebia 
1

3
-ze da 2 1 .U M∩ = ∅  Tu am process 

gavagrZelebT, miviRebT erTmaneTSi Calagebul Caketil 

birTvTa { }:nU n N∈  mimdevrobas, romelTa radiusebis 

mimdevroba miiswrafis nulisken, Tanac .n nU M∩ = ∅  

Teorema   1-dan gamomdinareobs, rom .n
n N

U
∈

≠ ∅∩  vTqvaT,  

n
n N

x U
∈

∈ ∩ . es wertili, agebis Tanaxmad, ar ekuTvnis arc 

erT nM  ( )n N∈  simravles. e. i. n
n N

x M
∈

∉ ∪ , maSasadame,  

n
n N

E M
∈

∉ ∪ . miviReT, winaaRmdegoba. 
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   amiT Teorema 3 damtkicebulia.  
   Teorema 3-dan uSualod gamomdinareobs Semdegi 
Teorema. 
   Teorema 4. srul metrikul sivrceSi pirveli Teorema 4. srul metrikul sivrceSi pirveli Teorema 4. srul metrikul sivrceSi pirveli Teorema 4. srul metrikul sivrceSi pirveli 
kategoriis simravlis damateba mekategoriis simravlis damateba mekategoriis simravlis damateba mekategoriis simravlis damateba meore kategoriis ore kategoriis ore kategoriis ore kategoriis 
simravlea.simravlea.simravlea.simravlea.    

            vTqvaT, E  metrikuli sivrcea. E
∗
 sruli metrikuli 

sivrces ewodeba E  metrikuli sivrcis gasruleba, Tu 
Sesrulebulia Semdegi pirobebi: 

   1). E  aris E∗
 sivrcis qvesivrce; 

   2). E  yvelgan mkvrivia E∗
-Si, e. i. E E∗= . 

   magaliTi 15.magaliTi 15.magaliTi 15.magaliTi 15. yvela namdvil ricxvTa sivrce aris yvela 
racionalur ricxvTa sivrcis gasrulebas. 

   vityviT, rom f  bieqcia or metrikul ( )1 1,E ρ  da 

( )2 2,E ρ  metrikul sivrceebs Soris aris izometria, Tu 

nebismieri 1 2 1,x x E∈  wertilebisaTvis marTebulia 

toloba 

( ) ( ) ( )( )1 1 2 2 1 2, , .x x f x f xρ ρ=  

   metrikul sivrceebs, romelTa Soris arsebobs 
izometria, izometriuli sivrceebi ewodebaT.    

   Teorema 5 (hausdorfi). nebismieri  metrikuli Teorema 5 (hausdorfi). nebismieri  metrikuli Teorema 5 (hausdorfi). nebismieri  metrikuli Teorema 5 (hausdorfi). nebismieri  metrikuli ( ),E ρ     

sivrcisaTvis arsebobs gasruleba, Tanac gasruleba sivrcisaTvis arsebobs gasruleba, Tanac gasruleba sivrcisaTvis arsebobs gasruleba, Tanac gasruleba sivrcisaTvis arsebobs gasruleba, Tanac gasruleba 
erTerTerTerTaderTia izometriamde sizustiT. aderTia izometriamde sizustiT. aderTia izometriamde sizustiT. aderTia izometriamde sizustiT.     

            damtkiceba. aRvniSnoT, ( ),f E R -iT E  sivrcis namdvil 

ricxvTa R  simravleSi yvela SemosazRvrul gadasaxvaTa 
simravle da Semdegi tolobiT ganvsazRvroT funqcia 

( ) ( ) ( ), sup
x E

f g f x g xρ
∈

′ = −   ( )( ), ,f g f E R∈ . 

cxadia, rom ρ′ aris metrika ( ),f E R  sivrceSi, Tanac 

( )( ), ,f E R ρ′  metrikuli sivrce srulia. 
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   vTqvaT, p E∈ . yovel x E∈  wertils SevusabamoT 

( ),xf f E R∈  funqcia Semdegi wesiT: 

( ) ( ) ( ) ( )( ), , .xy y E f y y p y xρ ρ∀ ∈ ⇒ = −  

   vaCvenoT, rom aseTi wesiT gansazRvruli ( )xf y  

marTlac ekuTvnis  ( ),f E R  simravles. marTlac, 

( ) ( ) ( ) ( ), , ,xf y y p y x p xρ ρ ρ= − ≤ , 

maSasadame,  

( ) ( )sup ,x
y E

f y p xρ
∈

≤ , 

rac niSnavs ( )xf y  funqcia SemosazRvrulia da 

Sesabamisad, ( ),xf f E R∈ . 

   ganvixiloT gadasaxva 

( ): ,E f E RΦ → , 

iseTi, rom  

( ) ( )( ).xx x E x f∀ ∈ ⇒ Φ =  

   vaCvenoT, rom Φ  izometriuli gadasaxvaa. marTlac,  

( ) ( ) ( ) ( ) ( ) ( )( ), , ,x yz z E f z f z z y z x x yρ ρ ρ∀ ∈ ⇒ − = − ≤ , 

amitom  

( ) ( ) ( )sup , .x y
x E

f z f z x yρ
∈

− ≤  

   meores mxvriv, Tu z y= , maSin  

( ) ( ) ( ),x yf y f y x yρ− = . 

maSasadame 

( ) ( ) ( )sup ,x y
x E

f z f z x yρ
∈

− = , 

da Sesabamisad, 

( ) ( )( ) ( ), , .x y x yρ ρ′ Φ Φ =  
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   axla ganvixiloT ( )EΦ  simravlis Caketva ( )EΦ  

mocemul  ( )( ), ,f E R ρ′  sivrceSi, romelic, rogorc 

sruli metrikuli sivrcis Caketili qvesimravle, iqneba 

sruli da miTiTebul sivrceSi  ( )EΦ  aris yvelgan 

mkvrivi simravle. 

   davrwmundeT, rom ( ),E ρ  metrikuli sivrcis 

gasruleba erTaderTia izometriamde sizustiT.  

   vTqvaT, ( )1 1,E ρ  da ( )2 2,E ρ  aris ( ),E ρ  sivrcis ori 

gasruleba. gadasaxva  

1 2: E Eϕ →  

gansazRvrulia Semdegi pirobiT 

( ) ( )( )1 1 1 1 2x x E x xϕ∗ ∗ ∗ ∗∀ ∈ ⇒ =   ( )2 2x E∗ ∈  

maSin,  roca: Tu ( )nx  aris 1E  sivrcis wertilTa 

mimdevroba, romelic krebadia 1x
∗
 wertilisaken 1ρ  

metrikiT, maSin 2x
∗
 iyos iseTi wertili 2E -dan, 

romliskenac krebadia ( )nx  mimdevroba 2ρ  metrikiT. 

   uSualod mowmdeba, rom gadasaxva ϕ  aris izometria 

1E  sivrcidan 2E  sivrceSi. 

   amiT Teorema damtkicebulia.  
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$12$12$12$12. veqtoruli sivrceebi. . veqtoruli sivrceebi. . veqtoruli sivrceebi. . veqtoruli sivrceebi. topologiuri topologiuri topologiuri topologiuri 
veqtoruli sivrceebiveqtoruli sivrceebiveqtoruli sivrceebiveqtoruli sivrceebi    

    
 

   aracariel L  simravles, , , ,x y z⋯  elementebiT 

ewodeba veqtoruli anu wrfivi sivrce, Tu Sesrulebulia 
Semdegi pirobebi: 

   I. nebismieri ori ,x y L∈  elements Seesabameba 

erTaderTi z L∈  elementi, romelsac mocemuli 
elementebis jami ewodeba da aRiniSneba x y+  

simboloTi, Tanac 
   1) x y y x+ = +  (komutatiuroba); 

   2) ( ) ( )x y z x y z+ + = + +  (asociaciuroba); 

   3) L -Si arsebobs iseTi elementi 0, rom 0x x+ = , 

nebismieri x L∈  elementisaTvis; 

   4) nebismieri x L∈  elementisaTvis arsebobs iseTi 

elementi x− , rom ( ) 0x x+ − = . 

   II. nebismieri α  ricxvisaTvis da nebismieri x L∈  

elementisaTvis gansazRvrulia x Lα ∈  elementi, 
romelsac ewodeba x -is namravli α -ze, Tanac 

   1. ( ) ( )x xα β αβ= ; 

   2. 1 x x⋅ = ; 

   3. ( ) x x xα β α β+ = + ; 

   4. ( )x y x yα α α+ = + . 

   imis da mixedviT, romel ricxvTa velze vixilavT 
veqtorul sivrceebs, maTi srulyofili saxelwodebac 
gamomdinareobs am situaciidan (namdvili veqtoruli 
sivrce, kompleqsuri veqtoruli sivrce da a. S.). 

   magaliTi 1.magaliTi 1.magaliTi 1.magaliTi 1. R  ricxviTi RerZi, masze gansazRvruli 
Sekrebisa da gamravlebis operaciis mimarT, aris 
veqtoruli sivrce. 
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   magaliTi 2.magaliTi 2.magaliTi 2.magaliTi 2. namdvil ricxvTa yvelaSesaZlo 

( )0 1 1, , , nx x x x −= ⋯  n -ulebis simravle, sadac Sekrebisa 

da ricxvze gamravlebis operaciebi gansazRvrulia 
Semdegi wesiT 

( ) ( ) ( )0 1 1 0 1 1 0 0 1 1 1 1, , , , , , , , ,n n n nx x x y y y x y x y x y− − − −+ = + + +⋯ ⋯ ⋯

, 

( ) ( )0 1 1 0 1 1, , , , , ,n nx x x x x xα α α α− −=⋯ ⋯ , 

warmoadgens veqtorul sivrces. am sivrces ewodeba     

n -ganzomilebiani ariTmetikuli nR  sivrce. 

   magaliTi 3.magaliTi 3.magaliTi 3.magaliTi 3. [ ],a b  segmentze uwyveti funqciebis 

simravle, masze gansazRvruli funqciebis Sekrebisa da 
funqciis ricxvze gamravlebis operaciebis mimarT qmnis 

[ ],C a b  veqtorul sivrces. 

   magaliTi 4.magaliTi 4.magaliTi 4.magaliTi 4. namdvil ricxvTa yvelaSesaZlo 

( )0 1 1, , , ,nx x x x −= ⋯ ⋯  mimdevrobebis simravle, romlebic 

akmayofileben pirobas  

2: &2
Nl x x R xi

i N

 
= ∈ < +∞∑ 

∈ 
, 

masze gansazRvruli  

( ) ( ) ( )0 1 0 1 0 0 1 1, , , , , ,x x y y x y x y+ = + +⋯ ⋯ ⋯  

( ) ( )0 1 0 1, , , ,x x x xα α α=⋯ ⋯  

operaciebiT, qmnis veqtorul sivrces. 
   magaliTi 5.magaliTi 5.magaliTi 5.magaliTi 5. namdvil ricxvTa yvelaSesaZlo 

( )1 2, , , ,nx x x x= ⋯ ⋯  mimdevrobebis Semdegi simravle, 

magaliT 4-Si gansazRvruli Sekrebisa da ricxvze 

gamravlebis operaciebis mimarT qmnis 
NR  veqtorul 

sivrces. 

   or veqtorul L  da L∗  sivrces ewodeba 
izomorfulebi, Tu maT elementebs Soris arsebobs iseTi  
urTierTcalsaxa Tanadoba, rom 
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( )( ), , (x y L x y L x x y y x y x y∗ ∗ ∗ ∗ ∗ ∗ ∗∀ ∈ ∀ ∈ ↔ ∧ ↔ ⇒ + ↔ + ∧

                     )x xα α ∗∧ ↔  

nebismieri α  ricxvisTvis. 

   L  veqtoruli sivrcis aracariel M  qvesimravles 
ewodeba wrfivi mravalsaxeoba, Tu Sesrulebulia Semdegi 
piroba: 

( )( )0 0 1 10 1 k k kk k n x M x x x Mα α α∀ ≤ ≤ − ∧ ∈ ⇒ + + + ∈⋯  

( )n N∈ . 

     aseTi saxis yvelaSesaZlo wrfivi kombinaciebis 
simravle qmnis veqtorul sivrces, romelic warmoqmnilia 

0 1 1, , , nx x x −⋯  veqtorebiT. 

    L  veqtoruli sivrcis , , ,x y z⋯  elementebs ewodebaT 

wrfivad damokidebuli, Tu arsebobs iseTi , , ,α β κ⋯  

ricxvebi, rom 

0x y zα β κ+ + + =⋯ . 

winaaRmdeg SemTxvevaSi es elementebi wrfivad 
damoukidebelia. sxva sityvebiT rom vTqvaT, , , ,x y z⋯  

elementebi arian wrfivad damoukidebeli, Tu 

0x y zα β κ+ + + =⋯  tolobidan gamomdinareobs, rom 

0.α β κ= = = =⋯  

   L  sivrcis elementTa usasrulo simravles ewodeba 
wrfivad damokidebuli, Tu misi nebismieri elementTa 
sasruli simravle wrfivad damokidebulia. 

   Tu L  sivrceSi arsebobs n  wrfivad damoukidebeli 

elementi, xolo nebismieri 1n +  raodenobis elementi 

wrfivad damokidebulia, maSin amboben, rom n  aris L  

sivrcis ganzomileba. Tu  L -Si arsebobs nebismieri 
usasrulo raodenobis wrfivad damoukidebeli elementi, 

maSin amboben, rom L  sivrce usasruloganzomilebiania.  

   magaliTad, 
nR  sivrce n -ganzomilebiani veqtoruli 

sivrcea. am sivrceSi arsebobs mxolod n  wrfivad 
damoukidebeli veqtori:    
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( ) ( ) ( )0 1 11,0,0, ,0 ,  0,1,0, ,0 ,  ,  0,0,0, ,1 .ne e e −= = =⋯ ⋯ ⋯ ⋯  

   [ ],C a b  usasruloganzomilebiani veqtoruli sivrcea, 

radgan ( ) ( ) ( ) 1
0 1 11,  ,  ,  ,n

nx t x t t x t t −
−= = =⋯ ⋯ funqciaTa 

usasrulo sistema wrfivad damoukidebelia. 
   n -ganzomilebiani sivrcis bazisi ewodeba n  wrfivad 
damoukidebel elementTa nebismier simravles. 

   aracariel L L′ ⊂  qvesimravles ewodeba qvesivrce, Tu  

( )( ) ( )x y x L y L x y Lα β′ ′ ′∀ ∀ ∈ ∧ ∈ ⇒ + ∈  

nebismieri α  da β  ricxvebisaTvis. 
   magaliTad, yvela im veqtorTa simravle, romlebic 

paraleluria raime sibrtyis an raime wrfis, aris 
3R  

sivrcis qvesivrce. 

   ricxviT f  funqcias, romelic gansazRvrulia 

romeliRac L  veqtorul sivrceSi, ewodeba funqcionali. 

f  funqcionals ewodeba aditiuri, Tu 

( ) ( ) ( )f x y f x f y+ = +   ( ),x y L∀ ∈  

da ewodeba erTgvarovani, Tu 

( ) ( )f x f xα α=  

nebismieri α  ricxvisaTvis. 
   aditiur, erTgvarovan funqcionals ewodeba wrfivi 
funqcionali. 

   f  wrfivi funqcionalis guli anu nul-sivrce 

ewodeba im x L∈  elementTa simravles, romlisTvisac 

( ) 0.f x =   

   simravles ( ){ }: 0x x L f x a∈ ∧ = ≠  ewodeba 

hipersibrtye. cxadia, rom hipersibrtye miiReba nul-
sivrcis ZvriT. 
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   magaliTi 6. magaliTi 6. magaliTi 6. magaliTi 6. vTqvaT, 
nR  sivrceSi mocemulia 

( )0 1 1, , , n

nx x x x R−= ∈⋯  elementi da ricxvTa raime 

( )0 1 1, , , nα α α α −= ⋯  ricxvTa n -euli. maSin  

( )
1

0

n

i i

i

f x xα
−

=

=∑  

aris wrfivi funqcionali 
nR  sivrceSi. 

   magaliTi 7.magaliTi 7.magaliTi 7.magaliTi 7. integrali 

( ) ( )
b

a

I x x t dt= ∫  

aris wrfivi funqcionali [ ],C a b  sivrceSi. 

   raime L  veqtoruli sivrcis umciresi veqtoruli 

qvesivrcea { }0  simravle. L  veqtoruli sivrcis 

veqtorul qvesivrceTa nebismieri ojaxis TanakveTa kvlav 
veqtoruli qvesivrcea.  

   vTqvaT, L  veqtorul sivrceze mocemulia raime D  

simravle. L -is umcires qvesivrces, romelic D -s 

Seicavs, ewodeba D  simravliT warmoqmnili qvesivrce. 

Tu D  aracarieli simravlea, maSin qvesivrce, romelic 

warmoqmnilia D  simravliT Seicavs 

1

0

n

i i

i

dα
−

=
∑  saxis 

elementebs, sadac ,  0 1,  id D i n n N∈ ≤ ≤ − ∈ .  qvesivrces, 

romelic warmoqmnilis D  simravliT, ewodeba D  
simravlis wrfivi garsi.  

   U  simravles ewodeba gawonasworebuli L  veqtorul 

sivrceSi, Tu nebismieri x U∈  elementisaTvis da 

nebismieri 1α <  ricxvisaTvis, gvaqvs x Uα ∈ . 

   vTqvaT, mocemulia L  namdvili veqtoruli sivrce.  
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   M L⊂  simravles ewodeba amozneqili, Tu is sivrcis 
nebismier or wertilTan erTad Seicavs am wertilebis 
SemaerTebel monakveTs. 
   p  funqcionals ewodeba amozneqili, Tu 

Sesrulebulia piroba 

( )( ) ( ) ( ) ( )1 1p x y p x p yα α α α+ − ≤ + − , 

nebismieri ,x y L∈  da 0 1α≤ ≤ . 

   p  funqcionals ewodeba dadebiTad-erTgvarovani, Tu 

( ) ( )p x p xα α= , 

nebismieri x L∈  da 0α > . 
   cxadia, rom amozneqili da dadebiTad-erTgvarovani 
funqcionalisaTvis Sesruldeba utoloba 

( ) ( ) ( ).p x y p x p y+ ≤ +  

   dadebiTad-erTgvarovan amozneqil funqcionals 
vuwodoT erTgvarovan-amozneqili funqcionali. 
erTgvarovan-amozneqili p  funqcionals gaaCnia Semdegi 

Tvisebebi; 

   a) ( )0 0p = ; 

   b) ( ) ( ) ( )( )0 0x x L p x p x∀ ∈ ∧ ≤ ⇒ = ; 

   g) ( ) ( ) ( )( )p x p xα α α∀ ≥ .    

   magaliTi 8.magaliTi 8.magaliTi 8.magaliTi 8. yoveli wrfivi funqcionali aris 

erTgvarovan-amozneqili. Tu f  wrfivia, maSin 

( ) ( )p x f x=  funqcionali aris erTgvarovan-amozneqili. 

            vTqvaT, L  veqtoruli sivrcea.  
   erTgvarovan-amozneqil p  funqcionals, romelic 

gansazRvrulia L  sivrceSi, ewodeba norma, Tu 
Sesrulebulia Semdegi pirobebi: 

   (1) ( ) 0p x ≥ , Tanac ( ) 0p x =  mxolod 0x =  wertilSi; 

   (2) ( )( ) ( ) ( ) ( )( )x y x L y L p x y p x p y∀ ∀ ∈ ∧ ∈ ⇒ + ≤ + ; 

   (3) ( ) ( ) ( )( )p x p xα α α∀ = . 
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   L  veqtorul sivrces, romelSic mocemulia raime 

norma, ewodeba normirebuli sivrce. x L∈  elementis 

norma aRiniSneba x  simboloTi. 

   srul normirebul sivrces banaxis sivrce ewodeba. 
   radgan yoveli normirebuli sivrce, masze 
gansazRvruli metrikiT 

( ),x y x yρ = −  

gadaiqceva metrikul sivrced, amitom yvela is cneba da 
faqti, romlebsac adgili hqonda metrikul sivrceebSi, 
SeiZleba gadmovitanoT normirebul sivrceebSic. 

   magaliTi 9.magaliTi 9.magaliTi 9.magaliTi 9. Tu R -ze ganvsazRvravT normas x x=  

saxiT, maSin R  iqneba normirebuli sivrce. 

   magaliTi 10. magaliTi 10. magaliTi 10. magaliTi 10. ganvixiloT    
nR  sivrce da davuSvaT, rom 

1
2

0

n

k

k

x x
−

=

= ∑ , 

sadac ( )0 1 1, , , nx x x x −= ⋯ . aseTi saxiT gansazRvruli 

normiT 
nR  sivrce aris normirebuli sivrce. 

  wrfiv funqcionals :f L R→  ewodeba SemosazRvruli, 

Tu ( )
1

sup .
x

f x
=

< ∞  ricxvs ( )
1

sup
x

f f x
=

=  ewodeba f  

wrfivi funqcionalis norma. 
    
   veqtorul sivrces, masze gansazRvruli skalaruli 
namravliT, ewodeba evkliduri sivrce.    
   evklides sivrceSi norma ganisazRvreba Semdegi 
formulis saSualebiT: 

( ),x x x= . 

   aranulovan ( )xα  veqtorTa simravles ewodeba 

orTogonaluri, Tu ( ), 0x xα β =  ( )α β≠ . ( )xα  

orTogonalur simravles ewodeba sruli, Tu misi  
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Caketili wrfivi garsi emTxveva mTel sivrces. srul 

orTogonalur ( )xα  simravles  ewodeba orTogonaluri 

bazisi. Tu  ( )xα  simravle iseTia, rom 

( ) 0, ,
,

1, ,
x xα β

α β

α β

≠
= 

=

  Tu  

  Tu  
 

maSin mas orTonormaluri sistema ewodeba. 

   magaliTi 11. magaliTi 11. magaliTi 11. magaliTi 11. ganvixiloT 
nR  sivrce, masze 

gansazRvruli Cveulebrivi Sekrebis, gamravlebisa da 
skalaruli namravlis operaciiT, romelic ganisazRvreba 
Semdegi saxiT: 

( )
1

0

,
n

i i

i

x y x y
−

=

=∑ . 

    es sivrce aris evkliduri sivrce da masze 
orTogonalur baziss qmnian Semdegi veqtorebi: 

( )
( )

( )

0

1

1

1,0,0, ,0 ,

0,1,0, ,0 ,

0,0,0, ,1 .n

e

e

e −

=

=

=

⋯

⋯

⋯⋯⋯⋯⋯⋯⋯

⋯

 

   magaliTi 12. magaliTi 12. magaliTi 12. magaliTi 12. ganvixiloT 

2: &2
Nl x x R xi

i N

 
= ∈ < +∞∑ 

∈ 
 

sivrce, masze gansazRvruli skalaruli namravlis 
operaciiT    

( )
0

, i i

i

x y x y
∞

=

=∑ . 

   es sivrce aris evkliduri sivrce. am sivrceSi 
orTogonalur baziss qmnis veqtorTa Semdegi sistema: 
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( )
( )

( )

0

1

1

1,0,0, ,0, ,

0,1,0, ,0, ,
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   L  veqtoruli sivrcis wrfivad damoukidebel { }xα  

elementTa sistemas ewodeba hamelis bazisi, Tu misi 

wrfivi garsi emTxveva L -s. 
   marTebulia Semdegi winadadebebi: 
   - nebismier veqtorul sivrceSi arsebobs hamelis 
bazisi; 

   - Tu { }xα  hamelis bazisia, maSin yoveli x L∈  

elementi warmoidgineba hamelis bazisis sasruli 
elementebis wrfivi  kombinaciis saxiT; 
   - veqtoruli sivrcis nebismieri ori hamelis bazisi 
tolsimZlavriania. hamelis bazisis simZlavres xSirad 
sivrcis algebrul ganzomilebas uwodeben; 
   - veqtoruli sivrceebi izomorfulia maSin da mxolod 
maSin, roca maTi algebruli ganzomilebebi tolia. 
            usasruloganzomilebian srul evklidur sivrces 
hilbertis sivrce ewodeba. 

   amrigad, H  sivrces ewodeba hilbertis sivrce, Tu 
Sesrulebulia Semdegi pirobebi: 

   (a) H  evklides sivrcea; 

   (b) H  sruli sivrcea ( ),f g f gρ = −  metrikis 

azriT ( ),f g H∈ . 

   (g) H  sivrce usasruloganzomilebiania. 

   vTqvaT, E  erTdroulad aris veqtoruli da 

topologiuri sivrceebi. E  simravles ewodeba 
topologiuri veqtoruli sivrce, Tu Sesrulebulia 
Semdegi pirobebi: 
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   I. nebismieri ,x y E∈  wyvilisaTvis da x y+  elementis 

x yV +  midamosaTvis arsebobs x  da y  elementebis xV  da 

yV  midamoebi iseTi, rom  

x y x yV V V ++ ⊂ ; 

( A  da B  simravlisTvis { }:A B a b a A b B+ = + ∈ ∧ ∈ ). 

   II. rogoric gind iyos x E∈  elementi, ricxvi α  da 

xα  elementis xVα , arsebobs x  elementis xV  midamo da 

iseTi 0ε >  ricxvi, rom nebismieri β  ricxvisaTvis, 
romlisTvisac ,β α ε− <  gvaqvs CarTva  

 .x xV Vαβ ⊂  

   advili dasanaxia, rom E  topologiuri veqtoruli 
sivrcis yoveli veqtoruli qvesivrce agreTve 
topologiuri veqtoruli sivrcea, Tu is aRWurvili 
iqneba igive topologiiTa da algebruli operaciebiT, 

rogorc gamosavali E  sivrce. aseT  topologiuri 

veqtoruli sivrces ewodeba E  topologiuri veqtoruli 
sivrcis qvesivrce. 
   topologiuri veqtoruli sivrcis gansazRvrebidan 
uSualod gamomdinareobs topologiuri veqtoruli 
sivrcis ramdenime Tviseba. 

   1′ . Tu G E⊂  Ria simravlea, maSin 0x G+  ( )0x E∈  

simravle agreTve Ria simravlea E -Si; 

   2′ . Tu G E⊂  Ria simravlea da 0α ≠ , maSin Gα ⋅  

agreTve Ria simravlea E -Si; 

   3′ . yoveli x E∈  wertilis midamos aqvs x V+  saxe, 

sadac V  aris E  simravlis nulovani elementis raime 
midamo (es faqti uSualod gamomdinareobs Tviseba 1.-dan). 
   cxadia, rom  Tviseba 2. marTebuli iqneba Caketili 
simravleebisaTvisac. 
   vaCvenoT 1. Tvisebis  marTebuloba.  vTqvaT,  

0x x G∈ + , e. i. gveqneba 0x x x′= + , sadac x G′∈ . 
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davuSvaT, rom Vx′ aris x′  wertilis midamo, romelic 

Sedis G -Si. radgan, ( )0x x x′ = + − , amitom 1) pirobidan 

gamomdinare arsebobs x  wertilis xV  midamo da ( )0x−  

wertilis 
0x

V−  midamo, rom 
0x xV V Vx−+ ⊂ ′ . vinaidan 

0 0x
x V−− ∈ , amitom 0 x xx V V G′− + ⊂ ⊂  da Sesabamisad, 

0xV x G⊂ + . es niSnavs, rom x  aris 0x G+  simravlis 

Siga wertili.  
   amiT Tviseba 1. damtkicebulia. 
   veqtoruli topologiuri sivrcis topologiasa da 
algebrul operaciebis mimarTebidan gamomdinareobs, rom   
topologiuri veqtoruli sivrceebis topologia savsebiT 
ganisazRvreba nulis midamoTa sistemiT. marTlac, 

vTqvaT, E  aris topologiuri veqtoruli sivrce da 

x E∈ . Tu xV  aris x  wertilis raime midamo, maSin 

xV x+  aris x  wertilis midamo. cxadia, rom nebismieri 

x E∈  wertilis midamo SeaZleba miviRoT aseTi wesiT.  
   magaliTi 13. magaliTi 13. magaliTi 13. magaliTi 13. topologiuri veqtoruli sivrceebs 
ganekuTvnebian yvela  normirebuli sivrceebi. 
   magaliTi 14. magaliTi 14. magaliTi 14. magaliTi 14. ganvixiloT namdvil ricxvTa 

yvelaSesaZlo ( )0 1 1, , , ,nx x x x −= ⋯ ⋯  mimdevrobebis 
NR  

sivrce. moviyvanoT nulis midamoebis gamsazRvreli 

sistema Semdegi wesiT: yoveli ( )0 1 1, , ,rU k k k ε−⋯  midamo 

ganisazRvreba 0 1 1, , , rk k k −⋯  mTeli ricxvebiTa da 0ε >  

ricxviT da Sedgeba yvela im 
Nx R∈  wertilebisagan, 

romlebic akmayofileben pirobas: 

xki
ε<    ( )0, 2, , 1 .i r= −⋯  

   agebuli midamoTa sistemiT 
NR  iqneba topologiuri 

veqtoruli sivrce. 
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   topologiuri veqtoruli sivrces ewodeba 
lokalurad amozneqili, Tu misi nebismieri aracarieli 
Ria simravle Seicavs aracariel amozneqil Ria 
simravles. 

   SevniSnoT, rom Tu E  lokalurad amozneqili 

sivrcea, maSin nebismieri x E∈  wertilisaTvis da misi 

nebismieri U  midamosaTvis arsebobs x -is iseTi 

amozneqili midamo V , rom .x V U∈ ⊂   
   marTlac, am winadadebis damtkicebisaTvis sakmarisia 

vaCvenoT marTebuloba 0x =  wertilisaTvis. vTqvaT, U  

aris nulis raime midamo. maSin moiZebneba 0-is iseTi 
midamo V , rom V V U− ⊂ . radgan E  lokalurad 
amozneqilia, amitom arsebobs aracarieli amozneqili Ria 

simravle V V′ ⊂ . Tu y V ′∈ , amitom V y′ −  aris nulis 

amozneqili midamo, romelic Sedis U -Si. 
   topologiuri veqtoruli sivrces ewodeba 
lokalurad SemosazRvruli, Tu am sivrceSi arsebobs 
nulis SemosazRvruli midamo. 
   SevniSnoT aseve, rom yoveli normirebuli sivrce 
lokalurad amozneqilia. marTlac, masSi nebismieri 
aracarieli Ria simravle Seicavs raime birTvs. amrigad, 
yoveli normirebuli sivrce lokalurad amozneqili da 
lokalurad SemosazRvrulia. SeiZleba Cveneba imisa, rom 
normirebuli sivrceebi mTlianad amowuraven im sivrceTa 
simravles, romelTac gaaCniaT miTiTebuli Tvisebebi 
erTdroulad. 
   topologiuri veqtoruli sivrces ewodeba 
normirebadi, Tu masze arsebobs iseTi norma, rom am 
normiT inducirebuli metrika Tavsebadia mocemuli 
sivrcis topologiasTan. 
   marTebulia Semdegi winadadebebi: 
   - Tu topologiuri veqtoruli sivrce lokalurad 
SemosazRvrulia, maSin mas gaaCnia Tvladi lokalur 
baza; 
   - topologiuri veqtoruli sivrce metrizebadia maSin 
da mxolod maSin, roca mas gaaCnia Tvladi lokaluri 
baza; 
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  - yoveli topologiuri veqtoruli sivrce aris 
hausdorfis sivrce; 
   - topologiuri veqtoruli sivrcis nulis yoveli 
midamo Seicavs nulis gawonasworebul midamos. 

   G  simravles ewodeba topologiuri jgufi, Tu is 
aRWurvilia jgufis struqturiT da Sesrulebulia 
Semdegi pirobebi:  

   1′′ ) ( ): ,f x y xy→  gadasaxva G G×  dekartuli 

namravlidan G  simravleSi uwyvetia; 

   2′′ )   1:f x x−→  gadasaxva G  simravlisa Tavis Tavze 

uwyvetia. 

   Ria simravleebis terminebSi 2′′ ) piroba Camoyalibdeba 
Semdegi formiT: xy  elementis nebismieri V  midamisaTvis 

arsebobs x  da y  elementebis iseTi xU  da yU  

midamoebi, rom x yU U V⊂ . analogiurad, 3′′ ) piroba 

niSnavs, rom 
1x−  elementis nebismieri V  midamisaTvis 

arsebobs x -is iseTi midamo U , rom 
1U V− ⊂ .  

   G  topologiuri jgufis Ria simravleTa V  klasi, 
romelic Seicavs jgufis erTeulovan e  elements, 
ewodeba bazisi  e  wertilSi, Tu Sesrulebulia Semdegi 
pirobebi: 

   1� . rogoric gind iyos x e≠  elementi G  

topologiuri jgufidan, V -Si arsebobs iseTi U  

simravle, rom ;x U∉  

   2� . nebismieri ori 1 2,U U V∈  simravlisaTvis arsebobs 

iseTi 3U V∈  simravle, rom 3 1 2 ;U U U⊂ ∩  

   3� . nebismieri 1U V∈  simravlisaTvis arsebobs iseTi 

2U V∈  simravle, rom 
1

2 2 1;U U U− ⊂  



 143

   4� . nebismieri 1U V∈  simravlisaTvis da nebismieri 

x G∈  wertilisaTvis arsebobs iseTi 2U V∈  simravle, 

rom 
1

2 1 ;U xU x−⊂  

   5� . nebismieri 1U V∈  simravlisaTvis da nebismieri 

x G∈  wertilisaTvis arsebobs iseTi 2U V∈  simravle, 

rom 2 1.U x U⊂  

   G  jgufis e  erTeulovani elementis yvela midamoTa 

simravle qmnis baziss e  wertilSi. piriqiT, Tu raime G  

jgufSi gamoyofilia V  simravleTa klasi, romelic 

akmayofilebs 1 5−� �
 pirobebs da  Tu simravleTa am 

klasSi bazisad aviRebT iseTi simravleTa klass, 

romelic miiReba V  simravleTa klasSi Semavali 

simravleebis yvelaSesaZlo ZvrebiT, maSin G  jgufi 
gaxdeba topologiuri jgufi. 

   topologiuri jgufis e  erTeulovani elementis U  

midamos ewodeba simetriuli,  Tu 
1 .U U− =  erTeulovani 

elementis yvela simetriul midamoTa klasi qmnis baziss. 

Tu V  aris e -s bazisi, xolo F  nebismieri Caketili 

simravlea G -Si, maSin { }:F UF U V= ∩ ∈ . 

   G  topologiur jgufis  E  qvesimravles ewodeba 
SemosazRvruli, Tu e  erTeulovani elementis nebismieri 

U  midamosaTvis arsebobs { }0 1 1, , , nx x x −⋯  sasruli ojaxi 

(Tu E ≠ ∅ , maSin SeiZleba vigulisxmoT, rom miTiTebuli 

simravle ekuTvnis E -s) iseTi, rom sruldeba  
1

0

n

i
i

E xU
−

=
⊂ ∪  piroba. G  topologiur jgufs ewodeba 

lokalurad SemosazRvruli, Tu misi erTeulovan 
elements gaaCnia SemosazRvruli midamo. lokalurad 
kompaqturi jgufis nebismieri Caketili qvejgufi da 
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nebismieri normaluri gamyofi aris lokalurad 
kompaqturi jgufi.  

   magaliTi 15.magaliTi 15.magaliTi 15.magaliTi 15. nebismieri G  jgufisaTvis trivialuri 
da diskretuli jgufebi amave dris arian aris 
topologiuri jgufebi (ixileT, magaliTebi 1, 2, $10). 

   magaliTi 16. magaliTi 16. magaliTi 16. magaliTi 16. G  topologiuri jgufis nebismieri 

qvejgufi, aRWurvili G  topologiiT, agreTve aris 
topologiuri jgufi. 

   magaliTi 17magaliTi 17magaliTi 17magaliTi 17.... vTqvaT, G  raime jgufia da { }:iG i I∈  

aris G -ze topologiaTa nebismieri ojaxi iseTi, rom G  

topologiuri jgufia yoveli iG  ( )i I∈  topologiis 

mimarT. maSin G  iqneba topologiuri jgufi sup i
i I

G
∈

 

topologiis mimarTac. SevniSnoT, rom sup i
i I

G
∈

  topologia 

G -ze aris yvelaze susti topologia G  jgufis 

topologiebs Soris da ufro Zlieri, vidre yoveli iG  

( )i I∈  topologia. 

    
    

$13$13$13$13. . . . kompaqturi simravleebikompaqturi simravleebikompaqturi simravleebikompaqturi simravleebi 
 
rogorc ukve aRvniSneT, namdvil ricxvTa simravlis 

bevri fundamentaluri Tviseba iZleva garkveuli 
ganzogadebis biZgs abstraqtuli simravleebis 
SemTxvevaSi. swored aseT SemTxvevasTan gvaqvs saqme, roca 
vsaubrobT kompaqturi (agreTve uwodeben bikompaqturi, 
kvazikompaqturi) simravleebze. roca namdvil ricxvTa 
RerZis  fundamentalur Tvisebebze mivuniSnebT erT-erTi 
arsebiTi Tviseba mocemulia heine-boreli-lebegis 
klasikur TeoremaSi. es aris is SemTxveva, roca Teorema 
imdenad gamoxatavs simravlis Tvisebas, rom mas 
vRebulobT, rogorc gansazRvrebas.   
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   E  topologiur sivrces ewodeba kompaqturi, Tu E  
sivrcis nebismieri Ria dafarvidan gamoiyofa sasruli 
qvedafarva. 
   kompaqturi topologiuri sivrce, romelic 
akmayofilebs Semdeg aqsiomas: 
   topologiuri sivrcis or gansxvavebul wertils topologiuri sivrcis or gansxvavebul wertils topologiuri sivrcis or gansxvavebul wertils topologiuri sivrcis or gansxvavebul wertils 
gaaCnia TanaukveTi modgaaCnia TanaukveTi modgaaCnia TanaukveTi modgaaCnia TanaukveTi modamoebi,amoebi,amoebi,amoebi,    
ewodeba kompaqti. 
   moyvanil aqsiomas ewodeba hausdorfis 
gancalebadobis aqsioma. sivrces, romelic akmayofilebs 

hausdorfis gancalebadobis aqsiomas, ewodeba 2T -sivrce 

anu hausdorfis sivrce. 
   topologiuri sivrcis kompaqturoba SeiZleba  
davaxasiaTod Caketili simravlis terminebSi. amisaTvis 
dagvWirdeba Semdegi gansazRvra. 

   raime A  simravlis qvesimravleTa klass ewodeba 
centrirebuli, Tu am sistemis nebismieri   sasruli 
elementTa TanakveTa aracarielia.  
   kompaqturobis gansazRvrebidan da oradulobis 
principidan gamomdinareobs Semdegi Teorema: 
   Teorema 1. imisaTvis, rom topologiuri sivrce iyos Teorema 1. imisaTvis, rom topologiuri sivrce iyos Teorema 1. imisaTvis, rom topologiuri sivrce iyos Teorema 1. imisaTvis, rom topologiuri sivrce iyos 
kompaqturi aucilebeli da sakmarisia, rom am sivrcis kompaqturi aucilebeli da sakmarisia, rom am sivrcis kompaqturi aucilebeli da sakmarisia, rom am sivrcis kompaqturi aucilebeli da sakmarisia, rom am sivrcis 
Caketil simravleTa yoveli centrirebul sistemas Caketil simravleTa yoveli centrirebul sistemas Caketil simravleTa yoveli centrirebul sistemas Caketil simravleTa yoveli centrirebul sistemas 
hqondes arachqondes arachqondes arachqondes aracarieli TanakveTa.arieli TanakveTa.arieli TanakveTa.arieli TanakveTa.    

        damtkiceba. vTqvaT, ( )Fα  aris E  topologiuri 

sivrcis raime qvesimravleTa ojaxi. de morganis 
formulis Tanaxmad gvaqvs  

          { } { }\ : \ :E F F F E F F Fα α∪ ∈ = ∩ ∈ . 

   es imas niSnavs, rom  ( )Fα  simravleTa ojaxi faravs 

E  topologiur sivrces maSin da mxolod maSin, roca 

( )Fα  simravleTa ojaxis elementebis damatebebis 

TanakveTa carieli simravlea. E  sivrcis kompaqturoba 
niSnavs, rom yoveli Ria simravleTa ojaxi, romlis 

arcerTi sasruli qveojaxi ar faravs E -s, ar faravs E  
sivrces. es moTxovna ki aris tolfasi imisa, rom yoveli 
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Caketil simravleTa centrirebul sistemas aqvs 
aracarieli TanakveTa. 

            Teorema 2. Tu Teorema 2. Tu Teorema 2. Tu Teorema 2. Tu E     kompaqturi sivrcea, maSin mis yovel kompaqturi sivrcea, maSin mis yovel kompaqturi sivrcea, maSin mis yovel kompaqturi sivrcea, maSin mis yovel 
usasrulo qvesimravles gaaCnia erTi mainc zRvariTi usasrulo qvesimravles gaaCnia erTi mainc zRvariTi usasrulo qvesimravles gaaCnia erTi mainc zRvariTi usasrulo qvesimravles gaaCnia erTi mainc zRvariTi 
wertili.wertili.wertili.wertili.    

            damtkiceba. Tu E  Seicavs usasrulo qvesimravles, 
romelsac ara aqvs arc erTi zRvariTi wertili, maSin am 

usasrulo simravleSi aviRoT Tvladi ( )0 1, ,X x x= ⋯  

simravle, romelsac agreTve ar gaaCnia zRvariTi 

wertili. magram maSin ( )1, ,n n nX x x += ⋯  simravleTa 

ojaxi qmnis Caketil simravleTa centrirebul sistemas 

E -Si, romlebsac eqnebaT carieli TanakveTa. es niSnavs, 

rom E  ar aris kompaqturi sivrce.  
   Teorema damtkicebulia. 

   Teorema 3. kompaqturi Teorema 3. kompaqturi Teorema 3. kompaqturi Teorema 3. kompaqturi E     sivrcis Caketili sivrcis Caketili sivrcis Caketili sivrcis Caketili 
qvesimqvesimqvesimqvesimravle kompaqturia.ravle kompaqturia.ravle kompaqturia.ravle kompaqturia.    

            damtkiceba. vTqvaT, F  aris E  kompaqturi sivrcis 

Caketili qvesimravle da { }Fα  ki aris F E⊂  qvesivrcis 

Caketil simravleTa centrirebuli sistema. maSin yoveli 

Fα  simravle agreTve Caketilia E -Si da Sesabamisad, 

{ }Fα  agreTve centrirebuli sistemaa E -Si, e. i. 

.Fα
α

≠ ∅∩ . Teorema 1-is Tanaxmad, F  simravle 

kompaqturia.  
   Teorema 3 damtkicebulia. 
   Teorema 3-dan uSualod gamomdinareobs Semdegi: 
   Teorema 4. kompaqtis nebismieri Caketili qvesimravle Teorema 4. kompaqtis nebismieri Caketili qvesimravle Teorema 4. kompaqtis nebismieri Caketili qvesimravle Teorema 4. kompaqtis nebismieri Caketili qvesimravle 
kompaqtia.kompaqtia.kompaqtia.kompaqtia.    
            radgan metrikuli sivrce warmoadgens topologiuri 
sivrcis kerZo SemTxvevas, amitom yvela is faqti, 
romelic marTebulia topologiuri sivrcis SemTxvevaSi 
marTebulia metrikuli sivrcis SemTxvevaSic. magram 
metrikuli sivrcis metrikuli maxasiaTeblebi iZleva 
kompaqturi simravleebis sxva saxis daxasiaTebis 
saSualebas. 
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   metrikuli ( ),E ρ  sivrcis qvesimravles ewodeba 

kompaqturi, Tu misi nebismieri usasrulo mimdevrobidan 
gamoiyofa krebadi qvemimdevroba. 
   imis mixedviT krebadi qvemimdevrobis zRvari ekuTvnis 
am simravles Tu mis damatebas, mas Sesabamisad uwodeben 
kompaqturs TavisTavSi da kompaqturs sivrceSi.  
   amisaTvis dagvWirdeba ramdenime damxmare cneba. 

   vTqvaT, M  aris ( ),E ρ  metrikuli sivrcis raime 

qvesimravle da 0ε >  raRac ricxvia.  

   A E⊂  simravles ewodeba  ε -bade M  simravlisaTvis, 

Tu nebismieri x M∈  wertilisaTvis moiZebneba erTi 

mainc wertili a A∈ , iseTi rom ( ),x aρ ε< . 

   SevniSnoT, rom ar aris aucilebeli, rom A M⊂ . 

ufro metic, SesaZlebelia, rom A M∩ = ∅ . 
   magaliTad, mTel ricxvTa simravle namdvil ricxvTa 

RerZze qmnis 
1

2
-bades.  

   M  simravles  ( ),E ρ  metrikul sivrceSi ewodeba 

savsebiT SemosazRvruli, Tu nebismieri 0ε >  
ricxvisaTvis misTvis arsebobs sasruli ε -bade. 
   marTebulia Semdegi Teorema. 

   Teorema 5 (hausdorfi). imisaTvis, rom Teorema 5 (hausdorfi). imisaTvis, rom Teorema 5 (hausdorfi). imisaTvis, rom Teorema 5 (hausdorfi). imisaTvis, rom ( ),E ρ     

metrikul sivrcis metrikul sivrcis metrikul sivrcis metrikul sivrcis M     qvesimravle iyos kompaqturi, qvesimravle iyos kompaqturi, qvesimravle iyos kompaqturi, qvesimravle iyos kompaqturi, 

aucilebelia, magram aucilebelia, magram aucilebelia, magram aucilebelia, magram ( ),E ρ     sivrcis sisrulis sivrcis sisrulis sivrcis sisrulis sivrcis sisrulis 

SemTxvevaSi sakmarisiaSemTxvevaSi sakmarisiaSemTxvevaSi sakmarisiaSemTxvevaSi sakmarisia, rom , rom , rom , rom M     simravle iyos savsebiT simravle iyos savsebiT simravle iyos savsebiT simravle iyos savsebiT 
SemosazRvruli.SemosazRvruli.SemosazRvruli.SemosazRvruli.    

            damtkiceba. aucilebloba. vTqvaT, M     simravle 

kompaqturia ( ),E ρ     metrikul sivrceSi. davafiqsiroT 

0ε >  ricxvi da aviRoT nebismieri 0x M∈  wertili. 

   Tu ( )0,x xρ ε<  nebismieri x M∈  wertilisaTvis, 

maSin ε -bade (erTelementiani) ukve agebulia. winaaRmdeg 
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SemTxvevaSi moiZebneba iseTi wertili 1x M∈ , rom 

( )0 1,x xρ ε≥ . gvaqvs ori SemTxvevidan erT-erTi: an 

nebismieri x M∈  wertilisaTvis ( )0,x xρ  an ( )1,x xρ  

naklebia ε -ze, maSin sasruli  ε -bade (orelementiani)  
ukve agebulia, an moiZebneba 2x M∈  wertili iseTi, rom 

( )2 0,x xρ ε≥ , ( )2 1,x xρ ε≥ , da   a. S. 

   vaCvenoT, rom aseTi sasruli nabijiT agebuli 

wertilTa 0 1, ,x x ⋯ simravle qmnis  ε -bades. marTlac, es 
ase rom ar iyos miviRebdiT 0 1, ,x x ⋯ wertilTa iseT 

mimdevrobas, rom ( ) ( ), 0  i jx x i jρ ≥ ≠ . rac imas niSnavs, 

rom es mimdevroba, iseve rogorc misi nebismieri 
qvemimdevroba, ar iqneba krebadi. es ki ewinaaRmdegeba 
gamosavali sivrcis kompaqturobis pirobas. 
   sakmarisoba. vTqvaT, nebismieri ε  ricxvisaTvis 
arsebobs ε -bade. ganvixiloT 0-sken krebadi klebadi 

0 1, ,ε ε ⋯ mimdevroba da yoveli ( )  k k Nε ∈  ricxvisaTvis 

avagoT kε -bade: 

                  

1

2

0 1

0 1

, , , ,

, , , ,

n

n

x x x

x x x

′ ′ ′

′′ ′′ ′′

⋯

⋯

⋯⋯⋯⋯⋯⋯

 

   ganvixiloT M  simravlis nebismieri usasrulo 

{ }:kx k N∈  mimdevroba da davamtkicoT, rom misgan 

gamoiyofa krebadi qvemimdevroba. 1ε -badis yovel 

10 1, , , nx x x′ ′ ′⋯  wertilze SemovxazoT sferoebi radiusiT  

1ε  da centrebiT am wertilebSi. maSin { }:kx k N∈  

mimdevrobis yvela wertili miekuTvneba am sferoebs. 
radgan wertilebis simravle usasruloa, xolo 
sferoebis simravle ki sasruli, amitom Tundac erTi 
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sfero mainc Seicavs { }:kx k N∈  mimdevrobis usasrulo 

raodenobis wertilebs. aseTi sfero aRvniSnoT 0S -iT, 

xolo mocemuli mimdevrobis im usasrulo wertilTa 

simravle, romlebic ekuTvnian 0S -s ki 0M -iT. axla 

ganvixiloT 2ε -badis is wertilebi, romlebic Sedis 0S -

Si da yovel aseT wertilebze SemovxazoT sferoebi 

radiusiT 2ε  da centrebiT am wertilebSi. am 

SemTxvevaSic arsebobs Tundac erTi sfero, aRvniSnoT is 

1S -iT, romelic Seicavs  0M  simravlis usasrulo 

raodenobis wevrebs da es simravle aRvniSnoT 1M -iT. 

cxadia, rom 1 0M M⊂ . Tu am process gavagrZelebT 

miviRebT sferoTa 0 1S S⊃ ⊃⋯ mimdevrobas da agreTve 

nulisken krebad radiusTa mimdevrobas. amis Semdeg 
avirCioT wertilTa mimdevroba ise, rom Sesruldes 
pirobebi: 

0 0

1 1

0 1

1 2

,   ,

,   

k k

k k

x S x S

x S x S

∈ ∉

∈ ∉

⋯⋯⋯⋯⋯⋯⋯

 

   maSin { }km
x mimdevroba iqneba { }kx mimdevrobis 

saZiebeli fundamentaluri qvemimdevroba. namdvil 

ricxvTa R  RerZis sisrulis gamo am qvemimdevrobis 

zRvari ekuTvnis R  da Sesabamisad, { }km
x mimdevroba 

krebadia. 
   amiT Teorema damtkicebulia.   
  usasruloganzomilebiani sivrcis gansazRvrebebis 
safuZvelze advilad mtkicdeba Semdegi Teorema. 
   Teorema 6. usasruloganzomilebian sivrceSi yoveli Teorema 6. usasruloganzomilebian sivrceSi yoveli Teorema 6. usasruloganzomilebian sivrceSi yoveli Teorema 6. usasruloganzomilebian sivrceSi yoveli 
kompaqti arsad mkvrivi simravlea.kompaqti arsad mkvrivi simravlea.kompaqti arsad mkvrivi simravlea.kompaqti arsad mkvrivi simravlea.    
   topologiuri veqtoruli sivrces ewodeba lokalurad 
kompaqturi, Tu arsebobs nulis midamo, romlis Caketvac 
kompaqturia. 
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   Teorema 7. topologiuri veqtoruli sivrce aris Teorema 7. topologiuri veqtoruli sivrce aris Teorema 7. topologiuri veqtoruli sivrce aris Teorema 7. topologiuri veqtoruli sivrce aris 
sasrulganzomilebiani maSin da mxolod maSin, roca is sasrulganzomilebiani maSin da mxolod maSin, roca is sasrulganzomilebiani maSin da mxolod maSin, roca is sasrulganzomilebiani maSin da mxolod maSin, roca is 
lokalurad kompaqturia.lokalurad kompaqturia.lokalurad kompaqturia.lokalurad kompaqturia.    

   magaliTi.magaliTi.magaliTi.magaliTi. namdvil ricxvTa aditiuri R  jgufi 
standartuli topologiiT aris komutatiuri 
lokalurad kompaqtur jgufi (ixileT, magaliTi 3, $10).  
            am paragrafis bolos moviyvanoT tixonovis Teorema, 
romelic warmoadgens sivrceTa  namravlis analizSi 
erT-erT fundamentalur winadadebas. 
            Teorema 8. kompaqturi topologiuri sivrceTa Teorema 8. kompaqturi topologiuri sivrceTa Teorema 8. kompaqturi topologiuri sivrceTa Teorema 8. kompaqturi topologiuri sivrceTa 
nebismieri ojaxis namravli kompaqturi topologiuri nebismieri ojaxis namravli kompaqturi topologiuri nebismieri ojaxis namravli kompaqturi topologiuri nebismieri ojaxis namravli kompaqturi topologiuri 
sivrcea tixonovis topologiis mimarT.sivrcea tixonovis topologiis mimarT.sivrcea tixonovis topologiis mimarT.sivrcea tixonovis topologiis mimarT.    
            SevniSnoT, rom tixonovis Teorema eqvivalenturia 
amorCevis aqsiomis.  am Teoremis damtkicebaSi gamoiyeneba 
is faqti, rom aracariel simravleTa ojaxis nebismieri 
dekartuli namravli aracarielia, rac Tavis mxriv 
warmoadgens amorCevis aqsiomis sxvagvar Camoyalibebas. 
meore mxriv, j. kelim daamtkica, rom tixonovis Teoremis 
marTebulobidan gamomdinareobs amorCevis aqsioma. rac 

imas niSnavs, rom ( )ZF  simravleTa TeoriaSi amorCevis 

aqsioma da tixonovis Teorema eqvivalenturia.  
 
    
    

    
    

    

    
$14$14$14$14. . . . separabeluri da araseparabeluriseparabeluri da araseparabeluriseparabeluri da araseparabeluriseparabeluri da araseparabeluri    

sivrceebisivrceebisivrceebisivrceebi    

    
   sivrces, romelis Seicavs Tvlad yvelgan mkvriv 
qvesimravles, separabeluri sivrce ewodeba. Tu sivrce ar 
aris separabeluri, mas araseparabeluri sivrce ewodeba. 
srul separabelur metrikul sivrces polonuri sivrce 
ewodeba.     

   separabeluri sivrcis magaliTebia: R  sivrce, sadac 
Tvladi yvelgan mkvrivi qvesimravlea racionalur 



 151

ricxvTa simravle, 
nR  sivrce, sadac Tvladi yvelgan 

mkvrivi qvesimravlea veqtorTa simravle racionaluri 

koordinatebiT, [ ],C a b  sivrce, sadac Tvladi yvelgan 

mkvrivi qvesimravlea yvela racionalur koeficientebiani 

mravalwevrebis simravle,  2l  da 
NR  sivrceebSi – am  

sivrceebis  Tvladi yvelgan mkvrivi qvesimravlea 
veqtoruli qvesivrce, romelic Sedgeba namdvil ricxvTa 
yvelaSesaZlo finituri mimdevrobebisgan.  

   SegaxsenebT, rom 
NR  sivrcis yvelaSesaZlo finituri 

mimdevrobebis simravle ganisazRvreba Semdegnairad      

{ }{ }( ) : & : & 0N NR x x R Card i i N xi ω= ∈ ∈ ≠ < . 

   Teorema 1. Tu metrikuli sivrce savsebiT Teorema 1. Tu metrikuli sivrce savsebiT Teorema 1. Tu metrikuli sivrce savsebiT Teorema 1. Tu metrikuli sivrce savsebiT 
SemosazRvrulia, maSin is separabeluria.SemosazRvrulia, maSin is separabeluria.SemosazRvrulia, maSin is separabeluria.SemosazRvrulia, maSin is separabeluria.    

   damtkiceba. marTlac, yoveli { }\ 0n N∈  ricxvisaTvis 

avagoT 
1

n
-bade. Tu ganvixilavT agebuli simravleebis 

gaerTianebas yvela n -saTvis, miviRebT Tvlad yvelgan 
mkvris simravles. 
   aqve SevniSnoR, rom radgan separabelur metrikul 
sivrceebs gaaCniaT Tvladi baza, amitom yovel savsebiT 
SemosazRvrul metrikul sivrces agreTve gaaCnia Tvladi 
baza.  
   Teorema 2. separabeluri metrikuli sivrcis yoveli Teorema 2. separabeluri metrikuli sivrcis yoveli Teorema 2. separabeluri metrikuli sivrcis yoveli Teorema 2. separabeluri metrikuli sivrcis yoveli 
metrikuli qvesivrce separabeluria.metrikuli qvesivrce separabeluria.metrikuli qvesivrce separabeluria.metrikuli qvesivrce separabeluria.    

   damtkiceba. vTqvaT, ( ),E ρ  separabeluri metrikuli 

sivrcea, { }:kD x k N= ∈  Tvladi yvelgan mkvrivi 

simravlea  E -Si, xolo 0E  aris E -s qvesimravle. 

aviRoT dadebiT ricxvebis nulisken krebadi mimdevroba 

{ }:n n Nε ∈  da yoveli 0,1,k = ⋯ ricxvisaTvis 0E -Si 

vipovoT iseTi kn
z  elementi, rom 
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( ) ( )0, ,k k k nn
x z x Eρ ρ ε< + , sadac ( ) ( )

0
0, inf ,k k

x E
x E x xρ ρ

∈
= . 

   vTqvaT, 0x E∈  da 0ε > . moiZebneba iseTi kx D∈  

elementi, rom ( ), kx xρ ε< . aviRoT n  imdenad didi, 

rom Sesruldes nε ε<  piroba. maSin gvaqvs 

( ) ( ) ( ) ( )
( )

0, , , ,

, 3 ,

k k k k k k n

k n

n n
x z x x x z x E

x x

ρ ρ ρ ε ρ ε

ε ρ ε ε

≤ + < + + ≤

≤ + + <
 

saidanac uSualod gamomdinareobs, rom { }kn
z  simravle 

yvelgan mkvrivia 0E -Si. 

   amiT Teorema 2 damtkicebulia.  
   araseparabeluri  metrikuli sivrcis magaliTs 
warmoadgens namdvil ricxvTa yvela SemosazRvruli 
mimdevrobebis simravle (ixileT, magaliTi 9, $11) masze 
gansazRvruli metrikiT  

( ), sup n n
n

x y y xρ = − . 

   marTlac, vTqvaT, M  aris am sivrcis qvesimravle, 

romelic Sedgeba iseTi ( )0 1, ,x x x ⋯  elementebisagan, 

sadac ( )  kx k N∈  udris 1-s an 0-s.  cxadia, rom manZili 

M  simravlis nebismier or elements Soris tolia 1-is. 

radgan M  simravle eqvivalenturia yvela orobiTi 

0 10,a a ⋯ wiladebis simravlis, sadac ( )  ka k N∈  udris 

1-s an 0-s, amitom ( )card m c= .  

   aviRoT 
1

0
3

ε< <  ricxvi da davuSvaT, rom arsebobs 

mocemuli sivrcis iseTi D  qvesimravle, rom Sesruldeba 
piroba 

( ) 1
,

3
x yρ ε< < , 
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sadac y D∈ . am SemTxvevaSi sivrcis gansxvavebul 

wertilebs Seesabameba D  simravlis gansxvavebuli 
wertilebi, romlebic akmayofileben bolo 
damokidebulebas. winaaRmdeg SemTxvevaSi gveqneboda 

( )1

1
,

3
x yρ <  da ( )2

1
,

3
x yρ <    ( )1 2,  ,   x x M y D∈ ∈ , 

saidanac miviRebdiT 

( ) ( ) ( )1 2 1 2

2
, , ,

3
x x x y x yρ ρ ρ< + < . 

   es imas niSnavs, rom D  simravle araTvladia da 
mocemuli sivrce ar Seicavs yvelgan mkvriv Tvlad 
qvesimravles. 
   araseparabeluri metrikuli sivrceebisaTvis gvaqvs 
Semdegi kriteriumi. 
   Teorema 3.Teorema 3.Teorema 3.Teorema 3.    Semdegi ori winadadeSemdegi ori winadadeSemdegi ori winadadeSemdegi ori winadadeba eqvivalenturiaba eqvivalenturiaba eqvivalenturiaba eqvivalenturia    

1) (1) (1) (1) (E, ρρρρ)  )  )  )  metrikuli sivrce araseparabeluria;metrikuli sivrce araseparabeluria;metrikuli sivrce araseparabeluria;metrikuli sivrce araseparabeluria;    

2) arsebobs2) arsebobs2) arsebobs2) arsebobs    0>ε     ricxvi da araTvladi ricxvi da araTvladi ricxvi da araTvladi ricxvi da araTvladi { }: 1xξ ξ ω<     

wertilTa simravlewertilTa simravlewertilTa simravlewertilTa simravle    E EEEE    sivrcidan iseTi, rom sivrcidan iseTi, rom sivrcidan iseTi, rom sivrcidan iseTi, rom 
Sesrulebulia piroba Sesrulebulia piroba Sesrulebulia piroba Sesrulebulia piroba     

1 1( )( )( & & ( , ) ).x xζ ξζ ξ ζ ω ξ ω ξ ζ ρ ε∀ ∀ < < ≠ ⇒ ≥     

damtkicebadamtkicebadamtkicebadamtkiceba. 1)⇒2). davuSvaT, rom Sesrulebulia 1) 
winadadeba. pirvel rigSi SevniSnoT, rom radgan (E, ρ) 
metrikuli sivrce araseparabeluria, amitom arsebobs 

iseTi 0>ε  ricxvi, rom ε-ze naklebi radiusis mqone 
birTvebis nebismieri Tvladi ojaxi ar warmoadgens E-s 
dafarvas.  

transfinituri induqciis meTodiT avagoT 

{ }1:xξ ξ ω<  wertilTa 1ω − mimdevroba E sivrceSi, 

romelic daakmayofilebs 2) pirobas. 

davuSvaT, rom 1ξ ω<  ordinalisaTvis E sivrcis 

wertilTa nawilobrivi { }:xξ ζ ξ<  mimdevroba ukve 

agebulia. 
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,Bx r − iT aRvniSnoT birTvi E sivrceSi centriT x 

wertilSi da radiusiT r. Cveni daSvebis Tanaxmad, 
gveqneba  

\ ,E Bxζζ ξ
ε

<
≠ ∅∪ . 

amitom xξ  wertilad SegviZlia aviRoT nebismieri 

wertili miTiTebuli sxvaobidan. e. i. 

,\ .xx E B
ζξ ε

ζ ξ<
∈ ∪  

amiT { }:xζ ζ ξ≤  wertilTa ( 1)ξ + -mimdevroba 

agebulia, romelic akmayofilebs 2) pirobas. 

Tu gavagrZelebT am process 1ω  ordinalamde, miviRebT 

sasurvel 1ω -mimdevrobas.  

2)⇒1). vTqvaT sruldeba 2) piroba da vaCvenoT, rom 
( , )E ρ Ymetrikuli sivrce araseparabeluria. Tu yovel 

x Eξ ∈  wertilisTvis ganvixilavT 
,
2

x
B

ξ
ε  birTvs, maSin 

cxadia, rom 1
,
2

:
x

B ε
ξ

ξ ω
  

< 
  

 simravleTa ojaxi iqneba 

diziunqtiuri. 

vTqvaT, { }:ky k ω<  nebismieri Tvladi wertilTa 

simravlea  E  sivrceSi. radgan 

,
2

: 1
x

B ε
ξ

ξ ω
  

< 
  

 

araTvladi dizunqtiuri simravleTa ojaxia E-Si, amitom 

arsebobs  ordinali 10 ωξ <  iseTi, rom 

0
,
2

k
x k N

B yε
ξ ∈

 
= ∅ 

 
∩ ∪ . 
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es ki niSnavs, rom ( ,E ρ ) metrikuli sivrce 

araseparabeluria.  
   Teorema damtkicebulia. 
   axla ki davubrundeT normirebul sivrceebs da 
moviyvanoT mniSvnelovani Teorema wrfivi funqcionalis 
gagrZelebis Sesaxeb. 
   Teorema Teorema Teorema Teorema 4 (x4 (x4 (x4 (xanianianiani----banaxi). vTqvaT banaxi). vTqvaT banaxi). vTqvaT banaxi). vTqvaT p     warmoadgens warmoadgens warmoadgens warmoadgens 

erTgvarovanerTgvarovanerTgvarovanerTgvarovan----amozneqil funqcionals namdvil veqtorul amozneqil funqcionals namdvil veqtorul amozneqil funqcionals namdvil veqtorul amozneqil funqcionals namdvil veqtorul 

L     sivrceSi da sivrceSi da sivrceSi da sivrceSi da 0L     aris aris aris aris L     sivrcis wrfivi qvesivrce. Tu sivrcis wrfivi qvesivrce. Tu sivrcis wrfivi qvesivrce. Tu sivrcis wrfivi qvesivrce. Tu 

0f     aris wrfivi funqcionali aris wrfivi funqcionali aris wrfivi funqcionali aris wrfivi funqcionali 0L ----ze da ze da ze da ze da     

( ) ( ) ( )( )0 0x x L f x p x∀ ∈ ⇒ ≤ ,  (1),  (1),  (1),  (1)    

maSin maSin maSin maSin 0f     SeiZleba gavagrZeloT SeiZleba gavagrZeloT SeiZleba gavagrZeloT SeiZleba gavagrZeloT L     sivrceze sivrceze sivrceze sivrceze 

gansazRvrul gansazRvrul gansazRvrul gansazRvrul f     wrfiv funqcionalamde, romlisTvisac wrfiv funqcionalamde, romlisTvisac wrfiv funqcionalamde, romlisTvisac wrfiv funqcionalamde, romlisTvisac 

Sesruldeba pirobaSesruldeba pirobaSesruldeba pirobaSesruldeba piroba    

( ) ( ) ( )( )x x L f x p x∀ ∈ ⇒ ≤ ....    

   xani-banaxis Teorema SeiZleba Camoyalibdes Semdegi 
formiT: 

   nebismieri wrfivi SemosazRvruli nebismieri wrfivi SemosazRvruli nebismieri wrfivi SemosazRvruli nebismieri wrfivi SemosazRvruli f funqcionali, funqcionali, funqcionali, funqcionali, 

romelic gansazRvrulia wrfivi normirebuli sivrcis romelic gansazRvrulia wrfivi normirebuli sivrcis romelic gansazRvrulia wrfivi normirebuli sivrcis romelic gansazRvrulia wrfivi normirebuli sivrcis 

wrfiv wrfiv wrfiv wrfiv M     mravalsaxeobaze, SeiZleba gavagrZeloT mravalsaxeobaze, SeiZleba gavagrZeloT mravalsaxeobaze, SeiZleba gavagrZeloT mravalsaxeobaze, SeiZleba gavagrZeloT L     

sivrcemde ise, rom sivrcemde ise, rom sivrcemde ise, rom sivrcemde ise, rom f     funqcionalis norma ar gaizrdeba. funqcionalis norma ar gaizrdeba. funqcionalis norma ar gaizrdeba. funqcionalis norma ar gaizrdeba.     

            am  Teoremis damtkiceba Sedgeba ori safexurisagan. 

pirvel safexurze dgindeba f  funqcionalis saWiro 

gagrZelebis arseboba M -dan 1M L∈  mravalsaxeobamde, 

romelic moWimulia { },M z  simravleze, sadac z M∉ .  

   nebismieri 1u M∈  elementi erTaderTi gziT 

warmoidgineba Semdegi saxiT: ,  u tz x x M= + ∈ . amitom f  

funqcionalis gagrZelebas eqneba saxe 

( ) ( ) ( )1 1 f tz x t f z f x+ = + , 
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sadac idea mdgomareobs ( )1f z  mudmivis amorCevaSi, Tanac 

ise rom norma ar gaizardos. es aris sufTa teqnikuri 
amocana da SeiZleba ixiloT nebismier saxelmZRvaneloSi.  
   rac Seexeba meore safexurs, unda ganvixiloT ori 
SemTxveva. 

   Tu L  sivrce separebeluria, maSin f  funqcionalis 

gagrZeleba xdeba etapobrivad  

{ } { } { }1 0 2 1 1 1, , , , , ,k k kM M x M M x M M x+= = =⋯ , 

sadac k kx M∉  elementis amorCeva xdeba L  sivrcis 

yvelgan mkvrivi qvesimravlidan. sabolood miiReba f  

funqcionalis gagrZeleba. 
   araseparabeluri sivrcis SemTxvevaSi amorCevis 
aqsiomas gverds ver avuvliT. am SemTxvevaSi ganixileba 

f  funqcionalis yvelaSesaZlo gagrZelebaTa simravle, 

romlebic dalagebulia Semdegi mimarTebiT: 

( ) ( ).f f dom f dom f′ ′′ ′ ′′≤ ⇔ ⊂  

   aseTi gagrZelebaTa funqcionalebis ojaxis nebismieri 
dalagebuli qvesimravle zemodan SemosazRvrulia 
funqcionaliT, romelic gansazRvrulia gansazRvris 
areebis gaerTianebaze. cornis lemis Tanaxmad, aseT 
ojaxs gaaCnia maqsimaluri elementi, romelis amave dros 
iqneba saZiebeli funqcionali.  
   amiT Teorema damtkicebulia. 
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$15$15$15$15....    borelis simravleebi. beris Tvisebis mqone borelis simravleebi. beris Tvisebis mqone borelis simravleebi. beris Tvisebis mqone borelis simravleebi. beris Tvisebis mqone 
simravleebisimravleebisimravleebisimravleebi    

    
   Ria da Caketili simravleebis cnebebis Semotanis 
Semdeg davubrundeT borelis simravlis cnebas, romelic 
konkretuli magaliTis saxiT SemovitaneT ricxviTi 
RerZis SemTxvevaSi (ixileT $9). borelis simravlis cneba 
garkveuli TvalsazrisiT warmoadgens Ria da Caketili 
simravleebis cnebebis ganzogadebas im azriT, rom aseT 
simravleebze Catarebulia simravlur-Teoriuli 
operaciebi.  

   E  topologiuri sivrceSi borelis simravleTa B  
klasi aris umciresi simravleTa ojaxi, romelic 
akmayofilebs Semdeg pirobebs: 

   )1′ yoveli Caketili simravle ekuTvnis B -s; 

   

( )( )

)( )

2 ) ;

3 .n n

n N

A A B A B

n n N A B A B

∈

′ ′∀ ∈ ⇒ ∈

 
′ ∀ ∈ ∧ ∈ ⇒ ∈  

 
∩

 

   cxadia, rom borelis simravlis gansazRvra 
SesaZlebelia moyvanil iqnas Semdegi eqvivalenturi 
formiT: 

   E  topologiuri sivrceSi borelis simravleTa B  
klasi aris umciresi simravleTa ojaxi, romelic 
akmayofilebs Semdeg pirobebs: 

   )1′ yoveli Ria simravle ekuTvnis B -s; 

   

) ( )( )

)( )

2 ;

3 .n n

n N

A A B A B

n n N A B A B

∈

′ ′∀ ∈ ⇒ ∈

 
′ ∀ ∈ ∧ ∈ ⇒ ∈  

 
∪

 

   martivi simravlur-Teoriuli meTodebiT mtkicdeba, 
rom topologiuri sivrceSi borelis simravleTa klasi 
warmoadgineba Semdegi transfinituli mimdevrobis 
gaerTianebis saxiT 

0 1 2B F F F Fα= ∪ ∪ ∪ ∪ ∪⋯ ⋯ , 
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sadac: 

   ) 01 F�  aris Caketil simravleTa klasi; 

   )2 Fα
�

 simravleTa ojaxi aris { }:Fξ ξ α<  simravleTa 

ojaxis Tvladi mimdevrobebis TanakveTa an gaerTianeba, 
damokidebuli imaze luwia Tu kenti α  ordinali. 
   iseve rogorc zeviT moyvanil SemTxvevaSi am 
situaciaSic gvaqvs bolo debulebis eqvivalenturi 
winadadeba: 
    topologiuri sivrceSi borelis simravleTa klasi 
warmoadgineba Semdegi transfinituli mimdevrobis 
gaerTianebis saxiT 

0 1 2B G G G Gα= ∪ ∪ ∪ ∪ ∪⋯ ⋯ , 

sadac:  

   ) 01 G�  aris Ria simravleTa klasi; 

   )2 Gα
�

 simravleTa ojaxi aris { }:Gξ ξ α<  

simravleTa ojaxis Tvladi mimdevrobebis TanakveTa an 
gaerTianeba, damokidebuli imaze luwia Tu kenti α  
ordinali.  

   SemdgomSi E  topologiuri sivrcis borelis       

σσσσ -algebras avRniSnavT ( )B E  simboloTi.  

   borelis  σσσσ -algebris struqturas aqvs arsebiTi 
mniSvneloba Cveni Semdgomi masalis gadmocemisaTvis da 
amitom sasurvelia moviyvanoT sxva midgomebi (ra Tqma 
unda eqvivalenturi) am sakiTxis arsis ukeT gagebisaTvis. 

    topologiur E  sivrces ewodeba srulyofili, Tu 

misi yoveli Caketili qvesimravle aris Gδ  tipis 

qvesimravle an yoveli Ria simravle aris Fσ  tipis 

qvesimravle E -Si. 
   borelis simravlis gansazRvrebidan uSualod 
gamomdinareobs Semdegi Teorema. 
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   Teorema 1Teorema 1Teorema 1Teorema 1. vTqvaT, vTqvaT, vTqvaT, vTqvaT, ( )B E∗
    aris aris aris aris E     topologiuri topologiuri topologiuri topologiuri 

sivrcis yvela Ria qvesimravleTa umciresi (CarTvis sivrcis yvela Ria qvesimravleTa umciresi (CarTvis sivrcis yvela Ria qvesimravleTa umciresi (CarTvis sivrcis yvela Ria qvesimravleTa umciresi (CarTvis 
TvalsazrisiT) klasi, romelic Caketilia Tvladi TvalsazrisiT) klasi, romelic Caketilia Tvladi TvalsazrisiT) klasi, romelic Caketilia Tvladi TvalsazrisiT) klasi, romelic Caketilia Tvladi 
gaerTianebisa da Tvladi TanakveTis operaciebis mimarT.  gaerTianebisa da Tvladi TanakveTis operaciebis mimarT.  gaerTianebisa da Tvladi TanakveTis operaciebis mimarT.  gaerTianebisa da Tvladi TanakveTis operaciebis mimarT.  

Tu Tu Tu Tu E     aris srulyofili topologiuri sivrce, maSin aris srulyofili topologiuri sivrce, maSin aris srulyofili topologiuri sivrce, maSin aris srulyofili topologiuri sivrce, maSin 

( ) ( )B E B E∗= ....  

   raime topologiuri E  sivrcisaTvis SesaZlebelia 

( )B E∗
 simravleTa klasis gansazRvra transfinituri 

rekursiis principis gamoyenebiT. marTlac, Cven SegviZlia 
davweroT 

( ) ( ) ( ) ( ) ( )0 1  1 B E B E B E B Eξ ξ ω∗ ∗ ∗ ∗= ∪ ∪ ∪ ∪ <⋯ ⋯ , 

sadac ( ) ( ) 1 B Eξ ξ ω∗ <  klasi ganisazRvreba 

Semdegnairad: 

   1. ( )0B E∗
 aris E  sivrcis  yvela Ria simravleTa 

klasi; 

   2. kenti ξ  ordinalisaTvis ( )B Eξ
∗

 simravleTa klasi 

aris ( )B Eζζ ξ<

∗
∪  klasis nebismieri elementebis 

yvelaSesaZlo Tvladi TanakveTa; 

3. luwi 0ξ >  ordinalisaTvis ( )B Eξ
∗

 simravleTa klasi 

aris ( )B Eζζ ξ<

∗
∪  klasis nebismieri elementebis 

yvelaSesaZlo Tvladi gaerTianeba. 

   cxadia, rom yoveli topologiuri E  sivrcisaTvis 

( ) ( )B E B E∗ ⊂ . 

   marTebulia Semdegi Teorema. 

   Teorema 2Teorema 2Teorema 2Teorema 2. vTqvaT, vTqvaT, vTqvaT, vTqvaT, E     aris srulyofili topologiuri aris srulyofili topologiuri aris srulyofili topologiuri aris srulyofili topologiuri 

sivrce. maSin am sivrcis borelis   sivrce. maSin am sivrcis borelis   sivrce. maSin am sivrcis borelis   sivrce. maSin am sivrcis borelis   σσσσ ----algebra algebra algebra algebra ( )B E     

aris umciresi (CarTvis TvalsazrisiT)  simravleTa aris umciresi (CarTvis TvalsazrisiT)  simravleTa aris umciresi (CarTvis TvalsazrisiT)  simravleTa aris umciresi (CarTvis TvalsazrisiT)  simravleTa K     
klasi, romelic akmayofilebs Semdeg pirobebs:klasi, romelic akmayofilebs Semdeg pirobebs:klasi, romelic akmayofilebs Semdeg pirobebs:klasi, romelic akmayofilebs Semdeg pirobebs:    
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        1) 1) 1) 1) E     sivrcis yvela Ria simravle ekuTvnis sivrcis yvela Ria simravle ekuTvnis sivrcis yvela Ria simravle ekuTvnis sivrcis yvela Ria simravle ekuTvnis K ;;;;    

            2) simravleTa 2) simravleTa 2) simravleTa 2) simravleTa K     klasi Caketilia Tvladi TanakveTis klasi Caketilia Tvladi TanakveTis klasi Caketilia Tvladi TanakveTis klasi Caketilia Tvladi TanakveTis 
operaciis mimarT;operaciis mimarT;operaciis mimarT;operaciis mimarT;    

            3) simr3) simr3) simr3) simravleTa avleTa avleTa avleTa K     klasi Caketilia am klasis wyvilklasi Caketilia am klasis wyvilklasi Caketilia am klasis wyvilklasi Caketilia am klasis wyvil----
wyvilad diziunqturi elementebis Tvladi gaerTianebis wyvilad diziunqturi elementebis Tvladi gaerTianebis wyvilad diziunqturi elementebis Tvladi gaerTianebis wyvilad diziunqturi elementebis Tvladi gaerTianebis 
operaciis mimarT.operaciis mimarT.operaciis mimarT.operaciis mimarT.    

   damtkiceba. simravleTa K  klasis gansazRvrebidan 

gamomdinareobs, rom ( )K B E⊂ .  

   davuSvaT, rom 

{ }: & \H X E X K E X K= ⊂ ∈ ∈ . 

   advilia Semowmeba imisa, rom simravleTa H  
klasisaTvis sruldeba Semdegi pirobebi: 

   1. E  sivrcis yvela Ria simravle ekuTvnis H ; 

   2. simravleTa H  klasi Caketilia Tvladi TanakveTis 
operaciis mimarT; 

   3. simravleTa H  klasi Caketilia am klasis wyvil-
wyvilad diziunqturi elementebis Tvladi gaerTianebis 
operaciis mimarT. 

          simravleTa K  klasis gansazRvrebidan Cans, rom 

K H= . aseve, K  simravleTa klasi aris E  sivrcis    
σ -algebra, romelic Seicavs am sivrcis yvela Ria 

qvesimravles. amitom  ( )B E K⊂ . 

   amiT Teorema 2 damtkicebulia.    

   vTqvaT, E  topologiuri sivrcea.  

   vityviT, rom X E⊂  simravles gaaCnia beris Tviseba 

E -Si, Tu X  SeiZleba warmovidginoT Semdegi saxiT  

( ) \X G Y Z= ∪ , 

sadac G E⊂  aris Ria simravle, xolo Y  da Z  ki arian 

pirveli kategoriis simravleebi E -dan.      
   advili dasanaxia am gansazRvrebis eqvivalenturi 
gansazRvrebebi:  

   X E⊂  simravle flobs beris Tvisebas, Tu 

( )\X G Y Z= ∪ , 
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sadac ,  G Y  da Z  igive saxis simravleebia E -Si, 

rogorc es iyo wina gansazRvraSi.   

   X E⊂  simravle flobs beris Tvisebas E -Si maSin da 

mxolod maSin, Tu arsebobs iseTi Ria G E⊂ simravle  

da iseTi pirveli kategoriis V E⊂  simravleebi, rom 

X G V= △ . 

   Teorema 3. Teorema 3. Teorema 3. Teorema 3. X     simravle flobs beris Tvisebas simravle flobs beris Tvisebas simravle flobs beris Tvisebas simravle flobs beris Tvisebas E  
topologiuri sivrtopologiuri sivrtopologiuri sivrtopologiuri sivrceSi maSin da mxolod maSin, Tu is ceSi maSin da mxolod maSin, Tu is ceSi maSin da mxolod maSin, Tu is ceSi maSin da mxolod maSin, Tu is 

warmoidgineba warmoidgineba warmoidgineba warmoidgineba X F V= △     saxiT, sadac saxiT, sadac saxiT, sadac saxiT, sadac F     Caketili Caketili Caketili Caketili 

simravlea, xolo simravlea, xolo simravlea, xolo simravlea, xolo V     ki ki ki ki ----    pirveli kategoriis simravlea pirveli kategoriis simravlea pirveli kategoriis simravlea pirveli kategoriis simravlea 

E -Si    ....    

            damtkiceba. Tu 1X G V= △ , sadac G  Ria simravlea, 1V  

ki – pirveli kategoriis simravle, maSin 1 \F G G=  

simravle arsad mkvrivi Caketili simravlea, xolo 

1 1V F V= △  simravle aris pirveli kategoriis.  

   Tu F G= , maSin  

( ) ( )1 1 1 1 1 .X G V G F V G F V F V= = = =△ △ △ △ △ △  

   axla vTqvaT, X F V= △     da    G  aris F  simravlis Siga 

wertilTa simravle.  maSin 1 \V F G=  simravle arsad 

mkvrivi simravlea,  xolo 2 1V V V= △  simravle ki pirveli 

kategoriis simravlea da  

( ) ( )1 1 2X F V G V V G V V G V= = = =△ △ △ △ △ △ . 

   amiT Teorema damtkicebulia. 

   SevniSnoT, rom radgan nebismieri A  da B  

simravleebisaTvis E -dan ( )A B A B′ ′=△ △ , amitom 

( )G V G V′ ′=△ △ .  

   maSasadame, marTebulia Semdegi Teorema: 
   Teorema 4. beris Tvisebis mqone simrTeorema 4. beris Tvisebis mqone simrTeorema 4. beris Tvisebis mqone simrTeorema 4. beris Tvisebis mqone simravlis damateba avlis damateba avlis damateba avlis damateba 
agreTve flobs beris Tvisebas.agreTve flobs beris Tvisebas.agreTve flobs beris Tvisebas.agreTve flobs beris Tvisebas.    
        marTebulia Semdegi Teorema. 
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            Teorema 5. Teorema 5. Teorema 5. Teorema 5. E  topologiuri sivrcis beris Tvisebebis topologiuri sivrcis beris Tvisebebis topologiuri sivrcis beris Tvisebebis topologiuri sivrcis beris Tvisebebis 
mqone simravleTa klasi qmnis mqone simravleTa klasi qmnis mqone simravleTa klasi qmnis mqone simravleTa klasi qmnis σσσσ ----algebras.algebras.algebras.algebras.    

   damtkiceba. vTqvaT, i i iX G V= △  ( )i N∈  aris beris 

Tvisebis mqone simravleTa Tvladi ojaxi E -Si. davuSvaT, 
rom 

,  ,  .i i i
i N i N i N

G G V V X X
∈ ∈ ∈

= = =∪ ∪ ∪  

   cxadia, rom G  Ria simravlea, V  aris pirveli 

kategoriis simravle da \G V X G V⊂ ⊂ ∪ . maSasadame, 

G X V⊂△  simravle pirveli kategoriis simravlea da 

( )X G G X= △ △  simravle flobs beris Tvisebas. miRebuli 

faqti Teorema 8-sTan erTad gvaZlevs Teorema 9-is 
damtkicebas.  

   SemdgomSi E  topologiuri sivrcis beris Tvisebis 

mqone simravleTa σσσσ -algebras avRniSnavT ( )0B E  

simboloTi.  

   vTqvaT, mocemulia ( ),E ℑ  topologiuri sivrce. am 

sivrcis yvela pirveli kategoriis simravleTa klasi 

aRvniSnoT ( )0F E  simboloTi.  

   marTebulia Semdegi Teorema. 

   Teorema 6. Teorema 6. Teorema 6. Teorema 6. ( ) ( )0 0B E F E= ∪ℑ . . . .     

   SevniSnoT, rom Tu E  topologiuri sivrcea, maSin 

borelis σσσσ -algebra warmoqmnilia ℑ  topologiiT. 
amitom sazogadod adgili aqvs CarTvas 

( ) ( )0B E B E⊂ , 

magram SesaZlebelia moviyvanoT araTvladi 
topologiuri sivrcis magaliTebi, sadac adgili eqneba 

( ) ( )0B E B E=  tolobas. 

   borelisa da beris simravleTa klasiT warmoqmnil σσσσ -
algebrebs SemdgomSi davubrundebiT mravaljer. 
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   vTqvaT, mocemulia ( )1 1,E ℑ  da ( )2 2,E ℑ  topologiuri 

sivrceebi da f  aris gadasaxva     1E -dan 2E -Si.  

   mocemul f  gadasaxvas ewodeba borelis gadasaxva, Tu 

Sesrulebulia piroba: 

( ) ( ) ( ) ( )( )1
2 1 .Z Z B E f Z B E−∀ ∈ ⇒ ∈  

   aqedan gamomdinare cxadia, rom Tu f  aris borelis 

gadasaxva, maSin 

( ) ( ) ( )( )1
2 1 .Z Z f Z B E−∀ ∈ℑ ⇒ ∈  

    Tu mocemulia ( )1 1,E ℑ  da ( )2 2,E ℑ  polonuri 

topologiuri sivrceebi da borelis gadasaxva 

( ) ( )( )1 2:   ,   g X Y X B E Y B E→ ∈ ∈  

aris bieqcia, maSin Seqceuli gadasaxva 

( ) ( )( )1
1 2:   ,   g Y X X B E Y B E− → ∈ ∈  

agreTve borelis gadasaxvaa. sxva sityvebiT rom vTqvaT, 

g  aris borelis izoformizmi X  da Y  simravleebs 

Soris. 
   vityviT, rom gadasaxvas 

1 2:f E E→  

gaaCnia beris Tviseba, Tu yoveli Ria 2G E⊂  

simravlisaTvis ( )1f G−
 simravles aqvs beris Tviseba 

1E -Si. 

   moyvanili gansazRvrebebidan uSualod gamomdinareobs 
Semdegi Teorema: 

   Teorema 7. vTqvaT, mocemulia Teorema 7. vTqvaT, mocemulia Teorema 7. vTqvaT, mocemulia Teorema 7. vTqvaT, mocemulia 1E     da da da da 2E     topologiuri topologiuri topologiuri topologiuri 

sivrceebi da sivrceebi da sivrceebi da sivrceebi da f     aris gadasaxva aris gadasaxva aris gadasaxva aris gadasaxva 1E ----dan dan dan dan 2E ----Si. maSin Si. maSin Si. maSin Si. maSin 

Semdegi sami winadadeba eqvivalenturia:Semdegi sami winadadeba eqvivalenturia:Semdegi sami winadadeba eqvivalenturia:Semdegi sami winadadeba eqvivalenturia:    

            1. 1. 1. 1. f     gadasaxvas gaaCnia beris Tviseba;gadasaxvas gaaCnia beris Tviseba;gadasaxvas gaaCnia beris Tviseba;gadasaxvas gaaCnia beris Tviseba;    
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            2. yoveli Caketili 2. yoveli Caketili 2. yoveli Caketili 2. yoveli Caketili 2F E⊂     simravlisaTvis simravlisaTvis simravlisaTvis simravlisaTvis ( )1f F−
    

simravles gaaCnia simravles gaaCnia simravles gaaCnia simravles gaaCnia beris Tviseba beris Tviseba beris Tviseba beris Tviseba 1E ----Si;Si;Si;Si;    

            3. yoveli borelis 3. yoveli borelis 3. yoveli borelis 3. yoveli borelis 2Z E⊂     simravlisaTvis simravlisaTvis simravlisaTvis simravlisaTvis ( )1f Z−
    

simravles gaaCnia beris Tviseba simravles gaaCnia beris Tviseba simravles gaaCnia beris Tviseba simravles gaaCnia beris Tviseba 1E ----Si.Si.Si.Si.    

            kerZod, yovel borelis kerZod, yovel borelis kerZod, yovel borelis kerZod, yovel borelis 1 2:f E E→     ggggadasaxvas gaaCnia adasaxvas gaaCnia adasaxvas gaaCnia adasaxvas gaaCnia 

beris Tviseba.beris Tviseba.beris Tviseba.beris Tviseba.    
        damtkicebis gareSe moviyvanoT Teoremebi, romlebic 
gamoiyeneba mTel rig situaciebSi. 

         Teorema 8. vTqvaT, Teorema 8. vTqvaT, Teorema 8. vTqvaT, Teorema 8. vTqvaT, 1E     da da da da 2E     polonuri sivrceebia. Tu polonuri sivrceebia. Tu polonuri sivrceebia. Tu polonuri sivrceebia. Tu 

gadasaxvagadasaxvagadasaxvagadasaxva    

( )( )2 1:    g X E X B E→ ∈     

aris inieqciuri da uwyveti, maSin aris inieqciuri da uwyveti, maSin aris inieqciuri da uwyveti, maSin aris inieqciuri da uwyveti, maSin ( )g X     borelis borelis borelis borelis 

simravlea simravlea simravlea simravlea 2E ----Si.Si.Si.Si.    

            Teorema 9. vTqvaT Teorema 9. vTqvaT Teorema 9. vTqvaT Teorema 9. vTqvaT X     da da da da Y     polonuri topologiuri polonuri topologiuri polonuri topologiuri polonuri topologiuri 

sivrceebissivrceebissivrceebissivrceebis    borelis simravleebia. Tu borelis simravleebia. Tu borelis simravleebia. Tu borelis simravleebia. Tu ( ) ( )card X card Y= , , , , 

maSin maSin maSin maSin X     da da da da Y     simravleebs Soris arsebobs borelis simravleebs Soris arsebobs borelis simravleebs Soris arsebobs borelis simravleebs Soris arsebobs borelis 
izomorfizmi.izomorfizmi.izomorfizmi.izomorfizmi.    

            magaliTi. magaliTi. magaliTi. magaliTi. Tu E     aris Tvladi topologiuri sivrce, 
romlis yoveli erTelementiani simravle aris Caketili 

simravle, maSin ( ) ( )B E P E= , sadac ( )P E  simboloTi 

aRniSnulia E  simravlis buleani. 

cxadia, rom 
1 1

0,1, , ,
2 3

X
 =  
 

⋯  da { }0,1, 2,N = ⋯  

simravleebi arian R  topologiuri sivrcis qvesivrceebi 

da yoveli :f X N→  gadasaxva aris borelis 

izomorfizmi.  

            vTqvaT, E  raime topologiuri sivrcea. sazogadod, 

( ) ( ) ( )B E E B E B E× ≠ × . 



 165

   Tu ganvixilavT namdvil ricxvTa RerZze gansazRvrul 
topologiur sivrces (ixileT, $10, magaliTi 3), maSin   

( ) ( ) ( )B R R B R B R× = × . 

   marTlac, advilia Cveneba imisa, rom 

( ) ( ) ( )B R B R B R R× ⊂ × . 

meores mxriv, Tu W  aris Ria simravle R R×  dekartul 

namravlSi, maSin arseboben ( ):nU n N∈  da ( ):nV n N∈  

Ria simravlebis mimdevrobebi R -dan, rom W  

warmoidgineba, rogorc gaerTianeba n nU V×  ( )n N∈  saxis 

simravleebisa. e. i.   

( ) ( ) ( )B R R B R B R× ⊂ × . 

   ufro zogadad, Tu mocemulia topologiur sivrceTa 

{ }:iE i I∈  ojaxi da i
i I

E E
∈

= ∏ , maSin  

( ) ( ) i
i I

B E B E
∈

⊂∏ , 

xolo Tu mocemulia topologiur sivrceTa Tvladi 

{ }:nE n N∈  ojaxi, sadac yovel ( )  nE n N∈  sivrces 

gaaCnia Ria simravleebis Tvladi baza, maSin 

( ) ( )= n
n N

B E B E
∈
∏ , 

sadac n
n N

E E
∈

= ∏ . 
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$16. simravlis funqcia. zoma rgolze$16. simravlis funqcia. zoma rgolze$16. simravlis funqcia. zoma rgolze$16. simravlis funqcia. zoma rgolze    

    
    

   vTqvaT, mocemulia sabaziso E  simravle da masze 

gansazRvruli simravleTa raime M  klasi.     

   simravleTa M  klasze gansazRvrul f  funqcias 

ewodeba simravlis funqcia. Tu ( )ran f R⊂ , maSin  f -s 

ewodeba simravlis namdvili funqcia. am SemTxvevaSic,  

rogorc yovelTvis, R -iT aRniSnulia yvela namdvil 
ricxvTa simravle,. 

   magaliTi 1.magaliTi 1.magaliTi 1.magaliTi 1. vTqvaT, M  aris yvelaSesaZlo 
marTkuTxedebis simravle sibrtyeze. Tu yovel 

marTkuTxeds M klasidan SevusabamebT mis farTobs, 
maSin miviRebT simravlis namdvil funqcias. 

   magaliTi 2. magaliTi 2. magaliTi 2. magaliTi 2. vTqvaT, M  aris namdvil ricxvTa RerZis 

yvelaSesaZlo ( ) ( ),   ,  a b a b ≠ ± ∞  saxis intervalTa 

klasi. Tu yovel intervals M  klasidan SevusabamebT am 
intervalis sigrZes, maSin miviRebT simravlis namdvil 
funqcias. 

   vTqvaT, sabaziso E  simravlis raime qvesimravleTa 

M  klasze gansazRvrulia namdvili funqcia  

:M Rµ → , 

romelic Rebulobs sasrul an usasrulo mniSvnelobebs. 
   µ  funqcias ewodeba aditiuri Tu Sesrulebulia 

Semdegi pirobebi: 

( ) ( )
( ) ( ) ( )

( & & &

                       ).

A B A M B M A B M A B

A B A Bµ µ µ

∀ ∀ ∈ ∈ ∪ ∈ ∩ = ∅ ⇒

⇒ ∪ = +
 

   µ  funqcias ewodeba sasrulad-aditiuri Tu M  

simravleTa klasis nebismieri sasruli diziunqtiuri 

{ }0 1 1, , , nM M M −⋯  simravleTa ojaxisaTvis, romelTa 

gaerTianeba ekuTvnis M -s, sruldeba toloba 
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( )
1 1

00
.

n n

k k
kk

M Mµ µ
− −

==

 
= ∑ 

 
∪  

   µ  funqcias ewodeba Tvladad-aditiuri anu         

σ -aditiuri, Tu M  simravleTa klasis nebismieri  

diziunqtiuri { }0 1 1, , , ,nM M M −⋯ ⋯  simravleTa 

mimdevrobisaTvis, romelTa gaerTianeba ekuTvnis M -s, 
sruldeba toloba 

( ).k k
k Nk N

M Mµ µ
∈∈

 
= ∑ 

 
∪  

   Tu Sesrulebulia Semdegi piroba: 

 k
n N

M M
∈

⊂ ∪  da ( )k k
k Nk N

M Mµ µ
∈∈

 
≤ ∑ 

 
∪ , 

maSin simravleTa µ  funqcias ewodeba Tvladad 

naxevrad-aditiuri. 
   µ  funqcias ewodeba monotonuri, Tu Sesrulebulia 
piroba 

( )( ) ( ) ( )( )& &X Y X M Y M X Y X Yµ µ∀ ∀ ∈ ∈ ⊂ ⇒ ≤ .   

   µ  funqcias ewodeba uwyveti qvemodan A M∈  

simravleze, Tu nebismieri simravleTa zrdadi 

mimdevrobisaTvis M -dan 

0 1 1nM M M −⊂ ⊂ ⊂ ⊂⋯ ⋯ , 

romlisTvisac lim n
n
M A= , sruldeba toloba   

( ) ( )lim .n
n

M Aµ µ=  

   µ -s ewodeba uwyveti zemodan A M∈  simravleze, Tu 

M  simravleTa klasis nebismieri klebadi   simravleTa 

mimdevrobisaTvis M -dan 
 

0 1 1nM M M −⊃ ⊃ ⊃ ⊃⋯ ⋯ , 
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romlisTvisac lim n
n
M A=  da Tundac erTi mainc       

n -saTvis ( )nMµ < ∞ , sruldeba toloba   

( ) ( )lim .n
n

M Aµ µ=  

   µ  funqcias ewodeba zubstraqciuli, Tu 

Sesrulebulia piroba 

( )( )
( ) ( ) ( ) ( )

( & & & \ &

& \ ).

X Y X M Y M X Y Y X M

X Y X Y Xµ µ µ µ

∀ ∀ ∈ ∈ ⊂ ∈

< ∞ ⇒ = −
 

   µ  funqcias ewodeba zoma Tu is gansazRvrulia 

romeliRac ℝ  rgolze, arauaryofiTia, Tvladad-

aditiuria da ( ) 0.µ ∅ =  

   radgan marTebulia  

 { } { }0 1 1

1

0

n

nk
k

M M M M
−

−
=

= ∪ ∪ ∪ ∪ ∅ ∪ ∅ ∪⋯ ⋯∪  

toloba, amitom ℝ  rgolze yoveli zoma sasrulad-
aditiuria. 

            magaliTi 3. magaliTi 3. magaliTi 3. magaliTi 3. vTqvaT, f  arauaryofiTi namdvili 

funqciaa, romelic gansazRvrulia raime M  simravleze   
da Rebulobs sasrul an usasrulo mniSvnelobebs.    

   vTqvaT, ℝ  aris rgoli, romelic Seicavs M  
simravlis yvelaSesaZlo sasrul qvesimravleebs. Semdegi 
pirobiT  gansazRvruli µ  funqcionali 

{ }( ) ( )0 1̀ 1

1

0
, , , n

n

k
k

x x x f xµ −

−

=
= ∑⋯  da ( ) 0µ ∅ =  

( )0 1 1, , , nx x x M− ∈⋯  

aris zoma ℝ  rgolze. 

   magaliTi 4.magaliTi 4.magaliTi 4.magaliTi 4. vTqvaT, f  aris namdvili erTi cvladis 

sasruli, zrdadi da uwyveti funqcia. maSin yvela 
marcxnidan Caketili da marjvnidan Ria intervalebis 
klasze Semdegi tolobiT gansazRvruli funqcionali  
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[ [( ) ( ) ( ),a b f b f aµ = −  

aris zoma (am SemTxvevaSi ℝ  rgoli warmoqmnilia  yvela 
marcxnidan Caketili da marjvnidan Ria intervalebis 
sasruli ojaxebis gaerTianebiT, ixileT, $9). 

   magaliTi 5.magaliTi 5.magaliTi 5.magaliTi 5. magaliTi 2 SeiZleba ganzogaddes 
nR  

( )n N∈  sivrceebisTvisac. kerZod, Tu davuSvebT, rom 
nR  

sivrceSi intervalebs aqvs saxe  

( ){ }0 1 1, , , : ,0 1n k k kI x x x a x b k n−= ≤ < ≤ ≤ −⋯ , 

maSin µ  zoma nR  sivrcis aseTi saxis intervalebis 

klasiT warmoqmnil rgolze ganisazRvreba Semdegi 
tolobiT:L 

( ) ( )
1

0

n

k k
k

I b aµ
−

=
= −∏ . 

   vTqvaT, sabaziso E  simravlis qvesimravleTa raime ℝ  
rgolze gansazRvrulia raime µ  zoma.  
   µ  zomas ewodeba sasruli, Tu nebismieri A∈ℝ  

simravlisaTvis, sruldeba ( )Aµ < +∞  utoloba. 

   µ zomas ewodeba σ-sasruli, Tu arsebobs { }:X i Ni ∈  

simravleTa Tvladi ojaxi E-dan iseTi, rom 

( )( ),i i N Xi∀ ∈ ⇒ ∈ℝ  

,i
i N

X E
∈

=∪  

( )( ( ) ).i i N Xiµ∀ ∈ ⇒ < +∞  

µ zomas ewodeba aranulovani (aratrivialuri, 
aragadagvarebuli), Tu  

( ) 0.Eµ ≠  

µ zomas ewodeba sruli, Tu Sesrulebulia piroba 

( )) ( )( )( ) & ( ) 0 ( )( .X X X Y Y X Yµ∀ ∈ = ⇒ ∀ ⊂ ⇒ ∈ℝ ℝ  

µ zomas ewodeba araatomuri, Tu  
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( )( & ( ) 0 ( )( & &

&0 ( ) ( ))).

X X X Y Y X Y

Y X

µ
µ µ

∀ ∈ > ⇒ ∃ ⊂ ∈

< <

ℝ ℝ
   

µ zomas ewodeba difuziuri, Tu Sesrulebulia 
piroba 

{ }( )( ) & & ( ) 0 .x x E x xµ∀ ∈ ∈ =ℝ  

µ zomas ewodeba albaTuri, Tu  
,E∈ℝ   ( ) 1.Eµ =  

   zomebTan dakavSirebul sxva gansazRvrebebs moviyvanT 
SemdgomSi saWiroebisamebr.   
    
    
    
    
    
    
    

$17. zomis Tvisebebi$17. zomis Tvisebebi$17. zomis Tvisebebi$17. zomis Tvisebebi    
    

  vTqvaT, E  sabaziso simravlea, xolo ℝ     aris    E -s 

qvesimravleTa raime rgoli, xolo µ  ki ℝ ----ze 

gansazRvruli zomaa. 

   moviyvanoT ℝ     rgolze    gansazRvruli    µ  zomis 

ZiriTadi Tvisebebi.  

   Teorema 1. simravleTa Teorema 1. simravleTa Teorema 1. simravleTa Teorema 1. simravleTa raime raime raime raime ℝ     rgolze gansazRvruli rgolze gansazRvruli rgolze gansazRvruli rgolze gansazRvruli 
zoma monotonuri da zubstraqciulia.zoma monotonuri da zubstraqciulia.zoma monotonuri da zubstraqciulia.zoma monotonuri da zubstraqciulia.    

   damtkiceba. radgan, nebismieri X ∈ℝ  da Y ∈ℝ  
simravleebisaTvis gvaqvs Tanafardoba 

( )& & & \ \ ,X Y X Y Y X Y X Y X∈ ∈ ⊂ ∈ ⇒ = ∪ℝ ℝ ℝ  

SevniSnoT, rom ( )\X Y X∩ = ∅ . zomis aditiurobis gamo 

gveqneba 

( ) ( ) ( )\Y X Y Xµ µ µ= + . 

saidanac miviRebT 

( ) ( ) ( )\Y X Y Xµ µ µ= − , 

rac niSnavs µ  zomis zubstraqciulobas.  
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   radgan ( )\ 0Y Xµ ≥ , amitom bolo tolobidan 

miviRebT 

( ) ( )X Yµ µ≤ . 

rac niSnavs µ  zomis monotonurobas. 
   Teorema damtkicebulia. 

   Teorema 2. simravleTa Teorema 2. simravleTa Teorema 2. simravleTa Teorema 2. simravleTa ℝ     rgolze gansazRvruli zoma rgolze gansazRvruli zoma rgolze gansazRvruli zoma rgolze gansazRvruli zoma 
aris simravlis Tvladad naxevradaris simravlis Tvladad naxevradaris simravlis Tvladad naxevradaris simravlis Tvladad naxevrad----aditiuri funqcia.aditiuri funqcia.aditiuri funqcia.aditiuri funqcia.    

            damtkiceba. vTqvaT, ℝ  rgolze gansazRvrulia µ  
zoma, 0 1 1, , , ,nA A A − ∈⋯ ⋯ ℝ  da k

k N

A A
∈

⊂ ∪  nebismieri 

simravlea. 

   ganvixiloT { }:kB k N∈  simravleTa mimdevroba     

ℝ -dan, romelic gansazRvrulia Semdegi wesiT: 

0 0

1

0
;   \k k

k

i
i

B A B A A
−

=
= = ∪ . 

   { }:kB k N∈  simravleTa ojaxis agebidan uSualod 

gamomdinareobs, rom es simravleTa ojaxi diziunqtiuria 

da k k
k N k N

A B
∈ ∈

=∪ ∪ . rac imas niSnavs, rom k
k N

A B
∈

⊂ ∪ . 

   cxadia, rom 

( ) ( )
k k

k N k N
A B A B A

∈ ∈
= ∩ = ∩∪ ∪ , 

( ),    k k k kB A B A B A k N∩ ∈ ∩ ⊂ ⊂ ∈ℝ . 

 
   zomis Tvladad-aditiurobisa da monotonurobis gamo 
miviRebT  

( ) ( ) ( ) ( ).k k k
k N k N k N

A B A B Aµ µ µ µ
∈ ∈ ∈

= ∩ ≤ ≤∑ ∑ ∑  

   amiT Teorema 2 damtkicebulia. 

   Teorema 3. vTqvaT, Teorema 3. vTqvaT, Teorema 3. vTqvaT, Teorema 3. vTqvaT, { }nA     aris aris aris aris ℝ     rgolis  rgolis  rgolis  rgolis  

diziunqtiuri simravleTa sasruli an usasrulo diziunqtiuri simravleTa sasruli an usasrulo diziunqtiuri simravleTa sasruli an usasrulo diziunqtiuri simravleTa sasruli an usasrulo 

mimdevroba  da mimdevroba  da mimdevroba  da mimdevroba  da A∈ℝ     nebismieri simravlea, nebismieri simravlea, nebismieri simravlea, nebismieri simravlea, 
romlisTvisac sruldeba CarTvaromlisTvisac sruldeba CarTvaromlisTvisac sruldeba CarTvaromlisTvisac sruldeba CarTva    
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n
n

A A⊂∪ ....    

            Tu Tu Tu Tu µ     aris simravleTa aris simravleTa aris simravleTa aris simravleTa ℝ     rgrgrgrgolze gansazRvruli olze gansazRvruli olze gansazRvruli olze gansazRvruli 

zoma, maSin zoma, maSin zoma, maSin zoma, maSin     

( ) ( )n
n

A Aµ µ≤∑ ....    

            damtkiceba. Tu  { }nA     simravleTa ojaxi sasrulia, 

maSin n
n

A ∈ℝ∪  da, Sesabamisad, 

( ) ( )n n
n n

A A Aµ µ µ 
= ≤∑  

 
∪ . 

   Tu mocemuli { }nA     simravleTa ojaxi    Tvladia, maSin 

bolo utolobaSi gadavideT zRvarze, roca n→ ∞  da 
miviRebT sasurvel utolobas. 
   Teorema 4. zoma aris qvemodan uwyveti funqcia Teorema 4. zoma aris qvemodan uwyveti funqcia Teorema 4. zoma aris qvemodan uwyveti funqcia Teorema 4. zoma aris qvemodan uwyveti funqcia 
gansazRvris aris nebismier elementze.gansazRvris aris nebismier elementze.gansazRvris aris nebismier elementze.gansazRvris aris nebismier elementze.    
            damtkiceba. vTqvaT, sabaziso sivrcis qvesimravleTa 

raime ℝ  rgolze gansazRvrulia µ  zoma, A∈ℝ  da 

{ }nA     aris ℝ  rgolis elementTa iseTi zrdadi 

mimdevroba, rom 

lim .n
n

A A
→∞

=  

cxadia, rom  

n
n N

A A
∈

= ∪ . 

   ganvixiloT simravleTa diziunqtiuri ( )1 \n nA A+  

( )n N∈  mimdevroba da A  simravle warmovadginoT 

gaerTianebis saxiT 

( )1 \n n
n N

A A A+
∈

= ∪ . 

   miviReT A  simravlis daSla, Tanac yoveli Sesakrebi 

1 \   ( 0,1, )n nA A n+ = ⋯  ekuTvnis ℝ  rgols. 
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   radgan ( )1 1
0

\n

n

n n
k

A A A+ +
=

= ∪ , amitom miviRebT 

( ) ( ) ( ) ( )

( ) ( ) ( )

1 1

1
0

\

    lim lim .

n n n n
n N n N

k

n n k
k kn

A A A A A

A A A

µ µ µ µ

µ µ µ

+ +
∈ ∈

+
→∞ →∞=

   = = − =∑ ∑   

 = − =∑  

 

   SevniSnoT, rom zomis zubstraqciulobis gamoyenebis 
dros saWiroa moTxovna imisa, rom saTanado simravleebi 

sasruli zomisaa. Tu erTi mainc nA  ( )n N∈  simravle 

usasrulo zomisaa, maSin Teorema advilad mtkicdeba 
zomis monotonurobis gaTvaliswinebiT. 
   amiT Teorema 4 damtkicebulia. 
   Teorema 5.Teorema 5.Teorema 5.Teorema 5.    zoma aris zemodan uwyveti zoma aris zemodan uwyveti zoma aris zemodan uwyveti zoma aris zemodan uwyveti funqcia funqcia funqcia funqcia 
gansazRvris aris nebismier elementze.gansazRvris aris nebismier elementze.gansazRvris aris nebismier elementze.gansazRvris aris nebismier elementze.    

   damtkiceba. vTqvaT, raime ℝ  rgolze gansazRvrulia 

µ  zoma, A∈ℝ  da { }nA     aris ℝ  rgolis elementTa 

iseTi klebadi mimdevroba, rom 

lim .n
n

A A
→∞

=  

   cxadia, rom  

n
n N

A A
∈

= ∩ . 

   vigulisxmoT, rom ( )mAµ < ∞ . aseve cxadia, rom 

mA A⊂ , saidanac miviRebT ( ) ( )mA Aµ µ≤  utolobas. 

radgan ( )\ :m nA A n m≥  zrdadi mimdevrobaa, amitom 

zomis zubstraqciulobis Tvisebidan gamomdinare 
miviRebT 
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( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( )

\ \ lim

lim \ lim \

lim lim ,

m m m n
n

m n m n
n n

m n m n
n n

A A A A A A

A A A A

A A A A

µ µ µ µ

µ µ

µ µ µ µ

→∞

→∞ →∞

→∞ →∞

− = = =

 = = =  

 = − = − 

 

saidanac gamomdinareobs, rom  

( ) ( )lim .n
n

A Aµ µ
→∞

=  

   ( )mAµ < ∞  pirobis moTxovna dagvWirda imitom, rom 

gamogveyenebina zomis zubstraqciulobis Tviseba. im 

SemTxvevaSi roca ( ) ( )( )nn n N Aµ∀ ∈ ⇒ = ∞  damtkiceba 

iqneba analogiuri, mxolod im gansxvavebiT, rom 

msjeloba iwarmoebs ( )\nA A  simravleTa klebadi 

mimdevrobisaTvis, romlis zRvaria ∅ . 
   Teorema damtkicebulia. 

   Teorema 6. vTqvaT, Teorema 6. vTqvaT, Teorema 6. vTqvaT, Teorema 6. vTqvaT, ℝ     rgolze gansazRvrulia rgolze gansazRvrulia rgolze gansazRvrulia rgolze gansazRvrulia 
sasruli, arauaryofiTi da aditiuri funqcia sasruli, arauaryofiTi da aditiuri funqcia sasruli, arauaryofiTi da aditiuri funqcia sasruli, arauaryofiTi da aditiuri funqcia µ . maSin . maSin . maSin . maSin 

Semdegi pirobebi eqvivalenturia:Semdegi pirobebi eqvivalenturia:Semdegi pirobebi eqvivalenturia:Semdegi pirobebi eqvivalenturia:    

            (1) (1) (1) (1) µ     funqcia qvemodan uwyvetia funqcia qvemodan uwyvetia funqcia qvemodan uwyvetia funqcia qvemodan uwyvetia ℝ ----is nebismier is nebismier is nebismier is nebismier 

elementze;elementze;elementze;elementze;    

            (2) (2) (2) (2) µ     funqcia zemodan uwyvetia funqcia zemodan uwyvetia funqcia zemodan uwyvetia funqcia zemodan uwyvetia ∅         simravleze;simravleze;simravleze;simravleze;    

            (3) (3) (3) (3) µ     aris zoma.aris zoma.aris zoma.aris zoma.    

            damtkiceba. davamtkicoT, rom (1)⇒ (2). vTqvaT, { }nA     

aris ℝ  rgolis simravleTa nebismieri iseTi klebadi 
mimdevroba, rom 

lim .n
n

A
→∞

= ∅  

   cxadia, rom n
n N

A
∈

= ∅∩ , amitom Tu A∈ℝ , maSin 

( )\ nA A  simravleTa mimdevroba zrdadia da Tanac 
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( )lim \ .n
n

A A A
→∞

=  

   (1) Tvisebis gamo gveqneba 

( ) ( ) ( ) ( ) ( ) ( )lim \ lim limn n n
n n n

A A A A A A Aµ µ µ µ µ µ
→∞ →∞ →∞

 = = − = − 
, 

e. i.  

( )lim 0.n
n

Aµ
→∞

=  

   SevniSnoT, rom µ  zomis aditiuroba da sasruloba 
aucilebelia Semdegi tolobis marTebulobis 
CvenebisaTvis 

( ) ( ) ( )\ n nA A A Aµ µ µ= − . 

   mocemuli zomis aditiurobisagan agreTve 

gamomdinareobs, rom nebismieri A∈ℝ  simravlisaTvis  
( ) ( ) ( ) ( )A A Aµ µ µ µ= ∪∅ = + ∅ , 

saidanac miviRebT, rom ( ) 0.µ ∅ =  

   (2)⇒ (3). vTqvaT, µ  zoma zemodan uwyvetia ∅  

simravleze. maTematikuri induqciis meTodis gamoyenebiT 
advilia Cveneba imisa, rom  µ  zomis aditiurobidan 
gamomdinareobs µ  zomis sasrulad aditiuroba. 

   vTqvaT,  { }nA     aris ℝ  rgolis simravleTa iseTi 

diziunqtiuri mimdevroba, rom n
n N

A A
∈

= ∈ℝ∪ . 

ganvixiloT ℝ  rgolis elementTa { }nB  mimdevroba, 

sadac 
0

\ .
n

n k
k

B A A
=

= ∪  cxadia, rom { }nB  simravleTa 

mimdevroba klebadia da lim .n
n

B
→∞

= ∅  radgan 

0

n

k n
k

A A B
=

 
= ∪ 
 
∪ , 

amitom 
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( ) ( )
0

n

k n
k

A A Bµ µ µ
=

 
= + 

 
∪ . 

   Tu bolo tolobaSi gadavalT zRvarze, roca n→ ∞  
miviRebT, rom 

( ) ( ) ,k
n N

A Aµ µ
∈

= ∑  

rac niSnavs µ  funqciis Tvladad aditiurobas. e.i. µ  
zomaa. 
   rac Seexeba (3)⇒ (1) implikacia gamomdinareobs 
Teorema 4-dan. 
   amiT Teorema 6 damtkicebulia. 

   SeniSvna. SeniSvna. SeniSvna. SeniSvna. ganvixiloT racionalur ricxvTa Q  

simravlis qvesimravle, romlebic moTavsebulia [ ]0,1  

segmentze da aRvniSnoT is 0Q -iT. vTqvaT,     

Ξ ={ }0: &x x Q a x b∈ ≤ < , sadac 0,a b Q∈  da 0 1a b≤ ≤ ≤ . 

SevniSnoT, rom Ξ  simravleTa klasi aris naxevarrgoli.  

   simravleTa funqcia µ , gansazRvruli Ξ  simravleTa 

klasze Semdegi tolobiT 

{ }( ):x a x b b aµ ≤ < = −  

aris sasrulad-aditiuri, uwyvetia rogorc zemodan, aseve 
qvemodan, magram  µ  ar aris Tvladad-aditiuri. es 
niSnavs, rom Teorema 6 ar aris marTebuli 
naxevarrgolebisaTvis. 

            Teorema 7. vTqvaT, Teorema 7. vTqvaT, Teorema 7. vTqvaT, Teorema 7. vTqvaT, ℝ     rgolze gansazRvrulia rgolze gansazRvrulia rgolze gansazRvrulia rgolze gansazRvrulia µ     zoma. zoma. zoma. zoma. 

Tu Tu Tu Tu 0 1 1nM M M −⊂ ⊂ ⊂ ⊂⋯ ⋯     simravleTa zrdadi simravleTa zrdadi simravleTa zrdadi simravleTa zrdadi 

mimdevrobaa mimdevrobaa mimdevrobaa mimdevrobaa ℝ ----dan da dan da dan da dan da lim n
n
M ∈ℝ , maSin   , maSin   , maSin   , maSin       

( ) ( )lim limn n
n n
M Mµ µ= ....    

   damtkiceba. davuSvaT, rom 0M = ∅ . maSin 
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( ) ( )

( ) ( )

( ) ( )

1

1

1 1
0

1

1
1

lim \

\ lim \

lim \ lim .

n
n

n

n
n n

n k k
n N k N

n

k k k k
k N k

n

k k
k

M M M M

M M M M

M M M

µ µ µ

µ µ

µ µ

+∈ ∈

−

+ +∈ =

−

+
=

  = = =   
   

= = =∑ ∑

 = = 
 

∪ ∪

∪

 

amiT Teorema damtkicebulia. 

   Teorema 8.Teorema 8.Teorema 8.Teorema 8. vTqvaT, vTqvaT, vTqvaT, vTqvaT, ℝ     rgolze gansazRvrulia rgolze gansazRvrulia rgolze gansazRvrulia rgolze gansazRvrulia µ     zoma zoma zoma zoma 

da da da da 0 1 1nM M M −⊃ ⊃ ⊃ ⊃⋯ ⋯     aris simravleTa klabadi aris simravleTa klabadi aris simravleTa klabadi aris simravleTa klabadi 

mimdevrobaa mimdevrobaa mimdevrobaa mimdevrobaa ℝ ----dan, romelTagan erTs mainc dan, romelTagan erTs mainc dan, romelTagan erTs mainc dan, romelTagan erTs mainc µ ----s mimarT s mimarT s mimarT s mimarT 

gaaCnia sasruli zomagaaCnia sasruli zomagaaCnia sasruli zomagaaCnia sasruli zoma....        Tu  Tu  Tu  Tu  lim n
n
M ∈ℝ , maSin   , maSin   , maSin   , maSin       

( ) ( )lim limn n
n n
M Mµ µ= ....    

            damtkiceba. Tu ( )mMµ < ∞ , maSin yoveli n m≥  

ricxvisaTvis sruldeba piroba ( ) ( )n mM Mµ µ≤ < ∞  da 

amitom ( )lim .n
n
Mµ < ∞   

   cxadia, rom { }\ :m nM M n m≥  mimdevroba aris zrdadi 

da amitom wina Teoremis gamoyenebiT miviRebT 

( ) ( ) ( ) ( )( )
( ) ( ) ( )( )

( ) ( )

lim \ lim lim \

lim \ lim

lim .

m n m n m n
n n n

m n m n
n n

m n
n

M M M M M M

M M M M

M M

µ µ µ µ

µ µ µ

µ µ

− = = =

= = − =

= −

 

   radgan pirobis Tanaxmad ( )mMµ < ∞ , amitom Teorema 

damtkicebulia. 
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$18. zomis gagrZelebis amocana. sabaziso $18. zomis gagrZelebis amocana. sabaziso $18. zomis gagrZelebis amocana. sabaziso $18. zomis gagrZelebis amocana. sabaziso 
simravlis qvesimravleTa naxevarrgolze simravlis qvesimravleTa naxevarrgolze simravlis qvesimravleTa naxevarrgolze simravlis qvesimravleTa naxevarrgolze 

gansazRvruli simravlis arauaryofiTi TvladadgansazRvruli simravlis arauaryofiTi TvladadgansazRvruli simravlis arauaryofiTi TvladadgansazRvruli simravlis arauaryofiTi Tvladad----
aditiuri aditiuri aditiuri aditiuri funqciis gagrZeleba am naxevarrgoliT funqciis gagrZeleba am naxevarrgoliT funqciis gagrZeleba am naxevarrgoliT funqciis gagrZeleba am naxevarrgoliT 

warmoqmnil rgolze gansazRvrul zomamdewarmoqmnil rgolze gansazRvrul zomamdewarmoqmnil rgolze gansazRvrul zomamdewarmoqmnil rgolze gansazRvrul zomamde    
        

    

   vTqvaT, ℜ µ  da ℜν  arian sabaziso E  simravlis 

qvesimravleTa raime klasebi, romlebzedac Sesabamisad 
gansazRvrulia simravlis arauaryofiTi, aditiuri µ  da 
ν  funqciebi. µ  funqcias ewodeba ν  funqciis 

gagrZeleba, Tu  ℜν ⊂ ℜ µ  da yoveli A∈ℜν  

simravlisaTvis adgili aqvs tolobas 

( ) ( ).A Aµ ν=  

   sazogadod zomis gagrZelebis amocana aris erT-erTi 
umniSvnelovanesi zomis TeoriisaTvis da ara marto 
misTvis. am sakiTxis aqtualobaze miuniSnebs 
elementaluri geometriis Zireuli sakiTxi figuraTa 
farTobis gamoTvlis Sesaxeb. Tavdapirvelad ganixileba 
marTkuTxedis farTobis gamoTvlis wesi, Semdeg ki es 
wesi zogaddeba sxvadasxva mravalkuTxedebisaTvis, Semdeg 
ki iseTi geometriuli figurebisaTvis, rogoricaa wre da 
misi nawilebi da a. S. 
   bunebrivad ismeba amocana imis Sesaxeb, rom yovelTvis 
SesaZlebelia Tu ara simravleTa raime klassze 
gansazRvruli zomis gagrZeleba da Tu es SesaZlebelia, 
aris Tu ara is erTaderTi. 
  am SekiTxvebze pasuxi sazogadod uaryofiTia. amis 
sailustraciod moviyvanoT magaliTebi. 

   magaliTi 1.magaliTi 1.magaliTi 1.magaliTi 1. vTqvaT, M  simravleTa klasi Sedgeba sami 

,  A B  da C  aracarieli simravlisagan, romlebic 

akmayofileben Semdeg pirobebs:  

,  ,  A C B C A B⊂ ⊂ ∩ = ∅ .  

simravleTa M  klasze ganvsazRvroT µ  zoma pirobiT: 

( ) ( ) ( ) 1A B Cµ µ µ= = = . 
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   davuSvaT, rom ν  aris µ  zomis gagrZeleba. maSin 
gvaqvs 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

2,

1.

A B A B A B

A B C C

ν ν ν µ µ

ν ν µ

∪ = + = + =

∪ ≤ = =
 

   miviReT winaaRmdegoba. 
   e. i. ν  ar aris µ  zomis gagrZeleba. 
   magaliTi 2.magaliTi 2.magaliTi 2.magaliTi 2. vTqvaT, M  simravleTa klasi Sedgeba 

iseTi ori A  da B  simravlisagan, rom 

,  \ ,  \A B A B B A∩ ≠ ∅ ≠ ∅ ≠ ∅ . simravleTa M  klasze 

ganvsazRvroT µ  zoma pirobiT: ( ) ( ) 1.A Bµ µ= =  

   M  simravleTa klasiT warmoqmnili minimaluri 
rgoli Sedgeba elementebisagan: 

,  ,  ,  ,  ,  \ ,  \ ,  A B A B A B A B B A A B∅ ∪ ∩ △ . 

   davuSvaT, rom 

( )

0,          ;

1,          ;

,         ;

2 ,   ;

1 ,    \ \ ;

2 2 ,  ,

C

C A C B

C A B
C

C A B

C A B C B A

C A B

α
ν

α
α
α

= ∅
 = ∨ =
 = ∩

= 
− = ∪

 − = ∨ =


− = △

 

sadac [ ]0,1α ∈ . advilia Semowmeba imisa, rom ν  aris 
zoma. is warmoadgens gamosavali µ  zomis gagrZelebas, 
magram α  sxvadasxva mniSvnelobisaTvis vRebulobT 
gansxvavebul gagrZelebebs. 
   e. i. mocemuli µ  zomis gagrZeleba ar aris 

erTaderTi. 

            axla vTqvaT, Ξ   aris E  sabaziso simravlis 
qvesimravleTa naxevarrgoli, romelzec gansazRvrulia 
arauaryofiTi, Tvladad-aditiuri funqcia µ . rogorc 
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viciT, yoveli ( )A∈ Ξℝ  elementi warmoidgineba Semdegi 

saxiT 
1

0

m

k
k

A A
−

=
= ∪ , 

sadac  

( )( )0 1 &k k jk k m A A A∀ ≤ ≤ − ⇒ ∈Ξ ∩ = ∅ , 

nebismieri 0 1&j m j k≤ ≤ − ≠  naturaluri ricxvisaTvis. 

   ganvsazRvroT ( )Ξℝ  rgolze simravlis funqcia µ  
Semdegi formuliT: 

( ) ( )
1

0

n

k
k

A Aµ µ
−

=
= ∑ . 

   vaCvenoT, µ  funqciis gansazRvris koreqtuloba. 

   Tu 
1

0

n

i
i

A B
−

=
= ∪  aris ( )A∈ Ξℝ  elementis sxva 

warmodgena Ξ  naxevarrgolis elementebis diziunqtiuri 
ojaxis gaerTianebis saxiT, maSin cxadia, rom 
Sesruldeba Semdegi tolobebi: 

 
 

 

( ) ( )
1

0
0 1 ;

m

i k i
k

i i n B A B
−

=

 
∀ ≤ ≤ − ⇒ = ∩ 

 
∪  

( ) ( )
1

0
.

n

k k i
i

A A Bµ µ
−

=
= ∩∑  

   saidanac uSualod gamomdinareobs, rom 

( ) ( ) ( ) ( )
1 1 1 1 1 1

0 0 0 0 0 0
,

m m n n m n

k k i k i i
k k i i k i

A A B A B Bµ µ µ µ
− − − − − −

= = = = = =
= ∩ = ∩ =∑ ∑ ∑ ∑ ∑ ∑  

 

( ) ( )
1

0
0 1 ;

n

k k i
i

k k m A A B
−

=

 
∀ ≤ ≤ − ⇒ = ∩ 

 
∪
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e. i.  

( ) ( )
1 1

0 0

m n

k i
k i

A Bµ µ
− −

= =
=∑ ∑ , 

rac niSnavs µ  funqciis gansazRvris koreqtulobas. 

   advili dasanaxia, rom µ  aris µ  funqciis 

gagrZeleba da arauaryofiTia. imisaTvis, rom µ  iyos 

zoma saWiroa davamtkicoT, rom µ  Tvladad-aditiuria. 
   vTqvaT, ( )C∈ Ξℝ  da m

m N

C C
∈

= ∪ , sadac { }:mC m N∈  

simravleTa ojaxi aris ( )Ξℝ -s elementTa diziunqtiuri 

mimdevroba. ganvixiloT ori SemTxveva: 

   1) C∈Ξ . 
   am SemTxvevaSi yoveli m N∈  naturaluri 
ricxvisaTvis adgili aqvs warmodgenas 

( )
0

rm m
m i

i

C D
=

= ∪ , 

sadac { }: 0m
i mD i r≤ ≤  simravleTa ojaxi aris Ξ  

naxevarrgolis elementTa diziunqtiuri ojaxis sasruli 
mimdevroba. amitom 

( ) ( )( )
0

rm m
m i

i

C Dµ µ
=

= ∑ , 

saidanac miviRebT 

( ) ( )( ) ( )
0

.
rm m

i m
m N i m N

C D Cµ µ µ
∈ = ∈

= =∑ ∑ ∑  

   vinaidan ( ) ( )C Cµ µ= , amitom 

( ) ( ).m
m N

C Cµ µ
∈

= ∑  

   2) ( ) \C∈ Ξ Ξℝ  da  m
m N

C C
∈

= ∪ . 
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   am SemTxvevaSi erTis mxriv, C  simravlisaTvis adgili 
aqvs warmodgenas 

1

0

n

j
j

C F
−

=
= ∪ , 

sadac { }: 0 1jF j n≤ ≤ −  simravleTa ojaxi aris Ξ  

naxevarrgolis elementTa iseTi diziunqtiuri sasruli 
mimdevroba, rom 

        ( )
1

0

n

m m j
j

C C F
−

=
= ∩∪ ,      ( )j m j

m N

F C F
∈

= ∩∪ , 

( ) ( )j m j
m N

F C Fµ µ
∈

= ∩∑ . 

meores mxvriv, gvaqvs 

( ) ( ) ( )

( ) ( )

1 1

0 0

1

0
.

n n

j m j
j j m N

n

m j m
m N j m N

C F C F

C F C

µ µ µ

µ µ

− −

= = ∈

−

∈ = ∈

= = ∩ =∑ ∑ ∑

= ∩ =∑ ∑ ∑

 

e. i. µ  funqcia Tvladad-aditiuria da Sesabamisad is 
aris zoma ( )Ξℝ -ze.  

 
    
    

$19. mocemul zomasTan inducirebuli $19. mocemul zomasTan inducirebuli $19. mocemul zomasTan inducirebuli $19. mocemul zomasTan inducirebuli gare da gare da gare da gare da 
Siga zomebiSiga zomebiSiga zomebiSiga zomebi 

    

   vTqvaT, ℝ  aris E  sabaziso simravlis qvesimravleTa 
raime rgoli da µ  aris ℝ -ze gansazRvruli zoma. 
vigulisxmoT, rom E  sabaziso simravle ifareba  ℝ  
rgolis elementTa mimdevrobiT.  

   nebismieri A E⊂  simravlisaTvis ganvsazRvroT 
ricxvi 
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( ) ( )inf n
n N

A Aµ µ∗

∈

 
= ∑ 

 
, 

sadac qveda sazRvari aiReba ℝ  rgolis elementTa iseTi 

yvelaSesaZlo { }nA  mimdevrobebis mimarT, rom 

n
n N

A A
∈

⊂ ∪ . anu, ( )Aµ∗
 ganisazRvreba, rogorc 

( )n
n N

Aµ
∈
∑  saxis jamebis qveda sazRvari, sadac { }nA  

simravleTa mimdevrobebi ℝ -dan aiReba ise, rom n
n N

A
∈
∪  

Seicavdes A -s. 

   aseTnairad gansazRvrul µ∗
 funqcias ewodeba µ  

zomiT warmoqmnili an µ  zomiT inducirebuli 

(asocirebuli) gare zoma.  

   Teorema 1.  Teorema 1.  Teorema 1.  Teorema 1.  µ∗
    funqcia Tvladad naxevradfunqcia Tvladad naxevradfunqcia Tvladad naxevradfunqcia Tvladad naxevrad----aditiuria aditiuria aditiuria aditiuria 

da warmoadgens  da warmoadgens  da warmoadgens  da warmoadgens  µ     zomis gagrZelebas. Tu zomis gagrZelebas. Tu zomis gagrZelebas. Tu zomis gagrZelebas. Tu µ     aris aris aris aris                 

σ ----sasruli zoma, maSin  sasruli zoma, maSin  sasruli zoma, maSin  sasruli zoma, maSin  µ∗
    agreTve aris simravlis agreTve aris simravlis agreTve aris simravlis agreTve aris simravlis                     

σ ----sasruli funqcia.sasruli funqcia.sasruli funqcia.sasruli funqcia.    

   damtkiceba. µ∗
 funqciis gansazRvrebidan uSualod 

gamomdinareobs:  

a) ( ) 0µ∗ ∅ = ;  

b) Tu A∈ℝ , maSin ( ) ( )A Aµ µ∗ = . 

   SevniSnoT, rom gare zomis a) Tvisebaze xazgasma ar 

iyo aucilebeli, radgan yoveli rgoli Seicavs ∅  

simravles, xolo b) winadadeba ki niSnavs, rom µ∗
 aris 

µ  zomis gagrZeleba. 
   axla vTqvaT, 

i
i N

Y Y
∈

= ∪ , 
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sadac ( )Y P E∈  da ( ) ( )( ).ii i N Y P E∀ ∈ ⇒ ∈  

   vTqvaT, 0ε >  nebismieri ricxviada ℝ  aris sabaziso 

E  simravlis buleaniT warmoqmnili rgoli. yoveli 

i N∈  naturaluri ricxvisaTvis arsebobs iY  simravlis 

dafarva ℝ  rgolis elementTa iseTi 
( ){ }:i
jY j N∈  

mimdevrobiT da µ∗
 gare zomis gansazRvrebidan 

gamomdinareobs, rom 

( )( ) ( )
2

i
j i i

j N

Y Y
ε

µ µ
∈

∗< +∑ . 

   cxadia, rom ormagi ojaxi 
( ){ }:i
jY i N j N∈ ∧ ∈  aris Y  

simravlis dafarvac ℝ -is elementebiT. amitom isev gare 
zomis gansazRvrebis Tanaxmad gveqneba 

( ) ( )( ) ( ) ( )
2

i
j i ii

j N i N i Ni N

Y Y Y Y
ε

µ µ µ µ ε∗

∈ ∈ ∈∈

 ∗ ∗≤ < + = +∑ ∑ ∑ 
 

∑ . 

e. i.  

( ) ( ).i
i N

Y Yµ µ∗

∈

∗≤ ∑  

es niSnavs, rom µ∗
 funqcia Tvladad naxevrad-aditiuria. 

   axla davamtkicoT, rom Tu µ  zoma σ -sasrulia, maSin 

µ∗
 funqciac σ -sasrulia. 

   vTqvaT, ( )Y P E∈ . maSin arsebobs Y  simravlis 

Tvladi dafarva ( )P E  buleaniT warmoqmnili ℝ  

rgolis elementebiT. davuSvaT, rom i
i N

Y Y
∈

⊂ ∪ . meores 

mxvriv, µ  zomis σ -sasrulobidan gamomdinareobs, rom 

yoveli i N∈  indeqsisaTvis arsebobs iY  simravlis iseTi 
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Tvladi dafarva ℝ  rgolis 
( ){ }:i
jY j N∈  elementebiT, 

rom 

( ) ( )( )( ).i
jj j N Yµ∀ ∈ ⇒ < +∞  

   amgvarad, 
( )i
j

i N j N

Y Y
∈ ∈

⊂ ∪ ∪ , sadac 
( )( )i
jYµ∗ < +∞ . 

   amiT Teorema 1 damtkicebulia. 

            Teorema 2. vTqvaT, Teorema 2. vTqvaT, Teorema 2. vTqvaT, Teorema 2. vTqvaT, A     da da da da B         bazisuri bazisuri bazisuri bazisuri E         simravlis  simravlis  simravlis  simravlis  

iseTi qvesimravleebia, rom iseTi qvesimravleebia, rom iseTi qvesimravleebia, rom iseTi qvesimravleebia, rom ( )Aµ∗ < +∞     an an an an ( )Bµ∗ < +∞ . . . . 

maSinmaSinmaSinmaSin    

( ) ( ) ( ).A B A Bµ µ µ∗ ∗ ∗− ≤ △     

   damtkiceba. davuSvaT, rom ( ) ( )B Aµ µ∗ ∗≤  da  

( ) .Aµ∗ < +∞  

   vinaidan adgili aqvs CarTvas 

( ) ( )A A B B∅ ⊂ ∪ ∅△ △ △ , 

amitom gvaqvs utoloba 

( ) ( ) ( )A A B Bµ µ µ∗ ∗ ∗≤ +△ ,  

saidanac miviRebT 

( ) ( ) ( )A B A Bµ µ µ∗ ∗ ∗− ≤ △ . 

   Tu gaviTvaliswinebT Cvens daSvebas sabolood 
miviRebT Teoremis damtkicebas. 

            Teorema 3. sabaziso Teorema 3. sabaziso Teorema 3. sabaziso Teorema 3. sabaziso E     simravlis nebismieri simravlis nebismieri simravlis nebismieri simravlis nebismieri 

1 2 1 2,  ,  ,  A A B B     simravleebisaTvis adgili aqvs Semdeg simravleebisaTvis adgili aqvs Semdeg simravleebisaTvis adgili aqvs Semdeg simravleebisaTvis adgili aqvs Semdeg 

damokidebulebebs:damokidebulebebs:damokidebulebebs:damokidebulebebs: 

( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )

1 2 1 2 1 1 2 2

1 2 1 2 1 1 2 2

1 2 1 2 1 1 2 2

;

;

\ \ .

A A B B A B A B

A A B B A B A B

A A B B A B A B

µ µ

µ µ

µ µ

∗ ∗

∗ ∗

∗ ∗

∪ ∪ ≤ ∪

∩ ∩ ≤ ∪

≤ ∪

△ △ △

△ △ △

△ △ △
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   es utolobebi uSualod gamomdinareobs simravleTa 
Soris martivi damokidebulebebidan, romelTa gaazreba 
migvindia mkiTxvelTaTvis. 

   vTqvaT, mocemulia E  sabaziso simravlis 

qvesimravleTa raime ℝ  rgolze gansazRvruli µ  zoma. 
nebismieri A E⊂  qvesimravlisaTvis  

( )
( )

( ){ }sup
C A
C

A Cµ µ∗
⊂
∈

=

ℝS

 

tolobiT gansazRvrul ricxvs ewodeba A  simravlis 
Siga zoma inducirebuli (asocirebuli) µ  zomasTan da 
aRiniSneba µ∗  simboloTi. 

   advili dasanaxia, rom  µ∗  Siga zomas gaaCnia Semdegi 

Tvisebebi: 

   1. ( ) 0;µ∗ ∅ =  

   2. Tu ( )A∈ ℝS , maSin ( ) ( );A Aµ µ∗ =  

   3. ( ) ( ) ( )( );A A E A Aµ µ∗
∗∀ ⊂ ⇒ ≤  

   4. µ∗  aris simravlis monotonuri funqcia, e. i. 

( ) ( ) ( ) ( )( )& &A B A E B E A B A Bµ µ∗ ∗∀ ∀ ⊂ ⊂ ⊂ ⇒ ≤ ; 

   vTqvaT, ℝ  aris E  sabaziso simravlis qvesimravleTa 

raime rgoli da µ  aris ℝ -ze gansazRvruli zoma.  
   sabaziso E  simravlis nebismieri A  qvesimravlis 

zomadi ( µ  zomis mimarT) garsi ewodeba iseT B A⊃  

borelis simravles, rom sruldeba Semdegi piroba: 

( ) ( ) ( )( )& \ 0D D D B A Dµ∀ ∈ ⊂ ⇒ =ℝS . 

   sxva sityvebiT rom vTqvaT, A  simravlis zomadi garsi 
aris zomis TvalsazrisiT umciresi borelis simravle, 

romelic Seicavs A -s.    
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   E  sabaziso simravlis A  qvesimravlis zomadi ( µ  
zomis mimarT) birTvi ewodeba iseT C  borelis 
simravles, romelic akmayofilebs Semdeg pirobas: 

( ) ( ) ( ) ( )( )& & \ 0 .C A D D D A C Dµ⊂ ∀ ∈ ⊂ ⇒ =ℝS  

   sxva sityvebiT rom vTqvaT, A  simravlis zomadi 
birTvi aris zomis TvalsazrisiT udidesi borelis 

simravle, romelic ekuTvnis A  simravles. 
   moviyvanoT Siga zomis kidev erTi Tviseba. 

   5. Tu { }:kA k N∈  aris E  sabaziso simravlis 

qvesimravleTa diziunqtiuri ojaxi, maSin 

( ).k k
k N k N

A Aµ µ∗ ∗
∈ ∈

 
≥ 

 
∑∪  

   marTlac, vTqvaT, yoveli k N∈  naturaluri 

ricxvisaTvis  kC  aris kA  simravlis zomadi birTvi. 

maSin: 

( ) ( )

( ) ( )

,

.

k k

k k k
k Nk N k N

k k
k N k N

A C

A C C

C A

µ µ

µ µ µ

µ µ

∗

∗
∈∈ ∈

∗ ∗
∈ ∈

=

 
= = = 

 

   
= ≤   

   

∑ ∑ ∪

∪ ∪

 

            Teorema 4. nebismieri Teorema 4. nebismieri Teorema 4. nebismieri Teorema 4. nebismieri A E⊂     qvesimravlisaTvis qvesimravlisaTvis qvesimravlisaTvis qvesimravlisaTvis 

arsebobs arsebobs arsebobs arsebobs C     zomadi birTvi da zomadi birTvi da zomadi birTvi da zomadi birTvi da ( ) ( )A Cµ µ∗ = . Tu . Tu . Tu . Tu 1C     da da da da 

2C     simravleebi arian simravleebi arian simravleebi arian simravleebi arian A E⊂     simravlis zomadi birTvebi, simravlis zomadi birTvebi, simravlis zomadi birTvebi, simravlis zomadi birTvebi, 

maSin maSin maSin maSin ( )1 2 0.C Cµ =△     

            damtkiceba. ganvixiloT \E A  simravlis B  zomadi 

garsi. davrwmundeT, rom \E B  aris A  simravlis zomadi 

birTvi. marTlac, Tu ( )D S∈ ℝ  da 

( ) ( )\ \ \ \D A E B B E A⊂ = , maSin ( ) 0Dµ = . 
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   vTqvaT, C  aris A  simravlis nebismieri zomadi 

birTvi. radgan C A⊂ , amitom miviRebT 

( ) ( ) ( )C C Aµ µ µ∗ ∗= ≤ . 

   davuSvaT, rom ( ) ( )C Aµ µ∗< . maSin µ∗  Siga zomis 

gansazRvrebidan gamomdinare iarsebebs iseTi ( )X S∈ ℝ  

simravle, rom X A⊂ . magram ( ) ( )X Cµ µ> . radgan  

\ \X C A C⊂ , amitom ( )\ 0X Cµ = . magram daSvebis 

Tanaxmad, ( ) ( ) ( )\ 0X C X Cµ µ µ≥ − > . miviReT 

winaaRmdegoba. e. i. ( ) ( )A Cµ µ∗ = ....    

            Tu 1C  da 2C  simravleebi arian A E⊂  simravlis 

zomadi birTvebi, maSin 1 2C C A∪ ⊂ . amitom gvaqvs  

( )
( )( )
( )( )

1 2 1 1

1 2 1

1 2 2

\ \ ,

\ 0,

\ 0.

C C C A C

C C C

C C C

µ

µ

∪ ⊂

∪ =

∪ =

 

   miviRebT 

( ) ( ) ( )1 2 1 2 1 1 2 2\ \ 0C C C C C C C Cµ µ µ≤ ∪ + ∪ =      △ , 

e. i. ( )1 2 0.C Cµ =△  

   Teorema damtkicebulia. 

   Teorema 5.  vTqvaT, mocemulia Teorema 5.  vTqvaT, mocemulia Teorema 5.  vTqvaT, mocemulia Teorema 5.  vTqvaT, mocemulia E     sabaziso simravlis sabaziso simravlis sabaziso simravlis sabaziso simravlis 

qvesimravleTa raime qvesimravleTa raime qvesimravleTa raime qvesimravleTa raime ℝ     rgolze gansazRvruli rgolze gansazRvruli rgolze gansazRvruli rgolze gansazRvruli µ     zoma. zoma. zoma. zoma. 

Tu Tu Tu Tu X     da da da da Y     sabaziso simravlis TanaukveTi sabaziso simravlis TanaukveTi sabaziso simravlis TanaukveTi sabaziso simravlis TanaukveTi 
qvesimravleebia, maSinqvesimravleebia, maSinqvesimravleebia, maSinqvesimravleebia, maSin    

( ) ( ) ( ) ( ).X Y X Y X Yµ µ µ µ∗ ∗
∗ ∗∪ ≤ + ≤ ∪     

   damtkiceba. vTqvaT, BB  aris YY  simravlis zomadi 

garsi, xolo C  ki - X Y∪  simravlis zomadi birTvi. 

cxadia, rom \C B X⊂ . amitom 
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( ) ( ) ( ) ( ) ( ) ( )\X Y C C B B X Yµ µ µ µ µ µ∗
∗ ∗∪ = ≤ + ≤ + . 

   axla vTqvaT, D  aris X  simravlis zomadi birTvi, 

xolo F  aris X Y∪  simravlis zomadi garsi. maSin 

\Y F D⊂  da amitom  

( ) ( ) ( ) ( ) ( ) ( )\X Y F D D F X Yµ µ µ µ µ µ∗ ∗
∗∪ = = + ≥ + . 

   amiT Teorema 5 damtkicebulia. 
 

    
    

    
$20. lebegis zoma, rogorc borelis zomis $20. lebegis zoma, rogorc borelis zomis $20. lebegis zoma, rogorc borelis zomis $20. lebegis zoma, rogorc borelis zomis 

gasruleba. lebegis azriT zomgasruleba. lebegis azriT zomgasruleba. lebegis azriT zomgasruleba. lebegis azriT zomad qvesimravleTa ad qvesimravleTa ad qvesimravleTa ad qvesimravleTa 
klasiklasiklasiklasi    

    
     

   rogorc ukve wina paragrafSi vnaxeT, sabaziso E  

simravlis qvesimravleTa raime ℝ  rgolze mocemuli µ  

zomiT warmoqmnili µ∗
 gare zoma    gansazRvrulia 

nebismieri ( )Y P E∈  simravlisaTvis da SesaZlebelia 

zogierTi aseTi simravlis gare zoma iyos +∞ -is toli. 

amitom ganvixiloT  sabaziso E  simravlis yvela iseTi 

qvesimravleTa H  klasi, romelTa gare zoma sasrulia. 

H  simravleTa klasze ganvsazRvroT fsevdometrika 
Semdegi pirobiT: 

( )( ) ( ) ( )( )& , .Y Z Y H Z H Y Z Y Zρ µ∗′∀ ∀ ∈ ∈ ⇒ = △  

   uSualod, mowmdeba, rom ρ′ aris fsevdometrika. 

marTlac, ρ′ funqciisaTvis sruldeba Semdegi pirobebi: 

   1. ( ), 0;Y Zρ ′ ≥  

   2. ( ) ( ), , ;Y Z Z Yρ ρ′ ′=  

   3. ( ) ( ) ( ), , , .Y Z Y T T Zρ ρ ρ′ ′ ′≤ +  
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   magram am pirobebis Sesruleba sazogadod ar aris 

sakmarisi imisaTvis, rom ρ′ iyos metrika. marTlac, Tu 

magaliTad µ  aris namdvil ricxvTa RerZis [ [,a b  saxis 

naxevrad Ria Sualedebze Semdegi tolobiT mocemuli 

[ [( ),a b b aµ = −  

funqciis gagrZeleba  imave SualedebiT warmoqmnil 
rgolze, maSin nebismieri erTwertiliani simravlis gare 

zoma µ
∗
 nulis tolia. amitom Tu Y  aris 

erTwertiliani simravle, maSin ( ), 0Yρ ′ ∅ = , magram 

Y ≠ ∅ .  

   Tu movaxdenT E  sabaziso simravlis yvela im 

qvesimravleebis gaigivebas, romelTaTvisac 0ρ ′ =  da 

ganvixilavT Sesabamis faqtor-simravles, maSin miviRebT 

metrikul sivrces, romelsac µ∗
 gare zomasTan 

asocirebuli metrikuli sivrce ewodeba. Tu Sesabamis 

metrikas avRniSnavT ρ  asoTi, maSin miviRebT ( ),H ρ  

metrikul sivrces, romelsac SemdgomSi mokled H -iT 
avRniSnavT. 

   cxadia, rom ℝ  rgoli masze gansazRvruli µ  zomiT 
warmoqmnili analogiuri metrikiT warmoadgens H  
metrikuli sivrcis qvesivrces, romelic sazogadod ar 

aris Caketili. mtkicdeba, rom H  metrikuli sivrce 

srulia, amitom ℝ  Caketva iqneba H  sivrcis sruli 

qvesivrce, magram, sazogadod,  ℝ  ar aris σ -rgoli, 

Tumca aris simravleTa rgoli. µ∗
 gare zomis 

Seviwroeba ℝ -ze warmoadgens zomas, romelic aris µ  
zomis gagrZeleba da aseT Seviwroebas vuwodoT lebegis 

sasruli zoma, xolo ℝ  simravleTa klass vuwodoT 
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lebegis azriT zomadi sasruli zomiani simravleebis 

klasi da avRniSnoT is L∗  simboloTi.    

   Tu ganvixilavT  sabaziso E  simravlis iseT 

qvesimravleebs, romelTa warmodgenac SeiZleba L∗  
klasis elementTa mimdevrobebis gaerTianebebis saxiT da 

miRebul klass avRniSnavT L  asoTi, maSin mtkicdeba, rom 

L  simravleTa klasi aris σ -rgoli, xolo µ∗
 gare 

zomis Seviwroeba L  klasze warmoadgens zomas, romelic 

aris  L∗  klasze miRebuli zomis gagrZeleba da mas 

ewodeba lebegis zoma, xolo L  simravleTa klass ki – 
lebegis azriT zomadi simravleebis klasi. 
   cxadia, rom adgili aqvs CarTvas 

( ) L⊂ℝS . 

   es CarTva zogierT SemTxvevaSi mkacria. ( )ℝS  

simravleTa σ -rgols xSirad uwodeben borelis klass, 
xolo mis elementebs ki – borelis simravleebs. cxadia, 

rom µ∗
 gare zomis Seviwroeba ( )ℝS -ze agreTve iqneba 

zoma, romelsac borelis zomas uwodeben. sazogadod, 
lebegis zoma aris borelis zomis mkacri gagrZeleba. 
lebegis zoma sruli zomaa, xolo borelis zoma sruli 
ar aris. 

   SevniSnoT, rom L  klasi SeiZleba miRebul iqnas 

( )ℝS  klasidan Semdegi wesiT: L  klasi daemTxveva 

A B∪  saxis simravleTa klass, sadac ( )A∈ ℝS , xolo 

B  aris iseTi ( )C∈ ℝS  elementis qvesimravle, romelic 

akmayofilebs ( ) 0Cµ∗ =  pirobas. amitom amboben, rom 

lebegis zoma SeiZleba miRebul iqnas borelis zomis 
gasrulebiT.             
   $19-is Teorema 2-dan uSualod gamomdinareobs Semdegi 
Teorema. 
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            Teorema 1. Tu Teorema 1. Tu Teorema 1. Tu Teorema 1. Tu { }kC     simravleTa mimdevroba krebadia simravleTa mimdevroba krebadia simravleTa mimdevroba krebadia simravleTa mimdevroba krebadia 

C     simravlisaken simravlisaken simravlisaken simravlisaken ρ     metrikiT, maSin metrikiT, maSin metrikiT, maSin metrikiT, maSin     

( ) ( )lim .k
k

C Cµ µ∗

→∞
=  

    Teorema 2. Tu Teorema 2. Tu Teorema 2. Tu Teorema 2. Tu A L∈     da da da da ( )Aµ∗ < +∞ , maSin , maSin , maSin , maSin A L∗∈ .... 

   damtkiceba. radgan A L∈ , , , , amitom k

k N

A A

∈

= ∪ , sadac  

( )( )kk k N A L∗∀ ∈ ⇒ ∈ . 

   avagoT L∗ -Si simravleTa mimdevroba Semdegi wesiT: 

0 0A A′ =  da 
1

0
\
k

k k i
i

A A A
−

=

′ ′= ∪  ( )1k ≥ . aseTi agebis 

procesiT miviReT { }:iA i N′ ∈  diziunqtiuri simravleTa 

ojaxi. yoveli m N∈  naturaluri ricxvisaTvis 
1

0

m

k
k

A A
−

=

′ ⊂∪ , amitom  

( ) ( )1 1

00

m m

k k
kk

A A Aµ µ µ
− −∗ ∗

==

  ∗′ ′≥ = ∑ 
 
∪ . 

   Tu bolo utolobaSi gadavalT zRvarze, roca 
m→ ∞ , miviRebT, rom  

( ) ( )k
k N

A Aµ µ′

∈

∗ ∗≤ < +∞∑ . 

e. i. ( )k
k N

Aµ
∈

∗ ′∑  mwkrivi krebadia. amitom nebismieri 

0ε >  ricxvisaTvis arsebobs iseTi 0p >  naturaluri 

ricxvi, rom  

( ) 2k
k p

A
ε

µ
≥

∗ ′ <∑ . 
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   davuSvaT, rom 
1

0

p

p k
k

B A
−

=

′= ∪ . cxadia, rom pB L∗∈ . 

radgan L∗  Caketili simravlea da pB L∗∈  simravle aris 

Sexebis wertili, amitom arsebobs ℝ -is elementTa 

mimdevroba, romelic ρ  metrikiT krebadia pB -saken. es 

niSnavs, rom arsebobs iseTi B∈ℝ  simravle, rom  

( )
2pB B
ε

µ∗ <△ . 

   radgan adgili aqvs Semdeg CarTvas 

( ) ( ) ( )
1

p p k p
k p

A B A B B B A B B
≥ +

 ′⊂ ∪ ⊂ ∪ 
 

△ △ △ △∪ , 

amitom 

( ) ( ) ( )
1

k p
k p

A B A B Bµ µ µ ε∗

≥ +

∗ ∗′≤ + <∑△ △ . 

e. i. A L∗∈ =ℝ . 
   amiT Teorema damtkicebulia.    
   Teorema 3. lebegis zoma sruli zomaa.Teorema 3. lebegis zoma sruli zomaa.Teorema 3. lebegis zoma sruli zomaa.Teorema 3. lebegis zoma sruli zomaa.    

   damtkiceba. Tu A L∈  da ( ) 0Aµ =  (SemdgomSi µ∗
 

gare zomis Seviwroebas L  klassze kvlav µ  asoTi 

avRniSnavT), maSin ( ) 0Aµ∗ = . Tu B A⊂ , maSin  

( ) ( )B Aµ µ∗ ∗≤  

da e. i. ( ) 0Bµ∗ = . radgan nebismieri 0ε >  ricxvisaTvis  

( ) ( ) 0B Bµ µ ε∗ ∗∅ = = <△ , 

amitom Teorema 2-is Tanaxmad B L∗∈  da B L∈ . 
   Teorema damtkicebulia. 
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   Teorema 4. Tu Teorema 4. Tu Teorema 4. Tu Teorema 4. Tu A L∈ , maSin , maSin , maSin , maSin ( )
( )

( ){ }inf .
A B
B

A Bµ µ∗

⊂
∈

=

ℝS

    

   damtkiceba. radgan A B⊂ , amitom ( ) ( )A Bµ µ∗ ∗≤  da 

amitom 

( )
( )

( ){ }inf
A B
B

A Bµ µ∗

⊂
∈

≤

ℝS

. 

  µ∗
 gare zomis gansazRvrebis Tanaxmad 

( ) ( )inf
k

k N

k

k
A A k N

A

A Aµ µ
∈

∗

⊂ ∈

∈

 
= ∑ 

 ∪

ℝ

, 

Tanac SeiZleba vigulisxmoT, rom { }:kA k N∈  

simravleTa diziunqtiuri mimdevrobaa ℝ -dan. amitom 
gveqneba 

( )k k
k N k N

A Aµ µ
∈ ∈

 
=∑  

 
∪  da ( )k

k N

A
∈

∈ ℝ∪ S . 

   vinaidan ( )Bµ  ricxvTa simravle ufro farToa, vidre 

k
k N

Aµ
∈

 
 
 
∪  ricxvTa simravle, amitom    

( )
( )

( ){ }inf
A B
B

A Bµ µ∗

⊂
∈

≥

ℝS

, 

rac niSnavs Teoremis damtkicebas. 

            Teorema Teorema Teorema Teorema 5. sabaziso 5. sabaziso 5. sabaziso 5. sabaziso E     simravlis nebismieri simravlis nebismieri simravlis nebismieri simravlis nebismieri A         

qvesimravlisaTvis arsebobs zomadi garsi. Tu qvesimravlisaTvis arsebobs zomadi garsi. Tu qvesimravlisaTvis arsebobs zomadi garsi. Tu qvesimravlisaTvis arsebobs zomadi garsi. Tu B     aris aris aris aris A     

simravlis zomadi garsi, maSin simravlis zomadi garsi, maSin simravlis zomadi garsi, maSin simravlis zomadi garsi, maSin ( ) ( ) ,A Bµ µ∗ =     xolo Tu xolo Tu xolo Tu xolo Tu 

1B     da da da da 2B     arian arian arian arian A     simravlis zomadi garsebi, maSin simravlis zomadi garsebi, maSin simravlis zomadi garsebi, maSin simravlis zomadi garsebi, maSin 

( )1 2 0.B Bµ =△     
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     damtkiceba. ganvixiloT ori SemTxveva: 

  1) ( )Aµ∗ < +∞ . 

   Teorema 4-is Tanaxmad, n N∈  naturaluri 

ricxvisaTvis arsebobs { }:nB n N∈  borelis simravleTa 

ojaxi, rom 

( ) ( ) ( ) 1
&n nn n N A B B A

n
µ µ∗ ∀ ∈ ⇒ ⊂ ≤ + 

 
. 

   ganvixiloT n
n N

B B
∈

= ∩  simravle. aSkaraa, rom A B⊂  

da B  borelis simravlea. gvaqvs 

( ) ( ) ( ) ( ) ( ) 1
nA B B B A

n
µ µ µ µ µ∗ ∗ ∗≤ = ≤ < + , 

saidanac n -is nebismierobis gamo miviRebT, rom 

( ) ( )A Bµ µ∗ = . 

   Tu ( )D∈ ℝS  da \D B A⊂ , maSin \A B D⊂  da gvaqvs 

( ) ( ) ( ) ( ) ( ) ( ) ( )\ \B A B D B D B D Bµ µ µ µ µ µ µ∗ ∗= ≤ = = − ≤
, 

rac niSnavs, rom ( ) 0.Dµ =  

   2) ( )Aµ∗ = +∞ . 

   gare zomis gansazRvrebidan SegviZlia davweroT, rom  

k
k N

A A
∈

= ∪ , 

sadac ( ) ( )( )&k kk k N A Aµ∗∀ ∈ ⇒ ∈ < +∞ℝ . 

   vTqvaT, yoveli k N∈  naturaluri ricxvisaTvis kB   

iyos kA  simravlis zomadi garsi. maSin k
k N

B B
∈

= ∪  

simravle borelis simravlea da A B⊂ .  
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   axla vTqvaT, ( )D∈ ℝS  da \D B A⊂ . Tu 

( )\k k kD D B A= ∩ , maSin k
k N

D D
∈

⊂ ∪ . cxadia, rom 

\k k kD B A⊂ , amitom ( ) 0kDµ =  da ( ) ( ) 0.k
k N

D Dµ µ
∈

≤ =∑  

   2) SemTxvevaSi ( ) ( )A Bµ µ∗ =     toloba sruldeba, 

radgan ( )Aµ∗ = +∞  da .A B⊂  

   da bolos, Tu 1B  da 2B  arian A  simravlis zomadi 

garsebi, maSin 1 2A B B⊂ ∩  da amitom 

( )
( )( )

1 1 2 1

1 1 2

\ \ ,

\ 0.

B B B B A

B B Bµ

∩ ⊂

∩ =
 

analogiurad damtkicdeba, rom  

( )( )2 1 2\ 0.B B Bµ ∩ =  

   vinaidan marTebulia toloba 

( ) ( )( ) ( )( )1 2 1 1 2 2 1 2\ \B B B B B B B Bµ µ µ= ∩ + ∩△ , 

amitom 

( )1 2 0.B Bµ =△  

   Teorema damtkicebulia.    

            Teorema 6. Teorema 6. Teorema 6. Teorema 6. A L∈     maSin da mxolod maSin, roca maSin da mxolod maSin, roca maSin da mxolod maSin, roca maSin da mxolod maSin, roca 

A D H= ∪ , sadac , sadac , sadac , sadac ( )D∈ ℝS , xolo , xolo , xolo , xolo H     aris borelis aris borelis aris borelis aris borelis 

nuli zomis simravlis qvesimravle.nuli zomis simravlis qvesimravle.nuli zomis simravlis qvesimravle.nuli zomis simravlis qvesimravle.    

            damtkiceba. Tu A D H= ∪ , , , , sadac ( )D∈ ℝS , xolo H  

aris borelis nuli zomis simravlis qvesimravle, maSin 

lebegis zomis sisrulis gamo H L∈ . e. i. D H L∪ ∈  da 

A L∈ . amiT sakmarisoba damtkicebulia. 

   aucilebloba. vTqvaT,  A L∈  da ( ) .Aµ < +∞ . 

ganvixiloT A  simravlis B  zomadi garsi da C  zomadi 

birTvi. cxadia, rom C A B⊂ ⊂ . Tu ( )\H B C A= ∩ , maSin 
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cxadia, rom A C H= ∪  da \H B C⊂ , Tanac 

( ) ( ) ( )\ 0B C B Cµ µ µ= − = .  

    Tu ( )Aµ = +∞ , maSin k
k N

A A
∈

= ∪  da ( ) .Aµ < +∞  

yoveli k N∈  naturaluri ricxvisaTvis k k kA C H= ∪ , 

sadac ( )kD ∈ ℝS  da yoveli kH  aris borelis nuli 

zomis simravlis qvesimravle. amitom  

.k k
k N k N

A C H C H
∈ ∈

   
= ∪ = ∪   
   
∪ ∪  

   cxadia, rom ( )C∈ ℝS  da k
k N

H
∈
∪  aris borelis nuli 

zomis simravlis qvesimravle. 
   amiT Teorema damtkicebulia. 
   SeniSvna 1.SeniSvna 1.SeniSvna 1.SeniSvna 1. aucileblobis damtkicebis dros ar 

gamogviyenebia A L∈     piroba, amitom faqtiurad damtkicda 

A D H= ∪     warmodgena  nebismieri ( )A P E∈  

simravlisaTvis radgan:  

( ) ( ) ( )

( ) ( )( ) ( ) ( )( )( )
\ \ 0;

& 0 & .

H B C B C

A A E Y Z Y S Z A Y Z

µ µ µ

µ

∗ ∗

∗

≤ = =

∀ ⊂ ⇒ ∃ ∃ ∈ = = ∪ℝ

   Teorema 7. erTaderTi zoma, romelic gansazRvrulia Teorema 7. erTaderTi zoma, romelic gansazRvrulia Teorema 7. erTaderTi zoma, romelic gansazRvrulia Teorema 7. erTaderTi zoma, romelic gansazRvrulia 

L     klasze da aris klasze da aris klasze da aris klasze da aris ℝ     simravleTa rgolze mocemuli simravleTa rgolze mocemuli simravleTa rgolze mocemuli simravleTa rgolze mocemuli µ     

zomis gagrZeleba, aris lebegis zoma.zomis gagrZeleba, aris lebegis zoma.zomis gagrZeleba, aris lebegis zoma.zomis gagrZeleba, aris lebegis zoma.    
            damtkiceba. bolo SeniSvnis Tanaxmad, sakmarisia 

erTaderToba vaCvenoT ( )ℝS  klasze. 

   vTqvaT, A∈ℝ  da σ -rgolis struqturidan 
gamomdinareobs (ixileT, $9, Teorema 6, Teorema 8), rom 

( ) ( )A A∩ = ∩ℝ ℝS S ; 

( ) ( )A A∩ = ∩ℝ ℝS M . 
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   aRvniSnoT AE  simboloTi yvela im elementebis 

simravle ( )A∩ℝ -dan, romelTaTvisac 1 2µ µ= , sadac 1µ  

da 2µ  zomebi arian µ  zomis gagrZelebebi. Tu 

{ }:nA n N∈  aris AE  simravleTa klasis elementTa 

monotonuri mimdevroba, maSin  

( ) ( )lim limi n i n
n n

A Aµ µ
→∞ →∞

=     ( )1, 2i = . 

saidanac gamomdinareobs, rom lim .n A
n

A E
→∞

∈  

   amrigad, AE  aris monotonuri klasi, romelic Seicavs 

( )A∩ℝ  simravles, amave dros ( ) ( )A A∩ = ∩ℝ ℝS M  da 

( ) AA E∩ ⊂ℝM , saidanac gamomdinareobs, rom 

( )A∩ℝS -ze 1 2µ µ= . 

   vinaidan yoveli elementi ( )ℝS -dan SeiZleba 

warmovidginoT ℝ -is elementTa diziunqtiuri 

mimdevrobis gaerTianebis saxiT, amitom ( )ℝS -ze 1 2µ µ= . 

   amiT Teorema damtkicebulia. 

       SeniSvna 2.SeniSvna 2.SeniSvna 2.SeniSvna 2. Tu µ∗
 gare zomis Seviwroebas borelis 

klasze avRniSnavT µ  asoTi, xolo lebegis zomas λ -iT, 
maSin  λ  zoma SeiZleba asec ganisazRvros: 

( ) ( ) ( ) ,A C H Cλ λ µ= ∪ =  

( )C∈ ℝS , xolo H  aris borelis nuli zomis 

simravlis qvesimravle. 
   es gansazRvra koreqtulia. marTlac, Tu   

1 1A C H C H= ∪ = ∪ , 

maSin 1 1C C H H⊂ ∪△  da ( )1 0.C Cµ =△  
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   Teorema 8 (karaTeodori). Teorema 8 (karaTeodori). Teorema 8 (karaTeodori). Teorema 8 (karaTeodori). A L∈     maSin da mxolod maSin da mxolod maSin da mxolod maSin da mxolod 

maSin, roca maSin, roca maSin, roca maSin, roca E     sabaziso simravlis nebismieri sabaziso simravlis nebismieri sabaziso simravlis nebismieri sabaziso simravlis nebismieri Y     
qvesimravlisaTvis marTebulia tolobaqvesimravlisaTvis marTebulia tolobaqvesimravlisaTvis marTebulia tolobaqvesimravlisaTvis marTebulia toloba    

( ) ( ) ( )( )\ .Y Y A Y E Aµ µ µ∗ ∗ ∗= ∩ + ∩     

   damtkiceba. aucilebloba. vTqvaT A L∈  da Y E⊂  

nebismieri simravlea.  B -Ti avRniSnoT Y  simravlis 

zomadi garsi, e. i. Y B⊂ . cxadia, rom 

( ) ( )\B B A B A= ∩ ∪  da 

( ) ( ) ( ) ( )
( ) ( )( )

\

\ .

Y B B A B A

Y A Y E A

µ µ µ µ

µ µ

∗

∗ ∗

= = ∩ + ≥

≥ ∩ + ∩
 

saidanac gamodis, rom 

DDDD ( ) ( ) ( )( )\Y Y A Y E Aµ µ µ∗ ∗ ∗≥ ∩ + ∩ . 

meores mxvriv, ( ) ( )( )\Y Y A Y E A= ∩ ∪ ∩  da e. i. 

( ) ( ) ( )( )\Y Y A Y E Aµ µ µ∗ ∗ ∗≤ ∩ + ∩ . 

bolo ori utolobidan miviRebT dasamtkicebel 
tolobas. 
   sakmarisoba. ganvixiloT ori SemTxveva. 

   1) ( ) .Aµ∗ < +∞  

   davuSvaT, rom B  aris A  simravlis zomadi garsi da 

Y  simravlis rolSi aviRoT B  simravle. maSin gveqneba 
 
 
 
 
 

e. i. ( )( )\ 0B E Aµ∗ ∩ = .  

   amitom  

( )\B E A L∗∩ ∈ , ( )\ \B E A B A L∗∩ = ∈  

( ) ( ) ( ) ( )( )
( ) ( )( )

\

\ .

A B B A B E A

A B E A

µ µ µ µ

µ µ

∗ ∗ ∗ ∗

∗ ∗

= = ∩ + ∩ =

= + ∩
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da Sesabamisad, ( )\ \A B B A L∗= ∈ . Teorema 9-is Tanaxmad 

A L∈ . 

   2) ( ) .Aµ∗ = +∞  

   gare zomis gansazRvrebidan SegviZlia davweroT, rom  

k
k N

A A
∈

= ∪ , 

sadac  

( ) ( )( )&k kk k N A Aµ∗∀ ∈ ⇒ ∈ < +∞ℝ . 

   davuSvaT, rom  yoveli k N∈  naturaluri 

ricxvisaTvis kB  aris kA  simravlis zomadi garsi. 

aucileblobis damtkicebisas moyvanili analogiuri 
msjelobiT miviRebT: 

( ) ( ) ( ) ( )( )\k k k kA B B A B E Aµ µ µ µ∗ ∗ ∗ ∗= = ∩ + ∩ ; 

( ) ( );k kB B Aµ µ∗ ∗= ∩  

( )( )\ 0kB E Aµ∗ ∩ = ( )\ \k kB E A B A L⇒ ∩ = ∈ . 

   vTqvaT, k
k N

B B
∈

= ∪ , maSin A B⊂  da ( )\ \k
k N

B A B A
∈

= ∪ . 

saidanac miviRebT, rom  

( ) ( )\ \ 0.k
k N

B A B Aµ µ∗

∈

∗≤ =∑  

e. i. \B A L∈  da ( )\ \A B B A=  tolobis Tanaxmad, .A L∈  

   amiT Teorema damtkicebulia. 

            Teorema 9. Tu Teorema 9. Tu Teorema 9. Tu Teorema 9. Tu A L∈ , maSin , maSin , maSin , maSin E     sabaziso simravlis sabaziso simravlis sabaziso simravlis sabaziso simravlis 

nebismieri nebismieri nebismieri nebismieri Y     qvesimravlisaTvis marTebulia tolobaqvesimravlisaTvis marTebulia tolobaqvesimravlisaTvis marTebulia tolobaqvesimravlisaTvis marTebulia toloba    

( ) ( )( ) ( )\A Y A E Y Aµ µ µ∗
∗ ∩ + ∩ = ....    

   damtkiceba. SevniSnoT, rom Tu A L∈ , maSin 

( ) ( )A Aµ µ∗ = . marTlac, cxadia, rom ( ) ( )A Aµ µ∗ ≤ .  

Teorema 6-is Tanaxmad, A B C= ∪ , sadac ( ) 0Cµ = . 



 201

maSasadame, ( ) ( )A Bµ µ= . meores mxvriv, B A⊂  da 

Sesabamisad, ( ) ( )B Aµ µ∗≤ . e. i. ( ) ( )A Aµ µ∗ ≥ . rac 

niSnavs ( ) ( )A Aµ µ∗ =  tolobis Sesrulebas. 

   miRebuli tolobis gaTvaliswinebiT gveqneba 

( ) ( ) ( ) ( )( )
( ) ( )

( ) ( )( ) ( ) ( )

\

       \

\ ,

A A A Y A E Y

A Y A E Y

A Y A E Y A A

µ µ µ

µ µ

µ µ µ

∗ ∗

∗
∗

∗ ∗

 = = ∩ ∪ ∩ ≤ 

≤ ∩ + ∩ ≤  

 ≤ ∩ ∪ ∩ = = 

 

saidanac uSualod gamimdinareobs dasamtkicebeli 
toloba. 

            Teorema 10. vTqvaT, mocemulia Teorema 10. vTqvaT, mocemulia Teorema 10. vTqvaT, mocemulia Teorema 10. vTqvaT, mocemulia E     sabaziso simravlis sabaziso simravlis sabaziso simravlis sabaziso simravlis 

qvesimravleTa raime qvesimravleTa raime qvesimravleTa raime qvesimravleTa raime ℝ     rgolze gansazRvruli rgolze gansazRvruli rgolze gansazRvruli rgolze gansazRvruli µ     zoma. zoma. zoma. zoma. 

Tu Tu Tu Tu Y E⊂     qvesimravlisaTvis arsebobs iseTi qvesimravlisaTvis arsebobs iseTi qvesimravlisaTvis arsebobs iseTi qvesimravlisaTvis arsebobs iseTi A∈ℝ     
simravle, rom simravle, rom simravle, rom simravle, rom Y A⊂ , maSin adgili aq, maSin adgili aq, maSin adgili aq, maSin adgili aqvs tolobasvs tolobasvs tolobasvs tolobas    

( ) ( ) ( ) ( )\ \A Y A Y Y Yµ µ µ µ∗ ∗
∗ ∗− = − ....    

   damtkiceba. Teorema 16-is Tanaxmad gveqneba 

( ) ( ) ( ) ( ) ( )\ \A Y A E Y A Y A Yµ µ µ µ µ∗ ∗
∗ ∗= ∩ + ∩ = +   . 

   Tu Y  simravles SevcvliT \E Y  simravliT, maSin 
miviRebT 

( ) ( )( ) [ ] ( ) ( )\ \A E Y A Y A A Y Yµ µ µ µ µ∗ ∗
∗ ∗= ∩ + ∩ = + . 

e. i.  

( ) ( ) ( ) ( )\ \Y A Y A Y Yµ µ µ µ∗ ∗
∗ ∗+ = + , 

saidanac ( ( )Aµ  sasrulobis gamo) uSualod miiReba 

dasamtkicebeli toloba. 

   SeniSvna 3. SeniSvna 3. SeniSvna 3. SeniSvna 3. Teorema 8-dan gamomdinareobs, rom Y E⊂  
qvesimravlis Siga zoma, romlisTvisac arsebobs iseTi 

A∈ℝ  simravle, rom Y A⊂ , SeiZleba ganisazRvros 
Semdegi formuliT: 
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( ) ( ) ( )\Y A A Yµ µ µ∗
∗ = − . 

   Teorema 9 miuTiTebs, rom es gansazRvra ar aris 

damokidebuli A  simravleze.  

   Teorema 11. vTqvaT, Teorema 11. vTqvaT, Teorema 11. vTqvaT, Teorema 11. vTqvaT, Y     aaaaris ris ris ris E     sabaziso simravlis sabaziso simravlis sabaziso simravlis sabaziso simravlis 

nebismieri qvesimravle da nebismieri qvesimravle da nebismieri qvesimravle da nebismieri qvesimravle da ℝ     aris aris aris aris E ----s qvesimravleTa s qvesimravleTa s qvesimravleTa s qvesimravleTa 

raime rgoli. Tu arsebobs iseTi raime rgoli. Tu arsebobs iseTi raime rgoli. Tu arsebobs iseTi raime rgoli. Tu arsebobs iseTi A∈ℝ     simravle, rom simravle, rom simravle, rom simravle, rom 

Y A⊂ , maSin , maSin , maSin , maSin Y     zomadia lebegis azriT maSin da mxolod zomadia lebegis azriT maSin da mxolod zomadia lebegis azriT maSin da mxolod zomadia lebegis azriT maSin da mxolod 
maSin, roca maSin, roca maSin, roca maSin, roca     

( ) ( )Y Yµ µ∗
∗ = ....    

   damtkiceba. aucilebloba. vTqvaT, Y L∈ . radgan am 

SemTxvevaSi sruldeba ( ) ( )Y Yµ µ∗ =  da ( ) ( )Y Yµ µ∗ =  

tolobebi, amitom  ( ) ( )Y Yµ µ∗
∗ = ....    

            sakmarisoba. vTqvaT, ( ) ( )Y Yµ µ∗
∗ = .  .  .  .  cxadia, rom 

( )Yµ∗  da ( )Yµ∗
 ricxvebi sasrulia. davuSvaT, rom C  

aris Y  simravlis zomadi birTvi, xolo B  ki - Y -is 

zomadi garsi. e. i. gvaqvs ( ) ( )Y Cµ µ∗ =  da ( ) ( )B Yµ µ∗=  

tolobebi, amasTan \ \Y C Y C B C= ⊂△  da  

( ) ( ) ( ) ( ) ( )\ \ 0.Y C B C B C B Cµ µ µ µ µ∗ ∗≤ = = − =△  

   radgan ( )C∈ ℝS , amitom C L∈  da Sesabamisad, 

C L∗∈ . e. i. nebismieri 0ε >  ricxvisaTvis arsebobs 

iseTi D∈ℝ  simravle, rom ( )C Dµ ε∗ <△ , maSin gvaqvs 

( ) ( )Y D Y C C D⊂ ∪△ △ △ , 

da Sesabamisad,  

( ) ( ) ( )Y D Y C C Dµ µ µ ε∗ ∗ ∗≤ + <△ △ △ . 

e. i. Y L∗∈ . 
   Teorema damtkicebulia. 
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   SeniSvna 4. SeniSvna 4. SeniSvna 4. SeniSvna 4. marTebulia ufro zogadi debuleba, vidre 
Teorema 10, magram es Teorema miyvanili iyo imis gamo, 
rom igi saSualebas iZleva lebegis zomis agebis kidev 
erT gzas. 

   avRniSnoT L∗∗  simboloTi E  sabaziso simravlis im 

Y  qvesimravleTa klasi, romelTaTvisac arsebobs iseTi 

A∈ℝ  elementi, rom Y A⊂  da ( ) ( )Y Yµ µ∗
∗ = . . . . 

sazogadod, L∗∗ L∗≠ .  

   L∗∗  simravleTa klasis elementTa Tvladze 

araumetesi gaerTianebebi ki kvlav gvaZlevs L  klass. 

   Teorema 12. vTqvaT, Teorema 12. vTqvaT, Teorema 12. vTqvaT, Teorema 12. vTqvaT, Y     aris aris aris aris E     sabaziso simravlis sabaziso simravlis sabaziso simravlis sabaziso simravlis 

raime qvesimravle. raime qvesimravle. raime qvesimravle. raime qvesimravle. Y L∗∈     maSin da mxolod maSin, roca maSin da mxolod maSin, roca maSin da mxolod maSin, roca maSin da mxolod maSin, roca   

( ) ( )Y Yµ µ∗
∗ =     da da da da ( )Yµ∗ < +∞ , , , , ( )Yµ∗ < +∞ . 

   Teorema 11 mtkicdeba Teorema 10-is analogiurad. 

   SeniSvna 5. SeniSvna 5. SeniSvna 5. SeniSvna 5. Teorema 11-is analogi L  klasis 
elementebisaTvis sazogadod ar aris marTebuli. 

   Teorema 13. Teorema 13. Teorema 13. Teorema 13. E     sabaziso simravlis qvesimravleTa sabaziso simravlis qvesimravleTa sabaziso simravlis qvesimravleTa sabaziso simravlis qvesimravleTa 
CarTvis TvalsazrisiT udidesi algebra, romelzedac CarTvis TvalsazrisiT udidesi algebra, romelzedac CarTvis TvalsazrisiT udidesi algebra, romelzedac CarTvis TvalsazrisiT udidesi algebra, romelzedac 
aditiuria gare zoaditiuria gare zoaditiuria gare zoaditiuria gare zomis Seviwroeba, emTxveva lebegis mis Seviwroeba, emTxveva lebegis mis Seviwroeba, emTxveva lebegis mis Seviwroeba, emTxveva lebegis 
klass.klass.klass.klass.    

            damtkiceba. 1L -iT avRniSnoT E     sabaziso simravlis 

qvesimravleTa CarTvis TvalsazrisiT udidesi algebra, 
romelzedac aditiuria gare zomis Seviwroeba. vinaidan 

µ∗
 gare zomis Seviwroeba L  klasze aditiuria, amitom 

1L L⊂ . davuSvaT, rom 1L L⊄ . e. i. arsebobs Y E⊂  iseTi 

simravle, rom 1Y L∈  da Y L∉ . vTqvaT, A∈ℝ  da 

A Y L∩ ∉ . amitom Teorema 8-is Tanaxmad gvaqvs 

( ) ( ) ( ) ( )\A Y A Y A A A Yµ µ µ µ∗ ∗
∗∩ > ∩ = − ∩   , 

saidanac miviRebT 

( ) ( ) ( )\A Y A A Y Aµ µ µ∗ ∗ ∗∩ + ∩ >   . 
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radgan A Y∩  da ( )\A A Y∩  simravleebi TanaukveTi 

simravleebia da ( ) ( )\A A Y A A Y= ∩ ∪ ∩   , amitom 

miviReT winaaRmdegoba 1A L∈  pirobasTan. 

   amiT Teorema damtkicebulia. 
    
    

 
 
$21. zomis gagrZeleba am zomis gansazRvris ariT $21. zomis gagrZeleba am zomis gansazRvris ariT $21. zomis gagrZeleba am zomis gansazRvris ariT $21. zomis gagrZeleba am zomis gansazRvris ariT 

warmoqmnil warmoqmnil warmoqmnil warmoqmnil σσσσ ----rgolzergolzergolzergolze    

    
        marTebulia Semdegi Teorema. 

            Teorema 1. sabaziso Teorema 1. sabaziso Teorema 1. sabaziso Teorema 1. sabaziso E     simravlis qvesimravleTa simravlis qvesimravleTa simravlis qvesimravleTa simravlis qvesimravleTa L∗     

klasi warmoadgens rgols da klasi warmoadgens rgols da klasi warmoadgens rgols da klasi warmoadgens rgols da µ∗
    gare zomis Seviwroeba gare zomis Seviwroeba gare zomis Seviwroeba gare zomis Seviwroeba 

am klasze aris am klasze aris am klasze aris am klasze aris ℝ     rgolze gansazRvruli rgolze gansazRvruli rgolze gansazRvruli rgolze gansazRvruli µ     zomis zomis zomis zomis 

gagrZeleba.gagrZeleba.gagrZeleba.gagrZeleba.    

            damtkiceba. vTqvaT, A∈ L∗  da B∈ L∗ . maSin arsebobs 

ℝ  rgolis elementTa ori iseTi { }:kA k N∈  da 

{ }:kB k N∈  mimdevroba, rom 

( )lim 0k
k

A Aµ∗

→∞
=△  da ( )lim 0.k

k
B Bµ∗

→∞
=△  

   simravleebs Soris martivi damokidebulebidan 
gamomdinareobs, rom  

( ) ( ) ( ) ( )k k k kA B A B A A B Bµ µ µ∗ ∗ ∗ ∪ ≤ + △ △ △ △ , 

saidanac miviRebT, rom 

( ) ( )lim 0.k k
k

A B A Bµ∗

→∞
 ∪ = △ △  

es niSnavs, rom ( ):k kA B k N∪ ∈  simravleTa mimdevroba 

ρ  metrikiT (ixileT, $20) krebadia ( )A B∪  

simravlisaken, e. i. A B L∗∪ ∈ . 
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   analogiurad damtkicdeba, rom A B L∗∩ ∈  da 

\A B L∗∈ . saidanac miviRebT, rom A B L∗∈△ . yovelive es 

niSnavs, rom L∗  aris E  sabaziso simravlis 
qvesimravleTa rgoli. 

   axla davamtkicoT, rom µ∗
 gare zomis Seviwroeba L∗  

klasze aris sasrulad aditiuri. 

   vTqvaT, { }:kA k N∈  da { }:kB k N∈  arian zemoT 

ganxiluli simravleTa mimdevrobebi. cxadia, rom 

( ) ( )
( ) ( )

\ ;

\ .

k k k k k

k k k k k

A A B A B

B B A B A

= ∪ ∩

= ∪ ∩
 

   µ  zomis aditiurobidan da bolo gaerTianebebSi 

Semavali simravleebis diziunqtiurobidan 
gamomdinareobs, rom 

( ) ( ) ( )
( ) ( ) ( )

\ ;

\ .

k k k k k

k k k k k

A A B A B

B B A B A

µ µ µ

µ µ µ

= + ∩

= + ∩
 

   advili dasanaxia, rom k kA B∪  gaerTianeba 

warmoidgineba TanaukveTi simravleebis gaerTianebis 
saxiT Semdegnairad 

( ) ( ) ( )\ \k k k k k k k kA B A B B A A B∪ = ∪ ∪ ∩ , 

amitom kvlav µ  zomis aditiurobis gamo gveqneba 

( ) ( ) ( ) ( )
( ) ( ) ( )

\ \

                .

k k k k k k k k

k k k k

A B A B B A A B

A B A B

µ µ µ µ

µ µ µ

∪ = + + ∩ =

= + − ∩
 

   Tu bolo tolobaSi gadavalT zRvarze, roca k → +∞  
da miRebul tolobaSi yvelgan µ -s magivrad davwerT 

µ∗
, maSin miviRebT 

( ) ( ) ( ) ( )A B A B A Bµ µ µ µ∗ ∗ ∗ ∗∪ = + − ∩ . 

   kerZod, Tu A B∩ = ∅ , maSin gveqneba 
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( ) ( ) ( )A B A Bµ µ µ∗ ∗ ∗∪ = + . 

   es niSnavs, rom µ∗
 aris sasrulad aditiuri L∗  

klasze. 

   axla vTqvaT, A L∗∈  da k
k N

A A
∈

= ∪ , sadac { }:kA k N∈  

aris simravleTa diziunqtiuri mimdevroba L∗  
simravleTa klasidan.  

    gare µ∗
 zomis Tvladad naxevrad-aditiurobidan 

gamomdinareobs, rom 

( ) ( ).k
k N

A Aµ µ∗

∈

∗≤ ∑  

meores mxvriv, yoveli m N∈  naturaluri ricxvisTvis 
1

0

m

k
k

A A
−

=
⊂∪ , amitom gveqneba  

( ) ( )
1 1

00

m m

k k
kk

A A Aµ µ µ
− −∗ ∗

==

  ∗≥ = ∑ 
 
∪ . 

   Tu bolo tolobaSi gadavalT zRvarze, roca m→ ∞ , 
miviRebT 

( ) ( )k
k N

A Aµ µ∗

∈

∗≥ ∑ . 

   e. i. 

( ) ( ).k
k N

A Aµ µ∗

∈

∗= ∑  

   radgan µ∗
 gare zomis Seviwroeba L∗  klasze zomaa  

L∗ -ze da µ∗
 aris µ  zomis gagrZeleba ℝ -dan ( )P E -ze. 

es niSnavs, rom µ∗
 gare zomis Seviwroeba L∗  klasze 

iqneba ℝ  rgolze mocemuli µ  zomis gagrZeleba. 
   amiT Teorema damtkicebulia.  
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   Teorema 2. simravleTa Teorema 2. simravleTa Teorema 2. simravleTa Teorema 2. simravleTa L     klasi warmoadgens     klasi warmoadgens     klasi warmoadgens     klasi warmoadgens     σ ----

algebras da algebras da algebras da algebras da µ∗
 gare zomis Seviwroeba gare zomis Seviwroeba gare zomis Seviwroeba gare zomis Seviwroeba L ----ze aris zoma, ze aris zoma, ze aris zoma, ze aris zoma, 

romelic romelic romelic romelic L∗     simravleTa ksimravleTa ksimravleTa ksimravleTa klasze gansazRvruli zomis lasze gansazRvruli zomis lasze gansazRvruli zomis lasze gansazRvruli zomis 
gagrZelebaa.gagrZelebaa.gagrZelebaa.gagrZelebaa.    

   damtkiceba. lebegis azriT zomad L  qvesimravleTa 
klasis gansazRvrebidan gamomdinareobs, rom is 
Caketilia gaerTianebis operaciis mimarT. amitom Tu 

davamtkiceT, rom L  aris rgoli, maSin gamova, rom is 
amave dros aris σ -rgolic. aseve avRniSnoT, rom radgan 

E  sabaziso  simravle ifareba ℝ  rgolis elementTa 

mimdevrobiT, amitom miviRebT, rom E L∈ . rac imas 

niSnavs, rom L  iqneba σ -algebra. 

   vTqvaT, A L∈  da B L∈ . maSin adgili aqvs 
warmodgenebs: 

k
k N

A A
∈

= ∪  da k
k N

B B
∈

= ∪ , 

sadac { }:kA k N∈  da { }:kB k N∈  arian L∗ -is elementTa 

diziunqtiuri mimdevrobebi. 
   radgan marTebulia tolobebi 

( ) ,i i
i N i N

A B A B A B
∈ ∈

 
∩ = ∩ = ∩ 

 
∪ ∪  

         ( )i k i
k N

A B A B
∈

∩ = ∩∪     ( i N∀ ∈ ), 

amitom  

( ).k i
i N k N

A B A B
∈ ∈

∩ = ∩∪ ∪  

   radgan k iA B L∗∩ ∈ , amitom A B L∩ ∈ . 

   cxadia, rom kA B L∗∩ ∈  da ( )\ \k k kA B A A B= ∩ , 

amitom \kA B L∗∈ . garda amisa, ( )\ \k
k N

A B A B
∈

= ∪  da 

Sesabamisad, \A B L∈ . e. i. damtkicda, rom L  rgolia. 
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   axla vTqvaT, A L∈  da k
k N

A A
∈

= ∪ , sadac  

( )( )kk k N A L∀ ∈ ⇒ ∈ . 

   cxadia, rom Tu erTi mainc kA  simravlisaTvis 

sruldeba ( )kAµ∗ < +∞  piroba, maSin µ∗
 gare zoma 

Tvladad-aditiuria. 

   davuSvaT, rom ( ) ( )( )kk k N Aµ∗∀ ∈ ⇒ < +∞ . maSin $20-is 

Teorema 2-is Tanaxmad ( )( )kk k N A L∗∀ ∈ ⇒ ∈ . yoveli 

m N∈  naturaluri ricxvisaTvis 
1

0

m

k
k

A A
−

=
⊂∪ , amitom  

( ) ( )
1 1

00

m m

k k
kk

A A Aµ µ µ
− −∗ ∗

==

  ∗≥ = ∑ 
 
∪ . 

   Tu bolo utolobaSi gadavalT zRvarze, roca 
m→ ∞ , miviRebT, rom  

( ) ( )k
k N

A Aµ µ
∈

∗ ∗≤∑ . 

   ( ) ( )k

k N

A Aµ µ∗ ∗

∈

≥∑  utoloba gamimdinareoba µ∗
 gare 

zomis Tvladad naxevrad-aditiurobisagan. sabolood 
miviReT 

( ) ( )k
k N

A Aµ µ
∈

∗ ∗=∑ . 

   cxadia, rom gare µ∗
 zomis Seviwroeba L -ze aris µ∗

-

s L∗ -ze Seviwroebis gagrZeleba. 
   Teorema damtkicebulia. 
   Teorema 3. erTaderTi zoma, romelic gansazRvrulia Teorema 3. erTaderTi zoma, romelic gansazRvrulia Teorema 3. erTaderTi zoma, romelic gansazRvrulia Teorema 3. erTaderTi zoma, romelic gansazRvrulia 

L     klasze da aris klasze da aris klasze da aris klasze da aris ℝ     simravleTa rgolze mocemuli simravleTa rgolze mocemuli simravleTa rgolze mocemuli simravleTa rgolze mocemuli µ     

zomis gagrZeleba, aris lebegis zoma.zomis gagrZeleba, aris lebegis zoma.zomis gagrZeleba, aris lebegis zoma.zomis gagrZeleba, aris lebegis zoma.    
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            damtkiceba. $20-is SeniSvna 2-is Tanaxmad, sakmarisia 

erTaderToba vaCvenoT ( )ℝS  klasze. 

   vTqvaT, A∈ℝ  da σ -rgolebis struqturidan 
gamomdinareobs (ixileT, $9, Teorema 6, Teorema 8), rom 

( ) ( )A A∩ = ∩ℝ ℝS S ; 

( ) ( )A A∩ = ∩ℝ ℝS M . 

   aRvniSnoT AE  simboloTi yvela im elementebis 

simravle ( )A∩ℝ -dan, romelTaTvisac 1 2µ µ= , sadac 1µ  

da 2µ  zomebi arian µ  zomis gagrZelebebs. Tu 

{ }:nA n N∈  aris AE  simravleTa klasis elementTa 

monotonuri mimdevroba, maSin  

( ) ( )lim limi n i n
n n

A Aµ µ
→∞ →∞

=     ( )1, 2i = . 

saidanac gamomdinareobs, rom lim .n A
n

A E
→∞

∈  

   amrigad, AE  aris monotonuri klasi, romelic Seicavs 

( )A∩ℝ  simravles, amave dros ( ) ( )A A∩ = ∩ℝ ℝS M  da 

( ) AA E∩ ⊂ℝM . aqedan ki gamomdinareobs, rom 

( )A∩ℝS -ze 1 2µ µ= . 

   vinaidan yoveli elementi ( )ℝS -dan SeiZleba 

warmovidginoT ℝ -is elementTa diziunqtiuri 

mimdevrobis gaerTianebis saxiT, amitom ( )ℝS -ze 1 2µ µ= . 

   amiT Teorema damtkicebulia. 
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$22. Jor$22. Jor$22. Jor$22. Jordanis zomadanis zomadanis zomadanis zoma    
    
 
   wina paragrafebSi ganvsazRvreT zoma abstraqtuli 
simravleTa garkveul klasze da  lebegis zoma 
SemovitaneT, rogorc borelis zomis gasruleba. axla ki 
ganvsazRvroT lebegis zoma konkretuli sivrcisaTvis. 

kerZod, evklides n -ganzomilebiani nR  sivrcisaTvis, 

sadac ( )1n ≥ .  

   ZiriTadi debulebebis CamoyalibebisaTvis dagvWirdeba 
ramdenime damxmare cneba. 
    rogorc cnobilia, evklides n -ganzomilebiani 

evklides 
nR  sivrcis ( )1n ≥  SemTxvevaSi 

[ [ [ [ [ [1 1 2 2, , ,n na b a b a b× × ×⋯  saxis sakoordinato 

paralelepipedis nΠ  simravle qmnis 
nR  sivrcis 

qvesimravleTa naxevarrgols da masze SeiZleba 

ganvsazRvroT simravlis funqcia nV  Semdegi kanonikuri 

formuliT: 

[ [ [ [ [ [( ) ( )1 1 2 2
1

, , , .n n n

n

i i
i

V a b a b a b b a
=

× × × = −∏⋯  

   lebegis zomis gansazRvras istoriulad win uswrebda 
Jordanis zomis ageba, romelic azogadebda 

sakoordinato paralelepipedze gansazRvrul nV  

moculobis cnebas. 

   
nR  sivrcis X  qvesimravles ewodeba amozneqili, Tu 

X -is nebismieri ori gansxvavebuli wertilisaTvis 
monakveTi, boloebiT am wertilebSi, mTlianad ekuTvnis 

X  simravles (ufro zogadad amozneqili simravleebis 
Sesaxeb, ixileT, $12). 

   uSualod mowmdeba, rom Tu { }:iX i I∈  aris 
nR  

sivrcis amozneqil qvesimravleTa nebismieri ojaxi, maSin 
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i
i I

X
∈
∩  simravle agreTve iqneba amozneqili qvesimravle 

nR -Si. 

   Tu X  aris 
nR  sivrcis nebismieri qvesimravle, maSin 

X -is Semcvel  
nR  sivrcis yvela amozneqili simravlis 

TanakveTas ewodeba X  simravlis amozneqili garsi da 

aRiniSneba ( )conv X  simboloTi. cxadia, rom ( )conv X  

warmoadgens CarTvis TvalsazrisiT umcires amozneqil 

simravles 
nR -Si, romelic X  simravles Seicavs. cxadia, 

rom 
nX R⊂  simravle amozneqilia maSin da mxolod 

maSin, roca ( )X conv X= . 

   
nX R⊂  qvesimravles ewodeba amozneqilad 

damoukidebeli, Tu Sesrulebulia piroba: 

( ) { }( )( )\ .x x X x conv X x∀ ∈ ⇒ ∉  

   
nR  sivrceSi amozneqili mravalwaxnaga ewodeba 

nR  
sivrcis wertilTa sasruli amozneqilad damoukidebeli 
qvesimravlis amozneqil garss. TviT es sasruli 
qvesimravle qmnis amozneqili mravalwaxnagas wveroebis 
simravles. 

   
nR  sivrceSi mravalwaxnaga ewodeba wyvil-wyvilad 

aragadamfaravi amozneqili mravalwaxnagebis nebismieri 
sasruli ojaxis gaerTianebas. 

   
nR  sivrcis izometriul gardaqmna ewodeba 

nR  

sivrcis Tavis Tavze f  bieqcias, romelic wertilebs 

Soris manZils inarCunebs (ufro dawvrilebiT sivrcis 
gardaqmnebis Sesaxeb ixileT, $8). 

   
nR  sivrcis izometriul gardaqmnaTa simravle 

warmoadgens jgufs, sadac jgufuri operacia aris ori 
izometriul gardaqmnis kompozicia. am jgufs ewodeba 
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nR  sivrcis izometriul gardaqmnaTa jgufi da 

AaRiniSneba nD  simboloTi. 

   izometriul gardaqmnaTa nD  jgufis qvejgufs 

warmoadgens 
nR  sivrcis paralelur gadatanaTa anu 

transilaciebis nπ  jgufi. igi SeiZleba gavaigivoT TviT 

nR  sivrcesTan, SevusabamebT ra y y x→ +  ( )ny R∈  

formuliT gansazRvrul 
nR  sivrcis paralelur 

gadatanas anu Zvras 
nx R∈  elementiT. 

   cxadia, rom nD  jgufis erTeuls warmoadgens 
nR  

sivrcis Tavis Tavze igivuri gadasaxva, xolo paralelur 

gadatanaTa nπ  jgufis SemTxvevaSi ki jgufis 

erTeulovani elementi sivrcis nulovan veqtorTan aris 
gaigivebuli. 

   n -ganzomilebiani moculoba, romelsac nV  simboloTi 

aRvniSnavT, ewodeba 
nR  sivrcis yvela mravalwaxnagaTa 

nΤ  klasis gadasaxvas namdvil ricxvTa simravleSi, 

romelic akmayofilebs Semdeg pirobebs: 

   1. ( ) ( )( )0 ;n nT T V T∀ ∈Τ ⇒ ≥  

   2. nebismieri ori aragadamfaravi 1T  da 2T  

mravalwaxnagasTvis nΤ  klasidan sruldeba piroba: 

( ) ( ) ( )1 2 1 2n n nV T T V T V T+ = + , 

kerZod, nV  aris simravlis aditiuri funqcia nΤ  klasze; 

   3. nV  invariantulia 
nR  sivrcis gadaadgilebaTa nD  

jgufis mimarT. es niSnavs Semdegi pirobis Sesrulebas: 

( ) ( ) ( )( ) ( )( )& & ;n n n n nT T g D g T V g T V T∀ ∈Τ ∈ ⇒ ∈Τ =  
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   4. Tu n∆  aris 
nR  sivrcis erTeulovani 

sakoordinato kubi, e. i. [ ]0,1
n∆ = , maSin ( ) 1.nV ∆ =  

   rogorc geometriidan aris cnobili, meserTa (badeTa) 

meTodiT mtkicdeba, rom nΤ  klasze marTlac SeiZleba 

ganisazRvros nV  funqcia, romelic akmayofilebs 1.–4. 

Tvisebebs. igive meTodi saSualebas iZleva 
nR  sivrcis 

qvesimravleTa garkveul nℝ  rgolze ganvsazRvroT zoma, 

romelic n -ganzomilebiani nV  moculobis gagrZelebas 

warmoadgens. am zomas Jordanis zoma ewodeba da igi nj  

simboloTi aRiniSneba. nℝ  rgols, romelzec 

ganisazRvreba Jordanis zoma,  
nR  sivrcis qvesimravleTa 

Jordanis klasi ewodeba da aRiniSneba nJ  simboloTi. 

   vTqvaT, X  aris  
nR  sivrcis SemosazRvruli 

qvesimravle. ganvixiloT nΞ  naxevarrgolis elementebis 

nebismieri sasruli diziunqtiuri { }: 0 1iM i k≤ ≤ −  

( )k N∈  ojaxi, romelic warmoadgens X  simravlis 

dafarvas da SevadginoT jami 

( ) ( ) ( )0 1 1n n n kV M V M V Mσ ∗
−= + + +⋯ . 

   igive dafarvisaTvis σ∗ simboloTi avRniSnoT 

{ }: 0 1iM i k≤ ≤ −  ojaxidan yvela im elementebis 

moculobebis jami, romelTagan TiToeuli ekuTvnis X  
simravles. 
   cxadia, rom  

σ σ ∗
∗ ≤ . 

   axla ganvixiloT X  simravlis yvela SesaZlo 

dafarva nΞ  naxevarrgolis sasruli diziunqtiuri 
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ojaxebiT. cxadia, rom σ ∗
 saxis namdvil ricxvTa 

simravle SemosazRvrulia qvemodan nebismieri σ∗ saxis  

ricxviT, xolo σ∗ saxis ricxvTa simravle 

SemosazRvrulia zemodan nebismieri σ ∗
 saxis ricxviT. 

amitom arseboben { }inf σ ∗
 da { }sup σ∗  ricxvebi. { }inf σ ∗

 

ricxvs ewodeba X  simravlis gare zoma Jordanis azriT 

da igi ( )nV X∗
 simboloTi aRiniSneba, xolo { }sup σ∗  

ricxvs ewodeba X  simravlis Siga zoma Jordanis azriT 

ewodeba da igi ( )nV X
∗

 simboloTi aRiniSneba. 

   cxadia, rom Sesrulebulia utoloba 

( ) ( )n nV X V X∗
∗

≤ . 

   
nR  sivrcis SemosazRvrul X  qvesimravles ewodeba 

Jordanis azriT zomadi, Tu  

( ) ( )n nV X V X∗
∗

= . 

   Jordanis azriT gare da Siga zomebis saerTo 

mniSvnelobas X  simravlis Jordanis zoma ewodeba 

aRiniSneba ( )nj X  simboloTi. 

   cxadia, rom 

[ [ [ [ [ [( ) ( )1 1 2 2
1

, , , ;n n n

n

i i
i

j a b a b a b b a
=

× × × = −∏⋯  

[ ] [ ] [ ]( ) ( )1 1 2 2
1

, , , ;n n n

n

i i
i

j a b a b a b b a
=

× × × = −∏⋯  

] ] ] ] ] ]( ) ( )1 1 2 2
1

, , , ;n n n

n

i i
i

j a b a b a b b a
=

× × × = −∏⋯  

] [ ] [ ] [( ) ( )1 1 2 2
1

, , , .n n n

n

i i
i

j a b a b a b b a
=

× × × = −∏⋯  

   gansazRvridan gamomdinareobs, rom 
nR  sivrcis X  

qvesimravlis Jordanis azriT zomadobisaTvis 
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aucilebelia X  simravlis SemosazRvruloba. cxadia, 
rom es piroba sakmarisi ar aris. marTlac, Tu 

ganvixilavT erTeulovan n∆  kubis racionalur 

wertilTa X  simravles, maSin cxadia, rom X  

SemosazRvrulia, magram  ( )nV X
∗

=0, xolo ( )nV X∗
=1 da 

maSasadame, X  ar aris zomadi Jordanis azriT. 

   nΞ  naxevarrgoliT warmoqmnil ( )n nΞℝ  rgols 

ewodeba 
nR  sivrcis elementalur figuraTa klasi da 

mas mokled nℝ  simboloTi avRniSnavT.    

   Teorema 1. evklides Teorema 1. evklides Teorema 1. evklides Teorema 1. evklides n ----ganzomilebiani ganzomilebiani ganzomilebiani ganzomilebiani 
nR     sivrcis sivrcis sivrcis sivrcis 

yoveli elementaluri figura zomadia Jordanis azriT yoveli elementaluri figura zomadia Jordanis azriT yoveli elementaluri figura zomadia Jordanis azriT yoveli elementaluri figura zomadia Jordanis azriT 
da misi Jordanis zoma tolia im sakoordinato da misi Jordanis zoma tolia im sakoordinato da misi Jordanis zoma tolia im sakoordinato da misi Jordanis zoma tolia im sakoordinato 
papapaparalelepipedebis ralelepipedebis ralelepipedebis ralelepipedebis n ----ganzomilebiani moculobebis ganzomilebiani moculobebis ganzomilebiani moculobebis ganzomilebiani moculobebis 
jamisa, romlebic elementaluri figuris Semadgeneli jamisa, romlebic elementaluri figuris Semadgeneli jamisa, romlebic elementaluri figuris Semadgeneli jamisa, romlebic elementaluri figuris Semadgeneli 

nΞ     naxevarrgolis elementebia.naxevarrgolis elementebia.naxevarrgolis elementebia.naxevarrgolis elementebia. 

            es debuleba aSkaraa, vinaidan yoveli nA∈ℝ  

elementaluri figura SeiZleba warmovidginoT nΞ  

naxevarrgolis elementTa sasruli diziunqtiuri ojaxis 

gaerTianebis saxiT. e. i. 
1

0

p

k
A A

k

−

=
= ∪  da Jordanis zomis 

gansazRvrebidan gamomdinareobs, rom  

( ) ( )
1

0
.

p

n n k
k

j A V A
−

=
= ∑  

   cxadia agreTve, rom es jami damokidebuli ar aris A  

simravlis warmodgenaze nΞ -is elementebiT. 

   Teorema 1-dan uSualod gamomdinareobs Semdegi 
Teorema.  

   Teorema 2. Teorema 2. Teorema 2. Teorema 2. 
nR     sivrcis nebismiersivrcis nebismiersivrcis nebismiersivrcis nebismieri i i i A     elementaluri elementaluri elementaluri elementaluri 

figuris Caketva figuris Caketva figuris Caketva figuris Caketva A     da Siga nawili da Siga nawili da Siga nawili da Siga nawili ( )Int A     zomadia zomadia zomadia zomadia 

Jordanis azriT da Jordanis azriT da Jordanis azriT da Jordanis azriT da     
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( ) ( ) ( )( ).n n nj A j A j Int A= =     

            Teorema 3. vTqvaT, Teorema 3. vTqvaT, Teorema 3. vTqvaT, Teorema 3. vTqvaT, X     aris aris aris aris 
nR     sivrcis sivrcis sivrcis sivrcis 

SemosazRvruli qvesimravle. Semdegi oTxi Tviseba SemosazRvruli qvesimravle. Semdegi oTxi Tviseba SemosazRvruli qvesimravle. Semdegi oTxi Tviseba SemosazRvruli qvesimravle. Semdegi oTxi Tviseba 
eqvivalenturia:eqvivalenturia:eqvivalenturia:eqvivalenturia:    

            1) 1) 1) 1) X     zomadia Jordanis azriT;zomadia Jordanis azriT;zomadia Jordanis azriT;zomadia Jordanis azriT;    

            2) meserTa nebismieri 2) meserTa nebismieri 2) meserTa nebismieri 2) meserTa nebismieri { }:nM n N∈     mimdevrobisaTvismimdevrobisaTvismimdevrobisaTvismimdevrobisaTvis    

( ) ( ) ( )lim lim kn n nk
k k

j X j j
→∞ →∞

= ∇ = ∇ ,,,,    

sadac sadac sadac sadac k∇     aris aris aris aris kM     meserTa  yvela im              meserTa  yvela im              meserTa  yvela im              meserTa  yvela im              

CarTvis TvalsazrisiT udidesi Caketili          CarTvis TvalsazrisiT udidesi Caketili          CarTvis TvalsazrisiT udidesi Caketili          CarTvis TvalsazrisiT udidesi Caketili          n ----
ganzomilebiani kubebis ojaxis elementebis gaerTianeba, ganzomilebiani kubebis ojaxis elementebis gaerTianeba, ganzomilebiani kubebis ojaxis elementebis gaerTianeba, ganzomilebiani kubebis ojaxis elementebis gaerTianeba, 

romlebic romlebic romlebic romlebic X     simravsimravsimravsimravleSi Sedian, xolo leSi Sedian, xolo leSi Sedian, xolo leSi Sedian, xolo k∇     aris aris aris aris kM     

meserTa yvela im meserTa yvela im meserTa yvela im meserTa yvela im n ----ganzomilebiani Ria kubis ganzomilebiani Ria kubis ganzomilebiani Ria kubis ganzomilebiani Ria kubis 

gaerTianeba, romlebic gaerTianeba, romlebic gaerTianeba, romlebic gaerTianeba, romlebic X     simravlesTan TanaikveTeba;simravlesTan TanaikveTeba;simravlesTan TanaikveTeba;simravlesTan TanaikveTeba;    

            3) nebismieri 3) nebismieri 3) nebismieri 3) nebismieri 0ε >     ricxvisaTvis arseboben ricxvisaTvis arseboben ricxvisaTvis arseboben ricxvisaTvis arseboben A     da da da da B     

figurebi iseTi, rom figurebi iseTi, rom figurebi iseTi, rom figurebi iseTi, rom A X B⊂ ⊂     da da da da     

( ) ( ) ;n nj B j A ε− <     

            4) 4) 4) 4) 
nX R⊂     qvesimravlis sazRvris qvesimravlis sazRvris qvesimravlis sazRvris qvesimravlis sazRvris ( )Fr X     simravlis simravlis simravlis simravlis 

Jordanis zoma nulis tolia.Jordanis zoma nulis tolia.Jordanis zoma nulis tolia.Jordanis zoma nulis tolia.    

            damtkiceba. 1)⇒ 2). vTqvaT, 
nX R⊂  qvesimravle aris 

Jordanis azriT zomadi. e. i. ( ) ( )n nV X V X∗
∗

= . Tu 

{ }:nM n N∈  meserTa nebismieri mimdevrobaa 
nR  

sivrceSi, maSin cxadia, rom 

0 1 k∇ ⊂ ∇ ⊂ ∇ ⊂⋯ ⋯  da   0 1 k∇ ⊃ ∇ ⊃ ⊃ ∇ ⊃⋯ ⋯ , 

Tanac .kk X∇ ⊂ ⊂ ∇  

   namdvil ricxvTa ( ){ }:n kj k N∇ ∈  mimdevroba zrdadia 

da zemodan SemosazRvrulia, xolo ( ){ }:knj k N∇ ∈  
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klebadi da qvemodan SemosazRvruli mimdevrobaa. imis 
gamo, rom 

  ( ){ } ( )sup n nk
k

j V X
∗

∇ =  da ( ){ } ( )inf kn n
k

j V X∗∇ = .  

   sabolood miviRebT, rom 

( ) ( ) ( )lim lim .kn n nn
k k

j X j j
→∞ →∞

= ∇ = ∇  

   2)⇒ 3). Tu meserTa nebismieri { }:nM n N∈  

mimdevrobisaTvis sruldeba tolobebi  

( ) ( ) ( )lim lim kn n nk
k k

j X j j
→∞ →∞

= ∇ = ∇ ,,,,    

maSin nebismieri 0ε >  ricxvisaTvis arsebobs 0k N∈  

naturaluri ricxvi, rom roca 0k k≥ , sruldeba 

utolobebi 

         ( ) ( )
4n n kj X j
ε

− ∇ <  da ( ) ( )
4n nkj j X
ε

∇ − < . 

   cxadia, rom k∇  simravlisaTvis SeiZleba mivuTiToT 

masSi Semavali elementaluri figura A , romlisTvisac  

( ) ( )
4n nkj j A
ε

∇ − < . 

   aseve k∇  simravlisaTvis arsebobs misi momcveli 

elementaluri figura B , romlisTvisac  

( ) ( )
4

kn nj B j
ε

− ∇ < . 

maSasadame, sabolood miviReT, rom A X B⊂ ⊂  da 

( ) ( ) .n nj B j A ε− <  

   3)⇒ 4). Tu nebismieri 0ε >  ricxvisaTvis arseboben A  

da B  iseTi elementaluri figurebi, rom A X B⊂ ⊂     da  

( ) ( ) ,n nj B j A ε− <     
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Tanac 
1

p

k
k

A A
=

= ∪  da 
1

q

i
i

B B
=

= ∪  Sesabamisad arian A  da B  

elementaluri figurebis warmodgenebi nΞ -is 

diziunqtiuri elementebiT. SevadginoT nΞ  

naxevarrgolis elementTa sasruli diziunqtiuri 

{ }:1 ,1k iA B k p i q∩ ≤ ≤ ≤ ≤  ojaxi da ganvixiloT am 

ojaxis iseTi { }:1iW i t≤ ≤  qveojaxi, romlis elementebi 

Seicaven ( )Fr X  simravlis erT elements mainc da 

maSasadame, { }:1iW i t≤ ≤  simravleTa ojaxi faravs  

( )Fr X -s. 

   cxadia, rom 

( )( ) ( ) ( ) ( )1 2n n n n tV Fr X V W V W V W ε∗ ≤ + + + <⋯ . 

   ε  ricxvis nebismierobis gamo miviRebT, rom 

( )( ) 0nV Fr X∗ = . amitom arsebobs ( )( )nj Fr X  da 

( )( ) 0.nj Fr X =  

   4)⇒ 1). vTqvaT,  ( )( ) 0.nj Fr X =  maSin nebismieri 0ε >  

ricxvisaTvis arsebobs X  simravlis dafarva nΞ  

naxevarrgolis elementTa sasruli diziunqtiuri 

{ }:1iW i k≤ ≤  ojaxiT, romlisTvisac σ σ ε∗
∗− < . ufro 

metic, ( ) ( )n nV X V X ε∗
∗

− <  da ε  ricxvis nebismierobis 

gamo miviRebT ( ) ( )n nV X V X∗
∗

=  tolobas. rac niSnavs, 

rom X  simravle zomadia Jordanis azriT. 
   amiT Teorema damtkicebulia. 
   Teorema 2-dan gamomdinareobs Semdegi Teorema. 
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   Teorema 3. Jordanis Teorema 3. Jordanis Teorema 3. Jordanis Teorema 3. Jordanis nj     funqcifunqcifunqcifunqcia warmoadgens a warmoadgens a warmoadgens a warmoadgens 

mravalwaxnagebis mravalwaxnagebis mravalwaxnagebis mravalwaxnagebis nΤ     klasze gansazRvruli        klasze gansazRvruli        klasze gansazRvruli        klasze gansazRvruli        n ----

ganzomilebiani ganzomilebiani ganzomilebiani ganzomilebiani nV     moculobis gagrZelebas.moculobis gagrZelebas.moculobis gagrZelebas.moculobis gagrZelebas.    

            Teorema 4. Jordanis Siga da gare zomebi simravlis Teorema 4. Jordanis Siga da gare zomebi simravlis Teorema 4. Jordanis Siga da gare zomebi simravlis Teorema 4. Jordanis Siga da gare zomebi simravlis 

monotonur funqciebs warmonotonur funqciebs warmonotonur funqciebs warmonotonur funqciebs warmoadgenen moadgenen moadgenen moadgenen 
nR     sivrcis sivrcis sivrcis sivrcis 

SemosazRvrul qvesimravleTa klasze.SemosazRvrul qvesimravleTa klasze.SemosazRvrul qvesimravleTa klasze.SemosazRvrul qvesimravleTa klasze.    

            damtkiceba. vTqvaT, X  da Y  SemosazRvruli 

qvesimravleebia 
nR  sivrceSi da Y X⊂ . cxadia, rom X  

simravlis nebismieri sasruli diziunqtiuri dafarva nΞ  

naxevarrgolis elementebiT warmoadgens Y  simravlis 
dafarvasac, da am dafarvis yoveli elementi, romelic 

ekuTvnis Y -s, ekuTvnis agreTve X  simravlesac. amitom 
cxadia, rom  

( ) ( )n nV Y V X
∗ ∗

≤  da ( ) ( )n nV Y V X∗ ∗≤ . 

   amiT Teorema damtkicebulia. 

   Teorema 5. Teorema 5. Teorema 5. Teorema 5. 
nR     sivrcis qsivrcis qsivrcis qsivrcis qvesimravleTa nebismieri vesimravleTa nebismieri vesimravleTa nebismieri vesimravleTa nebismieri 

{ }:1iX i k≤ ≤     sasruli ojaxisaTvis sasruli ojaxisaTvis sasruli ojaxisaTvis sasruli ojaxisaTvis     

( )
1 1

00
.

k k

n ni i
ii

V X V X∗
− −

==

  ∗≤ ∑ 
 
∪     

   damtkiceba. Teorema davamtkicoT 2k = -sTvis. 

ganvixiloT ori 0X  da 1X  SemosazRvruli simravlis 

sasruli diziunqtiuri dafarvebi nΞ  naxevarrgolis 

elementebiT. cxadia, rom am dafarvebiT miviRebT 

0 1X X∪  figuris nΞ -is elementebiT sasrul 

diziunqtiur dafarvas. Tu 0 1,   σ σ  da σ  Sesabamisad 

aRniSnaven 0 1,  X X  da 0 1X X∪  simravleebis miTiTebuli 

dafarvebis elementebis moculobebis jamebs, maSin 
cxadia, rom  

0 1σ σ σ≤ + . 
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   saidanac miviRebT, rom 

( ) ( ) ( )0 1 0 1n n nV X X V X V X∗ ∗ ∗∪ ≤ + . 

   Teoremis srulad damtkiceba SesaZlebelia 
maTematikuri induqciis meTodiT. 

   Teorema 6. Teorema 6. Teorema 6. Teorema 6. 
nR     sivrcis Jordanis azriT zomadi sivrcis Jordanis azriT zomadi sivrcis Jordanis azriT zomadi sivrcis Jordanis azriT zomadi 

qvesimravleebis qvesimravleebis qvesimravleebis qvesimravleebis nJ     klasi warmoadgens rgoklasi warmoadgens rgoklasi warmoadgens rgoklasi warmoadgens rgols.ls.ls.ls. 

   damtkiceba.    uSualod    mowmdeba, rom    
nR  sivrcis 

nebismieri X  da Y  qvesimravleebisaTvis marTebulia 
Semdegi CarTvebi: 

( ) ( ) ( )
( ) ( ) ( )

;

\ .

Fr X Y Fr X Fr Y

Fr X Y Fr X Fr Y

∪ ⊂ ∪

⊂ ∪
 

   Tu X  da Y  Jordanis azriT zomadi simravleebia, 
maSin  

( )( ) ( )( ) 0.n nV Fr X V Fr Y∗ ∗= =  

   amitom Teorema 5-dan gamomdinareobs, rom 

( )( ) ( )( )\ 0.n nV Fr X Y V Fr X Y∗ ∗∪ = =  

   maSasadame, X Y∪  da \X Y  simravleebi zomadia 
Jordanis azriT. 
   Teorema damtkicebulia. 

   axla davrwmundeT, rom nj  funqcia invariantulia 

izometriul gardaqmnaTa nD  jgufis mimarT.  

   vTqvaT, nX J∈ . nebismieri 0ε >  ricxvisaTvis 

arseboben A  da B  elementaluri figurebi, rom  

A X B⊂ ⊂  da  

( ) ( )
2n nj B j A
ε

− < . 

   Tu ng D∈ , maSin ( ) ( ) ( ).g A g X g B⊂ ⊂                 

   
nR  sivrcis n -ganzomilebiani nV  moculobis                  

nD -invariantulobidan gamomdinareobs, rom 
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( )( ) ( )n nj g A j A=  da ( )( ) ( )n nj g B j B= , 

xolo ( )g A  da ( )g B  figurebis Jordanis azriT 

zomadobidan gamomdinareobs, rom arseboben 1A  da 1B  

elementaluri  figurebi, romelTaTvisac sruldeba 
pirobebi: 

 

( ) ( )

( )( ) ( ) ( ) ( )( )
1 1

1 1

,    ,

,    .
4 4n n n n

A g A B g B

j g A j A j B j g B
ε ε

⊂ ⊃

− < − <
 

   amgvarad, gvaqvs  

( )
( ) ( )

1 1

1 1

,

,n n

A g X B

j B j A ε

⊂ ⊂

− <
 

amitom ( )g X  zomadia Jordanis azriT da wina 

utolobebidan, ε  ricxvis nebismierobis gamo, 
gamomdinareobs, rom  

( )( ) ( )n nj g X j X= . 

   axla vaCvenoT, rom nj  aditiuri funqcionalia. ufro 

metic, Tu 1X  da 2X  Jordanis azriT zomadi 

urTierTaragadamfaravi simravleebia, maSin 

( ) ( ) ( )1 2 1 2 .n n nj X X j X j X∪ = +  

   marTlac vTqvaT, { }:1iA i k≤ ≤  aris 1 2X X∪  

simravlis sasruli diziunqtiuri dafarva nΞ  

naxevarrgolis elementebiT. ganvixiloT σ ∗
 da σ∗ 

ricxvebi, romlebic Sesabamisad arian 1 2X X∪  simravlis 

zemoT gansazRvruli moculobebis jamebi.  Tu 

ganvixilavT am dafarvis 1X  da 2X  simravleebis 
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qvedafarvebis Sesabamis 
( ) ( ) ( )1 1 2, ,σ σ σ∗

∗ ∗  da 
( )2σ ∗

 

ricxvebs, maSin gveqneba 
( ) ( ) ( )1 2

1 2nV X Xσ σ σ∗ ∗ ∗ ∗+ ≤ ≤ ∪ , 

amitom  

( ) ( ) ( )1 2 1 2n n nV X V X V X X∗ ∗ ∗+ ≤ ∪ . 

meores mxvriv 

( ) ( ) ( )1 2 1 2n n nV X V X V X X∗ ∗ ∗+ ≥ ∪ . 

amgvarad, miviReT 

( ) ( ) ( ) ( )
( ) ( )

1 2 1 2 1 2

1 2

n n n n

n n

V X V X V X X V X X

V X V X

∗
∗ ∗ ∗

∗ ∗

+ ≤ ∪ ≤ ∪ ≤

≤ +
. 

   vinaidan,  

( ) ( ) ( )
( ) ( ) ( )

1 1 1

2 2 2

,

,

n n n

n n n

V X V X j X

V X V X j X

∗

∗

∗

∗

= =

= =
 

amitom  

( ) ( ) ( )1 2 1 2n n nj X X j X j X∪ = + . 

   amgvarad, nJ  rgolze gansazRvruli simravlis nj  

funqcia, romelic warmoadgens nV  moculobis 

gagrZelebas, akmayofilebs 1.-4. Tvisebebis analogiebs n -

ganzomilebiani nV  moculobisaTvis. 

   davamtkicoT nj  funqcionalis Tvladad-aditiuroba 

nJ  rgolze da amiT davasabuToT, rom nj  marTlac aris  

nJ  rgolze gansazRvruli zoma. 

   Teorema 7. Teorema 7. Teorema 7. Teorema 7.  nJ  rgolze gansazRvruli simravleTa rgolze gansazRvruli simravleTa rgolze gansazRvruli simravleTa rgolze gansazRvruli simravleTa nj     

funqcia Tvladadfunqcia Tvladadfunqcia Tvladadfunqcia Tvladad----aditiuria.aditiuria.aditiuria.aditiuria. 

   damtkiceba. vTqvaT, nA J∈ , k

k N

A A

∈

= ∪   da  

( )( )k nk k N A J∀ ∈ ⇒ ∈ , 
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amasTan miTiTebuli { }:kA k N∈  simravleTa ojaxi 

diziunqtiuria. Teorema 3-is Tanaxmad, arsebobs iseTi 

elementaluri figura B  iseTi, rom  

( ) ( )
2n nj A j B
ε

− < , 

xolo yoveli k N∈  ricxvisaTvis arsebobs iseTi 

elementaluri figura kB , rom ( )k kA Int B⊂  da  

( )( ) ( ) 12
n k n k k
j Int B j A

ε
+

< + . 

   amgvarad, ( )k
k N

B Int B
∈

⊂ ∪  da ( ){ }:kInt B k N∈  

mimdevroba aris B  kompaqturi simravlis Ria dafarva. 

amitom arsebobs B  simravlis sasruli qvedafarva 

( ){ }: 0
ik

Int B i t≤ ≤ , e. i. 

( )
0

t

ki
i

B Int B
=

⊂ ∪  

da Teorema 5-is Tanaxmad gveqneba 
 

( ) ( )( )1

0
.

k

n n ki
i

V B V Int B
−∗

=

∗≤ ∑     

            vinaidan B  da ( )ikInt B  ( )0 i t≤ ≤  simravleebi arian 

Jordanis azriT zomadi, amitom vwerT 

( ) ( )( )1

0

t

n n ki
i

j B j Int B
−

=
≤ ∑  

da miT umetes 

( ) ( ) ( )12 22
n n k n kk

k N k N

j A j A j A
ε ε ε

+
∈ ∈

 − < + = +∑ ∑  
. 

   amrigad, gvaqvs 
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( ) ( )n n k
k N

j A j A ε
∈

< +∑ , 

xolo ε  ricxvis nebismierobis gamo miviRebT 
( ) ( ).n n k

k N

j A j A
∈

≤ ∑  

   meores mxvriv, yoveli p N∈  naturaluri 

ricxvisaTvis 
1

0

p

k
k

A A
−

=
⊂∪  da amitom  

( ) ( )
1 1

00

p p

n n k n k
kk

j A j A j A
− −

==

 
≥ = ∑ 

 
∪ . 

aqedan ki miviRebT, rom  

( ) ( )n n k
k N

j A j A
∈

≥ ∑ . 

   Teorema damtkicebulia.  
   Teorema 8.Teorema 8.Teorema 8.Teorema 8. Jordanis zoma sruli zomaa.Jordanis zoma sruli zomaa.Jordanis zoma sruli zomaa.Jordanis zoma sruli zomaa.    

   damtkiceba. vTqvaT, 
nX R∈  qvesimravle aris Jordanis 

azriT zomadi, ( ) 0nj X =  da Y X⊂ . Teorema 4-is 

Tanaxmad ( ) ( )n nV Y V X∗ ∗≤ =0 da Sesabamisad, ( ) 0nV Y∗ = . 

amitom Y  simravle aris Jordanis azriT zomadi da 

( ) 0.nj Y =  

   Teorema damtkicebulia. 
   aqve SevniSnoT, rom Jordanis zomis gansazRvrebidan 
gamomdinareobs, rom Jordanis zoma sasruli zomaa. 
   davrwmundeT, rom erTaderTi zoma, romelic SeiZleba 

ganisazRvros nJ  simravleTa klasze da aris nV  

moculobis gagrZeleba, aris nj  zoma.    

   marTlac, vTqvaT, µ  aris nJ  klasze gansazRvruli 

zoma, romelic aris nV -is gagrZeleba. nebismieri nX J∈  

simravlisaTvis arsebobs elementaluri figurebis 

zrdadi mimdevroba { }:kA k N∈  iseTi, rom  
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( )( )kk k N A X∀ ∈ ⇒ ⊂  da ( ) ( )limn n k
k

j X V A
→∞

= . 

   zomis qvemodan uwyvetobis gamo lim k
k

A X
→∞

=  da 

Sesabamisad gvaqvs 

( ) ( ) ( )lim limn k k
k k

V A A Xµ µ
→∞ →∞

= = . 

   maSasadame, ( ) ( ).nX j Xµ =  

  
 
    

    
    

$23. lebegis zomis klasikuri SemTxveva$23. lebegis zomis klasikuri SemTxveva$23. lebegis zomis klasikuri SemTxveva$23. lebegis zomis klasikuri SemTxveva    
 

  miRebulia, rom nR  sivrcis SemTxvevaSi lebegis zoma 

aRvniSnoT nλ  ( )1λ λ=  asoTi, borelis zoma - nb -iT, 

lebegis azriT zomad qvesimravleTa klasi nL -iT, 

borelis klasi - nS -iT, marcxnidan Caketili da 

marjvnidan Ria sakoordinato paralelepipedebis 

naxevarrgoli - nΞ -iT, ( )nΞℝ  rgoli - nℝ -iT. Tanac, 

rogorc ukve vTqviT, nℝ  rgolis elementebs ewodebaT  

nR  sivrcis elementaluri figurebi. nΞ  naxevarrgolze 

n -ganzomilebiani nV  moculoba moicema kanonikuri 

formuliT: 

[ [ [ [ [ [( ) ( )1 1 2 2
1

, , , ,n n n

n

i i
i

V a b a b a b b a
=

× × × = −∏⋯  

Tanac nΞ  simravleTa klasze nV  warmoadgens simravlis 

Tvladad-aditiur arauaryofiT funqcias. amitom nV  

calsaxad gagrZeldeba nℝ  rgolze Tvladad-

aditiurobis SenarCunebiT. 
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   lebegis gare zoma,  romelsac 
nR  sivrcis 

SemTxvevaSi nλ
∗
 simboloTi avRniSnavT, SeiZleba 

ganisazRvros Semdegi formiT: 

( ) ( )infn n k
k N

A V Aλ ∗

∈

 
= ∑ 

 
, 

sadac qveda sazRvari aiReba A  simravlis nΞ  

naxevarrgolis elementebiT araumetes Tvladi ojaxebiT 
dafarvebis mimarT.  
   am gansazRvris eqvivalenturoba $19-Si moyvanil gare 
zomis gansazRvrebasTan gamomdinareobs im faqtidan, rom 

yoveli elementaluri figura 
nR  sivrceSi 

warmoidgineba nΞ  naxevarrgolis elementebis sasruli 

diziunqtiuri ojaxis gaerTianebis saxiT.  
   aqve SevniSnoT, rom wina paragrafebSi ($19,$20,$21) 
damtkicebuli yvela Teorema marTebuli iqneba          

n -ganzomilebiani nR  sivrcis SemTxvevaSic. 
   axla moviyvanoT lebegis zomis agebis kidev erTi 
meTodi. 

   Teorema 9. Teorema 9. Teorema 9. Teorema 9. 
nR     sivrcis yoveli aracarieli  Ria sivrcis yoveli aracarieli  Ria sivrcis yoveli aracarieli  Ria sivrcis yoveli aracarieli  Ria G     

simravle warmoidgineba Caketili sakoordinato kubebis simravle warmoidgineba Caketili sakoordinato kubebis simravle warmoidgineba Caketili sakoordinato kubebis simravle warmoidgineba Caketili sakoordinato kubebis 
Tvladi ojaxis gaerTTvladi ojaxis gaerTTvladi ojaxis gaerTTvladi ojaxis gaerTianebis saxiT, romelTac wyvilianebis saxiT, romelTac wyvilianebis saxiT, romelTac wyvilianebis saxiT, romelTac wyvil----
wyvilad saerTo Siga wertilebi ar gaaCniaT.wyvilad saerTo Siga wertilebi ar gaaCniaT.wyvilad saerTo Siga wertilebi ar gaaCniaT.wyvilad saerTo Siga wertilebi ar gaaCniaT.    

   damtkiceba. ganvixiloT 
nR  sivrceSi meserTa 

mimdevroba, romelTa hipersibrtyeebi sakoordinato 
RerZebis paraleluria da bijebis mimdevrobaa 

1 1
1, , , , .

2 2n
⋯ ⋯  0Q  iyos im meseris erTbijiani yvela im 

kubis ojaxi, romelTaganac TiToeuli ekuTvnis G  Ria 

simravles, da a. S. 1kQ −  iyos am paletis 
1

1

2k−
 bijiani 

yvela im kubis ojaxi, romelTagan TiToeuli ekuTvnis 
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G -s da ar gadaifareba 0 1 2, , , kQ Q Q −⋯  ojaxebis arc erT 

kubTan da a. S.. davuSvaT, rom 

N k
k N

Q Q
∈

= ∪ . 

   cxadia, rom NQ  araumetes Tvladia da vTqvaT, 

{ }:iA i N∈  simravleTa ojaxi misi gadaTvlaa. 

   davrwmundeT, rom 

.
k N

G Ak
∈

= ∪  

   { }:kQ k N∈  mimdevrobis agebis konstruqciidan 

gamomdinareobs, rom .
k N

G Ak
∈

⊃ ∪  

axla vTqvaT, x G∈ . cxadia, rom arsebobs erTmaneTSi 

0 1, ,∆ ∆ ⋯  Calagebuli kubebis mimdevroba paletidan, 

romelTaganac TiToeuli Seicavs TavisTavSi x  wertils. 
vinaidan am kubebis wiboebis sigrZe nulisaken 

miiswrafvis da G  Ria simravlea, amitom arsebobs iseTi 

0k N∈  naturaluri ricxvi, rom 
0k

G∆ ⊂ . Tu p N∈   

aris aseT ricxvebs Soris umciresi, maSin cxadia, rom 

p pQ∆ ∈  da amitom  

.
k N

x Ak
∈

∈ ∪  

   radgan G  Ria simravlea, xolo 0 1, ,∆ ∆ ⋯  kubebi 

Caketilia amitom NQ  simravle usasruloa. 

   Teorema damtkicebulia. 

   am Teoremis gamoyenebiT SesaZlebelia nV -is 

gagrZeleba 
nR  sivrcis Ria qvesimravleebze da aseTi 

gagrZeleba daemTxveva am simravlis lebegis zomas.  

   marTlac, Tu G  aris 
nR  sivrcis aracarieli Ria 

simravle, maSin G  warmoidgineba { }:iA i N∈  Caketili 
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sakoordinato wyvil-wyvilad urTierTaragadamfaravi 
kubebis mimdevrobis gaerTianebis saxiT.  
   ganvsazRvroT lebegis zoma Semdegi saxiT: 

( ) ( )n n k
k N

G V Aλ
∈

= ∑ . 

   es gansazRvra koreqtulia.  

   marTlac, vTqvaT, 
i N

G Qi
∈

= ∪  aris G  Ria simravlis 

analogiuri gansxvavebuli warmodgenaa. maSin cxadia, rom 

yoveli k N∈  naturaluri ricxvisaTvis gvaqvs 

A ( )k k i
i N

A A Q
∈

= ∩∪ , 

da  

( ) ( )n k n k i
i N

V A V A Q
∈

= ∩∑ . 

radgan yoveli i N∈  naturaluri ricxvisaTvis 
marTebulia  toloba  

( )i k i
k N

Q A Q
∈

= ∩∪ , 

amitom gveqneba 

( ) ( ) ( )

( ).

n k n k i n k i
k N k N i N i N k N

n i
i N

V A V A Q V A Q

V Q

∈ ∈ ∈ ∈ ∈

∈

 
= ∩ = ∩ =∑ ∑ ∑ ∑ ∑  

= ∑
 

 
   amiT damtkicda gansazRvris koreqtuloba. 

            Teorema 10. Teorema 10. Teorema 10. Teorema 10. 
nR     sivrcis nebismieri sivrcis nebismieri sivrcis nebismieri sivrcis nebismieri A     qvesimravlis qvesimravlis qvesimravlis qvesimravlis 

labegis gare zoma SeiZleba ganisazRvros labegis gare zoma SeiZleba ganisazRvros labegis gare zoma SeiZleba ganisazRvros labegis gare zoma SeiZleba ganisazRvros     

( ) ( ){ }n n
A G

A inf Gλ λ∗

⊂
=     

saxiT, sadac saxiT, sadac saxiT, sadac saxiT, sadac inf     aiReba aiReba aiReba aiReba A     simravlis Semcveli yvela simravlis Semcveli yvela simravlis Semcveli yvela simravlis Semcveli yvela 

SesaZlo Ria qvesimravleTa klasis mimarT SesaZlo Ria qvesimravleTa klasis mimarT SesaZlo Ria qvesimravleTa klasis mimarT SesaZlo Ria qvesimravleTa klasis mimarT 
nR     sivrceSi.sivrceSi.sivrceSi.sivrceSi.    

   damtkiceba. Teorema 9-is Tanaxmad cxadia, rom 
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( ) ( ){ }n n
A G

A inf Gλ λ∗

⊂
≤ . 

meores mxvriv, nλ
∗
-is gansazRvris Tanaxmad, yoveli 0ε >  

ricxvisaTvis arsebobs A  simravlis iseTi dafarva nΞ  

naxevarrgolis { }:kA k N∈  elementebis  mimdevrobiT, 

rom  

( ) ( ) 
2n k n

k N

V A A
ε

λ ∗

∈
< +∑ . 

cxadia, rom arsebobs Ria kA
′ sakoordinato 

paralelepipedi iseTi, rom k kA A ′⊂  da  

( ) ( ) 12
n k n k k
A V A

ε
λ

+
′ < + . 

   amgvarad, k
k N

G A
∈

′= ∪  Ria simravle Seicavs Tavis 

TavSi A  simravles da  

( ) ( ) ( )
( ) ( )

12 2

            .
2 2

n n k n k k
k N k N

n k n
k N

A V A A

A G

ε ε
λ λ

ε ε
λ λ

∗
+

∈ ∈

∈

 ′+ > > − =∑ ∑  
 

′= − ≥ −∑

 

   amgvarad,  

( ) ( )n nG Aλ λ ε∗< + , 

miTumetes 

( ){ } ( )n n
A G

inf G Aλ λ ε∗

⊂
< + . 

maSasadame, 

( ){ } ( )n n
A G

inf G Aλ λ ∗

⊂
≤ . 

   amiT Teoremis damtkiceba damtkicebulia. 
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   damtkicebuli Teoremidan gamomdinareobs Semdegi 
Teorema. 
   TTTTeorema 11. erTaderTi zoma, romelic SeiZleba eorema 11. erTaderTi zoma, romelic SeiZleba eorema 11. erTaderTi zoma, romelic SeiZleba eorema 11. erTaderTi zoma, romelic SeiZleba 

ganisazRvros ganisazRvros ganisazRvros ganisazRvros nL     klasze da iqneba klasze da iqneba klasze da iqneba klasze da iqneba nΞ     naxevarrgolze naxevarrgolze naxevarrgolze naxevarrgolze 

mocemuli mocemuli mocemuli mocemuli n ----ganzomilebiani ganzomilebiani ganzomilebiani ganzomilebiani nV     moculobis gagrZeleba, moculobis gagrZeleba, moculobis gagrZeleba, moculobis gagrZeleba, 

aris lebegaris lebegaris lebegaris lebegis zoma.is zoma.is zoma.is zoma.    

   marTlac, lebegis gare zoma nλ
∗
, warmoqmnili  n -

ganzomilebiani nV  moculobiT, calsaxad aris 

gansazRvruli 
nR  sivrcis yvela qvesimravleTa klasze. 

vinaidan nλ  aris nλ
∗
-is Seviwroeba nL  klasze, amitom 

Teorema damtkicebulia. 

   Teorema 12. Teorema 12. Teorema 12. Teorema 12. 
nR     sivrcis sivrcis sivrcis sivrcis A     qvesimravle zomadia qvesimravle zomadia qvesimravle zomadia qvesimravle zomadia 

lebegis alebegis alebegis alebegis azriT maSin da mxolod maSin, roca nebismieri zriT maSin da mxolod maSin, roca nebismieri zriT maSin da mxolod maSin, roca nebismieri zriT maSin da mxolod maSin, roca nebismieri 

0ε >     ricxvisaTvis arsebobs iseTi ricxvisaTvis arsebobs iseTi ricxvisaTvis arsebobs iseTi ricxvisaTvis arsebobs iseTi 
nG R⊂     Ria simravle, Ria simravle, Ria simravle, Ria simravle, 

romromromrom    

( )\n G Aλ ε∗ < . 

   damtkiceba. aucilebloba. vTqvaT, nA L∈ . ganvixiloT 

ori SemTxveva. 

   1) ( )n Aλ < +∞ .  

   imis gamo, rom nλ ( ) ( ){ }n
A G

A inf Gλ
⊂

= , amitom nebismieri 

0ε >  ricxvisaTvis moiZebneba iseTi G  Ria simravle, 

rom A G⊂  da ( ) ( )n nA Gλ ε λ+ > . cxadia, rom 

( )\G G A A= ∪  da  

( ) ( ) ( ) ( )\ \n n n nG A G A G Aλ λ λ λ ε∗ = = − < . 

   2) ( )n Aλ = +∞ . 

   am SemTxvevaSi marTebulia k
k N

A A
∈

= ∪  warmodgena, 

sadac  
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( )( )kk k N A L∗∀ ∈ ⇒ ∈ . 

   nebismieri 0ε >  ricxvisaTvis moiZebneba kG  Ria 

simravle iseTi, rom k kA G⊂  da ( )\
2

n k k k
G A

ε
λ ∗ < . 

radgan k
k N

G G
∈

= ∪  Ria simravlea, A G⊂  da 

( )\ \k k
k N

G A G A
∈

= ∪ , amitom  

( ) ( )\ \ .n n k k
k N

G A G Aλ λ ε∗

∈

∗≤ <∑  

   sakmarisoba. vTqvaT, sruldeba piroba ( )\n G Aλ ε∗ < . 

yoveli naturaluri k N∈  ricxvisaTvis ganvixiloT 

iseTi kG  Ria simravle, rom kA G⊂  da ( ) 1
\n kG A

k
λ ∗ < . 

cxadia, rom k
k N

B G
∈

= ∩  simravle Seicavs A -s da 

\ \kB A G A⊂  yoveli k N∈  naturaluri ricxvisTvis. 

amitom gvaqvs 

( ) ( ) 1
\ \n n kB A G A

k
λ λ∗ ∗≤ < . 

k  ricxvis nebismierobidan gamomdinareobs, rom 

( )\ 0n B Aλ ∗ = . 

   Tu SemoviRebT aRniSvnas \B A C= , maSin \A B C= , 

Tanac C  aris lebegis nuli zomis simravle, xolo 

vinaidan B  borelis simravlea, gamodis rom .nA L∈  

   amiT Teorema damtkicebulia. 

            Teorema 13. Teorema 13. Teorema 13. Teorema 13. 
nR     sivrcis sivrcis sivrcis sivrcis A     qvesimravle zoqvesimravle zoqvesimravle zoqvesimravle zomadia madia madia madia 

lebegis azriT maSin da mxolod maSin, roca nebismieri lebegis azriT maSin da mxolod maSin, roca nebismieri lebegis azriT maSin da mxolod maSin, roca nebismieri lebegis azriT maSin da mxolod maSin, roca nebismieri 

0ε >     ricxvisaTvis arsebobs iseTi ricxvisaTvis arsebobs iseTi ricxvisaTvis arsebobs iseTi ricxvisaTvis arsebobs iseTi F     Caketili Caketili Caketili Caketili 

simravle, rom simravle, rom simravle, rom simravle, rom F A⊂     dadadada    
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( )\n A Fλ ε∗ < ....    

            damtkiceba. aucilebloba. vTqvaT, nA L∈ . maSin 

\n
nR A A L′= ∈  da nebismieri 0ε >  ricxvisaTvis 

arsebobs G  Ria simravle, romlisTvisac A G′ ⊂  da  

( )\n G Aλ ε∗ ′ < . 

   radgan \ \A G G A′ ′= , amitom Tu davuSvebT, rom 

G F′ = , maSin miviRebT dasamtkicebel utolobas. 

   sakmarisoba. vTqvaT, nebismieri 0ε >  ricxvisaTvis 

arsebobs iseTi F  Caketili simravle, rom F A⊂  da 

( )\n A Fλ ε∗ < . 

   radgan A F′ ′⊂  da \ \F A A F′ ′ = , amitom nebismieri 

0ε >  ricxvisaTvis arsebobs iseTi F  Caketili 

simravle, rom F A⊂  da 

( ) ( )\ \n nF A A Fλ λ ε∗ ∗′ ′ = < . 

   vinaidan F ′ Ria simravlea, amitom nA L′∈ , e. i. nA L∈ . 

   Teorema damtkicebulia 

   TeoremTeoremTeoremTeorema 14. lebegis zoma invariantulia a 14. lebegis zoma invariantulia a 14. lebegis zoma invariantulia a 14. lebegis zoma invariantulia 
nR     sivrcis sivrcis sivrcis sivrcis 

izometriul gardaqmnaTa izometriul gardaqmnaTa izometriul gardaqmnaTa izometriul gardaqmnaTa nD     jgufis mimarT.jgufis mimarT.jgufis mimarT.jgufis mimarT.    

            damtkiceba. Tu 
nG R⊂  nebismieri Ria simravlea, maSin 

yoveli g G∈  elementisaTvis ( )g G  agreTve Ria 

simravlea  
nR     sivrceSi. 

   davamtkicoT, rom Ria simravleebis zoma ar icvleba 

nD  jgufis nebismieri gardaqmnisaTvis. Tu G = ∅ , maSin 

damtkiceba trivialuria. 

   vTqvaT, G ≠ ∅ . maSin Teorema 9-is Tanaxmad 

k N

G Ak
∈

= ∪ , sadac { }:kA k N∈  aris wyvil-wyvilad 
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aragadamfaravi sakoordinato Caketili kubebis 
mimdevroba. amitom 

( ) ( )k
k N

g G g A
∈

= ∪ . 

   vinaidan n -ganzomilebiani nV  moculoba 
nR  sivrcis 

yvela mravalwaxnagaTa nΤ  klasze        nD -

invariantulia, amitom gveqneba 

( )( ) ( )( ) ( ) ( ).n n k n k n
k N k N

g G V g A V A Gλ λ
∈ ∈

= = =∑ ∑  

   axla vTqvaT, ( )nA P R∈ . maSin gveqneba 

( )( ) ( )( ){ } ( ){ } ( )n n n n
A G A G

g A inf g G inf G Aλ λ λ λ∗ ∗

⊂ ⊂
= = = . 

amrigad, nλ
∗
 gare zoma aris nD -invariantuli. 

   vTqvaT, nA L∈  da ng D∈ . nebismieri 0ε >  

ricxvisaTvis arsebobs 
nG R⊂  Ria simravle iseTi, rom 

A G⊂  da ( )\n G Aλ ε∗ < . radgan ( ) ( )g A g G⊂  da ( )g G  

Ria simravlea, amitom  

( ) ( )( ) ( )( ) ( )\ \ \n n ng G g A g G A G Aλ λ λ ε∗ ∗ ∗= = < , 

maSasadame, ( ) ng A L∈ . es ki niSnavs, rom nL  klasi nD -

invariantulia. 

   vinaidan nλ  aris nλ
∗
-is Seviwroeba nL  klasze, xolo 

nL  klasi da  nλ
∗
 funqcionali            nD -

invariantulia, amitom vRebulobT, rom nλ  zoma nD -

invariantulia. 
   Teorema damtkicebulia. 

   Teorema 15. Teorema 15. Teorema 15. Teorema 15. nL     simravleTa klasi hiperkontinuumis simravleTa klasi hiperkontinuumis simravleTa klasi hiperkontinuumis simravleTa klasi hiperkontinuumis 

simZlavrisaa.simZlavrisaa.simZlavrisaa.simZlavrisaa.    
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            damtkiceba. jer ganvixiloT SemTxveva, roca 2n ≥ . Tu 

l  aris nebismieri wrfe nR     sivrceSi, maSin ( ) 0n lλ = . 

cxadia, rom wrfis yvela qvesimravleTa simZlavrea 2ω , 
amitom lebegis zomis sisrulis gamo 

( ) 2ncard L ω≥ . 

amasTan cxadia, rom 

( ) ( )( ) 2n
ncard L card P R ω≤ = . 

amrigad, 

( ) 2ncard L ω= . 

   axla vTqvaT, 1.n =  davamtkicoT, rom  kantoris C  

simravle zomadia lebegis azriT da ( ) 0n Cλ = . marTlac, 

rogorc cnobilia 

[ ]0,1 \ k

k N

C G

∈

= ∪ , 

sadac 

2 22 2

1 1

3 2 3 1 3 3 1 3 3 2
, ,

3 3 3 3

k k

k
p p

p p p pk k
G

k k k k

− −

= =

    − − − + − + =  ∪             
∪ ∪

. 
amitom 

( )
2

2

2

1

2

1

3 2 3 1
,

3 3

3 3 1 3 3 2 1 2
, .

2 33 3

k

k

p p

k k k
p

kk p k p

k k
p

Gλ λ

λ

−

−

=

=

  − −
= +      

  − + − +  =          

∑

∑
 

e. i. 

1 1

1 2
1

2 3

k

k k

Gkλ
≥ ≥

   = ⋅ =  
  

∑∪ , 
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amitom ( ) [ ]( )
1

0,1 0
k

C Gkλ λ λ
≥

 
= − = 

 
∪ . vinaidan 

( )card C ω=  da λ  lebegis zoma sruli zomaa, amitom 
miviRebT 

( )1 2card L ω= . 

   Teorema damtkicebulia. 

   Teorema 16. Teorema 16. Teorema 16. Teorema 16. 
nR     sivrcis yvela Ria simravlis sivrcis yvela Ria simravlis sivrcis yvela Ria simravlis sivrcis yvela Ria simravlis 

simZlavrea simZlavrea simZlavrea simZlavrea ω . . . .     

   damtkiceba. avRniSnoT nG  ( )n N∈  simboloTi 
nR  

sivrcis yvela Ria qvesimravleTa klasi. vinaidan yoveli 
nx R∈  wertilisaTvis { }\nR x  simravle Riaa, amitom 

( )ncard G ω≥ . 

   Teorema 9-is Tanaxmad, yoveli aracarieli Ria 
simravle SeiZleba warmovidginoT Caketili, wyvil-
wyvilad aragadamfaravi sakoordinato kubebis 

mimdevrobis gaerTianebis saxiT, amitom yovel Ria G  
simravles SeiZleba inieqciurad SevusabamoT Caketili 
sakoordinato kubebis yvela mimdevrobebis simravlis 
simZlavre, romelic ω -s tolia. amrigad, 

( ) .ncard G ω=  

   Teorema 15-dan uSualod gamomdinareobs Semdegi: 

   Teorema 17. Teorema 17. Teorema 17. Teorema 17. 
nR     sivrcis yvela Caketili simsivrcis yvela Caketili simsivrcis yvela Caketili simsivrcis yvela Caketili simravleTa ravleTa ravleTa ravleTa 

nF     klasis simZlavrea  klasis simZlavrea  klasis simZlavrea  klasis simZlavrea  ω ....    

            Teorema 18. Teorema 18. Teorema 18. Teorema 18. ( ) ( ) ( ) ( )n n n n nS G F K B= = = =S S S S , , , , 

sadac sadac sadac sadac nS     aris aris aris aris 
nR     sivrcis borelis klasi, sivrcis borelis klasi, sivrcis borelis klasi, sivrcis borelis klasi, nK     aris aris aris aris 

yvelayvelayvelayvela    kompaqturi qvesimravleTa klasi kompaqturi qvesimravleTa klasi kompaqturi qvesimravleTa klasi kompaqturi qvesimravleTa klasi 
nR ----Si, xolo Si, xolo Si, xolo Si, xolo nB     

ki ki ki ki ----    
nR     sivrcis yvela sivrcis yvela sivrcis yvela sivrcis yvela n ----ganzomilebiani rogorc ganzomilebiani rogorc ganzomilebiani rogorc ganzomilebiani rogorc 

Caketili, aseve Ria birTvebis klasia.Caketili, aseve Ria birTvebis klasia.Caketili, aseve Ria birTvebis klasia.Caketili, aseve Ria birTvebis klasia.    
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            damtkiceba. imis gamo, rom yoveli aracarieli Ria 
simravle warmoadgens Caketili sakoordinato kubebis 
wyvil-wyvilad arafadamfaravi Tvladi ojaxis 

gaerTianebas, amitom gamodis, rom n nG S⊂ , e. i. 

( )n nG S⊂S . Sebrunebuli CarTva gamimdinareobs iqidan, 

rom nΞ  simravleTa klasis yoveli elementi SeiZleba 

warmovidginoT Ria sakoordinato paralelepipedebis 

Tvladi ojaxis gaerTianebis saxiT. amitom ( )n nGΞ ⊂ S  

da e. i. ( ) ( ).n n nS G= Ξ ⊂S S  

   yoveli Caketili simravle Ria simravlis damatebaa 

nR -Si. amitom cxadia, rom n nF S⊂ . maSasadame, 

( ) .n nF S⊂S  Sebrunebuli CarTva iqidan gamomdinareobs, 

rom nΞ  simravleTa klasis yoveli elementi SeiZleba 

warmovidginoT Caketili sakoordinato paralelepipe-
debis Tvladi ojaxis TanakveTis saxiT da maSasadame, 

( )n nFΞ ⊂ S . maSin ( ) ( ).n n nS FΞ = ⊂S S   

   cxadia, rom n nK F⊂ . amitom ( ) ( ) .n n nK F S⊂ =S S  

Sebrunebuli CarTva gamomdinareobs iqidan, rom 

( )n nKΞ ⊂ S  da maSasadame, ( ) ( ).n n nS KΞ = ⊂S S  

   cxadia, rom n n n nB G F S⊂ ∪ ⊂ , amitom ( )n nB S⊂S . 

meores mxvriv, 
nR  sivrceSi arsebobs Ria birTvebis 

Tvladi baza da amitom ( )n nG B⊂ S  da maSasadame, 

( ) ( ).n n nG S B= ⊂S S  

   Teorema damtkicebulia. 

   Teorema 19. Teorema 19. Teorema 19. Teorema 19. ( ) .ncard S ω=     
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            marTlac, radgan ( )n nS F= S  da ( )ncard F ω= , amitom 

( )ncard S ω≥ .  meores mxvriv, 

1

nS Sξ
ξ ω<

= ∪ , sadac 0 nS F=  

da σ -rgolis struqturidan gamomdinareobs, rom 

( ) ( )( )1 .card Sξξ ξ ωω∀ < ⇒ =  

   amitom gvaqvs, 

( )ncard S ω≤ . 

maSasadame,  

( )ncard S ω= . 

   zemoT damtkicebuli Teoremebidan uSualod 
gamomdinareobs Semdegi Teoremebi: 

   Teorema 20. nebismieri Teorema 20. nebismieri Teorema 20. nebismieri Teorema 20. nebismieri 1n ≥     naturaluri ricxvisaTvis naturaluri ricxvisaTvis naturaluri ricxvisaTvis naturaluri ricxvisaTvis 
nR     sivrceSi arsebobs lebegisivrceSi arsebobs lebegisivrceSi arsebobs lebegisivrceSi arsebobs lebegis azriT zomadi simravle, s azriT zomadi simravle, s azriT zomadi simravle, s azriT zomadi simravle, 

romelic ar aris borelis simravle.romelic ar aris borelis simravle.romelic ar aris borelis simravle.romelic ar aris borelis simravle.    
            Teorema 21. borelis zoma ar aris sruli zoma.Teorema 21. borelis zoma ar aris sruli zoma.Teorema 21. borelis zoma ar aris sruli zoma.Teorema 21. borelis zoma ar aris sruli zoma.    

            marTlac, C  kantoris simravle aris borelis 

simravle, Tanac ( )1 0.b C =     radgan  ( )( ) 2card P C ω= , 

amitom arsebobs C -s iseTi qvesimravle, romelic 
arazomadia borelis azriT. 

   Teorema 22. Teorema 22. Teorema 22. Teorema 22. 
nR     sivrcis nebismieri sivrcis nebismieri sivrcis nebismieri sivrcis nebismieri A     qvesimravlis qvesimravlis qvesimravlis qvesimravlis 

Siga zoma SeiZleba ganisazRvros, rogorc Siga zoma SeiZleba ganisazRvros, rogorc Siga zoma SeiZleba ganisazRvros, rogorc Siga zoma SeiZleba ganisazRvros, rogorc  

( ){ }n
F A

sup Fλ
⊂

    

ricxvi, sadac zeda sazRvari ganixileba ricxvi, sadac zeda sazRvari ganixileba ricxvi, sadac zeda sazRvari ganixileba ricxvi, sadac zeda sazRvari ganixileba A     
qvesimravleSi Semavali yvela Caketili simravlis mimarT.qvesimravleSi Semavali yvela Caketili simravlis mimarT.qvesimravleSi Semavali yvela Caketili simravlis mimarT.qvesimravleSi Semavali yvela Caketili simravlis mimarT.    

   damtkiceba. vinaidan n nF S⊂ , sadac, iseve rogorc 

zeviT, nF -iT aRniSnulia 
nR  sivrcis yvela Caketil 

simravleTa klasi, amitom gvaqvs 

( ){ } ( ).n n
F A

sup F Aλ λ ∗

⊂
≤  
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   Sebrunebuli utolobis dasamtkiceblad ganvixiloT 

SemTxveva, roca ( ) .n Aλ
∗

< +∞  

   Siga zomis gansazRvris Tanaxmad, nebismieri 0ε >  

risxvisaTvis arsebobs iseTi borelis simravle B , rom 

B A⊂  da  

( ) ( )
2n nA B
ε

λ λ
∗

− < . 

Tavis mxvriv, wina Teoremis Tanaxmad, arsebobs iseTi 

Caketili F  simravle, rom F B⊂  da ( )\
2n B F
ε

λ ∗ <  da   

( ) ( ) ( )\
2n n nB F B F
ε

λ λ λ= − < . 

   amgvarad, gvaqvs 

( ) ( )
2 2n nA F
ε ε

λ λ
∗

− < + , 

saidanac gamomdinareobs, rom 

( ) ( )n nA Fλ ε λ
∗

− <  

da miTumetes 

( ) ( ){ }n n
F A

A sup Fλ ε λ
∗

⊂
− < . 

   saidanac gamomdinareobs, rom 
 

( ) ( ){ }n n
F A

A sup Fλ λ
∗

⊂
≤ ,,,,    

da maSasadame,  

( ) ( ){ }n n
F A

A sup Fλ λ
∗

⊂
= . 

   $20-Si damtkicebuli debuleba L∗∗  simravleTa klasis 

SemTxvevaSi (ixileT, SeniSvna) 
nR  sivrcisaTvis SeiZleba 

ase dazustdes: sakmarisia, ganvixiloT 
nR  sivrcis 

SemosazRvruli qvesimravleebis klasi da SemosazRvruli  
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X  qvesimravlisaTvis Siga zoma ganvsazRvroT, rogorc 
sxvaoba 

( ) ( )\n nV A A Xλ ∗− , 

sadac A  aris X  simravlis Semcveli nebismieri 

sakoordinato paralelepipedi. X  simravles ewodeba 

nL
∗∗
 simravleTa klasis elementi, Tu ( ) ( )n nX Xλ λ ∗

∗
= , 

xolo nL  klasi daemTxveva 
nR  sivrcis iseTi 

qvesimravleebis klass, romlebic SeiZleba 

warmovidginoT nL
∗∗
 simravleTa klasis elementebis 

araumetes Tvladi ojaxebis gaerTianebiT. 
 
 
 
 
$24. $24. $24. $24. lebegis azriT arazomadi simravleebilebegis azriT arazomadi simravleebilebegis azriT arazomadi simravleebilebegis azriT arazomadi simravleebi 

 
 

     am paragrafSi Cven ganvixilavT lebegis azriT 
arazomadi simravleebis klasikuri magaliTebis 
konstruqciebs. kerZod, SevexebiT vitalisa da 
bernSteinis simravleebs da maTi arsebobis sakiTxebs. 
   istoriulad lebegis azriT arazomadi simravlis 
pirvel magaliTs warmoadgens vitalis simravle namdvil 
ricxvTa RerZze. arsebobs am simravlis agebis sxvadasxva 
meTodebi. Cven moviyvanT erT-erT meTods, romelic 
ukavSirdeba Steinhauzis Tvisebas.   

            vityviT, rom X⊂ R  simravle flobs Steinhauzis 

Tvisebas, Tu arsebobs namdvili ε >0 ricxvi iseTi, rom 

( )( ( ) ).h R h X h Xε∀ ∈ < ⇒ + ≠ ∅∩  

   sxva sityvebiT rom vTqvaT, X⊂R  simravle flobs 

Steinhauzis Tvisebas, Tu 
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{ }: ,X X x x x X x X′ ′′ ′ ′′− = − ∈ ∈  

simravle warmoadgens 0 wertilis midamos. 

   SevniSnoT, rom Steinhauzis Tvisebas garkveuli 

TvalsazrisiT SegviZlia mivceT simravlis mdgradobis 

interpretacia raime gardaqmnaTa jgufis mimarT (am 

SemTxvevaSi paralelur gadatanaTa jgufis mimarT). 

   marTebulia Semdegi debuleba: 

 TeoreTeoreTeoreTeorema 1. ma 1. ma 1. ma 1. vTqvaT, vTqvaT, vTqvaT, vTqvaT, X⊂⊂⊂⊂R     simravle akmayofilebs simravle akmayofilebs simravle akmayofilebs simravle akmayofilebs 

Semdeg pirobebs: Semdeg pirobebs: Semdeg pirobebs: Semdeg pirobebs:     

( ),X dom λ∈     ( ) 0Xλ > ....    

maSin maSin maSin maSin X X X X simravle simravle simravle simravle flobs Steinhauzis Tvisebas.flobs Steinhauzis Tvisebas.flobs Steinhauzis Tvisebas.flobs Steinhauzis Tvisebas.    

    Teorema 1-is erT-erTi damtkiceba ukavSirdeba 

lebegis azriT zomadi simravlis simkvrivis wertilis 

cnebas da misi gaazreba migvindia mkiTxvelTaTvis.  

            $4-is magaliT 3-Si ganvixileT eqvivalenturobis 
V

R  

mimarTeba    R     RerZze gansazRvruli Semdegi 

damokidebulebiT 

( ){ }2, .x y R x R y R x y Q∈ ⇔ ∈ ∧ ∈ ∧ − ∈  

   geometriulad moyvanili damokidebuleba 
2R -Si 

SeiZleba ganvixiloT, rogorc im wrfeebis Tvladi 

ojaxis gaerTianeba, romlebic paraleluri arian 

( ){ }2, : 0x y R x y∈ − = wrfis. 
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   namdvil ricxvTa    R  RerZis daSlas, romelic miiReba 

V
R  eqvivalenturobis damokidebulebiT, vuwodoT R  

simravlis vitalis daSla da aRvniSnoT /R Q Q 

simboloTi. 

R  simravlis  vitalis  daSlis  yovel 

seleqtors ewodeba vitalis qvesimravle R -Si. 

marTebulia Semdegi debuleba, romelsac 

davamtkicebT Steinhauzis Tvisebaze dayrdnobiT.  

Teorema 2.Teorema 2.Teorema 2.Teorema 2. R ----ze arsebobs vitalis simravle. Tu ze arsebobs vitalis simravle. Tu ze arsebobs vitalis simravle. Tu ze arsebobs vitalis simravle. Tu X        

vitvitvitvitalis simravlea alis simravlea alis simravlea alis simravlea R ----ze, maSin ze, maSin ze, maSin ze, maSin X lebegis azriT lebegis azriT lebegis azriT lebegis azriT 

arazomadia simravlea.arazomadia simravlea.arazomadia simravlea.arazomadia simravlea.    

damtkiceba. vitalis simravlis arsebobis 

damtkicebisaTvis misi gansazRvridan gamomdinare 

gamoviyenoT amorCevis aqsioma vitalis daSlis mimarT.  

lemis meore nawilis dasamtkiceblad msjeloba 

CavataroT sawinaaRmdegos daSvebiT.    

vTqvaT, X⊂ R  aris vitalis simravle da davuSvaT, 

rom X aris lebegis azriT zomadi simravle. Tu 

mxedvelobaSi miviRebT, rom 

( )R X q
q Q

= +
∈
∪ , 

maSin X–s unda hqondes mkacrad dadebiTi zoma λ-s 

mimarT. radgan X aris /R Q Q simravlis seleqtori, 

amitom yoveli racionaluri 0q ≠  ricxvisaTvis gvaqvs 
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( )X q X+ = ∅∩ . 

   magram es toloba marTebulia nebismieri mcire 

racionaluri q Q∈  ricxvisTvisac. sxva sityvebiT, rom 

vTqvaT X ar flobs Steinhauzis Tvisebas. es ki 

ewinaaRmdegeba Teorema 1-s.    

   amiT Teorema 2 damtkicebulia. 

   SevniSnoT, rom marTebulia ufro zodadi debuleba, 

vidre Teorema 2.  

   kerZod, Tu aviRebT R  aditiuri jgufis nebismier H  

qvejgufs da eqvivalenturobis mimarTebas ganvsazRvravT 

Semdegi damokidebulebiT   

( ){ }2,x y R x R y R x y H∈ ⇔ ∈ ∧ ∈ ∧ − ∈ , 

maSin am daSlis yovel X  seleqtors vuwodoT vitalis 

tipis simravle H  jgufis mimarT.N 

   marTebulia Semdegi Teorema. 

   Teorema 3. vTqvaT, Teorema 3. vTqvaT, Teorema 3. vTqvaT, Teorema 3. vTqvaT, H     aris aditiuri aris aditiuri aris aditiuri aris aditiuri R     jgufis jgufis jgufis jgufis 

Tvladi mkvrivi qvejgufi da Tvladi mkvrivi qvejgufi da Tvladi mkvrivi qvejgufi da Tvladi mkvrivi qvejgufi da µ     aris aris aris aris R     qvesimravleTa qvesimravleTa qvesimravleTa qvesimravleTa 

raime raime raime raime σ ----algebraze gansazRvruli zoma. DdavuSvaT, rom algebraze gansazRvruli zoma. DdavuSvaT, rom algebraze gansazRvruli zoma. DdavuSvaT, rom algebraze gansazRvruli zoma. DdavuSvaT, rom 

sruldeba Semdegi pirobebi:sruldeba Semdegi pirobebi:sruldeba Semdegi pirobebi:sruldeba Semdegi pirobebi:    

1) 1) 1) 1) µ     zoma zoma zoma zoma H ----invariantulia. sxva sityvebiT rom vTqvinvariantulia. sxva sityvebiT rom vTqvinvariantulia. sxva sityvebiT rom vTqvinvariantulia. sxva sityvebiT rom vTqvaT aT aT aT 

sruldeba Semdegi piroba: sruldeba Semdegi piroba: sruldeba Semdegi piroba: sruldeba Semdegi piroba:     

( ) ( ) ( ) ( ) ( )( )& ;h Z h H Z dom Z h Zµ µ µ∀ ∀ ∈ ∈ ⇒ + =     

2) 2) 2) 2) [ ] ( )0,1 ;dom µ∈     
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3) 3) 3) 3) [ ]( )0 0,1µ< < +∞ ....    

            maSin yoveli vitalis tipis simravle maSin yoveli vitalis tipis simravle maSin yoveli vitalis tipis simravle maSin yoveli vitalis tipis simravle H     jgufis jgufis jgufis jgufis 

mimarT arazomadia mimarT arazomadia mimarT arazomadia mimarT arazomadia µ     zomis mimarT.zomis mimarT.zomis mimarT.zomis mimarT.    

   axla ki gadavideT bernSteinis simravlis ganxilvaze.  

   X R⊂  simravles ewodeba bernSteinis simravle, Tu 

X B da \R X B simravleebi TanaikveTeba yovel araTvlad 

Caketil simravlesTan R ----dan. 

            Teorema 4. Teorema 4. Teorema 4. Teorema 4. R ----ze arsebobs bernSteinis simravle. ze arsebobs bernSteinis simravle. ze arsebobs bernSteinis simravle. ze arsebobs bernSteinis simravle. 

bernSteinis simravle arazomadia lebegis azriT.bernSteinis simravle arazomadia lebegis azriT.bernSteinis simravle arazomadia lebegis azriT.bernSteinis simravle arazomadia lebegis azriT.    

SevniSnoT, rom bernSteinis simravle ar aris 

lebegis azriT zomadi. marTlac, davuSvaT sawinaaRmdego. 

Tu X⊂ R  bernSteinis simravle zomadia lebegis azriT, 

maSin R \X simravlec zomadia lebegis azriT. zogadobis 

SeuzRudavad SegviZlia vigulisxmoT, rom 

( ) 0,Xλ >  

amitom arsebobs FF ⊂X Caketili simravle iseTi, 

rom 

( ) 0.Fλ >  

radgan λ difuziuri zomaa, amitom ( )card F >ω da 

maSasadame 

( )card F c= . 

   es ki imas niSnavs, rom F Caketili simravle ar 

TanaikveTeba R \X  simravlesTan, romelic aseve 
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bernSteinis simravlea. miviReT winaaRmdegoba, rac 

mianiSnebs imaze, rom bernSteinis simravle arazomadia 

lebegis azriT.  

   axla vaCvenoT Teoremis pirveli nawili, romelic 

emyareba transfinituli induqciis princips. 

   davuSvaT, rom α  aris umciresi ordinaluri ricxvi 

romlisTvisac ( )card cα = , sadac rogorc yovelTvis c  

aRniSnavs kontinuumis simZlavres. rogorc cnobilia, R -

ze aracarieli Caketil simravleTa ojaxi 

kontinualuria, amitom is SeiZleba warmovidginoT 

{ }:Fξ ξ α<  ojaxis saxiT. zogadobis SeuzRudavad 

SegviZlia vigulisxmoT, rom Semdegi nawilobrivi 

ojaxebi 

{ :  ,  Fξ ξ α ξ<  aris luwi ordinali}, 

{ :  ,  Fξ ξ α ξ<  aris kenti ordinali} 

aseve Sedian R -is yvela aracarieli Caketil simravleTa 

ojaxSi.  

   transfinituli induqciis meTodis gamoyenebiT 

ganvsazRvroT wertilTa α -mimdevroba  

{ }:x Rξ ξ α< ⊂ , 

romlisTvisac sruldeba Semdegi ori piroba: 

1. Tu ξ ζ α< < , maSin x xξ ζ≠ ; 

2. yoveli ξ α<  ordinalisaTvis x Fξ ξ∈ . 
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   davuSvaT, rom β α<  ordinalisaTvis { }:xξ ξ β<  

β -mimdevroba ukve agebulia da aRvniSnoT is Fβ -Ti.  

   radgan Sesrulebulia pirobebi 

( )
{ }( ) ( )

;

: ,

card F c

card x card c

β

ξ ξ β β

=

< ≤ <
 

 amitom gveqneba 

{ }\ :F xβ ξ ξ β< ≠ ∅ . 

   vTqvaT, { }\ :x F xβ ξ ξ β∈ <  da x xβ = . Tu 

gavagrZelebT am process miviRebT α -mimdevrobas 

{ }:x Rξ ξ α< ⊂ , romelic akmayofilebs 1. da 2. pirobebs. 

   zemoT moyvanili konstruqciidan gamomdinareobs, rom 

simravle 

 X = { :  ,  Fξ ξ α ξ<  aris luwi ordinali} 

aris bernSteinis simravle.  

   amiT Teorema 4 damtkicebulia. 

   Teorema 2 da Teorema 4-Si mocemul simravleTa agebis 

konstruqciebis SerwymiT mtkicdeba Semdegi Teorema. 

   Teorema 5. Teorema 5. Teorema 5. Teorema 5. R ----ze arsebobs ze arsebobs ze arsebobs ze arsebobs X     simravle, romelic aris simravle, romelic aris simravle, romelic aris simravle, romelic aris 

vitalisa da bernSteinis simravle.vitalisa da bernSteinis simravle.vitalisa da bernSteinis simravle.vitalisa da bernSteinis simravle.    

            moviyvanoT aseTi simravlis ageba sqematurad. iseve, 

rogorc wina Teoremis damtkicebaSi davuSvaT, rom α  

aris umciresi ordinaluri ricxvi romlisTvisac 
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( )card cα =  da ganvixiloT R ----is yvela Caketil 

simravleTa ojaxi { }:Fξ ξ α<  inieqciuri mimdevrobis 

saxiT.  

   bernSteinis simravlis konstruqciis msgavsad 

transfinituli induqciis meTodiT avagoT  

{ }:x Rξ ξ α< ⊂  wertilTa inieqciuri ojaxi. davuSvaT, 

rom β α<  ordinalisaTvis ukve agebulia  { }:xξ ξ β<  

mimdevroba.  

   ganvsazRvroT Semdegi simravle 

{ }:Z x Qβ ξ ξ β= ∪ + < . 

   cxadia, rom 

( ) ( ) .card Z card cβ β ω≤ ⋅ <  

   radgan ( )card F cβ = , amitom 

\F Zβ β ≠ ∅ . 

   aviRoT nebismieri \z F Zβ β∈  elementi da davuSvaT, 

rom x zβ = . amiT  { }:xξ ξ α<  wertilTa mimdevroba 

agebulia. 

   SemoviRoT aRniSvna 

{ }:X xξ ξ α′ = < . 
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   X ′  simravlis agebidan gamomdinareoba, rom vitalis 

dayofis yoveli eqvivalenturobis klasi { }:x Q x R+ ∈  

Seicavs erT wertils mainc X ′  simravlidan. aseve 

agebidan gamodis, rom \R X ′ simravles aqvs aracarieli 

TanakveTa aracariel Caketil simravlesTan. sxva 

sityvebiT rom vTqvaT, X ′  simravle aris vitalis 

dayofis iseTi seleqtori, romlis damatebasac aqvs 

aracarieli TanakveTa Caketil simravlesTan. Tu X -iT 

aRvniSnavT aseTi gziT miRebul seleqtors, miviRebT rom  

X  aris vitalis simravle da amave dros bernSteinis 

simravlec. 
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