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რეზიუმე 

Tanamedrove periodSi viTardeba axali mecniereba-sinergetika, 
romelic Seiswavlis TviTorganizebis zogad sakiTxebs da moicavs 
praqtikulad mecnierebis yvela dargs. es zogadi mecniereba 
dafuZnebulia arawrfivi dinamikisa da Seuqcevadi procesebis 
Termodinamikaze. am axali, integrirebuli mecnierebis arsi 
mdgomareobs imaSi, rom Ria sistemebSi, romlebSic xorcieldeba 
energiis, nivTierebisa da informaciis gacvla garemosTan warmo-
iqmneba TviTorganizebis procesebi, e.i. fizikuri (biologiuri, 
ekonomikuri, socialuri) qaosidan warmoiqmneba mdgradi mowesri-
gebuli struqturebi axali TvisebebiT. 

 
sinergetika berZnuli warmomavlobis sityvaa da warmosdgeba 
sityvisagan “sinergena”, rac niSnavs Semweobas, TanamSromlobas. 
sinergetikaSi ZiriTadi kvlevis sagania sistemis elementebs 
Soris SeTanxmebuli urTierTqmedebebis procesis Seswavla, rac 
erTiani struqturis Camoyalibebis safuZvelia. sinergetikasTan, 
rogorc mecnierebasTan, romelic Seiswavlis arawrfivi siste-
mebis yofaqcevas wonasworobis mdgomareobisagan daSorebiT zo-
gierTi mmarTveli parametrebis cvlilebisas, Tavisi ideologiiT 
axloa marTvis gamoyenebiTi Teoria. sinergetikis ZiriTad cne-
bebs warmoadgens: bifurkacia, daqvemdebareba, wesrigis parametri, 
marTvis parametri da atraqtori. mmarTveli parametrebis cvli-
lebis Sedegad arawrfivma sistemam SeiZleba dakargos wo-
nasworoba wrfiv miaxloebaSi. imisaTvis, rom dinamikur 
sistemaSi wonasworobidan moSorebiT arsebobdnen mowesrigebuli 
struqturebi, am sistemebze mudmivad unda moedinebodes energiis, 
nivTierebebisa da informaciis uwyveti nakadi. swored TviTor-
ganizacia warmoadgens zemoT CamoTvlili mravalferovani siste-
mebis saerTo Tvisebas, romlebic Sedgebian elementebisagan da 
sxvadasxva bunebis qvesistemebisagan-atomebis, molekulebis, uj-
redebis, cxovelebis da a.S. TviTorganizacia rac ar unda pir-
veli SexedviT mogveCvenos ucnaurad saSualebas gvaZlevs Sevis-
wavloT Tavisi bunebiT sxvadasxvanairi dinamikuri sistemebis 
Tvisebebi, erTiani maTematikuri poziciebidan da erTiani 
cnebebiT.  

 
Caketili optimaluri disipatiuri marTvis sistemebis sinTezi, 
kerZod optimaluri regulatorebis analizuri konstruirebis 
problema gadawyvetilia sinergetikuli meTodebis gamoyenebiT. 
naCvenebia, rom am amocanis gadawyvetisas mniSvnelovan da 
damoukidebel problemas warmoadgens Sesabamisi xarisxis 
kriteriumis formireba. aRwerilia, rom marTvis arawrfivi 
obieqtebis optimaluri algoriTmebis sinTezis problemis 
gadawyvetam migviyvana orak-is meTodis SeqmnasTan, sadac optimi-
zirebul funqcionals gaaCnia naxevradgansazRvruli saxe. am Sem-
TxvevaSi sinTezis amocana daiyvaneba kerZowarmobulebiani 
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wrfivi gantolebis amoxsnamde, rac saSualebas iZleva zogierTi 
klasis arawrfivi obieqtebis marTvis mosaZebnad avagoT sinTezis 
ricxviTi procedurebi. 

 
Caketili optimaluri disipatiuri marTvis sistemebis klasifika-
ciis mizniT ganxilulia, agreTve, skalaruli da veqtoruli 
marTvis SemTxveva cal-calke. ganxilulua rigi magaliTebi, 
romlebic gvaZleven saSualebas SevafasoT marTvis optimaluri 
disipatiuri sistemebis sinTezis meTodis efeqturoba optima-
luri regulatorebis analizuri konstruirebis klasikur 
meTodTan SedarebiT. am TavSi Seswavlilia Caketili disipa-
tiuri sistemebis fundamentalur fizikuri Tvisebebi, romlebic 
saSualebas iZlevian Zireulad wamovwioT orak –is problemis 
gadawyveta. rasakvirvelia es midgoma moiTxovs Semdgom ganvi-
Tarebas marTvis sistemebis sxvadasxva klasebTan mimarTebaSi. 
 
arawrfivi regulatorebis analizuri konstruirebis amocanis 
gadawyveta sinergetikuli meTodiT, romelic emyareba mdgomare-
obaTa sivrceSi sistemis koordinatebs Soris funqcionaluri 
damokidebulebis-atraqtorebis SemoRebas, romlebzedac obieqtis 
bunebrivi Tvisebebi saukeTesod eTanadeba marTvis teqnologiur 
moTxovnebs. sinergetikuli midgomis mixedviT damyarebulia Sesa-
bamisoba invariantul mravalsaxeobebsa da saoptimizirebel 
funqcionalebs Soris. ganxilulia arawrfivi agregirebuli re-
gulatorebis analizuri konstruirebis ganzogadoebuli meTodi, 
romelic dafuZnebulia fazur sivrceSi mimzidavi mravalsa-
xeobebis Tanmimdevrobis Semotanaze, warmoadgens sinTezirebuli 
sistemebis SeSfoTebuli moZraobis asimptoturi mdgradobis ga-

rantias e.i. gadavwyvetilia arawrfivi sistemebis stabilizaciis 
amocana. uzrunvelvyofilia gardamavali procesebis milevadobis 
saWiro dro da a.S. ganxilulia arawrfivi regulatorebis 
analizuri konstruirebis meTodis Taviseburebebi sxvadasxva 
bunebis arawrfivi obieqtebis skalaruli marTvis sistemebis 
sinTezis amocanis gadawyvetisas.  
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Abstract 

In the present period the new science-Synergetics is developed, which studies the gen-
eral questions of the self-organisations and covers practically all branches of the sci-
ence. It is the general science based on thermodynamics of irreversible processes and 
dynamics of nonlinear systems. The essence of this integrated science is that in open 
systems the exchange of energy, substance and information with  environment is car-
ried out. There are processes of self-organising. It means that from physi-
cal(biological, economic and social) chaos steady ordered structures with new proper-
ties will be formed. 
 
The synergetics-is a derivative from ancient Greek “synergos”, which means coopera-
tion. In synengetics the main subject of studying is mutually coordinated processes 
between system elements that is a basis for a statement of uniform structure. The ap-
plied theory of management is close to synenmetics as studying behaviour of nonlin-
ear systems in a distance from an equilibrium condition at change of same operating 
parameres on the ideology to the science. The basic concepts of synergetics are: bifur-
cation, subordination, order parameter, parameter of management and attractor, As a 
result of changes of operating parameters the nonlinear system can lose a pile stability 
in linear approach, That is dynamic system in the distance from balance there were 
ordered structures, on this system should arrive continuous streams of energy, sub-
stances and information. 
 
Self-organising is the general property of  diverse systems,, which consist of elements 
and various subsystems-atoms, molecules, cages, animals etc. 
 
Self-organising gives possibility to study properties of dynamic systems different in 
the nature from united mathematical positions and united concepts. 
 
Synthesis of closed optimum dissipative operating systems and privately the problem 
of analytical designing of optimum regulators is solved by the use of synergetic meth-
ods. It is shown, that while solving this, considerable and independent problem is  
formation of corresponding qualities. It is described that the decision of the problem 
of optimum algorithms synthesis has resulted nonlinear objects to creation of the 
method of analytical designing of aggregated regulations, where optimizing functional 
has a semicertain appearance. 
 
In this case a synthesis problem is lead to the decision of private linear equation that 
gives possibility for finding  managements of same nonlinear objects to construct digi-
tal procedures of synthesis. 
 
For classification of closed optimum dissipative systems are cinsiderer\d also a case of 
scalar and vector control separately. Are considered a number of examples, which 
give the chance to estimate efficiecy of a method of synthesis optimum dissipative 
systems of control in comparison with Classical metod of analytical designing of op-
timum regulators. In this work fundamental physical propertiesof closed dissipative 
systems are studied, witch give the cgance to bring up thoroughly problem of  the de-
cision of analytical designing of optium regulators. Obviously, this approach demands 
the subsequent development in relation to different classes of control systems. 
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Problem decisions of synergetic method, wich is based on carried in functional de-
pendence in space of positions of attrectors on wich natural properties are arranged 
with technological requirements of control. By the synergetic approachis established 
conformity between invariant diverses and optimizing functions. 
 
The  generalized method of analytical designing of the nonlinear aggregated regula-
tors wich is based on carried in phase space of sequence drawind variety is a guaran-
teeaf asymtotive stability of the synthesized systems raising movement. The problem 
of stabilization of nonlinear systems is solved. Necessary time of repayment of tran-
sients is provided etc. 
 
Features of the method of analytical designin of the aggregated regulations at the deci-
sion of problems of synthesis of systems of scalar management for nonlinear objects 
of the different nature are considered. 
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Sesavali 
 

Tanamedrove periodSi swrafad viTardeba axali discipli-

naTSorisi mimarTuleba bunebismetyvelebaSi-mecniereba TviTorg-

anizaciis procesebis Sesaxeb, romelic moicavs Cveni garemocvisa 

da arsebobis yvela sferos. saerTaSoriso maTematikur litera-

turaSi am fundamentalur mimarTulebas sul ufro xSirad uwo-

deben “arawrfiv mecnierebas” (nonlinear science), xolo CvenSi -“araw-

rfiv dinamikas”. sinergetikis arsi mdgomareobs sxvadasxva bune-

bis arawrfivi dinamikuri sistemebSi (fizikuri, qimiuri, biolo-

giuri, ekologiuri, teqnikuri da a.S.) universaluri kanonzomie-

rebebis gamovlenaSi. am zogadi TviTorganizaciis principebis ga-

movlenisaTvis saWiroa sistemuri midgoma da sxvadasxva mecnie-

rebis gaerTianeba. 

sinergetikis ZiriTad cnebebs warmoadgens: bifurkacia, da-

qvemdebareba, wesrigis parametri, marTvis parametri da atraqto-

ri. aRmoCnda, rom wonasworobis dakargvas wrfiv miaxloebaSi, 

wesrigis parametrebis warmoSobasa da daqvemdebarebis principis 

realizacias Soris arsebobs mniSvnelovani Sinagani urTierTkav-

Siri. mmarTveli parametrebis cvlilebis Sedegad arawrfivma 

sistemam SeiZleba dakargos wonasworoba wrfiv miaxloebaSi. si-

nergetikul sistemebSi SeiZleba warmoiSves, rogorc mowesrige-

buli, aseve qaosuri rxevebi. imisaTvis rom dinamikur sistemaSi 

wonasworobidan moSorebiT arsebobdnen mowesrigebuli struqtu-

rebi am sistemebze mudmivad unda moedinebodes energiis, nivTie-

rebebisa da informaciis uwyveti nakadi. swored TviTorganiza-

cia warmoadgens zemoT CamoTvlili mravalferovani sistemebis 

saerTo Tvisebas, romlebic Sedgebian elementebisagan da sxvada-

sxva bunebis qvesistemebisagan-atomebis, molekulebis, ujredebis, 

cxovelebis da a.S TviTorganizacia rac ar unda pirveli Se-

xedviT mogveCvenos ucnaurad saSualebas gvaZlevs SeviswavloT 

Tavisi bunebiT sxvadasxvanairi dinamikuri sistemebis Tvisebebi, 

erTiani maTematikuri poziciebidan da erTiani cnebebiT.  
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aqtualoba: sadisertacio naSromi eZRvneba axali  integri-

rebuli mecnierebis-sinergetikis safuZvlebis gamoyenebas, rome-

lic mowodebulia Seiswavlos koleqtiuri TviTorganizaciis 

procesebi da praqtikulad moicvas Tanamedrove mecnierebis yve-

la dargi.  

praqtikuli Rirebuleba. sadisertacio naSromSi ganxiluli 

arawrfivi dinamikuri sistemebis sinTezis sakiTxebs gaaCniaT 

praqtikuli Rirebuleba, radganac, masSi naCvenebia sinergetiku-

li midgomis warmatebuli gamoyenebis SesaZebloba ekonomikis, 

ekologiis, bioteqnologiis da sxv. sistemebis marTvis amoca-

nebSi. disertaciaSi motanilia sinergetikuli midgomis gamoye-

nebis mravali magaliTi sxvadasxva arawrfivi dinamikuri obieq-

tebis sinTezisaTvis.  

siaxle. sinergetika, romelic Seiswavlis arawrfivi sist-

emebis yofaqcevas mmarTveli parametris cvlilebisas, Tavisi 

ideologiiT yvelaze ufro axloa marTvis gamoyenebiT Teorias-

Tan. amdenad, Zalze perspeqtiulia Tanamedrove marTvis Teoriis 

Seswavlis mizniT sinergetikuli sistemebis Tvisebebis gadatana 

arawrfivi marTvis teqnikuri sistemebis konstruirebisaTvis. naS-

romSi naCvenebia, rom arawrfivi sistemebis sinTezis amocanis 

gadawyveta sinergetikuli principebis gamoyenebiT daiyvaneba ri-

cxviT damokidebulebebze. 

kvlevis meTodebi: marTvis klasikuri meTodebi, arawrfivi 

sistemebis marTvis meTodebi, optimaluri marTvis meTodebi.  

sadisertacio naSromi Sedgeba 3 Tavisagan, daskvnisagan, da-

narTisa da gamoyenebuli literaturis siisagan. 

sadisertacio naSromis pirvel TavSi gadmocemulia siner-

getikuli koncefciis roli marTvis TeoriaSi. naCvenebia, rom 

sinergetikul sistemebSi TviTorganizebis da disipatiuri struq-

turebis (atraqtorebis) warmoqmnis procesebSi adgili aqvs Tavi-

suflebis xarisxis Semcirebas makrocvladebis, xarisxis paramet-

rebis, gamoyofis xarjze, romlebic gansazRvraven sistemis dina-

mikis Taviseburebebs. aRwerilia, rom TviTorganizebis procesis 
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Sedegs warmoadgens atraqtorebis warmoqmna, romlebic miizide-

bian sistemis traeqtoriisaken. miTiTebul atraqtorebs aqvT uf-

ro mcire ganzomileba sistemis sawyis ganzomilebasTan Sedare-

biT, rac ganapirobebs sistemis mier sawyisi mdgomareobis “davi-

wyebas”, Tu saidan iwyeba sistemis moZraoba atraqtorisaken. amis 

Sedegad miiReba arawrfivi diferencialuri sistemebis invari-

antuli amonaxsnebi. TiToeul atraqtors fazur sivrceSi gaaCnia 

Tavisi mizidvis are da SesaZlebelia gamoyofili iqnes am are-

ebis gamyofi sazRvari. amitomac am sazRvarTan mcire cvlilebam 

sawyis pirobebSi SeiZleba gamoiwvios arawrfivi sistemis gan-

sxvavebuli yofaqceva am sazRvarTan. am movlenas uwodeben TviT-

organizebis process disipatiur sistemebSi. am TavSi ganmartebu-

lia sinergetikis ZiriTadi cnebebi, kerZod qaosi da bifurkacia.  

sadisertacio naSromis meore TavSi ganxilulia Caketili 

optimaluri disipatiuri marTvis sistemebis sinTezi, kerZod op-

timaluri regulatorebis analizuri konstruirebis problemis 

gadawyveta sinergetikuli meTodebis gamoyenebiT. naCvenebia, rom 

am amocanis gadawyvetisas damoukidebel problemas warmoadgens 

Sesabamisi xarisxis kriteriumis formireba. aRwerilia, rom mar-

Tvis arawrfivi obieqtebis optimaluri algoriTmebis sinTezis 

problemis gadawyvetam migviyvana optimaluri regulatorebis an-

alizuri konstruirebis meTodis SeqmnasTan, sadac optimizire-

bul funqcionals gaaCnia naxevradgansazRvruli saxe. am SemTxve-

vaSi sinTezis amocana daiyvaneba kerZowarmobulebiani wrfivi 

gantolebis amoxsnamde, rac saSualebas iZleva zogierTi klasis 

arawrfivi obieqtebis marTvis mosaZebnad avagoT sinTezis ri-

cxviTi procedurebi. 

Caketili optimaluri disipatiuri marTvis sistemebis kla-

sifikaciis mizniT ganxilulia, agreTve, skalaruli da veqtoru-

li marTvis SemTxveva cal-calke. motanilia rigi magaliTebi, 

romlebic gvaZleven saSualebas SevafasoT marTvis optimaluri 

disipatiuri sistemebis sinTezis meTodis efeqturoba optimalu-

ri regulatorebis analizuri konstruirebis klasikur meTod-
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Tan SedarebiT. am TavSi Seswavlilia Caketili disipatiuri sis-

temebis fundamentalur fizikuri Tvisebebi, romlebic saSu-

alebas iZlevian Zireulad wamovwioT optimaluri regulatore-

bis analizuri konstruirebis  gadawyveta. rasakvirvelia es mid-

goma moiTxovs Semdgom ganviTarebas marTvis sistemebis sxva-

dasxva klasebTan mimarTebaSi. 

sadisertacio naSromis mesame TavSi ganxilulia arawrfivi 

regulatorebis analizuri konstruirebis amocanis gadawyveta 

sinergetikuli meTodiT, romelic emyareba mdgomareobaTa siv-

rceSi sistemis koordinatebs Soris funqcionaluri damokidebu-

lebis-atraqtorebis SemoRebas, romlebzedac obieqtis bunebrivi 

Tvisebebi saukeTesod eTanadeba marTvis teqnologiur moTxov-

nebs. sinergetikuli midgomis mixedviT damyarebulia Sesabamiso-

ba invariantul mravalsaxeobebsa da saoptimizirebel funqciona-

lebs Soris. ganxilulia axali sinergetikuli midgomis SesaZ-

leblobani, romlebic dafuZnebulia Semotanili invariantuli 

mravalsaxeobebis-atraqtorebis koncepciaze, raTa gamovlenil iq-

nes axali perspeqtiuli mimarTulebebi farTo klasis arawrfivi, 

mravalganzomilebiani da mravalkavSiriani obieqtebis marTvis 

sistemebis konstruirebis problemebis gadawvetisaTvis. am 

problemis arsi mdgomareobs uaryofiTi da dadebiTi arawrfivi 

ukukavSirebis generaciis analizuri meTodebis damuSavebaSi. 

ganxilulia arawrfivi agregirebuli regulatorebis analizuri 

konstruirebis ganzogadoebuli meTodi, romelic dafuZnebulia 

fazur sivrceSi mimzidavi mravalsaxeobebis Tanmimdevrobis Semo-

tanaze, warmoadgens sinTezirebuli sistemebis SeSfoTebuli moZ-

raobis asimptoturi mdgradobis garantias e.i. gadavwyvetilia 

arawrfivi sistemebis stabilizaciis amocana. uzrunvelvyofilia 

gardamavali procesebis milevadobis saWiro dro da a.S. 

SemoTavazebuli sinTezis meTodi Tavisi arsiT efuZneba 

sawyisi  rigis amocanis ganzomilebaTa klebadi  raodenobis 

qveamocanis  rigis qveamocanaze mimdevrobiT dekompozicias. 

amasTan, sawyis fazur sivrceSi saerTo moZraobis dayofa 

n r

(n r− )
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parcialur moZraobebad dafuZnebulia gansaxileveli obieqtebis 

ara romelime miaxlovebul Tvisebaze, aramed gamomsaxveli wer-

tilis erTi mravalsaxeobebidan sxvanaklebi ganzomilebis mra-

valsaxeobaze droSi mimdevrobiT gadayvanaze  

 zemoT aRwerili mimzidveli mravalsaxeobebis simravleTa 

paralelurad da mimdevrobiT Semotanis meTodebis gaerTianebis 

amocana gavaerTianebulia erT ganzogadoebul meTodad, romel-

sac SenarCunebuli eqneba orive meTodis upiratesobani. am TavSi 

Camoyalibebuli arawrfivi regulatorebis analizuri konstru-

irebis ganzogadoebuli meTodi ramodenime marTvis SemTxvevaSi 

emyareba or ZiriTad proceduras: pirvel rigSi 1( ,..., )s nu x x  mar-

Tvis sinTezs, romelic uzrunvelyufs gamomsaxveli wertilis 

gadayvanas mravalsaxeoba 0sψ = -is gadakveTaze da meore rigSi 

Siga marTvis 1 1 2( ,..., ),...,n 1 1( )nx x xϕ ϕ −−  sinTezs, romelTac mimdevrobiT 

gadahyavs gamomsaxveli wertili pirveli mravasaxeobis 1μ 0ϕ =  mi-

damoSi, Semdeg meoris 2μ 0ϕ =  da a.S. mis moxvedramde fazuri siv-

rcis koordinatTa saTaveSi. 

ganxilulia arawrfivi regulatorebis analizuri konstru-

irebis meTodis Taviseburebebi sxvadasxva bunebis arawrfivi 

obieqtebis skalaruli marTvis sistemebis sinTezis amocanis 

gadawyvetisas.  
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1. sinergetikuli koncefcia marTvis TeoriaSi 

                                                                                  

1.1 erTiani midgoma marTvis meTodebisadmi 

 

Cvens garemomcvel samyaroze ATanamedrove xolistikuri 

(erTiani) Sexedulebebi xasiaTeba sistemuri midgomiT, romelSic 

klasikur bunebismetyvelebaSi tradiciul reduqcionistul mid-

gomasTan SedarebiT upirvelesia sinTezis procesebi. rasakvir-

velia, xolistikuri midgoma ar aris xistad antagonisturi re-

duqcionisturisadmi, am sityvis pirdapiri gagebiT, igi miiswra-

fis SeunarCunos misi dadebiTi mxareebi, mianiWos maT didi ori-

ginaloba da sistemuroba. AmniSvnelovania aRvniSnoT, rom klasi-

kur bunebismetyvelebaSi, romelSic mTavaria reduqcionisturi 

midgoma, xolistikuri azris elementi bunebriv movlenaze yovel-

Tvis iyo Setanili TviT mecnierebis struqturaSi, misi fundamen-

taluri principebis formis saxiT (magaliTad fizikis variaci-

uli principebi, monand leibnicis Teoria da sxv. naTelia gane-

kuTvnebian xolistikur midgomas). 

    Tanamedrove xolistikuri xedva samyaros bunebriv mecni-

erul suraTze, romelic moicavs fizikur, biologiur da sxva 

procesebs, efuZvneba bunebriv movlenebis sayovelTao kavSiris 

fundamentalur principsa da ganviTarebis princips. amasTan er-

Tad gamoiyofa bunebrivi sistemebis fizikuri (biologiuri) bir-

Tvi, rogorc erToblioba, materiis dabali reduqcionistuli 

formebisa Tavisi moZraobis kanonebiT. umaRlesi xolistikuri 

warmodgenebi efuZneba udables formebs, akuTvnebs ra pirvelxa-

risxobriv rols struqturul maxasiaTebleblebsa da bunebriv 

movlenebs Soris kavSirebs da maT Tvisebebs. naTelia rom es ori 

midgoma-reduqcionistuli da xolistikuri SefardebiTia da ur-

TierTSeqcevadia, radganac es midgomebi Tavisi SinaarsiTa da az-

riT miiswrafvian erTi da igive miznisaken-gamoavlinos inte-

graciuli da sinTezirebadi mdgomareobebi mecnierebaSi da amiT 

miRweul iqnes misi erTianoba da mTlianoba. mniSvnelovania Seve-
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cadoT gamovavlinoT ZiriTadi reduqcionistuli Taviseburebebi 

da xolestikuri tendenciebi marTvis TeoriaSi.  

cneba ,,marTva” ZvelTaganve atarebda pasiur, damkvirveblur 

xasiaTs e.i. is ar iTvaliswinebda Sesaswavli sistemis dinamikaze 

mizanmimarTul zemoqmedebebs. niutonisebri da gansakuTrebiT 

mecnierebaze Tanamedrove Sexedulebebi didad aris damokidebu-

li mmarTvelobiT midgomaze, amasTan erTad, sistemis mdgoma-

reobis damoukidebeli koordinatebi sawyisi mniSvnelobidan mar-

Tvis zemoqmedebiT SeiZleba gadaiqces nawilobriv an mTlianad 

damokidebulad sistemis saWiro traeqtoriaze moZraobis miznis 

uzrunvelsayofad. SemdgomSi Cven ZiriTadaT ganvixilavT mar-

Tvad dinamikur sistemebs da maT Tvisebebs.  

gadavideT marTvis TeoriaSi reduqcionistul da xolis-

tikuri tendenciebis gamovlenaze. Tanamedrove marTvis Teorieb-

Si procesebis gavrcelebuli aRwera Gmdgomareobis sivrcis gan-

tolebebis saxiT, ufro axloa reduqcionistur midgomasTan. Ees 

aixsneba imiT, rom gamoyenebuli mdgomareobis koordinatebi faq-

tiurad mniSvnelovnebiT utoldeba erTmaneTs da maT Soris ar 

myardeba raime kavSiri an ierarqiuli daqvemdebareba, aq koordi-

natebi ar arian dajgufebuli funqcionalur blokebSi an qve-

sistemebSi, rac mogvcemda saSualebas gagvexorcielebina dekom-

pozicia misi fizikuri struqturis safuZvelze. magaliTad, 

amAazriT sistemis garegani aRwera ,,Sesasvleli_gamosasvleli” 

kavSiris saxiT ufro axlos aris xolistikur midgomasTan, rad-

gan is ar Seicavs informacias lokalur procesebze da dafuZ-

nebulia mxolod im asaxvasTan, romelic akavSirebs sistemis Se-

sasvlels gamosasvlelTan. Tumca sistemis Sinagani aRwera Sei-

cavs arsebiTad ufro met informacias misi moqmedebis saSua-

lebebze, radganac aseTi aRwera qmnis mis garegan aRweras. cnobi-

lia, rom sistemis modelis agebisas daismeba egreTwodebuli 

realizaciis amocana, romlis Tanaxmadac aucilebelia gairkves 

Sinagani da garegani aRweris srulyofileba [1].                               
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      marTvis TeoriaSi, magaliTad kriterialuri midgomis gamo-

yeneba, axlos aris xolistikur SexedulebasTan, radgan uSua-

lod dakavSirebulia mecnierebis variaciul principebTan. arCe-

uli optimizirebuli funqcionali (an xarisxis kriteriumi) unda 

asaxavdes sistemis globalur Tvisebebs, romlebic uwesebs Sez-

Rudvebs mis nebismier lokalur moZraobebs. es moZraobebi uci-

loblad unda akmayofilebdnen romelime funqcionalis eqs-

tremums. aqedan gamomdinare marTvis sistemebis Tvisebebis Sefa-

seba gardamavali procesebis konkretuli parametrebiT, ganekuT-

vneba reduqcionistul midgomas, radganac mdebareobs ierar-

qiuli kibis yvelaze dabal safexurze: funqcionali (xarisxis 

kriteriumi)-mdgomareobis gantoleba, romlebic aniWebs funqcio-

nals eqstremums moZraobis traeqtoriebze-gardamavali procese-

bi, romlebic warmoadgenen am gantolebebis amonaxsnebs sistemis 

kerZo sasazRvro pirobebisaTvis. 

gavagrZeloT marTvis TeoriaSi xolistikuri tendenciebis 

Seswavla da SevecadoT gamovavlinoT maTi arsi zogad fizikuri 

kanonzomierebebze dayrdnobiT. erT-erTi yvelaze gavrcelebuli 

xolistikuri cnebaa ,,kavSiri”, radganac is warmoadgens erT-erT 

sabazo xarisxobriv maCvenebels. cneba ,,sistema” gulisxmobs 

kavSirs zogierTi elementebis erTobliobisa, romlebic qmnian 

sistemis struqturas da amitomac struqturuli kavSirebis rRve-

visas qreba TviT sistemac. marTvis sistemebSi, romlebic aRi-

wereba diferencialuri gantolebebiT, kavSirurTierToba asaxavs 

dinamikuri urTierTobebis xasiaTs komponentebs Soris, romle-

bic ierarqiulad ganekuTvneba Sesabamis sistemas [2].                           

rogorc cnobilia, marTvis sistemebis ganmasxvavebel Tavi-

seburebas warmoadgens maTi dinamikuri aRweriloba, e.i. fizikuri 

(qimiuri, biologiuri) obieqtis warmodgena moZraobaSi. am siste-

mebSi mimdinare procesebi asaxaven zogierTi lokaluri im qve-

sistemebis (elementebis), urTierTzemoqmedebis reaqcias, romle-

bisganac Sedgeba marTvis sistema.  
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      amrigad, Cveni garemomcveli realuri samyaros aRweraSi 

mniSvnelovani roli ukavia marTvis sistemaSi komponentebs So-

ris urTierTqmedebas. amasTan, nebismieri bunebrivi movlena Sec-

nobadia mxolod sxva movlenebTan urTierTkavSiriT. es dakav-

Sirebuli movlenebi SeiZleba aRweril iqnes xolistikuri xed-

viT rogorc erToblivi warmodgena bunebriv procesze. yvela bu-

nebrivi sistema, maT Soris cocxali organizmebic, calkeuli po-

pulaciidan biosferomde-ekologiur kompleqsebamde organize-

bulni arian garkveul funqcionalur erTianobaSi, romlebic 

awarmoeben urTierTgacvlas erTmaneTTan nivTierebebiT, energiiT 

da informaciiT. cxadia, rom amaTgan informacia warmoadgens 

marTvis wyaros rogorc calkeuli komponentebis aseve mTliani 

sistemis marTvisa da mdgomareobisa. 

amJamad warmoiSva aucilebloba gamovleniliyo marTvis 

iseTi meqanizmebi, romlebic moqmedeben bunebriv sistemebSi da 

safuZvlad  udevs maT funqcionirebas da ganviTarebas. TvalnaT-

liv SeiZleba warmovidginoT, rom mocemuli meqanizmebi unda 

bazirebdnen, bunebrivi sistemebis, nivTierebebis energiisa da in-

formaciis marTvadi urTierTqmedebis koncefcias. 

    SevCerdeT iseT mniSvnelovan xolistikur cnebaze, rogori-

caa, simetria. Bsimetria bunebriv sistemebSi warmoadgens fiziku-

ri urTierTqmedebis Tanamedrove Teoriis  erT-erT fundamenta-

lur cnebas. is arsebobs yvelgan sadac ki arsebobs kavSirebi 

romelime obieqtis an sistemis nawilebs Soris [1,3,7]. 

simetriis  Zalovan velebsa da nawilakebs Soris urTierT-

kavSiris Teoriis safuZvelze Tanamedrove fizikosebi mividnen 

araordinalur daskvnamde,rom Cven vcxovrobT mravalganzomile-

bian (ufro zustad TerTmetganzomilebian) samyaroSi. am Teoriis 

Tanaxmad, samganzomilebian samyaros, romelic Cven garSemo gvak-

ravs emateba sivrcul-droebiTi ganzomilebebi, romlebic warmo-

adgenen Zalebs an zemoqmedebebs. simetriaSi gamovlindeba struq-

turebisa da sistemebis Tvisebebis erToblioba. amave dros, si-

metria es aris garkveuli saxis akrZalva bunebrivi procesebis 
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variantebis SesaZlo raodenobaze. naCvenebi akrZalvebi realiz-

deba bunebriv movlenebis Sesabamisi Senaxvis kanonebis meSveobiT. 

magaliTad, fizikaSi simetriis idea safuZvlad udevs elemen-

tarul nawilakebis klasifikacias. qimiaSi is gamovlindeba peri-

oduli kanonis  saxiT, biologiaSi - memkvidreobis SenarCunebis 

kanonSi, maTematikaSi ki - jgufebis TeoriaSi da a.S 

    zogadad, simetria warmoadgens nawilakebis garkveuli mowes-

rigebulobas, romlebic qmnian mTlians. Tavis mxriv mowes-

rigebuloba iZleva SesaZleblobas SekumSos informacia buneb-

rivi obieqtebis struqturis Sesaxeb masSi garkveuli blokebis 

gamoyofis gziT da am blokebis agebis wesis codniT. Tumca bu-

nebriv sistemebSi simetriis Tvisebas sistemaSi yovelTvis erTvis 

asimetria e.i rRveva. simetriis gamovlindeba bunebrivi proce-

sebis Tvisebebis erTgvari ganzogadeba, xolo asimetriaSi ki gan-

sxvaveba da mravalferovneba. Cveni garemomcveli samyaros yvela 

movlena moicavs simetriisa da asimetriis dieleqtrikul 

erTobas, romelic asaxavs Senaxvisa da cvlilebis Tvisebebs da 

warmoadgens wesrigisa da uwonasworobis mizezebs, kanonzo-

mierebisa da SemTxveviTobis erTianobas. mniSvnelovania aRvniS-

noT, rom bunebriv sistemebSi simetriisa da asimetriis funda-

mentaluri Tviseba aris ara mxolod zogadmecnieruli kon-

cefcia, romelsac gaaCnia garkveuli filosofiuri Sinaarsi. is 

gvaZlevs saSualebas gamovavlinoT raRac konstruqciuli sa-

wyisi romelic udevs safuZvlad gansaxilvel bunebriv process. 

aseTi mniSvnelovania simetriis da struqturis cneba. simetriis 

da struqturis cneba gansakuTrebiT mniSvnelovania arawrfivi 

disipatiuri sistemebis gamokvlevisas romelTaTvisac damaxasi-

aTebelia intensiuri dinamikuri urTierTqmedebebi. aseT siste-

mebSi SeiZleba warmoiSvas e.w TviTmoZraobis procesebi (TviTor-

ganizacia), romlebic SeuZlebelia arsebobdes wrfiv sistemebSi. 

aseTi sistemebisaTvis, romlebic aRiwerebian arawrfivi dife-

rencialuri gantolebebiT, rogorc cnobilia ar arsebobs maTi 

amoxsnis zogadi meTodebi. swored aq simetriis Tviseba  gvaZ-
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levs saSualebas gamovyoT zogierTi kerZo e.w invariantuli 

amonaxsnebi, romlebic rogorc aRmoCnda xSirad Seicavs mniS-

vnelovan da mdidar informacias bunebrivi sistemebis Tvisebebis 

Sesaxeb. TviTorganizebis movlenebis gamokvlevebi, gvaZlevs 

saSualebas miuTiToT bunebrivi sistemebis agebulebis prin-

cipebis gagebis axal gzebze. viTvaliswinebT ra rom am prin-

cipebis gadatana adamianis konkretul saqmianobaze gvaZlevs sa-

Sualebas gamovavlinoT axali midgomebi (qimiuri, biologiuri) 

obieqtebis, bunebrivi sistemebis TviTorganizciis movlenis uf-

ro dawvrilebiT Seswavlaze. amisaTvis mizanSewonilia klasikur 

Tanamedrove mecnierebaSi SeviswavloT TviTorganizaciis ideis 

ganviTarebis gzebi da tendenciebi. 

 

 

 

1.2 dinamikuri sistemebis divergencia 

 

Tanamedrove mecnierebam miaRwia TvalsaCino warmatebebs bu-

nebismetyvelebisa da teqnikis mraval dargSi. magram bunebrivi 

movlenebisa da teqnikuri procesebis umetesoba SeiZleba aRiwe-

ros maTematikur enaze. mniSvnelovania is faqti, rom maTematikis 

efeqturi gamoyeneba uSualod dakavSirebulia maTematikuri mo-

delebis agebasTan, romlebic ama Tu im xarisxiT adeqvaturad 

aRweren Sesabamis movlenebsa da procesebs. bunebismetyvelebis 

ganviTarebis istoria gviCvenebs, rom maTematikuri aRwera gvaZ-

levs saSualebas movaxdinoT racionaluri axsna uamravi sxvada-

sxva formis moZraobebisa, romlebic gansazRvraven garemomcvel 

samyaros. 

moZraobis aRmwer gantolebebis agebas safuZvlad udevs mi-

zezobriobis principi, romlis Tanaxmadac yvela sxeulisa an 

sistemis mdgomareoba Tanmimdevrulad viTardeba droSi, radga-

nac sxeulis esa Tu is mdgomareoba drois mocemul momentSi 

warmoadgens wina mdgomareobebis Sedegs: 300 welze meti xniT 
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adre niutonma da misgan damoukideblad leibricma SemogvTava-

zes moZraobis aRweris meTodi, romelic imis Semdeg yvelaze uf-

ro gavrcelebulia [1]. am meTodis arsi mdgomareobs bunebaSi mo-

Zraobebis kanonebis aRwera diferencialuri gantolebebis saxiT: 

 1 2( , ,..., ), 1, 2,..., ,i
i n

dx f x x x i n
dt

= =                    (1.1) 

sadac – Sesabamisi sistemis mdgomareobis  koordinatebia. ix

 (1.1) diferencialuri gantolebebis saSualebiT aRwerili 

dinamikuri sistemis fundamentalur Tvisebas warmoadgens deter-

minireba, regulireba da Seqcevadobas. miTiTebul debulebebis 

gamoyenebiT SeiZleba nebismieri bunebis dinamikuri sistemis 

moZraobis traeqtoriis gamoTvla. amisaTvis saWiroa mxolod sa-

wyisi xi0-mdgomareobis dakveTa, romelic aRwers sistemis mome-

ntalur mdgomareobas. sxva sityvebiT,  viciT ra moZraobis zo-

gadi kanonebi, romlebic Cawerilia determinirebuli diferenci-

aluri gantolebebis saxiT (1.1) SegviZlia mocemuli sawyisi pi-

robebidan yovelTvis zustad gamoviyvanoT mdgomareobaTa is 

usasrulo simravle, romelsac gadis sistema droTa ganmavlo-

baSi. Ee.i. Tu viciT ra moZraobis kanonebi (1.1), sistemis mdgoma-

reobis absoluturi da zusti aRwerisaTvis rogorc momavalSi, 

aseve warsulSi sakmarisia mxolod erTaderTi sawyisi mdgoma-

reobis codna. yvelaferi mocemulia da yvelaferi SesaZlebelia-

aseTia abstratuli dinamikis fuZemdebluri daskvna, romelic s-

afuZvlad udevs klasikur mecnierebas [ 6,7].  

klasikur meqanikaSi didi xania dadgenilia, rom diferen-

cialur gantolebebis invariantul–jgufur Tvisebebs, romlebic 

aRweren meqanikuri sistemis moZraobas, da fizikur Senaxvis ka-

nonebs Soris arsebobs Rrma da metad aratravialuri kavSiri. es 

niSnavs, rom ama Tu im sistemis fizikuri Tvisebebis aRwera misi 

invariantebis saxiT saSualebas gvaZlevs warmatebulad gadav-

wyvitoT sistemebis sinTezis problemebi. 

invariantobis principTan uSualod aris dakavSirebuli 

wesrigis ideebis ganviTareba rogorc maTematikaSi ise sxva ne-
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bismier mecnierebaSi. am principidan gamomdinareobs zogadi fi-

zikuri Senanaxvis kanoni. zogadad, invariantobis Tvisebis arse-

boba migviTiTebs bunebriv sistemebSi wesrigis warmoSobaze. 

 (1.1) sistemis integraluri mrudebis erToblioba aRwers x1, 

x2, ... xn fazur sivrceSi moZraobas rac gvaZlevs mis fazur por-

trets. Tu (1.1) sistema organzomilebiania (n=2), maSin misi yo-

faqceva aRiwereba x1, x2 fazur sibrtyeSi. aqedan gamomdinareobs 

rom nazrdebis namravli Δx1, Δx2 ganisazRvros rogorc fazuri 

sibrtyis farTobis elementebi. cxadia, rom cneba `farTobi~ Se-

iZleba ganzogadebul iqnes mravalganzomilebiani sistemebisaT-

visac (n≥3) moculobis cnebaze fazur sivrceSi. (1.1) sistemis 

dinamikuri Tvisebebi principialurad damokidebulia imaze, Tu 

rogori saxiT icvlebian farTobebi (n=2) an moculobebi (n≥3) 

maT fazur sivrceSi. zogad SemTxvevaSi n-uri rigis sistemis 

moculobis cvlilebis fardobiTi siCqare fazur sivrceSi 

rogorc cnobilia ganisazRvreba lis warmoebulis mixedviT: 

1

1 ,
n

i

i i

xdV
V dt x=

∂
=

∂∑ &
                            (1.2) 

sadac xi da xi(t) Sesabamisad sistemis i-uri kordinataa da misi 

warmoebulia droSi. 

 (1.2) gamosaxulebis marjvena nawils uwodeben (1.1)  sistemas 

fazuri siCqaris veqtoris divergencias. 

         1

1

( ,..., )n
i

i i

nf x xdivx
x=

∂
=

∂∑&                         (1.3) 

romelic warmoadgens kerZo warmoebulebis (1.1) sistemis marjve-

na nawilebis Sesabamisi warmoebulebis srul jams. (1.3) diver-

gencia uSualod dakavSirebulia (1.3) sistemis Sesabamisi bunebis 

fizikur da dinamikur TvisebebTan. amasTan, saxeldobr divergen-

cia (ufro zustad misi niSani) bunebrivi da teqnikuri sistemebis 

usasrulo mravalsaxeobebs yofs or klasad, romlebsac gaaCniaT 

principialurad gansxvavebuli Tvisebebi. pirvel klass ganekuT-

vnebian sistemebi, romlebisTvinac 
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1 0,dVdivx
V dt

= ≡&                         (1.4) 

e.i. maTi fazuri moculoba rCeba ucvleli. es Tviseba gamom-

dinareobis luikilis cnobili Teoremis mixedviT da gamomdina-

reobs (1.2)-dan, radganac (1.4) pirobebidan sidide v=const. aseT sis-

temebs ewodeba konservatiuli [13]. 

 klasikuri da kvanturi fizikis yvela kanoni aRwers swo-

red aseTi konservatuli sistemebis yofaqcevas. dinamikuri siste-

mebis Tviseba  SeinarCunos fazuri moculoba warmoadgens maT 

umTavres Tvisebas. am Tvisebis Sedegs warmoadgens energiis Se-

naxva da dinamikis gantolebebis Seqcevadoba droSi da agreTve, 

maT fazur sivrceSi mizidvis an izolirebuli fazuri traeqto-

riebis ar arseboba. sxvanairad rom vTqvaT am sistemebSi gan-

msazRvreli mniSvneloba Rebulobs sawyisi pirobebi  mniSvnelo-

bas. konservatuli sistemebisa ganzomikleba (n) aris luwi. ase, 

rom klasikuri dinamikis sistemebis divergencia tolia nulis 

da Sesabamisad, inarCuneben fazur moculobas droSi. 

 aRwerili sistemebis tipebis garda, bunebaSi ufro gavrce-

lebulia mniSvnelovani klasi dinamikuri sistemebisa, romelTac 

ewodebaT disipatiuri. zogadad, bunebaSi yvela sistema disipa-

tiuria. xolo am SemTxvevaSi rodesac disipatia Zalian mcirea 

da Sesabamisad drois garkveul monakveTze SesamCnevad ver av-

lens Tavs, maSin Sesabamisi sistemebi faqtiurad iqcevian iseve 

rogorc konservatulebi. 

 disipatiuri sistemebi SeiZleba dayofili iqnen pasiuri 

sistemebis klasad, romlebic ar Seicaven energiis wyaros da 

aqtiuri sistemebis klasad, romlebsac gaaCniaT energiis mudmivi 

an cvladi wyaroebi [15]. disipatiuri sistemebis principul gan-

masxvavebel niSans warmoadgens droTa ganmavlobaSi fazuri 

moculobis Semcireba e.w. divergenciis  

( ) 0divx t <&                           (1.5) 

mniSvneloba am sistemebSi-uaryofiTia. disipatiuri sistemebis 

Tvisebebi upirispirdeba konservatiuli sistemebis dinamikur 
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Tvisebebs. kerZod. fazuri moculobebi ikumSebian, energia ar 

Seinaxeba xolo maTi moZraobis gantolebebi Seuqcevadia droSi. 

amasTan dakavSirebiT, gamosaxuleba (1..2) SeiZleba CavweroT Sem-

degi saxiT. 

1 ,dV a a
V dt

0= − >                        (1.6) 

(1.6) gantolebis integrirebiT, miviRebT 

0( ) exp( )V t V at= −  

e.i. roca t→∞ moculoba V(t)→0-ken da gamomdinareobs Zalian 

mniSvnelovani daskvna:  

• disipatiur sistemebSi yvela traeqtoria (roca t→0) miis-

wrafis romeliRac kompaqtur simravlemde-atraqtorisaken 

fazur sivrceSi. 

• atraqtors (mimzidvels) gaaCnia nulovani moculoba. Tumca 

mis mizidulobis ares fazur sivrceSi gaaCnia sasrulo mo-

culoba. maTematikaSi mizidulobis ared miCneulia sawyisi 

monacemebis iseTi are xin∈ℜ, rom misgan gamomavali traeq-

toriebi aucileblad miiswafian atraqtorisken. 

• atraqtorTan mizidulobis gamo xdeba disipaturi sistemis 

maxsierebis dakargva misi sawyisi monacenebis Sesaxeb. 

• atraqtoris zomis ganzomilebis maCvenebeli r yovelTvis 

naklebia gamomavali disipatiuri sistemis fazuri sivrcis  

n.-ganzomilebis maCvenebelze r<n. 

• zogad SemTxvevaSi sistemebis fazur sivrceSi SeiZleba iy-

os ramodenime gansxvavebuli atraqtori Tavis mizidulobis 

areebiT. 

 ase rom, disipatiur sistemebSi (1.2) lis warmoebulisa da 

divergenciis (1.5) uaryofiT niSans Sesabamisad mivyevarT iqamde, 

rom drois ganmavlobaSi (t→∞) sistemis traeqtoriebi (1.1) auci-

leblad miizidebian atraqtorisken, xolo (1.1) sistemis sawyisi 

pirobebis nebismier simravles V moculobiT gardaisaxeba nulo-

van simravleSi, radganac atraqtoris moculoba nulis tolia 
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[13]. sxvanairad rom vTqvaT, sistemis sawyisi mdgomareobebi (1.1) 

romelic imyofeba atraqtors gareT, raRac drois Semdeg auci-

leblad moxvdebian atraqtorze. atraqtorTan aseTi mizidulo-

bis Sedegad warmoiqmnebian aRwerili disipatiuri sistemebis 

mniSvnelovani maxasiaTeblebi. principialur ganmasxvavebel Tavi-

seburebas romlebisTvisac warmoadgens fazuri moculobis dro-

ze damokidebuleba. divergencia mTlianobaSi axasiaTebs sistemis 

fazuri moculobis (SekumSvis) siCqares. 

 disipatiuri sistemebis zemoT aRniSnul Tvisebebidan gamom-

dinareobs, rom maTi moZraoba SeiZleba daiyos or arsebiTad gan-

sxvavebul klasad: gardamavali procesebis klasi sistemis kon-

kretuli sawyisi pirobebidan zRvrul simravlemde-atraqtoramde 

da atraqtorebis gaswvriv stacionaruli moZraobebis klasi [12]. 

 saerTo SemTxvevaSi (1.1) sistemis (1.3) divergencia garkveul 

SezRudul droSi SeiZleba iyos dadebiTi, xolo fazuri mocu-

loba SeiZleba gaizardos. fizikuri TvalTaxedvidan aseTi xan-

grZlivi stacionaluri reJimis arseboba SeuZlebelia, radganac 

amisaTvis saWiroa usasrulo energia. Tumca bevr realur araw-

rfiv sistemebSi drois sasrulo intervalebSi fazuri moculo-

ba SeiZleba gaizardos, rac niSnavs axal damyarebul mdgomare-

obaSi gadasvlis process. 

 naTelia, rom sistemis (1.1) divergencia dakavSirebulia 

iakobianis fundamentalur matricasTan [9] 

11 1

1 2

1 2

. . . . . . . . . . . .
n

n n n

n

ff f
xx x

f f f
x x x

∂∂ ∂
∂∂ ∂

∂ ∂ ∂
∂ ∂ ∂

                      (1.7) 

. . . 

. . . 

ase rom, sistemebi romlebisTvinac fazuri sivrcis nebismier 

wertilSi sruldeba piroba 

0i

i

f
x

∂
=

∂
                               (1.8) 
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uwodeben sistemas pirdapiri kavSiris gareSe. sxva klasi siste-

mebisa, romelTac gaaCniaT `diagonaluri~ kerZo warmoebulebi 

,i

i

f const
x

∂
=

∂
                             (1.9) 

ewodebaT sistemebi pirdapiri arawrfivi kavSirebiT. 

 (1.1)-sistemas (1.4), (1.6), (1.8), (1.9) Tvisebebi  SeiZleba mivani-

WoT, Tu CavrTavT mis marjvena nawilSi U2(x1...., xn) marTvis fu-

nqcias. maSin sistema (1.1) SeiZleba warmodgenil iqnes saxiT. 

 xi(t)=fi(f1,..., xn, U1,...,Ur) i=1,2,..., n, r=1,2..., m≤n                     (1.10) 

 gantoleba (1.10) aRwers marTvadi dinamikuri sistemebis 

klass. 

 Tu SevirCevT Sesabamis marTvas U1(x1...., xn) SeiZleba miviRoT 

sistema sasurveli dinamikuri TvisebebiT mis fazur sivrceSi. 

 disipatiuri sistemebis fazur sivrceSi SeiZleba warmoiS-

vas atraqtorebi da repelerebi. SegaxsenebT [15], rom atraqtorad 

iwodeba kompaqturi simravle, romliskenac miiswrafis yvela 

traeqtoria misi mizidvis areSi, da mas gaaCnia sasrulo fazuri 

moculoba. es are warmoadgens sistemis iseTi sawyisi pirobebis 

erTobliobas, rom misgan gamomavali fazuri traeqtoriebi auci-

leblad ikribebian atraqtorTan. arsebobs atraqtorebis ori 

ZiriTadi saxe: 

• umartivesi atraqtorebi romlebic arseboben sistemis 

stacionaluri wertilebis saxiT; zRvruli ciklis 

saxiT, romelsac gaaCnia sakuTari amplituda da peri-

odi: da, bolos toris saxiT, romelic aRwers kvazi-

periodul process ramodenime damoukidebeli six-

SiriT. 

• `ucnauri~ e.w. qaoturi atraqtorebi, romelTac rigSi 

gaaCniaT ganmasxvavebeli Tvisebebi, maRal mgrZnobia-

luri damokidebulebiT sistemis sawyisi pirobebisad-

mi, fraqtaluri (arasrulricxviania) ganzomileba da 

Tavisi yofaqcevis winaswarganusazRvreloba. saocaria 

rom `ucnauri~ atraqtorebi aRiwerebian dabali xa-
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risxis n≥3 arawrfivi determinirebuli diferencia-

luri gantolebebiT da warmoadgenen qaosis wyaros 

dinamikur sistemebSi [15]. 

 sistemis fazur sivrceSi SeiZleba iyos ramodenime atraq-

tori. roca maTi mizidvis areebi iSlebian zogierTi aramdgradi 

simravleebiT-repelerebiT, romlebisganac ganizidebian sistemis 

mezobeli fazuri traeqtoriebi. repelerebis umartives tipiur 

magaliTs warmoadgens aramdgradi gansakuTrebuli wertili, ara-

mdgradi zRvruli cikli da aramdgradi tori fazur sivrceSi. 

saWiroa gansakuTrebiT aRvbiSnoT, rom, traeqtoriebi romlebic 

ganTavsebulia atraqtorebze da repelerebze, ikaveben nulovan 

fazur moculobas. aqedan gamomdinareobs rom atraqtorebis da 

repelerebis ganzomilebani yovelTvis naklebia sawyisi sistemis 

fazuri sivrcis ganzomilebebTan SedarebiT. es Tviseba Zalian 

mniSvnelovania mravalganzomilebiani arawrfivi dinamikuri obi-

eqtebis marTvis problemebis gadawyvetisaTvis, radganac warmo-

iqmneba erTmaneTSi Cawyobili sasurveli atraqtorebis sinTezis 

SesaZlebloba. aseT SemTxvevaSi SeiZleba ugulvebelyofili iq-

nes gardamavali movlenebi da yuradReba ZiriTadad unda mivaqci-

oT moZraobis (asimptotur) reJimebs, rasac mivyavarT arawrfivi 

obieqtebis sinTezis problemis arsebiT gamartivebamde.Yufro da-

wvrilebiT atraqtorebis Tvisebebi ganxilul iqna Semdeg TavSi.  

 amrigad, fizikur, qimiur da biologiur sistemebSi nebismi-

eri procesebi SeiZleba davyoT or arsebiT gansxvavebul klasad. 

pirvel klass ganekuTvneba procesebi izolirebul (Termodina-

mikuri azriT) sistemebSi. maT mivyevarT wonasworul mdgomareo-

bamde, romelsac Seesabameba fizikuri qaosi. es procesebi mar-

Tvadia garegani zemoqmedebis gziT. meore klass unda mivakuT-

vnoT procesebi Ria sistemebSi, romelTa mimdinareobisas SeiZ-

leba warmoiSvas mowesrigebuli struqturebi – atraqtorebi, rac 

damaxasiaTebelia TviTorganizaaciis procesebisaTvis. amasTan 

erTad, mizanSewonilia SemoviRoT wesrigis xarisxis raodenob-

rivi Sefaseba-sistemis sxvadasxva mdgomareobebis TviTorga-
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nizacia, sistebis efeqturi struqturuli TviTorganizaciis gze-

bis asarCevad. mowesrigebuli struqturebi Ria sistemebSi war-

moiSvebian mmarTveli parametrebis cvlilebis Sedegad, redesac 

es parametrebi ramodenimea, maSin cxadia gamovlindeba TviTor-

ganizaciis sxvadasxva gza.  

 
 
 
 

1.3  sinergetikis ZiriTadi cnebebi 

 

       rTuli sistemebis farTo klasis gamokvlevisas aRmoCenil 

iqna SesaniSnavi movlena-Tavisuflebis xarisxis mniSvnelovani 

Semcireba, romelic efeqturad aRwers sistemis yofaqcevas moZ-

raobis finalur etapze. amasTan aRmoCnda, rom SesaZlebelia ga-

movyoT Tavisuflebis ramodenime xarisxi _ wesrigis parametrebi, 

romlebsac bifurkaciis movlenis Sedegad moergebian sxva danar-

Ceni cvladebi, romelTa raodenobac SeiZleba iyos sakmaod didi. 

zustad wesrigis parametrebiT, ganisazRvreba mravalganzomi-

lebian wrfiv sistemebSi mimdinare procesebis dakvirvebis qveS 

myofi dinamika. am faqtis aRmoCena SeiZleba mivakuTvnoT Tanamed-

rove arawrfivi mecnierebis fundamentalur aRmoCenas, rac gvaZ-

levs saSualebas gavakeToT didi nabiji disipatiur (disipato-

gafantva) sistemebSi moulodneli movlenebis SeswavlaSi. 

      wesrigis parametrebi warmoadgens mravalkomponentur mak-

rocvlads, romelic aRwers sistemis fazur gadasvlebs garkve-

ul mowesrigebul moZraobaSi. is axasiaTebs komponentebs Soris 

korelacias da rac ufro Zlieria korelacia, miT metia wesri-

gis xarisxi makrosistemaSi. mocemuli wesrigi sistemaSi warmoiq-

mneba Sesabamisi Sinagani da garegani Zalebis moqmedebiT misi 

energiis cvladebiT. 

      Tumca wesrigis parametri asaxavs ara wesrigis warmoqmnis 

sazoms sistemaSi raime fazuri gadasvlis Sedegad, aramed aR-

wers mikrosistemis safiniSo mowesrigebuli mdgomareobis umniS-
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vnelovanes Tvisebebs. Amas mivyavarT sistemis ganzomilebis mniS-

vnelovan Semcirebamde e.i. xdeba Tavisuflebis xarisxis maCvene-

beli ricxvis reduqcia. wesrigis parametrebi mWidrod aris da-

kavSirebuli sistemis Sinagan struqturasTan, romelic warmoiq-

mneba misi evoluciis Sedegad. arsebobs mWidro dinamikuri kavSi-

ri sistemis wesrigsa da simetrias Soris [11,12].  

      gadavideT zemoT naxsenebi sinergetikis sabazo cnebebis ma-

Tematikur aRweraze, arawrfivi sistemebis tipiuri, evoluciuri 

gantolebebis tipiur magaliTebze, romelTac gaaCniaT sponta-

nuri TviTorganizaciis unari. mokled ganvixiloT arawrfivi 

sistemebis bifurkaciis Teoriis ZiriTadi cnebebi.  

      arawrfivi dinamikuri sistemebis bifurkaciis Tvisebas 

swrafad ganviTarebadi Tanamedrove arawrfivi mecnierebisaTvis 

gaaCnia fundamentaluri mniSvneloba, romelic sul ufro da uf-

ro meti xarisxiT aRwevs dargebSi - Ria sistemebis fizikidan, 

biologiidan da maTematikidan fsiqologiamde, ekonomikamde da 

sociologiamde. miTumetes es cneba mniSvnelovania rogorc gamo-

yenebiTi mecnierebisa da teqnikis sxvadasxva sferoebisaTvis, ase-

ve marTvis TeoriisaTvis.  

     ganvixiloT diferencialuri veqtoruli gantoleba    

     ,     (1.11) nXXFtX n ≤ℜ∈ℜ∈= μμμ
μ

μ
,,),,()(&

romelic aRwers sxvadasxva obieqtebis qcevas da marTvis siste-

mebs. igi  SeiZleba interpretirebuli iqnes rogorc romeliRaca 

avtonomiuri nakadi fazur sistemebSi , romelic damokidebu-

lia garkveuli bifurkaciuli parametrebze 

nℜ

),...,2,1( nkk
k

<=μ . fizi-

kurad am parametrebs SeiZleba warmoadgendnen magaliTad tempe-

ratura, moculoba, koncentracia da a.S. (1.11) nakadis staciona-

luri reJimi ganisazRvreba algebruli  gantolebebis sistemebis 

amonaxsnebiT 

  ,0),( =μ
μ

xF                         (1.12) 
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romlebic wamoadgenen nakadis uZrav stacionalur wertilebs. na-

Telia rom nakads SeiZleba qondes sxva amonaxsnebic _ perio-

duli  torebi da a.S. naCvenebi amonaxsnebi parametrebis sivrceSi 

),..,.( 1 kμμμ SeiZleba warmovidginoT grafikis saxiT, romelic asa-

xavs zemoT moyvanili gantolebas (1.12). igi iwodeba bifurkaci-

uli parametr μ  cvladebis mimarT amonaxsnis Stod. maSin wer-

tils parametrebis sivrceSi, romlisganac iSlebian Stoebi, ewo-

deba sistemis bifurkaciis wertili. Pparametrebis sivrcis umci-

resi ganzomileba, romelSic SesaZlebelia bifurkacia, iwodeba 

Sesabamisi tipis koganzomilebis bifurkaciad. bifurkaciis Teo-

riaSi koganzomilebisMcnebis SemotaniT saSualeba gveZleva mova-

xdinoT abstraqcireba sivrcis parametrebis konkretuli ganzomi-

lebidan da gamoviyenoT mxolod Sesabamisi sivrcis geometriuli 

Tvisebebi.  

ganvixiloT bifurkaciis tipiuri saxeebi:  

     bifurkacia ,,unagira kvanZi”. aseT SemTxvevaSi sistemis 

normalur gantolebas aqvs Semdegi saxe 

                     ,                           (1.13) 2
.

)( xtx −= μ

   

nax. 1.1 bifurkacia ,,unagira kvanZi”. 
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misi stacionaluri amonaxsni μ±=sx  gansazRvrulia roca μ >0 

da pirvelad warmoiqmneba pirobisas 0=μ .  roca 0<μ  amonax-

snebi ar arsebobs. nax.1.1-ze naCvenebia (1.13) gantolebis Sesabamisi 

μ  bifurkaciuli diagrama. rogorc nax.1.1-dan Cans bifurkaciis 

  0)=  0, ( μ=x wertilidan gamodis stacionaluri mdgomareobis 

ori Sto, romelTaganac erTi mdgradia (mTliani wiri), xolo 

meore aramdgradi_(wyvetili wiri) [13].    

    transkritikuli bifurkacia. aseT tipis bifurkaciisaTvis 

sistemis normalur gantolebas eqneba Semdegi saxe:  

                                                (1.14) 
2

.
)( xxtx −= μ

(1.14) gantolebas gaaCnia ori stacionaluri amonaxsni  da 0=sx

μ=sx . pirveli amonaxsni mdgradia roca 0<μ  da aramdgradia, 

roca 0>μ  m oe re amonaxsnisaTvis-piriqiT. orive amonaxsni mdgra-

dobas cvlian bifurkaciis wertilSi. nax.-ze 1..2 naCvenebia Sesa-

bamisi bifurkaciuli diagrama. normaluri gantoleba 

                                                    (1.15)   3
.

)( xxtx −= μ

 

nax. 1.2 bifurkaciuli diagrama. 
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nax. 1.3 bifurkaciul diagramis simetriuli forma 

 
 

am saxis bifurkaciisaTvis arsebobs sami stacionaluri amonaxsni 

 da 0=sx μ±=sx . Sesabamis bifurkaciul diagramas gaaCnia simet-

riuli forma da warmodgenilia nax. 1.3-ze [13] 

      andronov-hopfis bifurkacia. SedarebiT am rTul SemTxve-

vaSi normalur gantolebas aqvs Semdegi saxe:  

                           
2)()( zzziytz −+= μ&                   (1.16) 

sadac kompleqsuri  cvladia, xolo   - romeliRac konstan-

taa, romelic ar TamaSobs bifurkaciuli parametris rols, 

aris warmosaxviTi erTiani. gantoleba (1.16) warmoadgens ,,Can-

glis’’ (1.15) saxis kompleqsur bifurkaciis analogs. imisaTvis 

rom moZebnil iqnes (1.16) gantolebis stacionaluri amonaxsnebi, 

mizanSewonilia gadavideT namdvil marTkuTxa an polarul cvla-

debze, maSin, Tu davuSvebT, rom 

z y

−i

                          21 ixxz += ,                           (1.17) 

miviRebT namdvili koordinatebian evoluciuri gantolebis nor-

malur formas:  

   [ ] 212
2

1
2

1 )()( yxxxxtx −+−= μ&       [ ] 22
2

1
2

12 )()( xxxyxtx +−+= μ& .    (1.18) 
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    Eevoluciuri gantolebebi (1.8) dakavSirebuli arian erTma-

neTTan (1.17) kompleqsuri cvladis saSualebiT da gaaCniaT Semde-

gi ori saxis stacionaluri amonaxsni  

                         021 == xx  Tu 0=z                      (1.19) 

                          μ=+= 2
2

2
1

2 xxz                      (1.20) 

 

 

nax. 1.4 andropov-hopfis bifurkacia 

 

pirveli amonaxsni (1.19) warmoadgens aramdgrads da emTxveva 

bifurkaciis wertilebs, xolo meore amonaxsni (1.20) gansazRvravs 

wrewiris rkals radiusiT μ . nax. 1.4-ze gamosaxulia Sesabamisi 

bifurkaciuli diagrama, romelzedac isrebi uCveneben sistemis 

veqtoruli velis Zalovani wirebis mimarTulebas.   

bifurkaciuli gantolebebis (1.13)–(1.16) normaluri formebs 

uwodeben superkritikuls. es niSnavs rom Sesabamisi gantole-

bebis arawrfivi wevrebi  da  axdenen uwonasworobis aram-

dgradobis Tvisebis sawinaaRmdego zemoqmedebaze, romlebic aRiZ-

vrebian ufro dabali rigis wevrebis moqmedebis Sedegad. Tumca 

arawrfivi wevrebis win niSnis Secvlisas isini ukve ganaxor-

cieleben madestabilizirebel zemoqmedebas sistemaze. aseT Sem-

TxvevebSi warmoiqmnebian subkritikuli an ukubifurkaciebi.  

2x 3x
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zemoT aRwerili bifurkaciebi yvelaze ufro gavrcelebulia 

sxvadasxva bunebis mqone arawrfiv mravalganzomilebian dina-

mikur sistemebSi. rasakvirvelia es bifurkaciebi ar moicaven ase-

Ti tipis arawrfivi movlenebis mravalsaxovnebebs.  

     bifurkaciuli diagramebi asaxaven arawrfivi dinamikuri sis-

temebis statikur mdgomareobebs bifurkaciuli (mmarTveli) para-

metrebis cvlilebisas. sainteresoa sistemebis bifurkaciul mdg-

omareobaze gadasvlis procesebis Seswavla drosa da sivrceSi. 

amasTan dakavSirebiT ganvixiloT dinamikuri procesebis iseTi 

arawrfivi sistemebis magaliTebi, romelTa evoluciuri ganto-

lebebia “Cangali” da “andropov-hopfis bifurkacia’’[15].  

,,Canglis” tipis bifurkacia. maTematikuri Tvalsazri-

siTDdaqvemdebarebis principi sinergetikaSi eyrdnoba adiabaturi 

miaxlovebis meTods. an sxva sityvebiT, sawyisi sistemebis dayo-

fis ideaze nel da swraf qvesistemebad. amasTan erTad, xorciel-

deba cvladebis adiabaturi gamoricxvis procedura. daqvemdeba-

rebis principis garda, sinergetikisaTvis Zalze mniSvnelovania, 

agreTve, wesrigis parametris cneba. am cnebebis arsi ganvixiloT 

meore rigis arawrfivi sistemebis konkretul magaliTze, rome-

lic aRiwereba Semdegi saxis gantolebiT [10]:      

ΧΥ−Χ=Χ 1)( λt&  

                                      (1.21)  2
2)( Χ+Υ−=Υ λt&

sadac 01 ≥λ ; 2λ >0. aseTi diferencialuri gantolebebiT aRiwereba 

rigi procesebi fizikaSi, qimiaSi, ekologiaSi da a.S. vivaraudoT 

rom koeficienti 1λ  Zalian mcirea da 2λ >> 1λ . Tu cvladebi Χ  

da mcireebia, maSin SeiZleba kvadratuli forma  ugule-

belvyoT, maSin  cvladi Seicvleba Zalze nela. Mmeore ganto-

lebidan Cans, rom  nazrdi 

Υ ΧΥ

Χ

Υ  ganisazRvreba wevriT da radga-

nac cvladi icvleba Zalian nela, unda velodoT, rom Χ Υ -ic 

SeiZleba sakmaod nela Seicvalos. radganac 2λ >0 da bevrad me-

tia 1λ -ze, amitom warmoebuli  SeiZleba ugulebelvyoT )(tΥ& Υ2λ  
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sididesTan SedarebiT. Camoyalibebuli analizi arsebiTad aRniS-

navs, rom sistema SeiZleba warmodgenil iqnes, rogorc neli sis-

tema aRwerili pirveli gantolebiT da swrafi sistema aRwerili 

meore gantolebiT. neli da swrafi qvesistemebis yofaqcevis cva-

lebadoba ganisazRvreba gardamavali procesebiT, romelTa xan-

grZliobac (Sesabamisad 2τ  da 1τ  ) SeiZleba Sefasdes utolobiT: 

2τ ~ ~  12 τλ << 1
1

−λ1−

  es utoloba zemoT Camoyalibebuli mosazrebebis gaTvalis-

winebiT gvaZlevs saSualebas aRvniSnoT, rom . e.i Cavwe-

roT sawyisi gantolebebi Semdegi saxiT:  

0)( ≈Υ t&

xytx x)( −= 1λ& ;        2
20 xy +−≈ λ

an    
2

3

1)(t ≈
λ

λ xx& x
−  .                           (1.22) 

aseTi miaxloebiTi dekompoziciis Sedegad xorcieldeba  

cvladis adiabaturi gamoricxva e.i. warmoebs (1.21) sistemis gan-

zomilebis asimptoturi reduqcia. (1.21) sawyisi sistemis yofaq-

ceva ganisazRvreba ZiriTadad (1.22) neli qvesistemis evoluciiT. 

romelic TiTqos da ,,marTavs” swraf qvesistemas. amasTan cvladi 

 daqvemdebarebulia sistemis 

y

y x  cvladze romelsac Seewyoba 

swrafi cvladi  da mas uwodeben wesrigis parametrs. gantole-

ba (1.22) warmoadgens sinergetikis erT-erT evoluciur ganto-

lebas da aRwers e.w ,,Canglis” tipis bifurkacias.  

y

     gamovikvlioT (1.22) diferencialuri gantolebis amonaxsni. 

stacionaluri mdgomareoba Seesabameba Semdegi saxis algebrul 

gantolebas  

            01 3

2
31 =−

λ
sxxλ ,                      (1.23) 

romelsac 01 >λ , 02 >λ  mniSvnelobebisTvis gaaCnia erTi trivi-

aluri  da ori specifikuri amonaxsni 0=sx 21 λλ±=±sx . es amo-

naxsnebi erwymian  0=sx , roca 01 =λ  da ganStovdeba misgan, ro-

ca 01 >λ . es iseTi movlenaa, roca icvleba gantolebaTa amonax-
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snebis ricxvi (an mdgradoba) zogierTi mmarTveli parametrebis 

cvlilebisas. Amas maTematikaSi bifurkacias uwodeben. Mcneba bi-

furkacia (gaoreba) Semotanilia mecnierul terminologiaSi a.pu-

ankares mier da ganekuTvneba umniSvnelovanes Zireul cnebas ma-

Tematikasa da saerTod arawrfivi mecnierebaSi.  

     aq ganxilul amocanaSi mmarTvel parameters warmoadgens 1λ , 

romlis variaciac iwvevs diferencialuri gantolebis (1.22) yo-

faqcevis xarisxobriv cvlilebas. 

    nax. 1.5-ze gamosaxulia ,,bifurkaciuli diagrama”, romelic 

asaxavs stacionaluri amonaxsnebis funqcionalur damokidebule-

bas 2λ  mmarTveli parametris cvalebadobisas. (1.22) diferencialu-

ri gantolebas gaaCnia zusti amonaxsni  

       

    
texx

xtx
122

021
2

0

2
021

)(
)(

λλλ
λλ

−−+
±=   .                                     (1.24) 

 

 

nax.1.5 bifurkaciuli diagrama 

 

(1.24)-dan gamomdinareobs, rom roca 01 <λ  da 02 >λ  erT-

aderTi amonaxsni  aris asimptoturad mdgradi mTelSi, (nax. 

1.5. xazi a), e.i  pirobis dros nebismieri sawyisi  pirobe-

0=sx

∞→t 0x
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bisaTvis. roca 01 >λ , 02 >λ  warmoiqmneba ukve ori amonaxsni 

21 λλ+=±sx  da 21 λλ−=±sx , romlebic asimptoturad mdgradebia, 

ara mTelSi, aramed maTi mniSvnelobebis garkveul areSi. sxvanai-

rad rom vTqvaT Stoebi 211
±=±sx λλ , (roca const=2λ ) warmoiSoba 

bifurkaciis Sedegad im momentSi roca mdgomareoba  kar-

gavs mdgradobas, xolo  da  Stoebi asimptoturad mdgrade-

bia (nax 1.5). (1.22) modelis aRniSnuli Tvisebebi dakavSirebulia 

statikuri mdgomareobis (1.23) gantolebasTan, romelic mdored 

aris damokidebuli 

0=sx

1b 2b

1λ  parametrze ( . Tumca bifurkaciis 

wertilis midamoSi 

)2 const=λ

01 =eλ  warmoiqmneba gansakuTrebuloba, rome-

lic mdgomareobs imaSi rom 01 =eλ wertilis SemogarenSi amonax-

sni , ar SeiZleba daSlili iqnes xarisxobriv mwkrivSi ±sx 1λ  pa-

rametris mixedviT. sxva sityvebiT, (1..23) gantolebis  amonaxsni 

 ar aris damokidebuli parametr ±sx 1λ -ze analizurad. aseTi sa-

xis gansakuTrebuloba warmoadgens (1.22) modelis axali xaris-

xobrivi yofaqcevis maTematikur asaxvas, romelic ganpirobe-

bulia ,,Canglis” tipis bifurkaciis TvisebiT [13]. CavweroT exla 

(1.22) gantoleba υ  potencialuri funqciis  saSualebiT  

x
x

tx
∂

∂
−=)(

)211( λλυ
&  

      maSin (1.22) gantolebis mdgradobis analizi SegviZlia gava-

keToT Semdegi saxis potencialis daxmarebiT  

                  4

2

21

2
x

λ
4
1
λ

)((xυ −= x+ .                    (1.25) 

       )(xυ  funqciis safuZvelze SeiZleba movaxdinoT (1.21) gan-

tolebis amonaxsnebis saerTo klasifikacia stacionaluri mdgo-

mareobebis mdgradobis cvlilebis wertilis moZebnis saSua-

lebiT, sadac 0
∂
∂

x
υ

= . am tipis klasifikacia dakavSirebulia (1.21) 

gantolebis struqturuli mdgradobis dakargvasTan, radgan wer-
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tilebSi 0=
∂
∂

x
υ

 xdeba mdgradobis xasiaTis cvlileba. qλ  da 2λ  

parametrebis mniSvnelobebze damokidebulebiT, am wertilebSi 

SeiZleba amonaxsnebs hqondes ganStoeba an potenciali )2,, 1( λλυ x  

aRwevs minimums minimum or wertilSi mainc. sxvagvarad rom 

vTqvaT, am wertilebSi xdeba sistemis dinamikis xarisxobrivi 

cvlileba. (1.25) gamosaxuleba aRwers ,,potenciur ormo”-s, rom-

lis minimumic asaxavs mdgrad mdgomareobas. (1.25) -dan gamomdi-

nareobs, rom roca 01 <λ ,  02 >λ  arsebobs erTaderTi mdgradi 

mdgomareoba nax 1.6 0=sx )01( <λ  roca 0,0 21 >≥ λλ  potenciali 

(1.25) forma icvleba parametris kritikuli mniSvnelobis gavli-

sas 01 =λ . nax.1.6-ze ( 01 >λ ) gamosaxulia ,,potencialuri ormo “ 

)(xυ SemTxvevisaTvis roca .0>,0 21 > λλ  am dros stacionaluri 

mdgomareobebis ricxvi gaxda samis toli, radganac (1.23) gan-

tolebis yvela sami fesvi namdvilia, Tumca wina  ( )0,0< 2 >1 λλ  

mdgradi mdgomareoba 0=x  xdeba ukve  aramdgradi da wertili 

gadadgildeba oridan erT Tanabrad SesaZlebel mdgomareobaSi 

21 λλ+=x  an 21 λλ−=x . maSin gantoleba (1.21) SeiZleba warmovid-

ginoT  Semdegi saxiT:  

21 21 )( λλλλx&
2

( −xx1
λ

)( −=t +x )               (1.26)  

21 λλ±  fesvebi (1.26)-Si damokidebulni arian 1λ  ,,mmarTvel para-

metrze”, rac ganapirobebs or mdgrad mdgomareobas. wertili 

 romelic imyofeba aramdgrad mdgomareobaSi Zalian mcire 

agznebebis da fluqtaciebis zemoqmedebis Sedegad, romelic yo-

velTvis arsebobs realur sistemaSi, gadava oridan erT-erT Se-

saZlo mdgrad mdgomareobaSi (nax. 1.6, 

,0=sx

01 >λ ). rac niSnavs rom, 

marto erTi wrfivi aramdgradobiT ,,pataraSi” sruliad sakmari-

sia, rom warmoiSvas sistemis araprognozirebadi yofaqceva, rome-

lic SeiZleba davakavSiroT arawrfivi sistemebis stoqastikuro-

basTan. Uufro meti TvalsaCinoebisaTvis, SeiZleba warmovidginoT 
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burTula, romelic Camocurdeba ,,larnakis” )(xυ  kedelze, maSin 

rodesac ,,larnaks” aqvs (1.6) naxazze naCvenebi forma 01 <λ  wiriT, 

maSin burTula aucileblad SeCerdeba 0=sx  wertilSi, Tuki 

,,larnaks roca 0>λ , maSin burTela SeiZleba SeCerdes oridan 

erT-erT wertilSi 21λλ+=sx  an 2λ1λ−=sx .  

 

nax. 1.6 struqturuli mdgradobis grafiki 

 

)0( 1 >λam SemTxvevaSi mTavar rols TamaSobs fluqtaciebi. viva-

raudoT, rom burTula Tavdapirvelad imyofeboda wertilSi 

, maSin marjvena an marcxena ormoebSi burTulis moxvedris 

SesaZlebloba damokidebuli iqneba mcire fluqtuciebze, romle-

bic moqmedeben sistemaSi.          

0=sx

arawrfiv sistemaSi mmarTveli parametrebis Secvlisas SeiZ-

leba warmoiSvas sxvadasxva gardamavali movlenebi, romlebic an-

alogiuria fazuri gadasvlebisa da damaxasiaTebelia mraval fi-

ziko-qimiuri sistemisaTvis. am movlenebs axasiaTebT zogierTi 

saerTo Tvisebebi, romelTaganac ZiriTadi mdgomareobs SemdegSi.  

parametrebis )0,0( 21 >< λλ zogierTi mniSvnelobebisaTvis sis-

temaSi SesaZlebelia arsebobdes mxolod erTaderTi Sto (amo-

naxsni), romelic xasiaTdeba mniSvnelovani TvisebiT-asimptoturi 

mdgradobiT (wiri a  nax.1.5). am SemTxvevaSi sistema aqrobs 
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Sinagan fluqtaciebs an SezRudul garegan aRSfoTebebs. xolo 

mmarTveli parametrebis )0( 11 =ce λλ  garkveuli kritikuli mniSvne-

lobebze gadasvlisas mdgomareoba am Stoze (wiri nax. 1.5) xde-

ba aramdgradi da maSin ar xdeba fluqtaciebis Caqroba. sistemis 

moqmedebis gaZlierebis analogiurad, daiwyebs gadaxras norma-

luri mdgomareobidan da Semdgom gadava axal reJimSi. naCvenebi 

ori reJimi erwymis erTmaneTs mmarTveli parametris 

a′

01 =cλ  kri-

tikuli mniSvnelobisas da gansxvavdebian c1λλ >  mniSvnelobisaT-

vis, aseT movlena warmoadgens bifurkaciis movlenas, romelic 

dakavSirebulia sistemis katastrofiul cvlilebebTan. gansa-

zRvrul gansakuTrebuli gadasvlis momentSi, romelic mdebare-

obs c11 λλ = siaxlovis SemogarenSi sistemas SeuZlia ganaxorci-

elos kritikuli arCevani [10,20]  

       sistemis aRwerili arCevanis procesebis Sedegad warmoiq-

mneba erTgvari mimzidavi struqtura-atraqtori, da Sesabamisad 

xdeba misi TviTorganizacia.  

        amrigad, evoluciuri erTcvladiani modelis (1.22)-is sa-

fuZvelze, romelic aRwers (1.21) gantolebis ,,wesrigis paramet-

ris” qcevas, dgindeba rom warmoiSoba TanabradaralbaTuri war-

moSobis mravali (Cven SemTxvevaSi ori) amonaxsnisa, romlebic 

erTdroulad floben asimptoturi mdgradobis Tvisebas. naCve-

nebi movlena uSualod asaxavs arawrfivi sistemebis gadaxris 

Tvisebas, rac Seesabameba amocanebis amoxsnas. meores mxriv, aR-

werili evoluciuri modelis ,,martivi” Tviseba (1.22)  miuTiTebs 

rTul yofaqcevaze. es adasturebs imas rom erTi cvladian sis-

temaSi, romelic Seicavs ufro maRali rigis xarisxobriv araw-

rfivobas, SeiZleba warmoiqmnas ufro rTuli gardamavali movle-

nebi. mTavaria, rom es dabali ganzomilebis ,,martivi” arawrfivi 

movlenebi unda aRwerdnen mravali klasis mravalganzomilebian 

fizikuri sistemebis yofaqcevas maTi moZraobis safiniSoO etapeb-

ze, anu eqsperimentalurad aRweren rTul dakvirvebad garda-

maval movlenebs. 
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      sinergetikis evoluciuri gantolebebi andronov-hopfis 

bifurkacia. zemoT ganxilul SemTxvevaSi ( )tx  `wesrigis para-

metris~ yofaqceva aRiwereba pirveli rigis (1.22) diferencialuri 

gantolebiT da Sesabamisad, (1.21) sawyisi sistebis evolucia fi-

nalur etapze faqtiurad mimdinareobs erTganzomilebian fazur 

sivrceSi, rac niSnavs, rom am sivrceSi SesaZlebelia arsebobdes 

mimzidveli invariantuli simravlis–atraqtorebis mxolod erTi 

tipi uZravi wertilebis ( 1 2sx λ λ= ± ⋅ ) saxiT, romelsac Seesabameba 

stacionaluri mdgomareobebi. 

 aseTi saxis disipatiuri sistemebi icvlebian droTa ganmav-

lobaSi. ganvixiloT organzomilebiani evoluciuri gantole-

bebis tipiuri magaliTi. 

davuSvaT, rom rTuli sistemis etapze `wesrigis paramet-

rebis~ mimarT yofaqceva misi miZraobis finalur aRiwereba puan-

kares Semdegi evoluciuri gantolebebiT [10,15]: 

         ( )2 2
1 1 2 1( ) 2x t x x x xλ ω= − − −&     ( )2 2

2 1 1 2( ) 2x t x x xω λ= + − −& x       (1.27) 

      SemovitanoT Semdegi saxis aRniSvna: 1 cosx r ϕ=  da 2 sinx r ϕ=  

e.i. polaruli kordinatebis  da r ϕ  SemotaniT (1.27) gantoleba 

Caiwereba Semdegi saxiT:                   

               3r( )r t rλ= −&

( )t

     (1.28)           

            ϕ ω=&                           (1.29) 

sadac λ  da ω - parametrebia. (1.29)- dan uSualod gamomdinareobs: 

                             0( )t tϕ ϕ ω= +& .                        (1.30) 

gantoleba (1.28) zustad emTxveva adre gamokvleul (1.22) gan-

tolebas 1λ λ=  da 2 1λ =  pirobebis dros. iseve rogorc (1.22)  gan-

tolebisaTvis, gvaqvs Semdegi stacionaluri mdgomareobebi 0sr =  

da sr λ=  (λ>0). am SemTxvevaSi am or amonaxsns ,r ϕ  sistemis fa-

zur sivrceSi (1.28), (1.29) Seesabameba kordinatebis saTave r=0  ϕ=0 

da egreTwodebul `zRvruli cikli~-atraqtori wrewiris saxiT 

centriT kordinatTa saTaveSi radiusiT λ , romelzedac sis-
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tema moZraobs ω  siCqariT. naTelia, rom roca λ<0 stacionaluri 

mdgomareoba r=0, ϕ=0 asimatoturad mdgradia, xolo roca λ>0 

stacionaluri mdgomareoba r=0, ϕ=0 xdeba aramdgradi. (1.30) gamo-

saxulebis gaTvaliswinebiT vpoulobT (1.27) – gantolebis gar-

damaval amonaxsnsebs: 

1 0( ) cos( )( )x t r tt ϕ ω= +   da  2 0( ) ( )sin( )x t r t tϕ ω= +             (1.31) 

sadac funqcia r(t) ganisazRvreba (1.24) tipis damokidebulebidan, 

roca sruldeba piroba r(t)>0 e.i.  

( )
2

0
2 2

0 0

( )
t

rr t
r r e 2λ

λ
λ −

=
+ −

                       (1.32) 

(1.31) da (1.32)–dan gamomdinareobs Semdegi stacionaluri 

amonaxsnebi 

1 0( ) cos( )sx t tλ ϕ ω= +  da 2 ( ) sin( )s 0x t tλ ϕ ω= + .            (1.33) 

(1.31), (1.32) gardamavali amonaxsnebi gviCveneben, rom nebis-

mieri traeqtoriebi, romlebic gadian fazur sibrtyis (nax. 1.7) 

nebismier wertilebSi, sistemis fazur sivrceSi garduvalad 

`garsSemoexvevian~ Signidan Tu garedan `zRvrul cikls~-harmoni-

ul atraqtors. es mtkicdeba (1.33)-is stacionaluri amonaxsnebiT, 

romlebic aRweren harmoniul rxevebs da Sesabamisad fazur sib-

rtyeSi Sekrul wriul traeqtoriebs.) 

 

nax 1.7 zRvruli cikli - harmoniuli atraqtori 
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axla ganvixiloT sistemis Sekruli traeqtoriis mdgrado-

ba damyarebul reJimSi pirobiT sr λ= ± . amisaTvis traeqtorias 

mivaniWoT mcire nazrdi. e.i. davuSvaT rom rr Δ+= λ  da CavsvaT 

igi (1.28) gantolebaSi. maSin miviRebT: 

( ) ( )3/ 2 3 2( ) 3 3r t r r r rλ λ λ λ λΔ = + Δ − + Δ + Δ + Δ&              (1.34) 

vinarCunebT ra (1.34) gantolebaSi wrfiv wevrebs Δr vpou-

lobT diferencialur gantolebas: 

( ) ( )3/ 2 2( ) 3 2r t r r rλ λ λ λΔ ≈ + Δ − + Δ = − Δ& λ              (1.35) 

romelis amonaxsnsac aqvs saxe 2
0( ) tr t r e λ−Δ = Δ . (1.35)-dan gamomdinare-

obs rom Sekruli traeqtoria sr λ=  asimptoturad mdgradia 

radganac radiusi r  mcirdeba roca 0 0rΔ > -ze da izrdeba roca 

-ze. es niSnavs, rom zRvruli cikli warmoadgens asim-

ptoturad mdgrad wriul traeqtorias romliskenac garduvalad 

miizideba sistemis yvela traeqtoria aris gansazRvrul midamo-

Si. xazi unda gaesvas, rom mocemuli traeqtoriebi (

0 0rΔ <

sr λ= ) ar 

aris damokidebuli (1.28) (1.29) sistemis  sawyisi mdgomareobaze. 

sxvagvarad rom vTqvaT, Sekruli traeqtoriebis moZraobis peri-

odi ganisazRvreba mxolod sistemis Sinagani parametrebiT ( )ωλ, . 

amasTan, am dros sistema moZraobs droSi zRvrul ciklze – 

atraqtorze mxolod erTi mimarTulebiT. SevniSnoT, rom evolu-

ciuri gantolebis (1.22) tipiur formamde SegviZlia daviyvanoT 

diferencialuri gantolebaTa sistemac (1.28), (1.29). imisaTvis Se-

moviRoT kompleqsuri cvladi ( 1z x ix2= + ) maSin gantolebebi (1.27), 

(1.28) da (1.29) miiReben saxes:  

2( ) ( )z t i z z zλ ω= + −&                    (1.36) 

romelic Tavisi struqturiT warmoadgens (7.22) evoluciuri gan-

tolebis kompleqsur eqvivalents. (1.36)-is gantoleba amonaxsni 

SegviZlia warmovadginoT formiT  

                               ( ). ( )( ) ( ) i tz t r t e ϕ=
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an [ ]( ) ( ) cos ( ) sin ( )z t r t t i tϕ ϕ= +  (1.37) 

sadac funqcia ( )tϕ  da  ganisazRvreba (1.30) da (1.32) gamo-

saxulebebiT. (1.36) CavsvaT (1.37)-Si da gavaTanabroT namdvili da 

warmosaxviTi nawilebi miviRebT kvlav (1.37) gantolebas. staci-

onaluri reJimisaTvis, rodesac 

( )r t

sr λ= , (1.36)-is  amonaxsni (1.30) 

gaTvaliswinebiT  Rebulobs saxes:  

[ ]0 0( ) cos( ) sin( )sz t t i tλ ϕ ω ϕ ω= + + +                  (1.38) 

stacionaluri amonaxsni (1.38) gviCvenebs rom sistema asru-

lebs damyarebul harmoniul rxevebs da amiT mtkicdeba, rom sis-

temis fazur sivrceSi arsebobs zRvruli cikli-harmoniuli at-

raqtori. 

amrigad, (1.28), (1.29) disipatiuri sistemas gaaCnia mimzidavi 

simravle-harmoniuli atraqtorebi. masze moZraoba ar aris damo-

kidebuli sawyis pirobebze (sistemis traeqtoria exveva zRvrul 

cikls Signidan an garedan) da gamovlenilia drois mimarTuleba. 

zemoT aRwerili movlena warmoadgens axali tipis bifur-

kaciis wertils (roca λ=0), romelsac maTematikur literatu-

raSi uwodeben andropov-hopfis bifurkacias. sworedac organ-

zomilebian evoluciur gantolebebSi am dinamikuri Tvisebas miv-

yevarT periodul qcevamde. amasTan λ parametris misi bifurka-

ciuli (λc=0) mniSvnelobidan gadaxrisas mdored izrdeba peri-

oduli amonaxsnis amplituda. Zalze mniSvnelovan garemoebas 

warmoadgens is faqti, rom damyarebuli harmoniuli rxevebis ro-

gorc amplituda, iseve periodi zRvrul ciklze ganisazRvreba 

sistemis evoluciur gantolebebis λ da ω sakuTrivi paramet-

rebiT. disipatiuri sistemebis rxevis es Tviseba gansxvavdeba 

konservatiuli sistemebis rxevebis Tvisebebisagan, romelTa 

maxasiaTeblebi damokidebulia sawyisi pirobebze. konservatiuli 

sistemebi, romelTac miekuTvnebian kvanturi da klasikuri meqa-

nikis ZiriTadi gantolebebi, warmoadgenen liapunovis mixedviT 

mdgradebs, magram ara asimptoturad mdgradebs. e.i. isini mgrZno-

biareni arian fluqtaciebisadmi. amave dros disipatiuri siste-
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mebi andronov-hopfis bifurkaciiT asimptoturad mdgradebi arian 

zRvrul ciklTan mimarTebaSi da Sesabamisad mcired mgrZno-

biareni arian fluqtaciisadmi da garegani zemoqmedebisadmi.  

zogad SemTxvevaSi, rTul mravalganzomilebian sistemebSi 

SeiZleba iyos ramodenime wesrigis parametri (x1, x2......), romelic 

xSirad mcire ricxvia, arsebiTad mcire vidre sistemis sawyis 

ganzomileba. am koleqtiur cvladebs – wesrigis parametebs (mie-

sadageba) sxva cvladebi, romlebic SeiZleba gamovricxoT mak-

roskopiuli qcevis gamokvlevisas. swored evoluciuri gan-

tolebebis mcire ricxvi gvexmareba gamovavlinoT wesrigis para-

metrebi da gamovikvlioT sawyisi mravalganzomilebiani sisteme-

bis Tvisebebi. aRwerili Tvisebebis mqone sistemebis ganmasxva-

vebel Taviseburebas warmoadgens sawyisi pirobebis `daviwyeba~ 

da uwonasworo struqturebis formireba. swored uwonasworoba 

SeiZleba gaxdes mizezi mowesrigebulobisa e.i dinamikuri araw-

rfivi sistemis TviTorganizebisa. 

unda aRiniSnos, rom TviTorganizaciis procesebs gaaCniaT 

spontanur xasiaTi, romelic warmoiqmneba arawrfiv sistemebSi 

maTi ganzomilebebis moaxloebuli reduqciasTan da mmarTveli 

procesebis SemTxveviTi Seecvlisas: TviTorganizaciis mizezob-

rivi xerxi, aRmoCenaa romelmac mogvca saSualeba aRmogveCina 

araCveulebrivi sxvadasxva bunebis kooperatiuli movlenebi.  

bifurkaciebi da qaosi. arawrfivi sistemebis konservatulo-

bis da disipatiurobis Tvisebebis kombinaciam migviyvana maTi 

qcevis or gansxvavebul tipamde. pirvel SemTxvevaSi es mowes-

rigebuli da regularuli moZraobebia, romlebsac miekuTvnebian 

umetesoba procesebisa, romlebic mimdinareoben teqnikur da rig 

bunebriv sistemebSi. SeiZleba sakmaod safuZvlianad vivaraudoT 

qcevebi am sistemebSi, Tu viciT maTSi moqmedi kanonebi da 

zemoqmedebebi. 

 arawrfiv dinamikur sistemebSi sxva farTod gavrcelebuli 

procesebi miekuTvneba qaosurs. arc ise didi xnis win mecnierebi 

fiqrobdnen rom rTuli qaosuri moZraoba SeiZleba warmoiqmnas 
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mxolod zogierT mravalganzomilebian uamravi cvladebis Sem-

cvel sistemebSi. Tumca, srulad moulodnelad aRmoCnda, rom 

arawrfiv determinirebul mxolod mesame rigis sistemebSi maT 

fazur sivrceSi SeiZleba vixiloT Zalian rTuli qaosuri moZ-

raobebi. magaliTisaTvis ganvixiloT Semdegi diferencialuri 

gantolebebaTa sistema: 

( )x t y xσ σ= −&  

( )y t y rx xz= − + −&                        (1.39) 

( )z t bz xy= − +&   

sadac σ, r, b – mudmivi parametrebia 

 (1.39) gantoleba warmoadgens lorencis cnobil models, 

romelic aRwers mravalferovan bunebriv procesebs. (1.39) sis-

temas mis fazur sivrcis raime simravleze gaaCnia fraqtaluri 

ganzomilebis `ucnauri~ atraqtori. am simravleze sistemas gaaC-

nia, agreTve, sawyisi pirobebisadmi gazrdili mgrZnobiaroba, 

romlis Sedegedac warmoiqmneba moZraobis qaosuri reJimebi. 

 gamovikvlioT lorencis maTematikuri modelis Tvisebebi 

[10,15,20]. Tavidan ganvixiloT misi stacionaluri mdgomareoba, 

rodesac   maSin (1.39) sistemidan gvaqvs  ( ) ( ) ( ) 0s s sx t y t z t= = =& & &

s sx y= , 0s s s sy rs x z− + = ,   0s s sx y bz− =            (1.40)   

 (7.40)-is gaerTianebiT vpoulobT 

3 (1 ) 0sx b r xs+ − =                          (1.41) 

naTelia, rom (1.41)-Si SesaZlebelia Semdegi stacionaluri mdgo-

mareobebi 

a) 0, 0, 0s s sx y z= = =                         (1.42) 

b) ( 1), 1s s sx y b r z r= = ± − = −                     (1.43) 

(1.42) da (1.43)-is stacionaluri mdgomareobebis mdgradobis 

SeswavlisaTvis ganvixiloT lorencis modelis wrfivi miaxlo-

eba. am SemTxvevaSi kvadratuli wevrebi SeiZleba ugulvebelvyoT, 

maSin (1.42) mdgomareobisaTvis miviRebT gantolebebis sistemas 
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( ) ( )
( )
( )

x t y x
y t rs y
z t bz

σ= −
= −
= −

&

&

&

                          (1.44) 

 (1.44)-dan gamomdinareobs rom mesame gantoleba ar aris 

dakavSirebuli pirvel orTan, xolo komponenti  miile-

va rodesac (z→0) radganac parametri b>0, komponentebis x(t) da 

y(t)  gansazRvrisaTvis saWiroa maxasiaTebeli gantolebis 

0( ) btz t z e−=

2 ( 1) (1 )rλ σ λ σ 0+ + + − =                       (1.45) 

amonaxsna. 

rodesac r<1-ze (1.45) gantolebis fesvebi uaryofiTia da 

Sesabamisad (1.42) stacionaluri mdgomareoba wrfivad mdgradia. 

rodesac r>1-ze, maSin fesvebidan erT-erTi xdeba dadebiTi da 

mdgomareoba (1.42) wrfivad aramdgradia. cxadia, rom rc=1 mniS-

vneloba warmoadgens wrfivi mdgomareobis sazRvars da atarebs 

bifurkaciis wertilis saxelwodebas [7.14, 7.20]. 

ase, rom (1.42) wrfivad mdgradia roca 0≤r≤1 da aramdgradia 

roca r>1-ze. sinergetikaSi r parametrs hqvia mmarTveli parametri. 

gamovikvlioT exla (1.43)-is stacionaluri mdgradoba wrfi-

vi mdgradoba, romlisaTvisac gawrfivebul sistemas aqvs saxe 

( ) ( ),x t y xσ= −&    ( ) ( 1)y t x y b r z= − − −&              (1.46) 

( ) ( 1)( )z t b r x y bz= − − + −& . 

(1.46) sistemis maxasiaTebeli gantolebas eqneba saxe: 

1 0

1 1 ( 1

( 1) ( 1)

b r

b r b r b

σ σ

λ

λ

− −

) 0− − − − =

− − − −

             (1.47) 

3 2( 1) ( ) 2 ( 1)b b r b rλ σ λ σ λ σ+ + + + + + − = 0  

roca r>1, (1.47) gantolebis fesvebis namravli aris 

uaryofiTi ricxvi, es ki rogorc viciT algebridan, niSnavs rom 

sul mcire erTi mainc fesvebidan erTi namdvilia da uaryofiTi, 

xolo danarCeni ori namdvilia erTi niSniT an kompleqsurad 

SeuRlebulia. ismis kiTxva: ra mosdis sistemis (1.46)-is staci-

 50



onalur mdgomareobas (1.43) mmarTveli parametris r>>1 Semdgomi 

zrdisas? cnobilia, rom (1.46) mesame xarisxis wrfivi sistemis 

aramdgradoba damokidebulia pirobaze, rom (1.47) gantolebis 

kompleqsur-SeuRlebuli fesvebi arian xSirad warmosaxviTi, 

radganac  2bσ(r-1)>0. algebridan cnobilia, rom (1.47) gantolebis 

fesvebis warmosaxviToba SeiZleba uzrunvelyofil iqnes maSin, 

rodesac misi koeficientebis warmoebulebi toli iqneba Tavisu-

fali wevrisa (roca λ+ da λ). e.i. Tu sruldeba piroba 

( 1)( ) 2 (b b z b r 1)σ σ σ+ + + = − , maSin aqedan vpoulobT 

' ( 3
1c

br
b

)σ σ
σ

+ +
=

− −
                      (1.48) 

gamosaxuleba (1.48) gansazRvravs mmarTveli parametris r-is 

kritikul mniSvnelobas, romlis drosac (1.43) stacionaluri 

mdgomareoba xdeba wrfivad aramdgradi. cxadia, rom roca σ<b+1 

dadebiTi kritikuli mniSvneloba rc' ar arsebobs. es niSnavs rom 

nebismieri rc dadebiTi mmarTveli parametrisaTvis (1.48) piroba ar 

sruldeba da maSin (1.43) stacionaluri mdgomareoba iqneba wrfi-

vad mdgradi. im SemTxvevisaTvis roca σ<b+1-ze naCvenebi mdgo-

mareoba kargavs mdgradobas sakmaod didi r>rc’ – saTvis. aRvniSnoT 

rom (1.47) gantolebis fesvebis kompleqsurobas fizikurad mivye-

varT (1.46) sistemis moZraobis Zalzed intensiur oscilaciamde 

misi stacionalur mdgomareobis mcire aRSfoTebisas. 

axla mniSvnelovania Tu rogor moiqceva lorencis (1.39)-

modeli roca r>>rc’ – am kiTxvaze pasuxis gasacemad gardavqmnaT 

sawyisi gantolebebi axali cvladebis  

  
2 ( 1)

x
r

ξ
σ

=
−

, 
21

1 2
xq z

r σ
⎛ ⎞

= −⎜ ⎟− ⎝ ⎠
,  

( 1)
tr
rσ

=
−

           (1.49) 

SemotaniT [7.20]. igi Caiwereba Semdegi saxiT: 

3( ) ( 1) ( )r q tξ ξ ξ μξ+ − + = −&& &  

2( ) (2 )
1

q r bq bμ σ ξ
σ

⎡ ⎤= − − −⎣ ⎦+
&                   (1.50) 
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sadac 
1

( 1)r
σμ

σ
+

= −
−

 mcire parametria. 

(1.50) sistemaSi pirveli gantoleba aRwers arawrfivi osci-

latoris rxevas  sixSiriT, romelic mdored icvleba me-

ore gantolebis q(t) amonaxsnis Sesabamisad. mcire parametri μ 

didi r-ebis dros SeiZleba gavutoloT 0-s, maSin q=const da 

pirveli gantoleba warmoadgens arawrfiv osciliators. gamok-

vlevebi gviCveneben [15], am SemTxvevaSi (1.39) lorencis modelis 

fazur sivrceSi warmoiqmneba zRvruli cikli. sur 1.8-ze naCve-

nebia misi fazuri portreti roca r=315, σ=10, b=8/3 romlebic am-

tkiceben zemoT Camoyalibebuli mosazrebebs perioduli moZrao-

bis warmoSobis Sesaxeb. 

2
0 1qω = −

qaosurobis warmoSobis mizezebis TvalnaTeli warmodge-

nisaTvis kvlav gardavqmnaT (1.39) lorencis gantoleba. CavsvaT 

1 ( )y x x t
σ

= + &  cvladi pirveli gantolebidan da cvladi 
1 ( )z xy
b

= − &z   

meore gantolebaSi,  maSin miviRebT [21]: 

 
2

31 1 1( ) ( ) ( 1) ( )x xx t F x t r x x z t
b b

σ
σ σ

+ −
= = − + − − +&& & & &            (1.51) 

 

nax. 1.8. zRvruli ciklis funqciis grafiki 
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nax. 1.9 potencialuri fazuri portreti 

 

SemovitanoT potenciali  

21 1
2 4

rV x
b

4x−
= − + ,                     (1.52)  

romelsac gaaCnia sxvadasxva saxe roca r>1-ze da r<1-is Sem-

TxvevaSi (sur. 1.9).  potenciali (1.52) izrdeba xs=0 stacionaluri 

mdgomareobis orive mxares. mmarTveli parametris r-is erTianze 

gadasvlisas r>1 warmoiSoba bifurkacia da warmoiSoba erTi 

aramdgradi (xs=0) da ori mdgradi mdgomareoba 

( 1)sx b r= ± −                        (1.53) 

potenciali (1.52)-is gamoyenebiT, (7.51)-i gantoleba exla 

SegviZlia CavweroT Semdegi saxiT 

21 1( ) ( ) ( )x V xx t x t
x b

σ
σ σ

+ − ∂
= − − +

∂
&& & &z t ,                (1.54) 

romelic mosaxerxebelia xarisxobrivi analizisaTvis. miRebuli 

(1.54) gantoleba bolo wevris gareSe warmoadgens materialuri 

wertilis potencialur ormoSi moZraobis gantolebas  x(t) 

xaxunis ZaliT romelsac gaaCnia xaxunis koeficienti, romlis 

( )xV
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niSanic icvleba dadebiTidan uaryofiTisaken, roca 2 1x σ≥ + . 

(1.54) gantolebis bolo wevrs gaaCnia xisti Zalis forma, romlis 

drekadobis koeficienti 
1 ( )z t
b

− &  damokidebulia droze. rodesac 

warmoebuli  mcire sididis ar aris, maSin es wevri war-

moadgens garkveul maiZulebel Zalas, romelic damokidebulia y 

da z cvladebze. Tu kavSirs z da x –s Soris ugulvebelvyofT, 

maSin bolo wevri SeiZleba gamoiyurebodes rogorc garkveuli 

SemTxveviTi Zala [21]. sxvanairad rom vTqvaT, materialuri 

wertili, romelic aRiwereba (1.54) gantolebiT SemTxveviT Zalis 

moqmedebiT imoZravebs orkuzian potenciur ormoSi (1.52), amasTan 

xaxunis koeficientma SeiZleba miiRos sxvadasxva niSani. 

( )tz&

warmodgenili mosazrebebi miuTiTeben lorencis modelis 

yofaqcevis, rogorc atraqtoris, rTul qaosur xasiaTze. nax. 1.8 

da nax.1.10-ze mocemulia moZraobis procesebi  r parametris 

sxvadasxva mniSvnelobebisaTvis, rac adasturebs (1.39) lorencis 

modelis traeqtoriis rTul qaotur xasiaTs, romlebic aRiwe-

reba mesame rigis determinirebuli diferencialuri gantole-

bebiT. dadgenili faqti adasturebs Tanamedrove arawrfivi dina-

mikis urTierTgansacvifrebel movlenas. 

  

 

nax 1.10 lorencis modelis fazuri traeqtoria 
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ase rom, maRali rigis  determinirebul obieqtebze 

bifurkaciuli meqanizmebis moqmedebis Sedegad SesaZlebelia war-

moiSvas rTuli qaosuri movlenebi. aseTi movlenebis maTematiku-

ri modelebi Seicaven xarisxobriv da kvadratul arawrfivobas, 

romlebic gavrcelebulia sxvadasxva bunebis obieqtebSi. amasTan 

warmoiSveba qaosis marTvis problema, romelsac eqceva sul 

ufro meti yuradReba mecnierul literaturaSi. 

3≥n

aqve ganvixilavT marTvis meTodebis  gamoyenebi magaliTi 

arawrfivi obieqtisa bifurkaciiT, romelSic marTvis ararsebo-

bisas warmoiSvebian katastrofuli procesebi. 

ganvixiloT amocana romelime biologiuri populaciis op-

timalur doneze SenarCunebisa, romelic, sakvebis mopovebis kon-

kurenciis gaTvaliswinebiT, aRiwereba Semdegi saxis gantolebiT 

[59]. 

2( ) ,x t x xα β μ= − −&                      (1.55) 

sadac x populaciis konkretul saxeobaSi warmomadgenelTa 

raodenobaa; α,β - dadebiTi ricxvebi; μ - mmarTveli parametri. 

(1.55) gantolebiT SeiZleba aRvweroT, magaliTad, TevzWeris mode-

li. am SemTxvevisTvis μ warmoadgens TevzWeris kvotas (gegmas). 

Tavdapirvelad davuSvaT, rom μ=μ0 winaswar mocemuli sididea. 

movZebnoT TevzWeris SesaZlo maqsimaluri kvota. amisaTvis (1.55) 

gantolebis marjvena mxare gavawarmooT x – iT da Semdegi gavu-

toloT nuliT, miviRebT: 

max 2
x α

β
=  da 

2

0 4
αμ

β
=                     (1.56) 

gamovikvlioT (1.55) gantoleba Tvisobrivad. amisaTvis Tav-

dapirvelad SeviswavloT misi stacionaluri mdgomareoba: 

2 0s sx xα β μ− − = .                          (1.57) 

(1.57)-dan ganvsazRvroT damokidebuleba ( )sx μ : 

2 4
2sx

α α β
β

± −
=

μ
,                         (1.58) 
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romlis grafikuli saxec, α=β=1 pirobis SemTxvevaSi, warmod-

genilia nax. 1.11-ze. 

 

 

 

 

 

 

 

 

 

n

ax. 1.11. stacionaluri mdgomareobis grafiki 

x

maxx  

μ
 0μ

 

( )sx μ  damokidebulebis grafiks gaaCnia ori toti, romlebic 

erTmaneTs erwymeba μ da xs im mniSvnelobisaTvis, romlebic 

gansazRvrulia (1.56) pirobiT. am movlenas uwodeben bifurka-

ciuls, xolo wertils, romlis koordinatebic gamoiTvleba (1.56) 

gamosaxulebiT, uwodeben sistemis bifurkaciul wertils. gamo-

vikvlioT sistema am wertilis midamoSi amisaTvis SemoviRoT ga-

daxra 0y x q= −  da CavsvaT potenciuri funqciis gamosaxulebaSi, 

romelsac Cveni SemTxvevisaTvis aqvs saxe: 

                   21 1
2 4

V x 4xμ
β

−
= +                              

martivi gardaqmnebis Semdeg miviRebT moZraobis ganto-

lebas 

2
0 0 0( ) ( 2 )y t q q q y y2α β α β β= − + − − −& μ                  (1.59) 

sadac q0 wertilis koordinataa. 

ukanaskneli gantolebis Tviseba damokidebulia μ 

mmarTveli parametris mniSvnelobaze. SevirCioT optimaluri mni-

Svnelobebi μ=μ0 da q0=xmax, romlebic uzrunvelyofen TevzWeris 

maqsimalur kvotas. Sedegad miviRebT gantolebas 
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2( )y t yβ= −&                             (1.60) 

romlis amonaxsnsac aqvs saxe: 

0

0

( )
1

yy t
q tβ

=
+

                           (1.61) 

(1.61) gamosaxulebidan Cans, rom (1.60) gantolebis amonaxsni 

mdgradia (roca y=0) sawyisi pirobebisaTvis y0=x0-xmax>0 da aram-

dgradia (roca y→0) pirobisaTvis y0<0. aqedan gamomdinareobs 

mniSvnelovani daskvna: (1.60) sawyisi gantolebis amonaxsni, 

romelic aRwers populaciis mdgomareobas, mdgradia, roca 

max 2
x α

β
=  mxolod im sawyis pirobebisaTvis, romlebic akmayofi-

lebs pirobas x0 <xmax. amrigad, TevzWeris kvotis optimizacias 

(maqsimizaciis) 0u constμ= =  xisti marTvis SemTxvevaSi mivyavarT 

damyarebul mdgomareobis aramdgradobamde, rac mcire fluqtu-

aciebis arsebobis SemTxvevaSi iwvevs populaciis ganadgurebas, 

katastrofas. es ki Sedegia bifurkaciis wertiliT gamowveuli 

movlenisa, romelic Seesabameba TevzWeris maqsimalur xist geg-

mas. aRwerili movlena Seiswavleba Tanamedrove arawrfivi siste-

mis dinamikasa da sistematikaSi. 

axla vaCvenoT, Tu rogor SeiZleba marTvis Teoriis gamo-

yenebiT Tavidan aviciloT populaciis katastrofuli ganadgu-

reba, romelic gamowveulia TevzWeris maqsimalurad xisti geg-

miT. amisaTvis gamoviyenoT (1.59) gantoleba da μ mmarTveli para-

metri ganvixiloT rogorc y-is funqcia. e.i. xisti gegma μ=μ0 Sev-

cvaloT ukukavSiriT: 

2
0 0( ) ,t q q yμ α β γ= − + −                     (1.62) 

ukanaskneli gamosaxulebis gaTvaliswinebiT, (1.59) gamosaxu-

leba miiRebs saxes: 

2
0( ) ( 2 )y t q y yα β γ β= − − −&                      

Tu SemovitanT aRniSvnas 02qη α β γ= − − , maSin (1.63) Caiwereba 

Semdegnairad: 
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2)(y t y yη β= −&                         (1.63) 

romlis amonaxsns aqvs saxe: 

( )
0

0 1t te eη η
( ) yy t

y
η

η β− −
=

− −

Tu SevirCevT η<0, e.i. γ>α-2q0β, maSin (1.64) gamosaxulebidan 

miviRebT, rom roca t→∞, gadaxra y→0. es ki niSnavs, rom (1.64) ga-

mosaxuleba asimptoturad mdgradia y=0-is mimarT. aqedan gamom-

dinareobs, rom μ(y) marTva uzrunvelyofs populaciis mocemul 

q0 doneze SenarCunebas. amasTan, es mniSvneloba SeiZleba iyos 

optimaluric 

                   (1.64) 

0 max 2
α
β

q x= = μ y

ba x(t) sawyisi cvladis mimarT SeiZleba Caiweros Semdegi saxiT:

. ( )-is gaTvaliswinebiT (1.55) gantole-

 

2
2( ) ( )

2 2
a ax t y x x γα β
β β

= − − + −&                       

Tu davuSvaT, rom 0 2
q αγ β= = , maSin  gantoleba miiRebs saxes: 

( ) ,
2

x t x xβ= −⎜ ⎟
⎝ ⎠

&                          

romelic aRwers kritikul bifurkacias da warmoadge

α⎛ ⎞
      

ns logis-

tikur gantolebas. am gantolebis amonaxsns aqvs saxe: 

0

2 2
0

( )
2 1

t t

xx t
e x e

α α

α

α β α
− −

=
⎛ ⎞

− −⎜ ⎟
⎝ ⎠

                         

igi asimptoturad mdgradia 
2sx α

β
=

 mrudebiT, 

romlebic miRebulia sistemis modelirebis Sedegad. 

 atraqtoris mimarT da Seesa-

bameba TevzWeris optimalur kvotas. nebismieri sawyisi pirobebis 

SemTxvevaSi sinTezirebuli sistema yovelTvis gamodis am mdgo-

mareobaze, rac mtkicdeba nax. 1.12-ze warmodgenili
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nax. 1.12 sinTezirebuli sistemis gardamavali procesi 

 

amrigad, (γx) ukukavSiris SemotaniT marTvis kanonma 

saSualeba mogvca gadavsuliyaviT bifurkaciidan (romelic moma-

valSi gamoiwvevda katastrofas) logistikur gantolebaze, ro-

melsac gaaCnia TviTorganizebis Tviseba. amasTan, SesaZlebelia 

ganvaxorcieloT TevzWeris mocemuli kvota, romelic SeiZleba 

iyos maqsimaluric. ukukavSirSi γ koeficientis mcire gadaxra ga-

moiwvevs warmadobis mcire dawevas da ara katastrofas, rasac 

adgili hqonda xisti gegmis u=μ0=const arCevis SemTxvevaSi. miuxe-

davad imisa, rom ganxiluli faqti gamovlenil iqna TevzWeris 

martiv magaliTze, igi SeiZleba gamoviyenoT marTvis yvela im 

arawrfiv sistemaSic, sadac SesaZlebelia warmoiqmnas bifurka-

ciuli da qaosuri movlenebi. cxadia, (μ) mmarTveli parametris 

SerCevis gziT SesaZlebelia sistema mebismieri sawyisi pirobe-

bidan gaviyvanoT misi mdgomareobaTa sivrcis sasurvel atraq-

torze da uzrunvelvyoT mimarTuli TviTorganizeba-mizidva in-

variantuli mravalsaxeobisaken (atraqtorisaken). 
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1.4 arawrfivi TviTorganizacia da disipatiuri struqturebi. 

 

    sinergetikis ZiriTad cnebebs warmoadgens: bifurkacia, daq-

vemdebareba, wesrigis parametri, marTvis parametri da atraqtori. 

aRmoCnda, rom wonasworobis dakargvas wrfiv miaxloebaSi,  wes-

rigis parametrebis warmoSobasa da daqvemdebarebis principis re-

alizacias Soris arsebobs mniSvnelovani Sinagani urTierTkav-

Siri. mmarTveli parametrebis cvlilebis Sedegad arawrfivma 

sistemam SeiZleba dakargos wonasworoba wrfiv miaxloebaSi. ze-

moT ganxiluli meore rigis sistemis (1.11) aseT mmarTvel parame-

ters warmoadgens parametri 1λ , romlis cvlilebis Sedegad  

)( 1λeℜ  SeiZleba gaxdes Zalian mcire sidide an Seicvalos niSani 

da amiT SeiZleba gaxdes sistemis aramdgradobis maCvenebeli 

wrfiv miaxlovebaSi. aseT SemTxvevebSi gamoiyeneba daqvemdebare-

bis principi.  

    aqedan gamomdnareobs, rom bifurkaciis wertilebSi, romleb-

Sic xdeba struqturuli cvlilebebi, sistemis yofaqceva ganisa-

zRvreba mxolod wesrigis parametrebiT. sxvadasxva bunebis araw-

rfiv dinamikuri sistemebSi kavSiri daqvemdebarebis princips, 

wesrigis parametrebsa da wonasworobis dakargvas Soris wrfiv 

miaxloebaSi saSualebas gvaZlevs gamovavlinoT saerTo analo-

giebi. adiabaturi midgoma, romelic gamosaxulia meore rigis 

wrfivi sistemebis magaliTze (7.11) ar warmoadgens principialur 

siaxles da ukve sakmaod didi xania gamoiyeneba arawrfiv meqani-

kaSi, qimiasa da sxva mecnierebebSi. es midgomebi ki warmoadgenen 

daqvemdebarebis principis, sinergetikis sabazo principis, dasabu-

Tebas, am principze agebulia dinamikuri sistemebis arawrfivi 

TviTorganizaciis Teoria. 

     sistemaSi arawrfivi TviTorganizacia SeiZleba warmoiSvas 

misi zogierTi mmarTveli parametrebis cvlilebisas, sistemis 

komponentebis ricxvis Secvlisas da agreTve sistemis axal 
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mdgomareobaSi gadasvlisas. TviTorganizaciis procesebis maga-

liTebs warmoadgenen:  

        marTvis TeoriaSi cneba ,,disipatiuri struqturebi” Semo-

tanil iqna i.prigoJinis mier. is aRniSnavda rom ,,rogorc wonas-

worobidan dacileba, agreTve arawrfivoba SeiZleba sistemaSi 

uwesrigobis mizezi iyos. uwesrigobas, mdgradobasa da disipaci-

as Soris warmoiSoba umaRlesi xasiaTis aratrivialuri kavSiri. 

imisaTvis rom gamovyoT es kavSiri Cven vuwodebT mowesrigebul 

konfiguraciebs, romlebic warmoiqmnebian  Termodinamikuri Sto-

ebis mdgradobis aris gareT. aseTi struqturebi SeiZleba arse-

bobdnen wonasworobidan Sors sakmaod didi energiisa da nivTi-

erebaTa modinebis xarjze. disipatiuri struqturebi warmoadge-

nen magaliTs, romelic demonstracias ukeTebs im faqts, rom 

uwonasworobis unari warmoadgens mowesrigebulobis wayros”.  

      Aarawrfiv Ria sistemebSi mowesrigebulobis warmoSobis pa-

radoqsulobas xazi gaesmeva im saerTo cnobili faqtiT rom Cve-

ulebriv wonasworul sistemebSi saxeldobr disipaciis cvlile-

ba saerTod spobs yovelgvar wesrigs da iq yovelTvis warmoiSo-

ba Termodinamikuri wonasworoba e.i. qaosi. aRmoCnda rom Ria di-

sipaciur sistemebSi disipacias mivyavarT Sesabamisi zomisa da 

formis struqturebis warmoSobamde e.i. warmoiqmneba TviTorgani-

zaciis procesi. sxva sityvebiT sistemaze zemoqmedebam gare sam-

yarosTan Zalian aramdgrad areSi SeiZleba migviyvanos Tavisi 

TvisebebiT axal dinamikur mdgomareobamde, romelic prigoJinis 

mier iwodeba disipatiur struqturebad, aqve xazi gausvaT mou-

lodnelad mWidro kavSirs stuqturasa da disipacias Soris e.i 

kargvebs sistemaSi. aseTma sistemebma SeiZleba migviyvanon princi-

pulad axal movlenebamde sistemis yofaqcevaSi, kerZod, sistemis 

Semadgeneli uamravi raodenobis nawilakebis da saerTod kompo-

nentebis umaRlesad maRali mowesrigebulobis yofaqcevamde. 

i.prigoJinis mier disipatiuri struqturebis aRmoCena niSnavs ma-

teriis axali dinamikuri mdgomareobis danaxvas, romelic adre 

cnobili ar iyo klasikuri mecnierebisaTvis [6].  
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      marTvis TeoriisaTvis cneba ,,disipatiuri mowesrigebuli 

sturqturebi”, romlebic warmoiqmnebian arawrfiv sistemebSi Zli-

er aramdgrad areebSi, TavisTavad mniSvnelovania sxvadasxva 

TvalTaxedvis kuTxidan. saqme imaSia, rom uwesrigoba (qaosi) mii-

Reba mravali meTodebiT, xolo wesrigi ki piriqiT SeiZleba uz-

runvelyoT Zalze mcire raodenobis xerxebis meSveobiT da rac 

maRalia wesrigis xarisxi, miT naklebia es ricxvi, rac niSnavs 

optimalur marTvas. cneba ,,sturqtura“ agreTve dakavSirebulia 

cneba marTvasTan, radganac niSnavs romeliRac obieqts, romel-

sac gaaCnia mdgradoba da unari gauwios winaaRmdegoba Sinagan 

da garegan zemoqmedebebs da darCes sakuTari Tavis msgavsi da ar 

Seicvalos mTlianobaSi. Tumca rogorc aRiniSna Zalian mkacri 

mowesrigebuli struqturebis warmoSoba Zlierad aramdgrad are-

Si SeiZleba gaxdes negatiuri faqtori marTvis TvalsazrisiT da 

marTvis sistemebis mravalsaxovani yofaqcevis moTxovnis Sesas-

ruleblad. 

      sinergetikul sistemebSi SeiZleba warmoiSves, rogorc mo-

wesrigebuli, aseve qaosuri rxevebi. imisaTvis rom dinamikur sis-

temaSi  wonasworobidan moSorebiT arsebobdnen mowesrigebuli 

struqturebi am sistemebze mudmivad unda moedinebodes energiis, 

nivTierebebisa da informaciis uwyveti nakadi. swored TviTor-

ganizacia warmoadgens zemoT CamoTvlili mravalferovani siste-

mebis saerTo Tvisebas, romlebic Sedgebian elementebisagan da 

sxvadasxva bunebis qvesistemebisagan-atomebis, molekulebis, uj-

redebis, cxovelebis da a.S TviTorganizacia rac ar unda pir-

veli SexedviT mogveCvenos ucnaurad saSualebas gvaZlevs Sevis-

wavloT Tavisi bunebiT sxvadasxvanairi dinamikuri sistemebis 

Tvisebebi, erTiani maTematikuri poziciebidan da erTiani cnebe-

biT. ase, rom zemoT CamoTvlil yvela mravalferovan sistemebSi 

SeiZleba warmoiqmnas TviTorganizaciis procesebi, romlebsac 

mivyavarT wonasworobis mdgomareobidan Sors mowesrgebuli mak-

roskopuli struqturebis Seqmnamde, romlebsac gaaCniaT princi-

pulad axali Tvisebebi.  
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     Ees struqturebi, romlebic SeiZleba warmoiSvas kogerentu-

li an qaosuri rxevebiT miiRes dasaxeleba atraqtorebi rom-

lebic miizidaven fazur sivrceSi simravles, e.w. wertilebis 

erTobliobas, romliskenac miizidebian yvela axlo traeqtori-

ebi da moZraobebi. rogorc cnobilia, arawrfivi diferencialuri 

gantolebebis amonaxsnebi sawyisi pirobebisagan damokidebulebiT 

SeiZleba moiqcnen principialurad gansxvavebulad, Tu isini mox-

vdebian atraqtoris mizidvis areSi, da isini aucileblad gaemar-

Tebian misken. sxva sityvebiT, es  amonaxsnebi SeiZleba daemorCi-

lon romeliRac yofaqcevis mkacr wesebs, romelic cnobilia, 

,,analogi” superpoziciis prinipisa arawrfiv sistemebSi. atraq-

torebi arawrfivi sistemebis fazur sivrceSi SeiZleba iyos Sem-

degi tipis: ZiriTads maT Soris warmoadgens wertili (kerZod 

mdgradi fokusi), zRvruli cikli (periodulad cvladi mdgoma-

reobaTa simravle), tori da bolos ,,ucnauri atraqtori “. 

       Cveulebrivi atraqtori (wertili, zRvruli cikli an 

tori) gansazRvravs sistemis moZraobis damyarebul reJims, rom-

liskenac miiswrafian yvela gardamavali reJimebi, romlebic 

xvdebian misi mizidulobis areSi. am atraqtorebis mniSvnelovani 

klasi gamoirCeva Tavisi mravalsaxeobebiT da isini qmnian dinami-

kuri sistemis fazur sivrceSi zogierT maravalsaxeobebs, rom-

lebsac gaaCniaT Tviseba miizidon Tavisken yvela atraqtori Ta-

visi garkveuli garSemowirulobidan, maT ewodebaT mimzidvelebi, 

xolo isini, romlebic rCebian ucvlelebi sistemis moZraobisas 

iwodebian invariantul mravalsaxeobebad.  

      aRmoCnda, rom rig SemTxvevaSi atraqtorebi ar iyvnen mra-

valsaxovani, Tumca sistemis moZraobis traeqtoria roca xvdeba 

aseTi atraqtoris zemoqmedebis areSi rCeba iq ramodenime xnis 

ganmavlobaSi. aseTi atraqtoris magaliTs warmoadgens tori, gan-

Tavsebuli sistemis fazur samganzomilebian sivrceSi, Tu moZra-

oba aseT torze xdeba aramdgradi, maSin torze moZraobis traeq-

toriebi ramdenjerme gadakveTen erTmaneTs bifurkaciis (gao-

rebis wertilebSi), maSin warmoiqmneba qaosuri moZraoba. amasTan 
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erTad traeqtoriis yofaqcevis xasiaTi Zalze mgrZnobiarea sa-

wyisi pirobebis cvlilebebisadmi. es niSnavs, rom droTa ganmav-

lobaSi sul mcire cvlilebebi da fluqtaciebi sistemaSi SeiZ-

leba mniSvnelovnad gaZlierdnen, rac gardauvlad migviyvans qa-

osur dinamikamde. am SemTxvevaSi rodesac bifurkaciebi xdeba 

mravlobiTi traeqtoriebis areSi droTa ganmavlobaSi xdeba im-

denad rTuli da gaurkveveli, rom sirTule gadadis uwesri-

gobasa da qaosSi. swored es Tviseba damaxasiaTebelia ucnauri 

atraqtorebisaTvis da miRebulia determinirebuli qaosis an 

qaosuri dinamikis saxelwodebiT. aRwerili paradoqsuli Tviseba, 

romelic SesaZlebelia arawrfiv determinirebul sistemebSi, 

gviCvenebs, rom ,,mowesrigebulobas” da ,,mouwesrigeblobas”, ubra-

losa da rTuls Soris arcTu ise uzarmazari ufskrulia, ro-

gorsac amis Sesaxeb acxadebda klasikuri mecniereba.  

      mecnierebis sxvadsxva dargebSi Cveni garemomcveli uZravi 

da cocxali samyaro dayofili iyo determinirebul da SemTxve-

viT procesebad. aseTi barieri determinirebul da qaosur siste-

mebs Soris didixania arsebobda klasikur meqanikasa da fizikaSi. 

es moCvenebiTi da udavo faqti gadavida Tanamedrove mecni-

erebebSi: kibernetikaSi, informatikaSi, radioteqnikaSi da a.S. 

amasTan erTad wamoweuli iyo udavoo dasabuTeba, rom mravali 

procesebis stoxastikuri xasiaTi sxvadasxva sistemebSi aixsne-

bodaa misi Semadgeneli elementebis didi raodenobiT da maTi 

Tavisuflebis xarisxebiT. swored es debuleba edo safuZvlad 

rTuli procesebis axsnas. erTi SexedviT TvalnaTelia, rom mra-

valganzomileba warmoadgens sirTulis arss. sinamdvileSi mxo-

lod erTi nawilakis qceva, romlis moZraoba aRiwereba niutonis 

kanonebiT, SeiZleba aRmoCndes ganusazRvreli da sruliad mou-

lodneli. ganzomilebis martiv determinirebul avtono-

miur dinamikur sistemebs SeiZleba hqondeT arsebiTad SemTxve-

viTi, stoqastikuri moZraobebi yovelgvari garegani zemoqmedebis 

gareSe. Tanamedrove sinergetikam daamtkica, rom namdvili Sem-

TxveviToba Cveni garemomcveli samyarosi principialurad gani-

)3( ≥n
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sazRvreba swored qaosuri moZraobebis arsebobiT arawrfiv de-

terminirebul dinamikur sistemebSi, romelTac gaaCniaT bifur-

kaciis Tvisebebi da ara sistemis ganzomilebebiT. es srulad 

gasaocari aRmoCena, romelic Zireulad cvlis bunebismetyvele-

bis fundamentalur warmodgenebs iTvleba bolo drois did sen-

saciad da SeuZlia Zireulad Secvalos Cveni mecnieruli msof-

lmxedveloba. TviTorganizaciis fundamentaluri Tvisebebis dad-

gena, arawrfiv dinamikur sistemebSi saSualebas gvaZlevs avxsnaT 

da gamovavlinoT axali moulodneli movlenebi Cvens garemom-

cvel samyaroSi da SevqmnaT teqnikuri sistemebi da mowyobilo-

bebi araCveulebrivi TvisebebiT.  

     zemoT Camoyalibebuli mosazrebebi gvaZlevs saSualebas ga-

vakeToT mniSvnelovani daskvnebi: Camoyalibebuli axali integra-

luri mecniereba sinergetika, romelic swavlobs koleqtiuri 

TviTorganizaciis procesebs da praqtikulad moicavs Tanamedro-

ve mecnierebis yvela dargs uZravi da cocxali bunebis Sesaxeb, 

teqnikur da ekonomikur mecnierebebSi. es ganzogadoebuli mecni-

ereba dafuZnebulia Seuqcevadi procesebis arawrfiv dinamikaze 

da Termodinamikaze, rogorc sabazo mecnierul disciplinebze.  

 

1.5 sinergetika da marTvis procesebi 

 

     rogorc ukve avRniSneT, sinergetika - arawonasworuli pro-

cesebis Teoria warmoadgens sayovlTao ganviTarebis Teorias, 

romelsac gaaCnia didi msoflmxedvelobrivi Sedegebi. am axali 

integraluri mecnierebis azri da Sinaarsi mdgomareobs imaSi, 

rom Ria sistemebSi, romlebic garemomcvel aresTan axdenen ener-

giis, nivTierebebisa da informaciis urTierTgacvlas, warmoiqmne-

bian TviTorganizaciis procesebi e.i. zogierTi mdgradi mowesri-

gebuli struqturis fizikuri (biologiuri–qimiuri da a.S) pro-

cesebis qaosidan, warmoiSveba sruliad axali Tvisebebis mqone 

sistemebi. nebismier maRalefeqtur sinergetikul sistemas gaaCnia 

ori fundamentalur Tviseba: garemomcvel samyarosTan energiis, 
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nivTierebebis da informaciis aucilebeli gacvla da dauyovne-

beli urTierTqmedeba. es niSnavs rom sinergetikasa da sxva fizi-

kur, teqnologiur, kibernetikul, biologiur, ekonomikur mecnie-

rebebs Siris arsebobs Sinagani urTierTkavSiri. amasTan, sinerge-

tikas TiToeul maTganSi Seaqvs Tavisi Taviseburebebi da midgo-

mebi, romlebic ar aris damaxasiaTebeli am mecnierebebis tradi-

ciuli mimarTulebebisaTvis [7,10,14]. 

      sinergetika - sinTetikuri mecnierebaa, romelic efuZneba 

sxvadasxva bunebis dinamikuri sistemebis TviTorganizaciis zo-

gad koncefcias. misi kanonebi zogadi fizikuri ideebisa da maTe-

matikuri meTodebis erToblioba ki ar aris, aramed axali kon-

ceptualuri xedvaa mecnierebaze. sinergetikuli midgoma mecni-

erebaSi mogvagonebs sistemur midgomas, sinergetikas gaaCnia mniS-

vnelovani Sexebis wertilebi sistemebis zogad TeoriasTan. sine-

rgetikisaTvis iseve rogorc sistemebis TeoriisaTvis mniSvne-

lovania, sxvadasxva bunebis mqone movlenebs Soris ara mxolod 

zedapiruli analogiebi, aramed gansaxilveli sistemis Semadge-

nel komponentebs Soris sakmaod mkacri Sesabamisobebi. sinerge-

tikul midgomaSi zogadi sistemuri midgomisagan gansxvavebiT 

Seiswavleba bunebrivi da teqnikuri sistemebis TviTkon-

struirebis konkretuli principebi da meqanizmebi. sxvanairad 

rom vTqvaT, sistemebis zogadi Teoriisagan gansxvavebiT, sinerge-

tika amaxvilebs yuradRebas rTul arawrfiv sistemebSi warmoSo-

bil kooperatiul, kogerentul da TviTSeTanxmebul procesebze. 

aucilebelia avRniSnoT, rom rogorc sistemebis zogadi Teori-

isaTvis, kibernetikisaTvis, aseve, sinergetikisaTvis gamaerTi-

anebel cnebas warmoadgens sistemebis cneba. Tumca sinergetikul 

midgomaSi saerTo sistemuri koncepciis formirebis-TviTorga-

nizaciis garda aucilebli xdeba konkretuli fizikuri, (biolo-

giuri, qimiuri) movlenebisa procesebis gaTvaliswineba. mecniere-

bis klasikur gagebas yovelTvis safuZvlad udevs eqsperimenta-

luri Sedegebis erTgvari erToblioba da mecnierTa mier gamoT-

qmuli principebi da hipotezebi. sinergetika ar aris mecniereba 
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am sityvis klasikuri gagebiT, aramed arsebiTad axali koncef-

ciaa, romelic bazirebulia sistemis TviTorganizaciis Teo-

riaze. sinergetikuli midgoma pirvel rigSi miiswrafvis gamoa-

vlinos ama Tu im procesis makroskopuli Tviseba mag. popula-

ciis warmoqmins procesi da a.S. miTiTebuli midgoma ar gamoyofs 

erTi arsebis an nawilakis yofaqcevas, rogorc es keTdeba kla-

sikur meqanikaSi, misTvis ufro metad mniSvnelovans warmoadgens 

calkeuli komponentebis raodenoba, romelic Sedis saerTo sis-

temaSi. sinergetikul midgomaSi navaraudebia, rom TviT es rao-

denoba-wesrigis parametri-marTavs sistemis TiToeuli komponen-

tis (arsebis, nawilakis da a.S.) yofaqcevas.  

     TviTorganizebad procesebs safuZvlad udevs daqvemdebare-

bis sinergetikuli principi, romlis Tanaxmadac sawyisi rTuli 

sistema SeiZleba warmodgenil iqnes ierarqiuli sistemebis sa-

xiT, romelic Sedgeba dinamikuri qvesistemebis erToblobisagan, 

romlebic eqvemdebarebian erTmaneTs da imyofebian erTmaneTTan 

garkveul dinamikur urTierTkavSirSi. 

     sinergetikas rTul wrfiv dinamikur sistemebSi safuZvlad 

udevs TviTorganizaciis fundamentaluri movlena. Tumca siner-

getikaSi jer ar SeuqmniaT zogadi da erTiani TviTorganizaciis 

Teoria, romelic samarTliani iqneba yvela saxis bunebrivi da 

teqnikuri sistemebisaTvis, amitom, konkretuli Tvisebebidan ga-

momdinare, sinergetikuli midgoma iZens ganmasxvavebel Tavisebu-

rebebs da Sinaars. amasTan dakavSirebiT, Cven SegviZlia vi-

laparakoT sinergetikul midgomaze, rogorc Sesabamisi mecniere-

bis erTgvar mmarTvel koncefciaze. sinergetika xdeba im evolu-

ciur bunebismetyvelebis dargad, romelic gvaZlevs saSualebas 

sxvadasxva bunebrivi da teqnikuri movlenebis erTgvar safuZvel-

ze aigos sxvadasxva bunebrivi da teqnikuri movlenebis erTiani 

mecnieruli koncefciis erTiani ena. 

     sinergetikasTan rogorc mecnierebasTan, romelic Seiswav-

lis arawrfivi dinamikuri sistemebis qcevas wonasworobis mdgo-

mareobidan moSorebiT zogierTi mmarTveli parametris cvli-
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lebisas, yvelaze ufro Tavisi ideologiiT axlos aris iseTi 

fundamentaluri mecniereba, rogoricaa marTvis Teoria. amasTan 

dakavSirebiT, marTvis Teoriis ganviTarebisaTvis saWiroa siner-

getikuli sistemebis ZiriTadi meTodebis gadatana arawrfivi teq-

nikuri obieqtebis marTvis sistemebis konstruirebaze. Tumca am 

mecnierebebis midgomebSi arseboben garkveuli gansxvavebebi. ase 

magaliTad, amtkiceben, rom ,,rogorc kibernetika ise sinergetika 

pirvelxarisxovan mniSvnelobas aniWebs marTvis cnebas, Tumca Ti-

Toeuli isaxavs sxvadasxva mizans. kibernetika awarmoebs algo-

riTmebis da meTodebis damuSavebas, romelic gvaZlevs saSua-

lebas vmarToT sistema, raTa igi funqcionirebdes winaswar dasa-

xuli wesiT. sinergatikaSi ki Cven vcvliT mmarTvel parametrebs 

winaswar ganusazRvreli wesiT da SeviswavliT am procesSi sis-

temis TviTorganizacias. 

     sabolood, nebismieri mecnierebis, maT Soris sinergetikis 

arsi  mdgomareobs pirvel rigSi, adamianis mier misi garemomcve-

li samyarosa da sakuTari Tavis SecnebaSi. miRebuli codnis 

konstruqciulad gamoyenebaSi. Kkibernetika da Sesabamisad mar-

Tvis Teoria, asaxavs Tanamedrove Sexedulebas mecnierebaze, ro-

gorc garkveul konstruqciul sawyisze, da ara pasiur dakvir-

vebas bunebrivi procesebsa da movlenebze.  

     marTvis klasikurma TeoriaSi Zalze warmatebulad gamoi-

yenebas obieqtebze garegani zemoqmedebis meTodebi, Tumca mar-

Tvis amocanebis gadawyvetaSi mniSvnelovania Zalovani midgomi-

dan sinergetikis TviTorganizaciis ideaze gadasvla. sxva sit-

yvebiT rom vTqvaT, warmoiSva aucilebloba Seiqmnas xerxebi ur-

TierTqmedebis Sinagani Zalebis formirebisa da moqmedebisa, 

romelTa meSveobiTac sistemis fazur sivrceSi warmoiSveba myari 

disipatiuri struqturebi, romlebic adeqvaturni iqnebian Sesa-

bamisi sistemebis fizikuri (qomiuri, biologiuri) arsisa. 

gamovyoT sinergetikis Semdegi meTodologiuri debulebebi, 

romlebic principulad mniSvenlovania Tanamedrove sinergeti-
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kuli gamoyenebiTi marTvis Teoriis sinergetikuli safuZvlebis 

formirebisaTvis: 

• sistemis moZraoba rogorc wesi unda mimdinareobdes 

misi sivrcis arawrfiv areSi; 

• sistema unda iyos Ria, rac igivea energiis an nivTi-

erebis (SesaZloa informaciisac) garemomcvel garemos-

Tan gacvlisa; 

• kooperatiuloba, sistemebSi mimdinare procesebis 

kogerentuloba; 

• arawonasworuli Termodinamikuri situaciis arseboba, 

romlis Tanaxmadac energiis modineba sistemisken, unda 

iyos sakmarisi, aramarto entropiis zrdis SesaCereb-

lad, aramed misi SemcirebisTvisac, rac aZlierebs sis-

temaSi wesrigs;  

• moZraobis safiniSoO etapze sistemaSi unda arsebobdes 

evoluciis ramodenime gza, romelic aRiwereba wesrigis 

parametrebis mimarT tipiuri gantolebebiT. 

TviTorganizaciis es niSnebi gviCvenebs, rom sinergetikas 

saqme aqvs fizikis, maT Soris marTvis Teoriis, araklasikur 

procesebTan da movlenebTan. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 69



2. Caketili optimaluri disipatiuri marTvis sistemebis 

sinTezi sinergetikuli  Teoriis gamoyenebiT 

A  

optimaluri regulatorebis analizuri konstruirebis amo-

cana Tanamedrove etapze warmoadgens optimaluri marTvis siste-

mebis mniSvnelovan amocanas. amdenad mniSvnelovania am amoca-

nebis gadawyvetis axali meTodebis SemuSaveba., romlebSic opti-

maluri regulatorebis analizuri konstruirebis amocana efuZ-

neba Tanamedrove marTvis sinergetikul Teorias. 

 

2.1. Caketili optimaluri marTvis sistemebis disipatiuroba 

 

ganvixiloT optimaluri disipatiuri marTvis sistemebis 

sinTezis sakmaod efeqturi meTodi, romelsac safuZvlad udevs 

letov-kalmanis meTodi da dinamikuri sistemebis asimptoturi 

mdgradobis aucilebeli piroba [28]. 

Tanamedrove TviTorganizaciis TeoriaSi sistemebis disi-

patiurobis Tvisebis fundamentalur mniSvnelobaze i.prigoJini 

aRniSnavda: `disipatiuri sistemebi warmoadgenen gansacvifrebel 

magaliTs, romelic demonstrirebas ukeTebs uwonasworobis 

unars warmoadgendes mowesrigebulobis wyaros~. aq warmodgenil 

meTods safuZvlad udevs fizikuri midgoma. 

pirvel rigSi mas gaaCnia arsebiTi Teoriuli mniSvneloba, 

romelic dakavSirebulia im faqtTan, rom optimaluri marTvis 

sinTezis procedura saSualebas gvaZlevs davadginoT kavSiri 

Caketili marTvis optimalur sistemebsa da fundamentalur fizi-

kur procesebs Soris. am kavSirebs safuZvelad udevs maTema-

tikuri modeli wrfivi diferencialuri gantolebebis an meore 

rigis kerZo warmoebuliani utolobas saxiT. rogorc cnobilia, 

farTo klasis fundamentaluri fizikuri procesebis klasifi-

kacia dakavSirebulia aseTi tipis gantolebebis an utolobebis 

gansazRvrebebTan. marTvis optimalur sistemebSi procesebsa da 

fizikur procesebs Soris kavSiri saSualebas gvaZlevs movax-
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dinoT marTvis optimaluri disipatiuri sistemebis axali kla-

sifikacia, romlebic dafuZnebulia bunebis fundamentalur kano-

nebze. optimaluri sistemebis analizisa da sinTezisadmi aseTi 

midgoma pasuxobs marTvis Teoriis ganviTarebis Tanamedrove do-

nes, romelic dakavSirebulia marTvis fizikuri Teoriis ganviTa-

rebasTan [29]. optimaluri marTvis sinTezis SemoTavazebul me-

Tods gaaCnia analitikuri Tvisebebi, romelic ganasxvavebs mas 

arsebuli optimaluri regulatorebis analizuri konstruirebis 

(orak)-is meTodebisagan. 

gadavideT orak-is problemebis gadawyvetis axal midgo-

maze, romelic efuZneba sinTezirebul optimalur sistemebSi 

disipatiurobis fizikur Tvisebas. es Tviseba ganekuTvneba 

marTvis zogad sinergetikul Teoriis erT-erT sakvanZo sakiTxs. 

qvemoT ganxiluli Teoria eyrdnoba disipatiuri sistemebis Tvi-

sebas da SeiZleba daxasiaTebul iqnas rogorc optimaluri mar-

Tvis sinergetikuli Teoriis erTi nawili. 

dauSvaT marTvis obieqti aRiwereba diferencialuri ganto-

lebebiT, romelic Cawerilia veqtorul-matriculi formiT: 

                        ( ) ( ) ( )x t f x G x u= = +&                  (2.1) 

sadac x=(x1,...,xn)T, u=(u1,...,un)T-Sesabamisad fazuri kordinatebis da 

marTvebis veqtorebia; f(x,u)=(f1(x,u), f2(x,u),...fn(x,u))T–veqtor-funqcia; 

G(x)=(gij(x))-n×m ganzomilebis matricaa.  

marTvis optimaluri sinTezis amocana CamovayaliboT Semde-

gi saxiT: moiZebnos marTvis kanoni u=u(x), romelsac gadayavs (2.1) 

obieqti nebismieri sawyisi x(0)=x0 mdgomareobidan, fazuri sivrcis 

x=0 kordinatTa saTaveSi, uzrunvelyofs Caketili sistemis 

asimptotikur mdgradobas da minimums aniWebs funqcionals 

                      ( )( 0
0

, )I F x u Du dt
∞

= +∫  .                (2.2) 

aq F0(x) - niSangansazRvruli x-is mimarT dadebiTi funqciaa. 

D=diag(dii) gantolebis diagonaluri matricaa, m×m; .,.  - veqto-

rebis skalaruli warmoebulia.  
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optimaluri marTvis sinTezis formulirebuli amocana 

warmoadgens optimaluri regulatorebis analizuri konstruire-

bis cnobil amocanas. optimaluri sistemebis sinTezSi yvelaze 

meti gavrcelebulia (orak) optimaluri regulatorebis anali-

zuri konstruirebis procedura, romelic dafuZnebulia dinami-

kuri programirebis meTodze. sinTezis mocemuli proceduris 

mTavar nawils warmoadgens funqcionaluri gantolebis amonax-

snis moZebna garkveuli – dadebiTi funqciis saxiT, romelic iq-

neba liapunovis optimalur funqcia Caketili optimaluri 

marTvis sistemebisaTvis regulatorebi romlebic agebulia lia-

punovis optimaluri funqciebis safuZvelze uzrunvelyofen asim-

ptotur mdgradobas da konstruirebuli sistemebis xarisxis 

funqcionals aniWeben optimalurobis Tvisebas.  

marTvis wrfivi stacionaluri obieqtebis SemTxvevaSi, lia-

punovis optimalur funqcias irCeven gansazRvruli dadebiTi 

kvadratuli formiT v(x)=xTCx. Tu aseT formas CavsvamT ZiriTad 

funqcionalur gantolebaSi da koeficientebis gavutolebT nu-

ls, miviRebT sxvadasxva xarisxis mqone bazuri koordinatebis 

mimarT rikatis tipis arawrfivi algebruli gantolebaTa siste-

mas. gantolebebis aseTi tipis sistemis amoxsnis meTodebis Sefa-

seba da maTTan dakavSirebuli problemebi aRwerilia [9.14] naS-

romSi, sadac, aRniSnulia, rom aseTi tipis gantolebaTa sistemis 

amoxsnis universaluri meTodi jer-jerobiT ar arsebobs.  

marTvis wrfivi arastacionaluri obieqtebisaTvis liapuno-

vis funqcias eZeben dadebiTad gansazRvruli kvadratuli formis 

saxiT v(x)=xTC(t)x. am SemTxvevaSi Rebuloben rikatis tipis Cveu-

lebriv diferencialur gantolebaTa sistemas-romlis sawyisi pi-

roba ganisazRvreba funqcionalis terminaluri wevris saxis mi-

xedviT. misi amoxsnisaTvis sargebloben Cveulebrivi diferencia-

luri gantolebebis integrirebis ricxviT meTods (eileris, 

runge-kutas da a.S.) am SemTxvevaSi gvaqvs arawrfivi Cveulebrivi 

diferencialuri gantolebebisaTvis koSis amocana. aseTi siste-

mebis amoxsnis proceduras yovel konkretul SemTxvevaSi gaaCnia 
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Tavisi Taviseburebebi da siZneleebi, romlebic dakavSirebulni 

arian sizustesTan, mdgradobasTan da a.S. 

Tu marTvis obieqti aRiwereba rTuli arawrfivi diferen-

cialuri gantolebebis sistemiT (2.1), maSin, am SemTxvevaSi ar ar-

sebobs liapunovis optimaluri funqciis gansazRvris regularu-

li meTodi. es dakavSirebulia ZiriTadi funqcionaluri ganto-

lebis amoxsnis aucileblobasTan, romelic warmoadgens kerZo 

warmoebulebian arawrfiv diferencialur gantolebas, aseTi 

klasis gantolebebis amoxsna dakavSirebulia did siZneleebTan. 

ase rom letov-kalmanis orak-is meTodis gamoyeneba arawrfivi 

obieqtebis marTvis sinTezisaTvis kriteriumi (2.2)-is mixedviT da-

kavSirebulia mniSvnelovani winaaRmdegobasTan, ZiriTadi funqci-

onaluri gantolebis ricxviTi da ufro metad analizur 

amonaxsnebTan ZiebaSi [25]. 

marTvis arawrfivi obieqtebis optimaluri algoriTmebis 

sinTezis problemis gadawyvetam migviyvana orak-is meTodis Seq-

mnasTan, sadac optimizirebul funqcionals gaaCnia naxevradgan-

sazRvruli saxe. am SemTxvevaSi sinTezis amocana daiyvaneba ker-

Zowarmobulebiani wrfivi gantolebis amoxsnamde, rac saSua-

lebas gvaZlevs zogierTi klasis arawrfivi obieqtebis marTvis 

mosaZebnad avagoT sinTezis ricxviTi procedurebi. 

optimaluri regulatorebis analizuri konstruirebis 

letov-kalmanis meTodi dafuZnebulia liapunovis wonasworobis 

Teoriisa da optimaluri marTvis Teoriis erToblivi gamoyenebis 

koncepciaze. aseTi midgoma avtomaturi marTvis Teoriis ori Zi-

riTadi mimarTulebis Serwymam erT SesaZlebeli gaxada liapu-

novis optimaluri funqciis Semotanam. fazuri sivrcis wertili 

x=0, romelSic minimalur mniSvnelobas Rebulobs, rogorc xa-

risxis funqcionali (2.2), aseve liapunovis optimaluri funqcia, 

warmoadgens wonasworobis mdgrad wertils. es niSnavs, rom Cake-

tili marTvis optimaluri sistemebis traeqtoriebi miizideba md-

gradi wonasworobis am wertilisken-atraqtorisken mis fazur 

sivrceSi. 
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sinTezirebuli Caketili optimaluri marTvis sistema 

zogad SemTxvevaSi TviTon warmoadgens dinamikur sistemas, rom-

lebic aRiwereba wrfivi diferencialur veqtorul-matriculi 

gantolebiT. 

                            ( ) ( )x t xϕ=& ,                      (2.3) 

sadac ( ) ( ) ( ) ( );x f x G x u xϕ = +  u(x) – marTvis optimaluri kanonebis 

veqtoria. 

(2.3) sistemis fazuri traeqtoriebis yofaqceva, xasiaTdeba 

veqtoruli veliT 1 1( ) ( ( ),..., ( ))Tx p x p xϕ = . amitom traeqtoriis Sesas-

wavlad mocemuli sistemis fazur sivrceSi SeiZleba Semovita-

noT velis Teoriis zogierTi maCveneblebi. kerZod, radganac Ca-

ketili optimaluri sistema asimptoturad mdgradia, maSin misi 

traeqtoriis yofaqcevis Sesafaseblad yvelaze ufro misaRebia 

iseTi maCveneblis Semotana, rogoricaa veqtoris divergencia 

( )( ( ))x div xϕ ϕ . romelic axasiaTebs fazuri traeqtoriebis klebado-

bas wonasworobis mdgradi wertilis SemogarenSi. Semotanili 

veqtoruli velis ( )div xϕ  maCvenebeli saSualebas gvaZlevs gavu-

keToT formulireba Semdeg mtkicebulebas [28]. 

asimptoturi mdgradobis aucilebel pirobas warmoadgens 

wonasworobis wertilis x=0-s uaryofiToba zogierT Ω areSi, 

romlisTvisac wertili  x=0 warmoadgens zRvruls. 

Caketili optimaluri sistema (2.3) sinTezirebuli letov-

kelmanis optimaluri regulatorebis analizuri konstruirebis 

meTodi disipatiuria. e.i. misTvis sruldeba utoloba 

                  1

1 1

0,
( )

n

i
div x

xx
ϕϕ

=

<∂
=

∈Ω∂∑                       (2.4) 

Caketili optimaluri sistema (2.3), romelic (2.4) utolobas 

akmayofilebas, vuwodebT Caketil optimalur disipatiur siste-

mas. ase, rom disipatiuri sistemebisaTvis divergencia (2.4) yo-

velTvis uaryofiTi sididea, romelic axasiaTebs fazuri mocu-

lobis SekumSvis siCqares. aseT SemTxvevaSi yvela traeqtoriebi 

aucileblad miizidebian romeliRac mimzidavi simravlisken-
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atraqtorisken fazur sivrceSi, xolo misi ganzomilebebi yo-

velTvis naklebia sawyisi sistemis ganzomilebebTan SedarebiT. 

dinamikuri sistemebis Tanamedrove TeoriaSi disipatiur 

sistemebs ukaviaT gansakuTrebuli adgili, romelic bolo peri-

odSi swrafad viTareba. ukanaskneli periodSi warmoiSvnen da 

viTardebian iseTi mecnieruli mimarTulebebi, romlebic dakavSi-

rebuli arian arawrfiv dinamikasTan, aseTebia sinergetika soli-

tonika da katastrofebis Teoria. aucilebelia avRniSnoT rom 

disipatiuri sistemebi ganekuTvnebian yvelaze naklebad Seswav-

lili dinamikuri sistemebis klass, amasTan erTad is warmoa-

dgens ufro farTo klass konservatiuli da ergodiuli sis-

temebis klasTan SedarebiT. masTan erTad SegviZlia vamtkicoT, 

rom bolo ori dinamikuri sistemis klasi warmoadgenen disi-

patiuri sistemebis erTgvar idealizacias. naTqvamidan gamomdina-

reobs, rom disipatiuri sistemebi da agreTve misi qveklasi-

Caketili optimaluri disipatiuri sistemebi, asruleben mniSvne-

lovan rols rogorc dinamikuri sistemebis zogad TeoriaSi da 

aseve gansakuTrebiT marTvis sinergetikul TeoriaSi [30].  

 

 
2.2. optimaluri disipatiuri sistemebis klasifikacia 

 

optimaluri sistemebi maTi eqstremalur-funqcionaluri ma-

xasiaTeblebis mixedviT dayofilni arian klasebad, magaliTad, 

optimalurebi swrafmoqmedebis, energiisa sawvavis xarjis mixed-

viT, da a.S. optimaluri marTvis sistemebisa da maTi klasifi-

kaciisadmi aseTi midgoma sakmarisia sistemebis momxmareblebisa-

Tvis, magram SezRudulia maTi dammuSaveblebisTvis. es dakav-

Sirebulia, pirvel rigSi, imasTan rom optimaluri sistemebis 

Seqmnisas konstruqtors gaaCnia informacia eqstremaluri proce-

sebis maxasiaTeblebze, magram ar floben codnas am procesebis 

kavSirze bunebis fundamentalur kanonebTan. 
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am paragrafSi ganxilulia Caketili optimaluri disipa-

tiuri marTvis sistemebis klasifikaciis sawyisebi, romlebic da-

fuZnebulia kerZo warmoebuliani (2.5) meore rigis diferenci-

aluri utolobis gamokvlevaze. 

          ( ) 1

1 1 1

( ) 1 ( ) 0.
2

n n
Ti

t tt

f x vG x D G x
x x x

−

= =

∂ ∂ ∂⎛ ⎞− <⎜∂ ∂ ∂⎝ ⎠
∑ ∑ ⎟              (2.5) 

gadavweroT (2.5) utoloba Semdegi saxiT 

            
, 1 1

( ) ( ) ( ) 0
i j j

n n

ij x x j x
i j j

a x v b x v c x
= =

+ + >∑ ∑ ,                  (2.6) 

sadac  

                
1

( ) ( )
( )

2

m
ik jk

ij
i k

g x g x
a x

d=

= ∑                         (2.7) 

         

0 11

1 1

( ) 1( ) ( ) ,
2

( )( ) ,

, ,
j i j

nm
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j i
k ik j k n j

n
i

i

x x x
i i j

g x gb x g x
d x d x

f xc x
x

v vv v x
x x x

= =+ −

=

⎛ ⎞⎛ ⎞∂ ∂
= +⎜ ⎟⎜ ⎟⎜ ⎟∂ ∂ ⎝ ⎠⎝ ⎠

∂
= −

∂
∂ ∂

= = ∈ Ω
∂ ∂ ∂

∑ ∏

∑

k

          (2.8) 

 

ganvixiloT meore rigis operatori 

                     [ ]
1

( ) ...
i j

n

ij x x
i

L v a x v
=

= +∑                    (2.9) 

da diferencialuri utoloba  

                          [ ] 0L v > ,                         (2.10) 

sadac wertilebi aRniSnaven diferencirebis meore rigis opera-

tors -sTan mimarTebiT. operatori, romelic Seicavs mxolod 

meore rigis warmoebulebs, iwodebian diferencialuri operato-

ris mTavar nawilad (2.9). am saxis diferencialuri operatorebis 

klasifikacia ganisazRvreba imis mixedviT, Tu rogor moqmedebs   

v

                                       yi=ti(x1,...xn) (i=1,2,...,n)                    (2.11) 

cvladebis gardasaxva diferencialuri operatoris formaze 

 zogierT wertilSi. aRvniSnoT tik ( 1: ( ) ,...,p P
nP x x x= )P i

k

t
x

∂
∂

 miviRebT,  
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1
,

i

n

x ij ij
i

v t
=

= ∑ v      
, 1

...,
i s i j

n

x x ji is y y
i j

v t t v
=

= +∑  

sadac wertilebi cvlian wevrebs, romlebic Seicaven v funqciis 

warmoebulebs, ara umetes pirveli xarisxisa. (2.11) gamosaxuleba 

(2.9) operatoris moqmedebiT, dadis Semdeg saxemde: 

                        [ ] ( )1̀ ...,
i j

p
ij y yL v a y v= +∑              (2.12) 

sadac koeficienti  gamoisaxeba formuliT:  ( p
ija y )

)p                                       (2.13) ( ) (
, 1

n
p

ij ji is ls
l s

a y t t a x
=

= ∑

amgvarad, operatoris mTavari nawilis [ ]L v  koeficientebi 

px  wertilSi gardaiqmneba iseve, rogorc kvadratuli formis 

koeficientebi 

                                               (2.14) 
1

n

ij i j
i

Q a z
=

= ∑ z

i

Tu koeficientebi Zi daeqvemdebareba afinur wrfiv gardaqmnas 

                            
1

n

i it
l

z t η
=

= ∑                      (2.15) 

(2.15) tipis kvadratuli forma afinuri gardaqmnis 

daxmarebiT SegviZlia miviyvanoT kanonikur saxemde. 

                            
1

n

i i
i

Q λη
=

= ∑                      (2.16) 

sadac koeficientebi Rebuloben mxolod mniSvnelobebs +1, -1 an 

0. uaryofiTi koeficientebis ricxvs, romelsac ewodeba inerciis 

indeqsi da agreTve koeficientebis raodenobas, romlebic garda-

iqmnebian nulis tolad, warmoadgenen formis afinur invarian-

tebs. es ricxvebi axasiaTeben diferencialur operators xp– wer-

tilSi. 

diferencialur operators ewodeba eliptikuri xp – 

wertilSi Tu xi yvela mniSvnelobebi marto dadebiTebia, an mxo-

lod uaryofiTebi. diferencialur operators ewodeba hiperbo-

likuri, Tu λi-is yvela mniSvnelobas gaaCniaT erTi niSani maga-

liTad dadebiTi, erTis gamoklebiT, romelic uaryofiTia, dife-
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rencialur operators ewodeba paraboliuri, Tu Q-s forma sin-

gularulia, e.i. erTi an ramodenime λi koeficientebi gadaiqceva 

nulad. diferencialuri operatoris (2.9) klasifikacia uSualod 

gadadis diferencialur utoloba (2.10)-Si. movaxdinoT diferen-

cialuri utoloba (2.6)-is klasifikacia, amisaTvis ganvixiloT 

skalaruli da veqtoruli marTvis SemTxveva cal-calke. 

skalaruli marTva. skalaruli marTvisas diferencialuri 

utolobis (2.6)-is koeficientebi (2.7) Caiwereba Semdegi saxiT 

                   ( ) ( ) ( )
,

2

p p
i jp

ij

g x g x
a x x

d
p= ∈Ω              (2.17) 

imisaTvis, rom movaxdinoT diferencialuri (2.6) utolobis 

klasificireba, (2.7) koeficientebiT, ganvsazRvroT koeficientebi 

λi. amisaTvis amovxsnaT gantoleba 

                         [ ]det 0A Eλ− = ,                    (2.18) 

sadac 

                

2
1 1 2 1

2
2 1 2 2

2
1 2

...

...1
2 ... ... ... ...

...

n

n

n n n

g g g g g
g g g g g

A
d

g g g g g

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 

gi _ gi(x) funqciis mniSvneloba wertilSi xp, E – erTeulovani 

matricaa.  

gadavweroT (2.18) gantoleba Semdegi saxiT: 

                       2

1
2

n
n

i
i

g dλ λ
=

⎛ ⎞ 0+ =⎜
⎝ ⎠
∑ ⎟                   (2.19) 

saidanac gamomdinareobs  

2
1

1

0, 1, 2,..., 1
1 0

2

i
n

n
i

i n

g
d

λ

λ
=

= = −⎧
⎪
⎨ = − <⎪⎩

∑
 

kanonikur formamde dayvanis Semdeg gveqneba 

                       
0, 1, 2,..., 1

1
i

n

i nλ
λ

= = −⎧
⎨ =⎩

                 (2.20) 
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amrigad, skalaruli marTvis SemTxvevaSi diferencialuri 

utoloba (2.6) miekuTvneba parabolur tips. aqedan gamomdinare-

obs, rom optimalur disipatiur sistemebSi skalaruli marTviT 

SesaZlebelia mimdinareobdnen procesebi, romlebic SeiZleba gan-

vsazRvruli iqnan, rogorc paraboluri. fizikaSi paraboluri 

gantolebebiT aRiwereba difuziuri tipis amocanebi. 

amgvarad, optimaluri sistemebi skalaruli marTviT, rom-

lebSic mimdinareoben paraboluri tipis movlenebi. SeiZleba mi-

vakuTvnoT difuziuri tipis optimalur sistemebs. 

veqtoruli marTva: veqtoruli marTvisa SemTxvevaSi dife-

rencialuri utolobis (2.6) mTavari nawilis koeficientebi gani-

sazRvrebian (2.7) formuliT romeliRac Ω aris wertilebSi. iseve 

rogorc skalaruli marTvis SemTxvevaSi diferencialuri uto-

lobis (2.6) klasifikaciisaTvis aucilebelia moiZebnos koefi-

cienti λi. (2.18) gantolebis amoxsniT, sadac matrica A-s aqvs saxe 

            

2
1 1 2 1

1 1 1

2
2 1 2 2

1 1 1

2
1 2

1 1 1

...
2 2 2

...
2 2 2
... ... ... ...

...
2 2 2

m m m
k k k k

k k kk k

m m m
k k k k nk

k k kk k

m m m
nk k nk k nk

k k kk k

g g g g g
d d

g g g g g
A d d

g g g g g
d d

= = =

= = =

= = =

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎢ ⎥⎣ ⎦

∑ ∑ ∑

∑ ∑ ∑

∑ ∑ ∑

nk

k

k

k

d

d

d

           (2.21) 

SemovifargloT SemTxveviT n=2,3. n=2 SemTxvevaSi matrica 

G(x) veqtoruli marTvis zemoqmedebiT, zogad SemTxvevaSi aqvs 

struqtura 

                    ( ) 11 12

21 22

( ) ( )
( ) ( )

g x g x
G x

g x g x
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

                  (2.22) 

xolo (2.18) gantoleba Rebulobs saxes: 

                
22 2

2
22

1 1

1

1 1 1 0
2 2

ij

i j j
i

i

g
d d

λ λ
= =

=

2− + Δ∑∑
∏

=               (2.23) 

romelSic koeficientebi ucnobi λ-s SemTxvevaSi ganisa-

zRvreba yoveli  Ω-areSi;. Δ-matricis gansazRvrulia (2.22). ( ): pP x
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vietas formulis Tanaxmad gvaqvs 

                   

22 2 2
2

1 1 1

2 2

122
1

1

1 0
2

1 0
2

ij
i

i i ij

i

i

g
d

λ λ

λ

= = =

=

=

⎧
− = >⎪

⎪⎪
⎨ Δ

= >⎪
⎪
⎪⎩

∑∑ ∑

∏
∏

                (2.24) 

saidanac gamomdinareobs rom (2.19) gantolebis fesvebi-

saTvis unda ganvixiloT ori SemTxveva: 

1) Tu Δ≠0, maSin λ1>0, λ2>0 

2) Δ=0, maSin λ1=0, λ2>0 an λ1>0, λ2=0 

pirvel SemTxvevaSi utoloba (2.6) ganekuTvneba elifsur 

tips da Sesabamisad meore rigis Caketil optimalur disipatiur 

sistemebSi Δ≠0 pirobisaTvis SesaZlebelia procesebi, romlebic 

SeiZleba ganisazRvros rogorc elifsuri. meore SemTxvevaSi 

roca Δ=0, sinTezirebul optimalur disipatiur sistemebSi gaaC-

nia paraboluri Tvisebebi. 

ganvixiloT exla mesame rigis obieqti veqtoruli ganto-

lebiT da matriciT 

                 ( )
11 12 13

21 22 23

31 32 33

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

g x g x g x
G x g x g x g x

g x g x g x

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

              (2.25) 

am SemTxvevaSi gantoleba (2.18) Rebulobs saxes: 

        
3 3

3 2 2 2
32 3

1 1
(1,2,3)\

1

1 1 1 1 1 1 0
2 2 2ij ij

i ji k
ik i

i

g
d d d

λ λ λ
= =

∈
=

− + Δ −∑ ∑ ∏ ∏
2Δ =     (2.26) 

sadac Δij- element gij-is minoria Δ matriciT ganmsazRvreli (2.25). 

(2.26) gantolebisaTvis sruldeba vietas formula 

              

3 3 3
2

1 1 1

3 3 3
2

2
1 1 1 (1,2,3)\

(1,2,3)\

13 3
2

2
1 1

1 1 0
2

1 1 0
2

1 0
2

ji i
i j ii

ji j
i j i k ik

k i

i i
i i

g
d

d

d

λ

λ

λ

= = =

= = = ∈
∈

−

= =

⎧
⎪

= >⎪
⎪
⎪⎪ Δ =⎨
⎪
⎪
⎪ ⎛ ⎞⎪ Δ = >⎜ ⎟⎪ ⎝ ⎠⎩

∑ ∑ ∑

∑ ∑ ∑ ∏∏

∏ ∏

>              (2.27) 
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rogorc (2.27) formulidan gamomdinareobs (2.26) gantolebis 

fesvebisaTvis SesaZlebelia arsebobdes ori SemTxveva: 

1) Tu Δ≠0, maSin λ1>0, λ2>0, λ3>0 

2) Δ=0, maSin λi>0, λj=0, λk=0, i≠j≠k; i, j, k=1,2,3 

an λi>0, λj=0, λk=0, i≠j≠k; i, j, k=1,2,3 

pirvel SemTxvevaSi utoloba (2.6) warmoadgens elifsurs, 

Sesabamisad mocemul sistemaSi SesaZlebelia elipsuri tipis 

procesebi. meore SemTxvevaSi utoloba (2.6)-paraboluria, Sesaba-

misad, am SemTxvevaSi sistemebSi SeiZleba mimdinareobdes parabo-

luri tipis procesebi. 

procesebi, romlebic mimdinareoben marTvis Caketil opti-

malur sistemebSi, dafuZnebulni arian (2.6) utolobis tipis kla-

sifikaciaze romlebic safuZvels uyris fiziko-maTematikur mid-

gomas axal Tanamedrove optimaluri marTvis TeoriaSi. 

 (2.6)-tipis utolobebis klasifikacia udevs safuZvlad ag-

reTve Caketili optimaluri disipatiuri marTvis sistemebis 

sinTezis meTods. 

 
 

2.3. Caketili optimaluri marTvis disipatiuri  

sistemebis sinTezi  

 

ganvixiloT optimaluri marTvis amocana, romelic moce-

mulia Semdegi pirobebiT 

                    

2 2

10

1

,

( ) , 1, 2,..., ,

n

i i
i

n

k ki i k
i

J c x du dt

x t a x b u k

∞

=

=

⎧ ⎛ ⎞
= +⎪ ⎜ ⎟⎪ ⎝ ⎠

⎨
⎪ = + =⎪⎩

∑∫

∑&

(2.28)  
 

n
   

(2.29) 

sadac x=(x1,...xn)T – obieqtis mdgomareobis kordinatebis veqtoria, 

U – mmarTveli zemoqmedebaa (marTva) obieqtze; aki, bk, ci, d – 

mudmivebia. 

saWiroa ganisazRvros marTvis kanoni u=u(x1,...xn)T uwyveti 

funqciebis klasSi, romelic uzrunvelyofs (2.29) obieqtis gada-
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yvanas nebismieri sawyisi mdgomareobidan koordinatTa saTaveSi 

da aniWebs minimums (2.28) funqcionals. 

 CavweroT amocana optimaluri regulatoris analizuri 

konstruirebis  mTavari funqcionaluri gantolebis saxiT 

           2 2

1 1 1
min 0

n n n

ki i k i iu k i ik k

v va x b u c x du
x x= = =

⎡ ⎤∂ ∂
+ + +⎢ ⎥∂ ∂⎣ ⎦

∑∑ ∑ ∑ =      (2.30) 

(2.30) gantolebaSi u -s mimarT minimumi miiRweva maSin, roca 

                         
1

1
2

n

k
k k

vu b
d x=

∂
= −

∂∑ .                  (2.31) 

imisaTvis rom movZebnoT marTva u, aucilebelia moiZebnos 

funqcia v=v(x), romelic akmayofilebs kerZo warmoebulian ganto-

lebas 

           

2
2
1

1 1 1 1

1 0
4

n n n n

ki i k i
k i k ik k

v va x b c x
x d x= = = =

⎛ ⎞∂ ∂
− +⎜ ⎟∂ ∂⎝ ⎠

∑∑ ∑ ∑ =           (2.32) 

da sasazRvro pirobas 

                                                          v(0)=0 .                       (2.33) 

(2.29) sistema (2.31) marTvis gaTvaliswinebiT Rebulobs sa-

xes: 

                  
1 1

, 1, 2,...,
2

n n
k

k ik i j
i j j

b vx a x b k n
d x= =

∂
= − =

∂∑ ∑&         (2.34) 

da aris asimptoturad mdgradi. e.i. 

                                                         x(∞)=0.                                               (2.35) 

klasikuri gagebiT orak-is amocana (2.32) gantolebidan 

daiyvaneba ψ(x) funqciis moZebnamde sasazRvro pirobiT (2.33). 

cnobilia, rom Caketili (2.34) optimaluri sistema (2.34) 

warmoadgens disipatiurs. es gvaZlevs saSualebas SevavsoT (2.32) 

gantoleba meore rigis Semdegi saxis wrfivi diferencialuri 

gantolebiT.  

                     
2

1 1
0

2

n n
i

ij j
i j i j

b va b
d x x= =

∂
− <

∂ ∂∑ ∑ ∑ ,             (2.36) 

romelic warmoadgens (2.5) utolobas, Cawerils (2.34) sistemis 

marjvena nawilisTvis. 
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Caketili optimaluri disipatiuri sistemebis wrfivi obieq-

tebis marTvis divergencia veqtoruli velisaTvis gansazRvrulia 

(2.34) gantolebis marjvena nawiliT da warmoadgens mudmiv sid-

ides mTels fazur sivrceSi.  (2.36) utolobidan SeiZleba mivi-

RoT Semdegi saxis gantoleba: 

                     
2

1 1
0

2

n n
i

ij j
i j i j

b va b
d x x= =

∂ c− + =
∂ ∂∑ ∑ .          (2.37) ∑

amgvarad, marTvis wrfivi obieqtisTvis orak-is amocanis 

amoxsna SegviZlia daviyvanoT sistemis amoxsnamde. 

orak-is amocanis amoxsna daviwyoT (2.38)–(2.40) gantolebaTa 

sistemis pirveli gantolebidan. misi amoxsna saSualebas mog-

vcems ganvsazRvroT U(x) funqciis struqtura. mocemuli gan-

toleba warmoadgens mudmivi koeficientebian meore rigis wrfiv 

gantolebas. 

(2.38) 

            

2

1 1

2
2
1

1 1 1 1

0
2

1 0
4

(0) 0

n n
i

ij j
i j i j

n n n n

ki i k i
k i k ik k

b va b c
d x x

v va x b c x
x d x

v

= =

= = = =

⎧ ∂
− + =⎪ ∂ ∂⎪

⎪ ⎛ ⎞∂ ∂⎪ − + =⎨ ⎜ ⎟∂ ∂⎝ ⎠⎪
⎪
⎪

=⎪⎩

∑ ∑ ∑

∑∑ ∑ ∑

t t

   

 
 
(2.39) 
 
 
(2.40) 

rogorc cnobilia [33], meore rigis gantolebis amoxsna  

emyareba am gantolebebis kanonikur saxemde dayvanis SesaZleb-

lobas. (2.38) gantolebis Seesabamis kvadratuli forma.s aqvs 

saxe: 

                          Q                     (2.41) 
1 1

n n

ki i k
k i

b
= =

= ∑∑

sadac b roca  roca 2
ik ib= ; ik i ki k b b b= = i k≠  

(2.41) kvadratuli forma SeiZleba daviyvanoT kvadratebis 

jamze 

                            Q 2

1

n

i i
i

λτ
=

= ∑                      (2.42) 

cnobili wrfivi gardaqmnebis gamoyenebiT 
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                     1 1 ... , 1, 2,..., .k k nk nt c c k nτ τ= + + = .           (2.43) 

Tu xi-is nacvlad gardasaxvis  

                     1 1 ... , 1, 2,..., .k k kn ny c x c x k n= + + =  (2.44)            

gamoyenebiT SemovitanT axal damoukidebel cvladebs yi,, maSin am 

pirobebis gamoyenebis Sedegad (2.38) gantoleba gardaiqmneba Sem-

degi saxiT 

                     
2

1 1

1 0
2

n n

ii i j
i i i j

va b
d x x

λ
= =

∂ c− + =
∂ ∂∑ ∑ ∑ .        (2.45) 

ganvixiloT ufro dawvrilebiT (2.38) gantolebidan (2.45) 

kanonikur gantolebaze gadasvlis teqnika meore rigis obieqtis 

magaliTze. am SemTxvevaSi (2.38) gantoleba Rebulobs saxes: 

        
2 2 2

2 2
11 22 1 1 2 22 2

1 1 2 2

2 ( ) 2 2 0v v vd a a b b b b dc
x x x x

∂ ∂ ∂
+ − − − + =

∂ ∂ ∂ ∂
       (2.46) 

xolo (2.41) kvadratuli formas, romelic Seesabameba mocemul 

gantolebis aqvs saxes 

                    .                  (2.47) 2 2 2 2
1 1 1 2 1 2 2 22Q b t b b t t b t= + +

am formis Sesabamisi matricas aqvs saxe: 

                       
2

1 1 2
2

2 1 2

b b b
A

b b b
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

.                      (2.48) 

maxasiaTebel gantolebas 

                    2 2 2
1 2 0A E b bλ λ λ λ− = − − =                (2.49) 

gaaCnia fesvebi λ1=0, 
2

2 1b bλ 2
2= + . gantolebidan 

                        ; 1, 2i i iAc c iλ= =                      (2.50) 

λ1=0, , mniSvnelobebisaTvis movZebnoT sakuTrivi 

veqtorebi  da 

2
2 1b bλ = +

(1 1c c=

2
2

)1 22,
T

c ( )2 21 22,
T

c c c= ). 

λ1=0-Tvis miviRebT gantolebaTa sistemas 

                         
2

1 11 1 2 12
2

1 2 12 2 12

0
0

b c b b c
b b c b c

⎧ + =
⎨

+ =⎩
                  (2.51) 
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(2.51) sistemis amoxsniT movnaxoT sakuTrivi Ci - veqtoris ko-

ordinatebi. miviRebT 1
12 11

2

bc c
b

=− , ( ) 1 1
1 11 12 11 12 11

2 2

, , 1,
T T

T b bc c c c c c
b b

⎛ ⎞ ⎛
= = − = −⎜ ⎟ ⎜

⎝ ⎠ ⎝

⎞
⎟
⎠
. da-

vuSvaT  C11=1, sabolood miviRebT  

1
1

2

1,
T

bc
b

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
 

analogiurad, 2
2 1b bλ 2

2= +  pirobis SemTxvevaSi vpoulobT sa-

kuTriv c2 veqtrs, romelsac aqvs saxe  

1
2

2

1,
T

bc
b

⎛ ⎞
=⎜ ⎟

⎝ ⎠
. 

C1 da C2  sakuTrivi veqtorebi arian orTogonalurebi, mar-

Tlac:  

( ) 1 2
1 2

2 1

, 1 1 b bc c
b b

0= ⋅ − ⋅ =  

movaxdinoT sakuTrivi C1 da C2  veqtorebis normireba 

2 2 2 2
1 2 1 2

1 2
2 1

, .
b b b b

c c
b b
+ +

= =  

sabolood miviRebT A matricis orTogonalur sakuTriv 

veqtorebs, romlebsac aqvs saxe:  

                

2 1
2 2 2 2

1 2 1 2
1 2

1 2
2 2 2 2

1 2 1 2

,

b b
b b b b

c c
b b

b b b b

⎛ ⎞ ⎛
⎜ ⎟ ⎜

+ +⎜ ⎟ ⎜= =⎜ ⎟ ⎜
−⎜ ⎟ ⎜

⎜ ⎟ ⎜+ +⎝ ⎠ ⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

.              (2.52) 

cnobilia, rom bazisSi, romelic Sedgeba matricis orTo-

normirebuli sakuTrivi veqtorebisagan, kvadratuli forma daiy-

vaneba (2.43) kanonikur saxemde. kanonikur gardasaxvas aqvs saxe: 

                 

2 1
1 12 2 2 2

1 2 1 2

1 2
2 12 2 2 2

1 2 1 2

b bt
b b b b

b bt
b b b b

2

2

τ τ

τ τ

⎧ = +⎪ + +⎪
⎨
⎪ = +
⎪ + +⎩

.                (2.53) 

Tu (2.53) CavsvamT (2.47)-Si SeiZleba davrwmundeT, rom kvad-

ratuli forma daiyvaneba (2.42) saxemde, e.i. 
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( )2 2
1 2Q b b y= + 2

2  

(2.44)-is gardasaxvebi Rebuloben saxes: 

                

2 1
1 12 2 2 2

1 2 1 2

1 2
2 12 2 2 2

1 2 1 2

b b
2

2

y x x
b b b b

b by x x
b b b b

⎧ = −⎪ + +⎪
⎨
⎪ = +
⎪ + +⎩

                 (2.54) 

Tu gaviTvaliswineT, rom ψ(x1,x2) funqciis meore rigis war-

moebulebis xi damoukidebeli cvladis mixedviT axal damoukide-

bel yi – cvladze gadasvlisas, (2.44) wrfivi gardaqmnebis meS-

veobiT gamoiTvleba formuliT 

                    
2 2

, 1
,

n

ki ij
k ii j k i

v vc c
x x y=

∂ ∂
=

y∂ ∂ ∂∑ ∂
                  (2.55) 

da miviRebT (2.46) gantolebis (2.45) kanonikur formas. mas eqneba 

saxe: 

                 
2 2 2

1 2
11 222

2

0
2

b b v a a c
d y
+ ∂

− − − =
∂

.                  (2.56) 

movaxdinoT (2.56) gantolebis integrireba 

             211 22
2 1 1 2 2 12 2

1 2

( ) ( ) ( )d a a cv y q y y
b b

q y+ +
= +

+
+ ,            (2.57) 

sadac q1(y1), q2(y1) – garkveuli diferencirebadi funqciebia. x1, x2 

sawyis kordinatebSi (2.57) funqcia Rebulobs saxes: 

       

( )
( )211 22 2 1 1 2 2 1 1 2

1 1 2 2 12 2 2 2 22 2
1 2 1 21 2

( )d a a c b x b x b x b xv b x b x q
b b b bb b

⎛ ⎞+ + − −⎜ ⎟= + + +
⎜ ⎟+ ++ ⎝ ⎠

2 1 1 2
2 2 2

1 2

b x b xq
b b

⎛ ⎞−⎜ ⎟
⎜ ⎟+⎝ ⎠

. (2.58) 

amrigad, miRebulia meore rigi marTvis wrfivi obieqti-

sTvis  u(x1,x2)  funqciis struqtura. 

rogorc gamokvlevebma gviCvena [33] im SemTxvevebSi rodesac 

marTvis wrfivi obieqtis rigi n>2, SeiZleba (2.38)-is integrirebis 

Sedegad miRebul iqnes u(x) funqciis struqtura. es dakavSi-

rebulia agreTve (2.38) gantolebis (2.41) kvadratuli formis erT-

erT TvisebasTan. amovweroT am formis Sesabamisi matrica 

 86



                     

2
1 1 2 1

2
1 2 2 2

2
1 2

...

...
... ... ... ...

...

n

n

n n n

b b b b b
b b b b b

A

b b b b b

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

.               (2.59) 

A – matricis maxasiaTebel gantolebas eqneba saxe 

                2 1 2 1 2 1
1 2 ... 0n n n n

nA E b b bλ λ λ λ λ− − −− = − − − − =

i

,     (2.60) 

romelsac aqvs fesvebi 2
1 2 1

1
... 0,

n

n n
i

bλ λ λ λ−
=

= = = = = ∑ . 

Sesabamisad, SeiZleba moinaxos iseTi wrfivi gardaqmna (2.44) 

romelsac (2.38) gantolebas daiyvans Semdeg saxemde: 

                      
2

2
1 2

1 1

1 0
2

n n

ii
i in

vb a c
d y= =

∂
− − =

∂∑ ∑ .             (2.61) 

(2.61) gantoleba warmoadgens paraboluri tipis meore rigis 

kerZo warmoebulebini diferencialuri gantolebas. am ganto-

lebis amonaxsns aqvs saxe: 

        2
1 1 1 2 1 1

2 1
1

1

( ,..., ) ( ,..., )
n

ii n n n nn
i

i

dv a c y q y y y q y
b

y− −
=

=

⎛ ⎞
= + + +⎜ ⎟

⎝ ⎠
∑

∑
    (2.62) 

sadac q1(y1,...yn-1), q2(y1,...yn-1), argumentebis mixedviT diferencirebadi 

funqciebia. 

imisaTvis, rom ganvsazRvroT u=u(y1,...yn), funqciis sruli 

saxe, aucilebelia (2.42) gantolebaSi x1,...xn kodrinatebidan gadavi-

deT y1,...yn kodrinatebze da CavsvaT masSi (2.62) gamosaxuleba. Se-

degad miviRebT erTgvar diferencialur tolobas, romlisTvisac 

CavataroT koordinatobrivi CaZirvis procedura. 

kordinatobrivi Calagebis procedura mdgomareobs ucnobi 

funqciebis q1(y1,...yn-1), q2(y2,...yn-1)-ebis mudmiviT c gansazRvraSi: es 

meTodi SemdegSi mdgomareobs radganac saZebni funqciebi 

q1(y1,...yn-1), q2(y2,...yn-1)-ar arian damokidebuli yn kordinataze, maSin 

(2.62) gamosaxulebis (2.32)-Si Casmis Sedegad diferencialur 

gantolebaSi vutolebT 0-s am koordinatebis sxvadasxva 

xarisxebis koeficientebs. miviRebT diferencialur gantolebaTa 

sistemas, saidanac ganvsazRvravT funqciis struqturas. q1(y1,...yn-
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1), q2(y2,...yn-1), romelic damokidebulia axali r1(y1,...yn-1), r2(y2,...yn-1) 

da mudmiv c-ze. CavsvaT funqciebi q1(y1,...yn-1), q2(y2,...yn-1), 

diferencialur gantolebaSi da radganac am SemTxvevaSi 

funqciebi r1(y1,...yn-1), r2(y2,...yn-1) ar arian damokidebuli yn-1 cvladze. 

nuls gavutoloT yn-1 koordinatebis sxvadasxva xarisxisas koe-

ficientebi. miviRebT diferencialuri gantolebebis axal sis-

temas... a.S. kordinatobrivi Calagebis bolo stadiaze miviRebT 

diferencialur gantolebebis sistemas ucnobi funqciebis K1(y1), 

K2(y1) da mudmiva c-s. am sistemis amoxsniT miviRebT mudmivis 

mniSvnelobas da K1(y1), K2(y1) funqciis saxes garkveuli romeliRac 

c1 mudmivamde sizustiT. 

c1-i mudmivas sidide SeiZleba ganvsazRvroT, Tu gaviTva-

liswinebT (2.33) sasazRvro pirobas. 

kordinatobrivi Calagebis proceduris daxmarebiT 

v=v(y1,...yn), funqciis sruli saxis gansazRvris Semdgom auci-

lebelia y1,...yn kordinatebidan x1,..,xn koordinatebze gadasvla. 

sabolood miviRebT v=v(x1,...xn), funqcias romlis Casmac (2.31)-Si 

mogvcems u=u(x1,...xn) saZebn optimalur marTvis kanons. 

 
 

2.4. optimaluri disipatiuri marTvis sistemebis analizuri 

konstruireba 

 

 ganvixiloT rigi magaliTebi, romlebic gvaZleven saSua-

lebas SevafasoT marTvis optimaluri disipatiuri sistemebis 

sinTezis meTodis efeqturoba optimaluri regulatorebis ana-

lizuri konstruirebis klasikur meTodTan SedarebiT. 

 magaliTi pirveli. movaxdinoT obieqtis, romelic aRiwereba 

diferencialuri gantolebaTa sistemiT 

                         1 2 2( ) , ( )x t x x t u= =& &                         (2.63) 

marTvis optimaluri kanonis sinTezi. xarisxis kriteriums aqvs 

Semdeg saxe 
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                        2 2 2
1 2

0

1 (
2

J x x u
∞

= + +∫ )dt                      (2.64) 

CavweroT ZiriTadi funqcionaluri gantoleba Semdegi saxiT 

                  2 2 2
2 1 2

1 2

1min ( ) 0
2u

u ux u x x u
x x

⎡ ⎤∂ ∂
+ + + + =⎢ ⎥∂ ∂⎣ ⎦

             (2.65) 

(2.65) gantolebaSi minimumi u-s mimarT miiRweva maSin, roca  

                              
2

uu
x

∂
= −

∂
.                          (2.66) 

(2.65) gantoleba miiRebs saxes 

                         

2
2 2

2 1
1 2

2 0x xx x
x x

⎛ ⎞∂ ∂
2x− + + =⎜ ⎟∂ ∂⎝ ⎠

               (2.67) 

(2.63) sistema, (2.66) Sekruli marTviT SeiZleba CavweroT saxiT: 

                           1 2 2
2

( ) , ( ) vx t x x t
x

∂
= = −

∂
& &                    (2.68) 

(2.78) sistemis disipatiuroba CavweroT Semdegi saxiT 

                              2 2

1 2

0x x
x x

∂ ∂
− <

∂ ∂
                       (2.69) 

an gantolebis saxiT 

                                
2

2
2

0v c
x

∂
− =

∂
                       (2.70) 

 (2.70) gantolebas gaaCnia kanonikuri saxe, amitomac ar aris 

aucilebeli x1, x2, kordinatebidan gadavideT y1, y2, kordinatebze. 

(2.70) gantolebis integrirebiT miviRebT 

                     2
2 1 1 2 2 1

1 ( ) ( )
2

v cx q x x q x= + +                   (2.71) 

(2.71) CavsvaT (2.67)-Si miviRebT diferencialur gantolebas.  

        2 2 2 2 2 21 2
2 2 2 2 1 1 1 2

1 1

1 1 1 1 0
2 2 2 2

dq dqx x c x cx q q x x
dx dx

+ − − − + + =          (2.72) 

(2.72) gantolebis mimarT gamoviyenoT koordinatuli Cala-

gebis procedura 

                        2 21
2

1

1 1:
2 2

dqx c
dx

0− + =                     (2.73) 

                         1 2
2 1

1

: dqx cq
dx

0− =                      (2.74) 

 89



                        0 2 2
2 1 1

1 1:
2 2

x q x 0− + =                   (2.75) 

amovxsnaT (2.75) gantoleba q1-is mimarT, miviRebT 

                                                        1q  x  1= ±                                                                    (2.76) 

dauSvaT q1=x1, maSin (2.73)-dan miviRebT gantolebas c2=3, 

romlis amonaxsnic 3c = ± . davuSvaT 3c = , maSin (2.74)-dan mivi-

RebT 

                          2
2 1

3
2

q x r= +                       (2.77) 

sadac r – erTgvari konstantaa, q1, q2-is CasmiT (2.71)-Si mivi-

RebT 

                     2
2 1 2 1

3 3
2 2

v x x x x2 r= + + +                  (2.78) 

sasazRvro pirobidan miviRevT, roca r = 0.  maSin sabolood 

miviRebT 

                       2
2 1 2

3
2 2

v x x x= + + 2
1

3 x                   (2.79) 

marTvis optimalur kanons eqneba saxe  

                           23u x 1x= − −                     (2.80) 

(2.80) marTvis kanoni emTxveva letovis mier miRebul kanons. 

magaliTi meore. ganvixiloT obieqtis  

                     1 2 2 2( ) , ( )x t x x t x u= = − +& &                   (2.81) 

marTvis optimizaciis amocana kvadratuli funqcionaliT 

                                         (2.82) 2 2 2
1 2(J x x u= + +∫ )dt

CavweroT ZiriTadi funqcionaluri gantoleba Semdegi 

saxiT 

              2 2 2
2 2 1 2

1 2 2

min ( ) 0
u

v v vx x u x x u
x x x

⎡ ⎤∂ ∂ ∂
− + + + + =⎢ ⎥∂ ∂ ∂⎣ ⎦

      (2.83) 

minimumi u-s mixedviT (2.83)-Si miiRweva, maSin rodesac 

                           
2

1
2

vu
x

∂
= −

∂
                      (2.84) 

maSin (2.83) – gantoleba miiRebs saxes 
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2
2 2

2 2 1 2
1 2 2

1 0
4

v v vx x x x
x x x

⎛ ⎞∂ ∂ ∂
− − + +⎜ ⎟∂ ∂ ∂⎝ ⎠

=         (2.85) 

sistema (2.81) Caketili (2.84) marTviT, SeiZleba warmovad-

ginoT saxiT 

                     1 2 2 2
2

1( ) , ( )
2

vx t x x t x
x

∂
= = − −

∂
& &               (2.86) 

(2.86)-gantolebis disipaturobis piroba CavweroT Semdegi 

saxiT 

2
2

2
1 2

11 0
2

x v
x x

∂ ∂
− − <

∂ ∂
 

an Semdegi gantolebis saxiT 

                         
2

2
2

11
2

v c
x

∂ 0+ − =
∂

                    (2.87) 

(2.87) gantoleba aqvs kanonikuri forma. misi integrirebis 

Semdeg miviRebT 

                                  (2.88) 2
2 1 1 2 2 1( 1) ( ) ( )v c x q x x q x= − + +

Tu gaviTvaliswinebT (2.85) miviRebT diferencialur ganto-

lobas  

2 21 2
2 2 2 2 1

1 1

2( 1) ( 1)dq dq 2 2
2x x c x x q c

dx dx
+ − − − − − x −  

                       2 2 2
1 2 1 1 2

1( 1) 0
4

c q x q x x− − − + + =                 (2.89) 

 (2.89) gantolobis mimarT gamoviyenoT kordinatuli Cala-

gebis procedura 

                    2 21
2

1

: 2dqx c
dx

0− + =                        (2.90) 

                     1 2
2 1

1

: dqx cq
dx

0− =                         (2.91) 

                      0 2 2
2 1 1

1:
4

x q x 0+ =                        (2.92) 

amoxsniT (2.92) gantoleba q1-is mimarT, miviRebT 

                        1 2q 1x= ±                            (2.93) 
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davuSvaT q1=2x1 (2.90)-dan miviRebT gantolebas c2=4, romlis 

amonaxsnic aris c=±2. davuSvaT c=2, maSin (2.91)-dan gvaqvs 

                        2
2 14q x r= +                         (2.94) 

sadac r warmoadgens konstantas. CavsvaT q1 q2 (2.88) gantolebaSi, 

miviRebT  

                   2
2 1 2 12 2v x x x x r2= + + +                      (2.95) 

v-s sasazRvro pirobebidan gamomdinareobs, rom r = 0, maSin 

sabolood gvaqvs  

                                          (2.96) 2
2 1 22 2v x x x x= + + 2

1

(2.96)-dan gamomdinareobs rom marTvis optimalur kanons 

eqneba saxe  

                                             u = - x2 - x1                                                      (2.97) 

marTvis miRebuli (2.97) kanoni zustad emTxveva [25] 

samuSaoSi miRebul marTvis kanons. 

magaliTi mesame. ganvixiloT aerodinamikuro damuxruWebis 

amocana [25] samuSaodan. samarTavi obieqtis maTematikur models 

aqvs saxe. 

                                            1 2( )x t x=& , 2 3( )x t x=& , 3 ( )x t u=&                                   (2.98) 

movaxdinoT avtopilotis optimizireba funqcionalis Tanaxmad 

                                                                                     (2.99) 2 2 2 2
1 2 3

0

( 5J x x x u
∞

= + + +∫ )dt

CavweroT ZiriTadi funqcionaluri gantoleba Semdegi saxiT 

                               2 2 2 2
2 3 1 2 3

1 2 2

min ( 5 ) 0
u

v v vx x u x x x u
x x x

⎡ ⎤∂ ∂ ∂
+ + + + + + =⎢ ⎥∂ ∂ ∂⎣ ⎦

         (2.100) 

gantoleba (2.100)-Si minimumi u marTvis mixedviT miiRweva maSin, 

roca  

                                                              
3

1
2

vu
x

∂
= −

∂
.                                             (2.101) 

amasTan gantoleba (2.100) Rebulobs saxes. 

                                        
2

2 2 2
2 3 1 2 3

1 2 3

1 5
4

v v vx x x x x
x x x

⎛ ⎞∂ ∂ ∂ 0+ − + + + =⎜ ⎟∂ ∂ ∂⎝ ⎠
               (2.102) 

CavweroT exla sistema (2.98) (2.101) marTviT  
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                                             1 2( )x t x=& , 2 3( )x t x=& , 3
3

1( )
2

vx t
x

∂
= −

∂
&                       (2.103) 

(2.103) sistemis disipatiurobis piroba SegviZlia warmovadginoT 

utolobis saxiT  

                                                       
2

32
2

1 2 3

1 0
2

xx
x x x

∂∂ ∂ v
+ − <

∂ ∂ ∂
                                    (2.104) 

an Semdegi gantolebis saxiT. 

                                                              
2

2
2

1 0
2

v c
x

∂
− =

∂
                                           (2.105) 

(2.105) gantolebis integrirebiT miviRebT  

                                                                           (2.106) 2
3 1 1 2 3 2 1 2( , ) ( , )v cx q x x x q x x= + +

Tu CavsvamT (2.106) (2.102) -Si miviRebT diferencialur tolobas  

                                  

2 21 2 1 2
2 3 2 3 3 3

1 1 2 2

2 2 2 2
3 1 1 1 2 3

1 5 0
4

q q q q 2x x x x x c x
x x x x

cx q q x x x

∂ ∂ ∂ ∂
+ + + −

∂ ∂ ∂ ∂

− − + + + =

−
                        (2.107) 

(2.107) tolobas viyenebT koordinaturi Calagebis meTodisaTvis. 

                                             2 1
3 2

1

: 5qx c
x

0∂
− + =

∂
                                                   (2.108) 

                                           1 1 2
3

1 2

: q qx c
x x 1 0q∂ ∂

+ − =
∂ ∂

                                               (2.109) 

                                      0 2 22
3 2 1 1 2

1

1:
4

qx x q x x
x

∂ 2 0− + + =
∂

                                        (2.110) 

(2.108) – is gantolebis amoxsniT  miviRebT. 1q

                                           ( ) ( )2
1 2 15q c x r x= − + 1                                                (2.111) 

sadac  (1r 1x ) romeliRac funqciaa. (2.109) gantolebidan miviRebT  

                                               2
1

2 1

q cq x1
2

q
x x

∂ ∂
= −

∂ ∂
                                                   (2.112) 

(2.111) CasmiT (2.112)-Si da  mimarT amoxsniT 2q

                             ( )2 2 21
2 2 1 1 2 2

1

15 ( ) (
2 2
c drq c x cr x x x r x

dx
= − + − + 2 1),                        (2.113) 

sadac  (2r 1x ) - romeliRac funqciaa. Tu visargeglebT  (2.111)-

dan  (2.113) - dan mniSvnelobebiT, (2.107) gantolebiT miviRebT  

1q

2q
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( )

( )

2
2 3 21 1 2
2 2 22

1 1 1

2 2 2 2
2 1 1 1 2

1 1 5
2 4

1 15 0
2 4

dr d r drcx x x c x
dx dx dx

c x r r x x

− + − −

− − − + + =

2
2 −

                        (2.114) 

(2.114) toloba gamoviyenoT koordinatuli CalagebisaTvis 

                                                  
2

3 1
2 2

1

: d rx
dx

0=                                                          (2.115) 

                                     ( )22 21
2

1

1: 5
4

drx c c
dx

1 0− − + =                                            (2.116) 

                                          ( )1 22
2

1

1: 5
2

drx c r
dx 1 0− − =                                              (2.117) 

                                                 0 2 2
2 1 1

1:
4

x r x 0− + =                                                 (2.118) 

(2.92) gantolebis amoxsniT  mimarT vipoviT 1r

                                                         1 2r 1x= ±                                                        (2.119) 

(2.119)-Si  CasmiT, (2.116)-dan miviRebT gantolebas   1 2r = 1x

                                              ( )2212 5
4

c c 1 0− − + =                                              (2.120) 

romlis amonaxsni aris  

                                            

3.235
1.163

2.199 0.863
2.199 0.863

c
i
i

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥− +
⎢ ⎥− −⎣ ⎦

                                               (2.121) 

CavsvaT (9.117) –Si da amovxsnaT gantoleba  mimarT miviRebT 2r

( )2 2
2

1 5
2

r c x= − +1 k , sadac  erTgvari konstantaa. ,  (2.111) da 

(2.113) dan moyenebiT Sesabamisad miviRebT    

k 1r 2r

                                               ( )2
1 25 2q c x x= − + 1                                                (2.122) 

                            ( ) ( )2 2 2 2
2 2 1 2

15 1 2 5
2 2
cq c x cx x c x⎡ ⎤= − − + + − +⎢ ⎥⎣ ⎦

1 k                     (2.123) 

aviRoT (2.121)-Si c=3,235, maSin (2.106) gamosaxulebaSi (2.122) da 

(2.123) CasmiT da imis gaTvaliswinebiT rom  vipoviT 

liapunovis optimalur funqcias Semdegi saxiT  

0k =
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                                         (2.124) 2 2
33 3 23 2 3 13 1 3 22 2 12 1 2 11 15v A x A x x A x x A x A x x A x= + + + + + 2

sadac 11 2,732;A = 12 6, 47;A = 13 2;A =  22 7,84;A =  23 5, 465;A =   33 3, 235;A =

da marTvis optimaluri kanoni  

                                           1 22,735 3,235 .u x x x3= − − −                                       (2.125) 

 ganvixiloT atmosferoSi balistikuri Sesvlis amocana 

romlis Semdegac SesaZlebelia xelovnuri Tanamgzavris gamoye-

neba, rogorc cnobilia dajdomis traeqtoria, romelic mTav-

rdeba dedamiwis zedapiris f  wertilze, ganisaxRvreba wriuli 

traeqtoriis i  sawyisi wertiliT.  

 balistikuri Sesvla ewodeba xelovnuri Tanamgzavris 

Sesvlis traeqtorias atmosferos zeda fenebSi. davuSvaT, rom 

xelovnuri Tanamgzavri am traeqtoriaze moZraobisas asrulebs 

dedamiwis garSemo sakmarisi raodenobis brunvebs. 

aerodinamikuri damuxruWebis amocana mdgomareobs imaSi 

rom minimumamde unda iqnes dayvanili gadaxra wriuli 

traeqtoriidan. am pirobebSi  wertili ganisazRvreba sakmarisi 

sizustiT, Semdeg iwyeba dajdomis faza. 

i

 

nax. 2.1 aerodinamikuri damuxruWeba 
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 davuSvaT rom programuli moZraoba warmoadgens wriul 

moZraobas radiusiT  r y+  da siCqariT ( )v g r y= +  

 davuSvaT rom balistikuri Sesvlisas sruldeba Semdegi 

pirobebi: 

1. programuli kuTxe θ  sakmarisad mcirea 01θ = − , da 

programuli siCqare 7800v ≈  m/wm. 

2. simaRlis sruli cvlileba 30yΔ <  km, rac ufro mcirea 

vidre r . 

3. wevas ar gaaCnia damatebiTi regulireba. 

4. amwevi Zala sakmarisad mcirea wonasTan SedarebiT.  

5. winaRobis regulireba Q  xorcieldeba aerodinamikuri 

damuxruWebis zedapiris cvlilebasTan damokidebule-

biT. 

am daSvebebis safuZvelze SevadginoT marTvis obieqtis 

gantoleba aRmSfoTi zemoqmedebis gaTvaliswinebiT. amasTan mxed-

velobaSi unda miviRoT rom : 

a) cvladebi , ,m ω β  ar icvlebian,  

b) xΔ  da wΔ  cvladebi maTi spesifikidan gamomdinare gamo-

iyofa wrfivi modelis gantolebidan aRmSfoTi zemoqme-

debis gaTvaliswinebiT. 

g) yΔ  cvladi ar axdens mniSvnelovan zegavlenas 
cosv
r y

θ
+

 

wevris cvlilebaze. 

aseTi daSvebis safuZvelze moZraobis gantoleba miiRebs 

Semdeg saxes. 

,

2 ,

,

,

Qv g g
mg

v
r y

y v

f fw k v k y
v y

θ

θ

θ

⎛ ⎞
Δ = − Δ − Δ⎜ ⎟

⎝ ⎠

Δ = Δ
+

Δ = Δ

⎛ ⎞∂ ∂⎛ ⎞Δ = Δ + ⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

&

&

&

& Δ
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romlebic marTvis funqciis rolSi aris sidide 
Q

mg
ξ

⎛ ⎞
= Δ⎜ ⎟

⎝ ⎠
 

gantoleba iyofa or jgufad, romelTaganac pirvelis in-

tegrireba SesaZlebelia meorisagan damoukideblad. meore sis-

tema saWiroa siTbos nazrdis SefasebisaTvis korpusis SigniT, 

avtopilotis mier sistemis stabilizaciis dros, romelic moma-

valSic unda ganisazRvros. Cven unda davuSvaT rom es daSvebebi 

sruldeba.  

amrigad gamartivebis Sedegan gvaqvs  

                  

,
2 ,

,

v g g

v
r y

y v

θ ξ

θ

θ

⎫Δ = − Δ −
⎪
⎪Δ = Δ ⎬+ ⎪
⎪Δ = Δ ⎭

&

&

&

                        (2.126) 

romelic warmoadgens marTvis obieqtis maTematikur mo-

dels, (2.126) gantoleba gardavqmnaT ise rom SevinarCunoT mxo-

lod cvladi  miviRebT  yΔ

2 2 .g vgy y
r y r y

ξΔ = − Δ −
+ +

&&& &  

SemovitanoT axali marTva da axali cvladebi 

                     

1 2, ,
2 2 ,

y y y y y y
g gvy

r y r y

3

ξ ζ

Δ = Δ = Δ = ⎫
⎪
⎬− Δ − = ⎪+ + ⎭

& &&

&
              (2.127) 

maSin maTematikuri modeli miiRebs saxe. 

                            

1 2

2 3

3

y y
y y
y ζ

= ⎫
⎪= ⎬
⎪= ⎭

&

&

&
                     (2.128) 

avtopilotis optimizacia movaxdinoT funqcionalis 

                    ( 2 2 2 2
1 2 2 3 3

0

.)I y a y a y dtζ
∞

= + + +∫             (2.129) 

mixedviT aA β  koeficientebisaTvis warmoebuli funqciisa-

Tvis miviRebT:  
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                                         (2.130) 

2
13

2
2 12 23

2
3 23 33

11 13 33

12 13 33

13 22 23 33

0 1

0 2

0 2
0
0
0

A

a A A

a A A
A A A
A A A
A A A A

= −

= + −

= + −
= −
= −
= + −

mniSvnelobaTa ricxviTi monacemebi sxvadasxva winiTi 

koeficientebis SemTxvevaSi mocemelia cxrilSi 2.1 

 

cxrili 2.1 

 SemTxveva 1 

2 31, 5a a= =  

SemTxveva 2 

2 3 5a a= =  

SemTxveva 3 

2 310, 5a a= =  

11,A 22A  

 

33A 12A  

 

13A 23A  

11

22

2,8;
7,75

A
A

=
=

 

33

12

3, 2;
3, 25

A
A

=
=

 

13

23

1,04;
2,75

A
A

=
=

 

11

22

3,5;
10,75

A
A

=
=

 

33

12

3, 4;
3,45

A
A

=
=

 

13

23

1,04;
3,45

A
A

=
=

 

11

22

4, 27;
13,50

A
A

=
=

 

33

12

3,60;
3,65

A
A

=
=

 

13

23

1,04;
4,15

A
A

=
=

 

 

Caketil sistemas aqvs saxe  

                

1 2

2 3

3 1 1 2 2 3

y y
y y
y p y p y p y3

=
=
= + +

&

&

&
                   (2.131) 

sadac avtopilotis gaZlierebis koeficientebi tolia 

1 13 2 23 3 3, , 3.p A p A p A= − = − = −  

 ganxiluli magaliTidan naTlad Cans is upiratesobani 

romelsac gvaZlevs optimaluri marTvis sinTezis meTodi orak –

is klasikur meTodTan SedarebiT sinamdvileSi, samuSaoSi liapu-

novis optimaluri funciqciis koeficientebis gansazRvrisaTvis 

aucilevelia amovxsnaT rikatis tipis algebrul gantolebaTa 

sistema.  
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nax. 2.2 aerodinamikuri damuxruWebis gardamavali procesi 
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gardamavali procesis mrudebi warmodgenilia nax 2.2 

 
2

13
2

12 23
2

23 23

11 13 33

12 13 33

13 22 23 33

0 1

0 1 2

0 5 2
0
0
0

A

A A

A A
A A A
A A A
A A A A

⎧ = −
⎪

= + −⎪
⎪⎪ = + −
⎨

= −⎪
⎪ = −⎪
⎪ = + −⎩

 

 

 sadac ijA  - saZebni koefincientebia, aseTi sistemis amoxsna 

moiTxovs specialuri ricxviTi meTodebis gamoyenebas, romelsac 

yovelTvis ar mivyavarT damakmayofelebel Sedegebamde. zemoT 

Camoyalibebul magaliTSi (2.124) liapunovis optimaluri  funqci-

is koeficientebis misaZebnad da (2.125) marTvis kanonis  Sesaba-

misad aucilebelia ramodenime umartivesi diferencialuri gan-

tolebebis da (2.120) meoTxe rigis algebruli gantolebis amo-

xsna rac gacilebiT advilia da gamoTvlebis zust Sedegs  iZ-

leva SedarebisaTvis moviyvanoT (2.124) liapunovis optimaluri 

funqciis koeficientebis mniSvnelobebi da [25] samuSaoSi miRe-

buli Sedegebi. Sedegebi mocemulia cxrili 2.1.  

cxrili 2.1 

 

 11A  12A  13A  22A  23A  33A  

samuSao [25] 2,8 3,25 1,04 7,75 2,75 3,2 

mag. 2 2,732 6,47 2 7,84 5,465 3,235 

  

cxrilSi mocemuli monacemebis analizisas, SeiZleba gavakeTod 

daskvna rom 11A , 22A , , koeficientebis mniSvnelobebi, ganxilul 

samuSao [25] da magaliT 2-Si mcired gansxvavdebian erTmane-

Tisagan, maSin rodesac , , , koeficientebi mniSvnelovnad 

ganxvavdebian erTmaneTisagan, radganac (2.120) meoTxe rigis al-

33A

12A 13A 23A
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gebruli gantolebis amoxsnis sizuste arsebiTad ufro maRalia 

vidre eqvsi algebruli gantolebisagan Semdgari sistemisa.  

 amgvarad SeiZleba vamtkicoT rom wrfivi n>3 rogis obieq-

tebisTvisac ki optimaluri disipatiuri sistemebis marTvis sin-

Tezis upiratesoba iqneba ufro metad metad maRali orak –is 

klasikur meTodTan SedarebiT. avRniSnoT rom am TavSi Camo-

yalibebuli axali midgoma, romelis eyrdnoba Caketili disi-

patiuri sistemebis fundamentalur fizikir Tvisebas, saSualebas 

iZleva Zireulad wamovwioT orak –is problemis gadawyveta. ra-

sakvirvelia es midgoma moiTxovs Semdgom ganviTarebas marTvis 

sistemebis sxvadasxva klasebTan mimarTebaSi. 

3. arawrfivi marTvis sistemebis sinTezi sinergetikuli 

 Teoriis gamoyenebiT 

 

winamdebare TavSi ganxilulia arawrfivi regulatorebis 

analizuri konstruirebis amocanis gadawyveta sinergetikuli me-

TodiT, romelic emyareba mdgomareobaTa sivrceSi sistemis ko-

ordinatebs Soris funqcionaluri damokidebulebis-atraqto-

rebis SemoRebas, romlebzedac obieqtis bunebrivi Tvisebebi sau-

keTesod eTanadeba marTvis teqnologiur moTxovnebs. sinergeti-

kuli midgomis mixedviT damyarebulia Sesabamisoba invariantul 

mravalsaxeobebsa da saoptimizirebel funqcionalebs Soris. 

 invariantuli mravalsaxeobebis Semotana Sekrul sistemas 

aniWebs zogad globalur Tvisebebs da saSualebas gvaZlevs ga-

movavlinoT msgavseba im sxvadasxva fizikur movlenebs Soris, 

romlebic mimdinareoben sxvadasxva bunebis marTvis obieqtebSi. 

am movlenebis warmodgena maTematikur enaze - sistemis diferen-

cialuri gantolebebis pirveli (kerZo) integralebis erTobli-

oba-asaxavs marTvis procesebSi zogadi principis Senaxvas. 

 marTvis arawrfivi sistemis sinTezis problemaSi mocemuli 

koncepcia iyenebs invariantebis da invariantuli damokidebule-

bebis cnebas. Tumca, invariantebis klasikuri Teoriisagan gan-

sxvavebiT is efuZneba, pirvel rigSi, disipatiuri struqturebis 
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Teorias da meore rigSi, invariantebis-atraqtorebis (sinergie-

bis) miznobriv Semotanas, romlebSic xorcieldeba sistemis mi-

marTuli TviTorganizacia. 

 sinergetikul meTodSi gaerTianebulia kavSiri invaria-

ntul mravalsaxeobebsa da sistemebis saoptimizacio funqciona-

lebs Soris [35]. sinergetikis TvalsazrisiT optimizaciis meTo-

di eyrdnoba or warmodgenas: funqcionalis sinergetikul inter-

pretacias da uSualo kavSiris damyarebas orak-is Teoriis xa-

risxis kvadratul da sxva kriteriumebs da Tanmxleb funqciona-

lebs. unda avRniSnoT, rom am midgomis gamoyeneba arawrfivi sis-

temebis marTvis analitikuri konstruirebis amocanebSi efuZneba 

invariantul mravalsaxeobebs da ara romelime optimalurobis 

kriteriums, romlebsac aq gaaCniaT Tanmxlebi, meoradi xasiaTi. 

 mizanSewonilia ganvixiloT axali sinergetikuli midgomis 

SesaZleblobani, romlebic dafuZnebulia Semotanili invariantu-

li mravalsaxeobebis-atraqtorebis koncepciaze, raTa gamovle-

nil iqnes axali perspeqtiuli mimarTulebebi farTo klasis ara-

wrfivi, mravalganzomilebiani da mravalkavSiriani obieqtebis 

marTvis sistemebis konstruirebis problemebis gadawvetisaTvis. 

am problemis arsi mdgomareobs uaryofiTi da dadebiTi arawrfi-

vi ukukavSirebis generaciis analitikuri meTodebis damuSavebaSi. 

 

3.1 marTvis sistemebis sinTezis amocana 

 

 marTvis TeoriaSi sinergetikis ideebis gamoyenebisaTvis 

aucilebelia gamovavlinoT TviTorganizaciis ZiriTadi Tvisebe-

bis, arawrfivoba-gaxsniloba-kogerentuloba, Sesabamisoba. maT 

Soris sistemebis gaxsniloba warmoadgens pirvel xarisxovans 

marTvis amocanebisaTvis. 

 marTvis standartuli amocanaSi obieqti aRiwereba  dife-

rencialuri gantolebebiT, romelTa SemadgenlobaSic saZebni 

U(t) marTva, aRmgznebi q(t) da (SesaZlebelia) damkveTi M(t) zemoq-

medebebi. am Zalebis moqmedebiT obieqtma SeiZleba Seasrulos 
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Sesabamisi moZraoba. miTiTebuli garegani zemoqmedebis Sedegad 

sistemas SeiZleba gaaCndes specifikuri funqcionireba an struq-

tura, romelic mTlianobaSi ar eTanadeba g.hakenis [41] mier Camo-

yalibeli TviTorganizaciis movlenis gansazRvrebas. aqedan ga-

momdinareobs, rom marTvis amocanis aseTi formulireba jer ki-

dev arasakmarisia TviTorganizaciis movlenis warmoqmnisaTvis. 

 zemoT aRwerili sqemidan `obieqti-garegani Zalebi~ Tvi-

Torganizaciis principze gadasvlisaTvis saWiroa am Zalebis ga-

moricxva. amisaTvis fazuri sivrcis `SekumSva-gafarToebis~ prin-

cipis ganxorcielebisaTvis, saWiroa gavafarToviT sistemis sa-

wyisi gantoleba `obieqti-garegani Zalebi~ ise rom, sistemis gan-

tolebaSi CarTuli garegani Zalebi aRmoCndnen misTvis Sinaganni. 

Sedegad axali, gafarToebuli sistemisaTvis misi gantolebebi 

SeiZleba iqcnen TviTorganizaciis gantolebebad e.i. naCvenebi ga-

farToebis Sedegad SeiZleba gadavideT sistemis organizaciidan 

mis TviTorganizaciaze. am kanonebma, romlebic warmoadgenen re-

gulatoris gantolebebs unda uzrunvelyon Sekruli sistemis 

`obieqti-marTvis kanoni~ sasurveli dinamikuri Tvisebebi. maSin 

axal gafarToebuli sistemebisaTvis `obieqti-regulatori~ mi-

zanSewonilia gamoviyenoT damokidebulebebi, romlebic axasiaTe-

ben sinergetikis TviTorganizacias zemoT xsenebul Tvisebebis 

Sesabamisad sxva sityvebiT, sawyisi sistema, romelic Sedgeba 

dinamikuri obieqtisagan da masze moqmedi garegani Zalebis (mar-

Tveli, damkveTi da aRmgznebi zemoqmedebebi), pirdapiri da uku-

kavSirebis Sedegad gardaiqmnebian axal gafarToebul sistemad. 

amasTan, pirvelsawyisi zemoqmedebebi gareni Zalebi sawyisi obieq-

tis mimarT, gadaiqcevian gafarToebuli sistemis Sinagan Zalebad. 

aseTi gafarToebuli sistema namdvilad xdeba Ria (Termodi-

namikuri azriT) da misiT moxdeba Sesabamisi wyarodan energiis 

an nivTierebis gadineba. 

 amrigad, marTvis problemebSi, romlebic dafuZnebuli ari-

an TviTorganizaciis kooperatiul procesebze, sinergetikuli 

midgomis gamoyenebisaTvis aucilebelia marTvis sawyisi amocani-
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dan, romelic moicavs Tavis TavSi obieqtis gantolebas da gare-

Se Zalebs gadavideT amocanis gafarToebul formirebaze im az-

riT, rom zemoT naxsenebi Zalebi gadaiqcevian (Caketili) sistemis 

Sinagan urTierTqmedebebad. amisaTvis saWiroa garegani aRmznebi 

q(t) da damkveTi zemoqmedeba M(t) warmovidginoT rogorc damate-

biTi diferencialuri gantolebebis amonaxsnebi, romlebic aRwe-

ren informaciul models da amiT movaxdinoT maTi `Calageba~ 

gafarToebuli sistemis saerTo struqturaSi. Semdgom TviT 

marTvis problema aucilebelia CamovayaloboT rogorc gafar-

Toebuli sistemis komponentebs Soris urTierTmoqmedebis kano-

nebis moZebnis amocana, romlebic uzrunvelyofen masSi TviTor-

ganizaciis procesebis warmoSobas. konkretulad es problema 

daiyvaneba Caketili marTvis Sesabamisi kanonebis  

sinTezamde gafarToebuli sistemis mdgomareobis koordinatebis 

funqciaSi. aq 

1 1( ,..., , ,..., )n nu x x w w

1,...,w wμ  informaciuli modelebis koordinatebia 

damkveTi da aRmgznebi zemoqmedebebisas, romlebic Cawerilni ari-

an damatebiTi diferencialuri gantolebebis saxiT. sistemasTan 

energiis an nivTierebis gadadinebiT SegviZlia SevqmnaT arawonas-

woruli situacia, romelic aucilebelia TviTorganizaciis mi-

marTuli procesebis warmoqmnisaTvis. swored sawyisi sistemis 

gafarToeba da TviTorganizaciis gantolebebis formireba gvaZ-

levs saSualebas davamyaroT kavSiri sinergetikis ideasa da ara-

wrfivi sistemis marTvis sinTezis problemas Soris invari-

antuli damokidebulebebis safuZvelze. aqedan gamomdinareobs, 

rom marTvis, sinergetikuli Teoria pirvel rigSi Caketili mar-

Tvis sistemebis sinTezis Teoriaa, romelic dafuZnebulia sxva-

dasxva bunebis sistemebSi TviTSeTanxmebuli, kooperatiuli 

procesebis formirebaze. arawrfivi dinamikuri sistemebis sinTe-

zis problemaSi fazuri moculobis gafarToeba warmoadgens si-

nergetikuli midgomis ZiriTad ideas-gafarToebuli diferenci-

aluri sistemebis formireba, romlebic asaxaven damkveTi zemoq-
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medebis damuSavebis procesebs, SeSfoTebebis CaxSobas, optimiza-

cias, koordinatebze dakvirvebas da a.S. 

 Camoyalibebuli sinergetikuli meTodis debulebebi anali-

zurad ase Caiwereba. obieqtis sawyis diferencialur gantolebas 

aqvs saxe: 

                                  

1

1 1 1 1 1

1

( ) ( ,..., ) ( ); 1, 2,... 1;
( ) ( ,..., ) ( );

..................................................................................
( ) ( ,..., ) ( ),

k k n k

k k n k k

n n n n n

x t f x x M t k m m n
x t f x x u M t

x t f x x u M t

+ + + +

= + = −
= + +

= + +

&

&

&

≤

       (3.1) 

sadac 1,..., ,nx x

1(

 – obieqtis mdgomareobis koordinatebia,  -

marTvebia, 

1,..., ,k nu u+

),..., ( )nM t M t - aRmSfoTi zemoqmedebaa. 

 (3.1) saxis gantoleba aRwers sxvadasxva bunebis farTo kla-

sis dinamikuri obieqtebis yofaqcevas. (3.1) – gantolebaTa siste-

mis arCeva masSi wrfivi saxiT Semavali mmrTveli zemoqmedebisas 

gvaZlevs saSualebas naTlad vaCvenoT agregirebuli regulato-

rebis analizuri konstruirebis meTodis konstruqciuloba (ar-

ak). aseTi arCevani ar zRudavs gansaxilveli modgomis zogado-

bas, miT umetes radganac arawrfivi obieqtebis marTvis realuri 

amocanebis umetesoba Cveulebriv SeiZleba daviyvanoT (3.1) tipis 

sistemamde mdgomareobaTa sivrcis gafarToebis xarjze. arawrfi-

vi marTvidan wrfivi marTvis saxeze gadasvlisaTvis SeiZleba ma-

galiTad mmarTvel zemoqmedebad gamoviyenoT sawyisi amocanis 

marTvis veqtoris cvlilebis siCqare an sxva meTodebi. 

 Semdgom etapze (3.1)-sistemas emateba μ - raodenobis ganto-

lebebi, romlebic dakavSirebulia progrozirebis da SeSfoTe-

bebis CaxSobis problemasTan  

                                           1 1( ,..., , ,..., ),j iw g w w x xμ n=& 1,..., ;j μ=              (3.2) 

(3.2) - gantolebis agebisas warmoiqmneba ori damoukidebeli da 

mniSvnelovani amocana: pirvel rigSi realuri ( ),..., ( )k nM t M t  aRwe-

ra rogorc zogierTi diferencialuri gantolebis kerZo amonax-

snebisa, meore rigSi sawyisi obieqtis (3.1) gantolebebsa da SeS-
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foTebebs Soris kavSiris formireba, ganvixiloT es ori mniSvne-

lovani amocana cal-calke. 

 aRSfoTebebis realurad aRwerisaTvis avirCioT Sesabamisad 

talRuri gantolebebi naxevraddeterminirebuli gamosaxulebebis 

saxiT. 

                     [ ]1 1 1 1( ) ( ), ( ),..., ( ); ,..., rM t W M t M t M t c c=            (3.3) 

sadac ( ),iM t   – cnobili funqciebia, 1,2,...,i = n jC ,  – 

ganusazRvreli parametrebia romlebsac SeuZliaT drois nebis-

mier momentebSi naxtomiseburad cvalon Tavisi uban-uban uwyveti 

mniSvnelobebi, (3.3) gantolebebSi cnobili funqciebis 

1,2,...,j r=

( ),iM t  nak-

rebi unda aRwerdes SeSfoTebebis yvela im talRur formas, rom-

lebic moqmedeben obieqtze. realuri SeSfoTebebi SeiZleba war-

movadginoT wrfivi talRuri saxiT. 

                                             1 1 1
1

( ) ( )
r

k k
k

M t c M
=

= ∑ t 1,..., ;j, μ=                  (3.4) 

rogorc gamosaxulebidan Cans, SeSfoTeba Sedgeba wrfivi kombi-

naciebisa da drois uwyveti funqciisagan. SeSfoTebebis talRuri 

warmodgena iZleva saSualebas ganisazRvros ( ),iM t  cvlilebis xa-

siaTi bazuri ( ),ikM t  fazuri funqciis arCevis meSveobiT drois 

mokle intervalevSi. amave dros ( ),iM t  cvlilebis sidide rCeba 

ucnobi, radganac damokidebulia ucnob  – koeficientebze, 

romlebsac gaaCnia uban-uban uwyveti xasiaTi. umetesi informacia 

aRSfoTebaze swored drois mokle monakveTebze xSirad sain-

teresoa. rodesac statikuri aRwera ar aris efeqturi, ufro 

misaRebi iqneba SeSfoTebebis warmodgena talRuri saxiT. am 

mniSvnelovan SemTxvevebSi SesaZlebelia martivad SevarCioT 

ikC

( ),ikM t bazuri funqciebis  konkretuli formebi obieqtze moqmedi 

realuri SeSfoTebebis aproqsimaciisaTvis. bazuri funqciebis 

SerCevis Semdeg saWiroa gadavideT aRSfoTebis talRuri fun-

qciis struqturis-dgomareobis modelis formirebaze garkveuli 

diferencialuri gantolebebis sistemis saxiT. uwyveti funqci-
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ebis aRwera zogierTi diferencialuri gantolebebis amonaxsnis 

saxiT marTvis TeoriaSi pirvelad wamoayena v.s. kolebakinma. aR-

SfoTebis ganzogadoebuli warmodgena diferencialuri ganto-

lebebis saxiT Caiwereba Semdegi wesiT. 

                                                          1( ) ( ,..., )jM jmw t g w wμ=& &                                    (3.5) 

sadac ( ) ( )j jw t M t=  (3.4) gamosaxulebis wrfivi talRuri aRweri-

saTvis SeiZleba warmodgenil iqnes magaliTad kanonikuri saxiT 

1 2 2 3 1

1 1 2 2

( ) , ( ) ,..., ( ) ,
( ) ... .

r r

n r

w t w w t w w t w
w t a w a w a w

−

r

= = =
= − − − −

& & &

&
 

 (3.5) mdgomareobis modelis safuZvelze SeiZleba gadavideT 

kavSiris gantolebis (3.2) formirebaze, rac warmoadgens zemoT 

naxsenebi meore mTavari amocanis Sinaarss. aRvweroT am amocanis 

mokle Sinaarsi. SeSfoTebebis(3.5)- modelis gantolebidan (3.2) 

kavSiris gantolebaze gadasvlis ramodenime xerxi arsebobs. 

Sesabamisi (3.2) gantolebis struqturis SerCeva moqmedebs sin-

Tezirebuli dinamikuri regulatoris struqturaze, romelic Se-

esabameba SeSfoTebebs. cxadia, rom (3.2)-Si kavSiris gantolebaSi 

mizanSewonilia SevitanoT sawyisi obieqtis is 1,..., ,nx x  koordina-

tebi, romelTa warmoebulebic 1( ),..., ( )nx t x t& &  (3.1) gantolebis Tanax-

mad, Seicavs marjvena nawilSi Sesabamis 1( ),..., ( )nM t M t  aRSfoTebe-

bs. sinergetikuli [35] meTodis mixedviT 1,..., ,nx x  koordinatebi Se-

iZleba vaintegroT, rogorc garkveuli `Sinagani~ marTvebi, ro-

melTa mier gansazRvruli (mag. nulovan) mniSvnelobis miRwevisas 

(3.2) kavSiris gantoleba gadadis SeSfoTebebis (3.5) modelze. es 

ki swored niSnavs regulatoris mier moqmedi SeSfoTebebis `STa-

nTqmas~. rasakvirvelia aseTi saxis `Sinagani~ marTvis arCeva, rom-

lis drosac SeSfoTebebis STanTqma xorcieldeba ramodenime 

meTodiT, maT Soris kerZod optimaluri marTvis safuZvelze. 

 (3.2) kavSiris gantolebis arCevis Semdgom vRebulobT dife-

rencialuri gantolebebis gafarToebul saxes: 
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1 1

1

1 1 1 1

1

( ,..., , ,..., ),

( ) ( ,..., ) ,
( ) ( ,..., ) ;

...................................................
( ) ( ,..., ) .

j i n

i i n i

i i n i

n n n n n

w g w w x x

x t f x x w

1ix t f x x w u

x t f x x w u

μ

+ + +

=

= +
= +

= + +

&

&

&

&

++

1,..., ;
1,..., 1

...................................................

j
i m

   

μ
μ

=
= + −

        (3.6) 

 (3.6) gantoleba saSualebas gvaZlevs CamovayaliboT  

marTvis kanonebis sinTezis amocana, romelic

1,...,i nu u+

1( ),..., ( )nM t M t

1( ,..., )mu u u

 zemoq-

medebebs axSobs da uzrunvelyofs Caketili sistemis mocemul 

dinamikur Tvisebebs. saWiroa movaxdinoT sinTezi iseTi  

marTvis veqtorisa, romelic uzrunvelyofs gafarToebuli obie-

qtis gadasvlas nebismieri  sawyisi mdgomareobidan Tavdapirve-

lad mravalsaxeobebis 1 1( ,..., , ,..., ) 0s nx x w wμψ =&  gadakveTaze, xolo 

Semdgom maT gaswvriv  moZraobaze mocemul mdgomareobaSi. ker-

Zod, mdgomareobaTa gafarToebuli sivrcis, koordinatTa saTa-

veSi. amasTan, Caketili sistemis traeqtoriebze SeiZleba miRwe-

ul iqnes romeliRac saoptimizirebuli funqcionalis minimumi, 

an dakmayofilebul iqnes xarisxis pirveladi maCveneblebi. ag-

reTve, garantirebul iqnes moZraobis asimptoturi mdgradoba 

garkveul areSi an mTlianad.  

 CavTvaloT, sinTezirebuli sistemebis gamomsaxveli werti-

lebis moZraoba unda akmayofilebdes funqcionalur gantoleba-

Ta sistemas: 

                                ( ) ( ) 0,s s s sT tψ ϕ ψ+ =&  1, 2,..., ,s m=                                 (3.7) 0,sT >
sadac 1 1( ,..., , ,..., )s nx x w wμψ -romeliRac agregirebuli makrocvlade-

bia. amasTan ( )s sϕ ψ

(0) 0

funqciebi unda akmayofilebdnen Semdeg piro-

bas: ϕ = ( )s s s da 0ϕ ψ ψ >  nebismieri 0sψ ≠ -Tvis e.i. isini xdebian 

0-is toli mxolod 0sψ =  mravalsaxeobebze, romelTa mimarTac 

sistema (3.7) asimptoturad mdgradia mTlianobaSi. amas garda, 

funqcia ( )s sϕ ψ  SeirCeva imgvarad, rom garda (3.7)-is asimptotu-

robisa, uzrunvelyofil iqnes gamomsaxveli mimzidavi wertilis 

xarisxis sasurveli maCveneblebi mimzidvel mravalsaxovnebaze 

1 1( ,..., , ,..., ) 0s nx x w wμψ =  1, 2,..., ,s m=  
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agreTve uzrunvelyos (n-m) dekompozirebuli marTvis sistemis 

dinamikuri Tvisebebi. gw-s moZraobisas mravalsaxeobebis 0sψ =  

gadakveTis gaswvriv mocemuli saboloo mdgomareobaSi.  

 funqcia ( )s sϕ ψ  arCevisas (3.7) gantolebebSi gansakuTrebuli 

SezRudvebi ar aris. mTavaria, rom swored makrocvladebi sψ  

asaxavdnen mravaldoniani sinTezirebadi sistemebis sinergetiku-

li (kooperatiul, kogerentul) Tvisebas. aqedan gamomdinareobs, 

rom ( )s sϕ ψ  arCevisas SeiZleba metad sasargeblod gamoyenebul iq-

nes fizikuri, ekologiuri da sxva sistemebis cnobili kanonzo-

mierebebi, romlebSic yvelaze ufro cxadad gamovlindeba moq-

medebebis erTianoba da urTierTkavSiri, am sistemaSi energiis 

kargvis minimizacia da a.S. kerZod aseT kanonzomierebebs gane-

kuTvnebian gantolebebi xarisxobrivi arawrfivobebiT 

                                             
1

( ) 0,
r

k
s s ks s

k
T t aψ ψ

=

+ =∑& 1,2,..., .s m=                             (3.8) 

sinergetikuli TvalTaxedvidan (3.7) funqcionaluri ganto-

lebebi, uSualod dakavSirebulni arian (3.8) evoluciur ganto-

lebebTan da atraqtorebTan ( s 0)ψ = , romlebic aRweren sistemis 

moZraobis safiniSo etapebs. am etapebze Zireulad izrdeba de-

terminaciis Tviseba. cnobilia [38-42], rom evoluciuri gantole-

bebis umetesoba warmoadgens xarisxobriv an eqsponencialur ise-

Ti saxis damokidebulebebs, romelic gaaCnia mecnierebaSi far-

Tod cnobil bernulis gantolebas. 

                      1 1( ) 0,r
s s s s s sT t a aψ ψ ψ+ + =& 1,2,..., ,s m=  2,3,...,r =                           (3.9) 

romlis amonaxsni 

( )
1 1

1 1
1 0

( )
exp( 1)

r s
s

r s
s s rs

s

at aa a r t
T rsa

ψ
ψ

−

−
=

+ − −
, 

roca ,   eqsponencialurad miiswrafis 0t → 1 0,sa > 0,rsa > 0sψ = -ken. 

Tu davuSvebT ,  2r = 1sa 0< ,  maSin bernulis (10.9) kvadratu-

li gantoleba gardaiqmneba logistikur gantolebad, romlis 

amonaxsnic eqsponencialurad miiswrafvis 

0,rsa >

1s
s

rs

a
a

ψ =  mniSvnelobi-
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sken. aseTi gantoleba aRwers, kerZod, ekologiur wonasworobas, 

xolo misi makrocvladebi ganzogadoebulad asaxaven rTul ko-

operatiul procesebs. 

 (3.7)-sistemis gansxvavebul Taviseburebas warmoadgens pir-

veli trivialuri integralebis sruli s sBψ = ,  an na-

wilobiTi 

1,2,..., ,s = m

0sψ =  erTobliobis arseboba. es niSnavs rom am siste-

misaTvis SeiZleba ganisazRvros albaTobis ganawilebis zogadi 

kanoni: 

1
10

1exp ( ,..., ) ,
t m

s
s m

s s s

P d
T

ϕψ ψ ψ
ψ−

t
⎡ ⎤∂

= +⎢ ⎥∂⎣ ⎦
∑∫  

sadac 1( ,..., )mψ ψ ψ – pirveli integralebis nebismieri funqciaa, 

maSin albaTobis simkvrive mravalsaxeobebis gadakveTis midamoSi 

0sψ =  iqneba toli 

0
10

1(0,...,0) exp .
t m

s

s s s

P P
T

ϕ
ψ=

⎛ ⎞∂
= ⎜ ⎟

∂⎝ ⎠
∑∫ dt  

aq miRebuli gamosaxulebebi ( )s sϕ ψ  funqciis arCevis Semdgom gvaZ-

levs saSualebas, gamovTvaloT sistema (3.7)-is Sesabamisi alba-

TobaTa simkvrive. cxadia, rom ( )s sϕ ψ  mizanSewonilia avirCioT 

ise, rom simkvrive P iyos maqsimalurad SesaZlebeli Sesabamisi 

SezRudvebis gaTvaliswinebisas, romlebic dadebuli arian fun-

qciebis ( )s sϕ ψ  saxeobaze, zogierTi damatebiTi kriteriumebisa da 

winapirobebisagan gamomdinare. 

es debuleba mTlianad eTanxmeba albaTobis maqsimaluri 

simkvrivis princips, e.i. fazuri sivrcis SekumSvis maqsimalurad 

SesaZlo siCqares. ase mag. sistema (3.7) bernulis (r=3) kuburi 

gantolebis (3.9) saxiT gaaCnia albaTobaTa simkvrive 

( )2
3 1 1 3

10

1exp ( ,..., ) 3 ,
t m

m s s s
s s

P a
T

ψ ψ ψ ψ
=

⎡ ⎤
= + +⎢ ⎥

⎣ ⎦
∑∫ a dt  

romelic metia kvadratuli (r=2) bernulis gantolebis simkvri-

vesTan  
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( )2 1 1 2
10

1exp ( ,..., ) 2 ,
t m

m s s
s s

P a
T

ψ ψ ψ ψ
=

⎡ ⎤
= + +⎢ ⎥

⎣ ⎦
∑∫ sa dt

T t dt

 

 SedarebiT. es niSnavs, rom kuburi gantolebebisaTvis fazuri 

moculobis SekumSvis siCqare iqneba meti fazuri sivrcis gansa-

kuTrebiT gare aresaTvis. analogiurad SeiZleba Sevafasod sxva 

saxis funqcionaluri gantolebebis (3.7) albaTobaTa simkvrive 

sinergetikuli sistemebis sinTezis amocanis gadawyvetisas. 

rasakvirvelia, rom bernulis gantolebis garda, funqcionaluri 

gantolebebis agebisaTvis SeiZleba gamoyenebul iqnes sxva buneb-

rivi sistemebis cnobili evoluciuri gantolebebi. 

ganxiluli sinergetikuli midgoma, SeiZleba gadmocemuli 

iqnes optimaluri marTvis Teoriis terminebiT, amisaTvis gamoi-

yeneba standartuli variaciuli gamoTvlis meTidebi. vuCvenoT, 

rom ZiriTadi funqcionaluri gantolebebi (3.7) warmoadgenen 

Semdgomi ganzogadebuli saoptimizirebuli funqcionalis Sesaba-

misi eiler_lagranJis gantolebebs.  

                                            ( )2 2 2

1 10

exp ( ) ,
m m

s s s s
s s

J ϕ ψ ψ
∞

∑
= =

⎡ ⎤
= +⎢ ⎥

⎣ ⎦
∑ ∑∫                    (3.10) 

sadac m – marTvis veqtoris ganzomilebaa. cxadia, rim gantole-

bebi (3.7)_(3.9) saxiT gamoyofen eqstremalebis qvesimramles, 

romlebic aniWeben upirobo minimums (3.10) funqcionals. ( )s sϕ ψ  

(3.10) funqcia integralqveSa gamosaxulebaSi unda akmayofilebdes 

Semdeg pirobebs:  

1. erTniSnianoba, uwyvetoba da diferencireba sψ  –is yvela 

mniSvnelobisaTvis   

2. (0) 0sϕ =  

3. ( ) 0s sϕ ψ ψ >  nebismieri 0sψ ≠  –saTvis  

sxvanairad, rom vTqvaT, funqciebi ( )s sϕ ψ  am pirobebis Sesru-

lebisas iqnebian imave niSnis, rogorc aqvs 0sψ = . ganvsazRvroT 

funqciis sruli warmoebuli 1( ,...,s s

k1
)

n

k

) (n
k

x x x t&
dt =

∂ ∂
= ∑ x

ψ ψ
∂

. 
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( )ix t& –is CavsvaT nacvlad arawrfivi obieqtis sawyisi dife-

rencialuri gantolebebis marjvena nawilebi, kerZod skalaruli 

marTviT (m=1) 

1

1

( ) ( ,..., );
( ) ( ,..., ) ,

i i n

n n n

x t f x x
x t f x x u

=
= +

&

&

1, 2,..., 1;i n= −  

 

maSin miviRebT: 1
1

1

( ,..., ) ( ,..., )
n

n
k n

k k n

x x f x x
dt x dx

ψ uψ ψ
=

∂∂ ∂
= +

∂∑ . 

variaciuli aRricxvaSi (3.10) cnobilia invariantobis Tvise-

bis saxelwodebiT. bolo gamosaxulebis gaTvaliswinebiT SeiZ-

leba funqcionali (3.10) SeiZleba Caweril iqnes Semdegi saxiT: 

2
2 2

10

( ) ,
m

k
k k n

J T f
x x
ψ ψϕ ψ

∞

∑
=

dt
⎡ ⎤⎛ ⎞∂ ∂⎢ ⎥= + +⎜ ⎟∂ ∂⎢ ⎥⎝ ⎠⎣ ⎦

∑∫  

cxadia, rom Tanmxlebi optimizirebuli funqcionalebis es 

forma (3.10) asaxavs, rogorc sawyisi obieqtis, aseve misi sistemis 

marTvis zogad Tvisebebs. es niSvavs rom gansaxilvel meTodSi 

saoptimizirebeli funqcionali winaswar ar aris gansazRvruli, 

rogorc es xdeba orak-is standartul meTodSi, aramed konstru-

irdeba Sesabamisi funqciebis ( )s sϕ ψ  da 1( ,..., )s nx xψ  arCevis mixed-

viT obieqtis gantolebebis gaTvaliswinebiT. aseTi midgoma sa-

Sualebas gvaZlevs gaviTvaliswinoT sawyisi obieqtis Tvisebebi, 

radgan xarisxis kriteriumis arCevis etapze garegani  postuli-

rebadi kriteriumisa `Tavsmoxvevam” da obieqtis Tvisebebis igno-

rirebam SeiZleba migviyvanos  arawrfivi obieqtebSi sawinaaRmde-

go an sulac miuRebel gardamavali procesebis mimdinareobamde. 

am azriT optimizirebuli funqcionalis formireba obieqtis 

gantolebebis gaTvaliswinebiT eTanxmeba meqanikaSi cnobili gau-

sis pincips. rasakvirvelia, rom amasTan obieqti unda gadatanil 

iqnes sawyisi mdgomareobidan mocemul mdgomareobaSi, radgan 

xdeba moZraobis marTvis sinTezi. gansxvaveba mdgomareobs (3.10) 

funqcionalis makrocvladebis sψ  mimarT formirebaSi, romlebic 

warmoadgenen mdgomareobis koordinatebis erTgvar arCeviT agre-

gatebs. es amocana cnobilia saoptizirebeli (3.10) funqcionale-
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bis, agregirebuli makroelementebis gamoyenebiT arak-is amoca-

nad. agregirebuli makrocvladebis sψ  da ( )s sϕ ψ  funqcia SeiZleba 

arCeul iqnas sxvadasxva mosazrebiT: romlebic dakavSirebulia 

sasurvel gardamaval da obieqtis moZraobis damyarebul re-

JimTan – atraqtorebTan sistemis fazur sivrceSi.  

 [35,49] naSromebSi dasabuTebuli iyo marTvis amocanebSi 

fazur sivrceSi funqcionalebis gamoyenebis mizanSewoniloba, 

romlebic saSualebas gvaZlevden uzrunvelvyoT gare areSi asim-

ptoturi mdgradi moZraoba da sakmaod efeqturad CaxSobil iqnes 

warmoSobili gadaxrebi drois mcire monakveTSi. aseTi saxis 

funqcionalebs ganekuTnebian saoptimizirebeli funqcionalebi 

(3.10), romelTa struqturis Secvla SeiZleba ganxorcieldes pir-

vel rigSi, rogorc ( )s sϕ ψ  funqciis struqturis SecvliT-Sesa-

bamisi raodenoba maRali xarisxis funqciis  e.i 3 5, ,..., r
s ssψ sψ ψ ψ  wev-

rebis raodenobis SenarCuneba (3.8), aseve, meore rigSi, makroc-

vladebis 1( ,..., )s nx xψ , formis SecvliT, romlebic dakavSirebulebi 

arian sinTezirebadi sistemis sasurvel atraqtorebTan. pirvel 

SemTxvevaSi saoptimizirebeli funqcionals (3.10)-s gaaCnia, 

mciredi gadaxrebis reJimebisaTvis arsebiTad gansxvavebuli saxe-

ebi, rodesac maRali xarisxiani wevrebi axdenen mcire zemoq-

medebas 3 ... 0)rψ ψ( = = ≅ , xolo didi gadaxrebis reJimebisaTvis igi-

ve wevrebi asruleben mniSvnelovan rols gardamaval procesSi. 

(3.10) funqcionalSi maRali xarisxis wevrebis arseboba niSnavs 

imas, rom marTvis kanoni, ufro aqtiurad reagirebs ufro did 

gadaxrebze da maT intensiurad CaaxSobs mcire droSi. amavdro-

ulad funqcionalSi gagvaCnia kvadratuli wevrebi 
3

2ψ , romlebic 

mogvcems saSualebas sakmaod efeqturad gadaamuSaos sistemam 

sawyisi mdgomareobidan mciredi gadaxrebiT.  

 sinergetikis terminebSi [38,39] makrocvladebi sψ -es xaris-

xis ganzodadoebuli parametrebia, romlebic asaxaven sinTezire-

badi sistemebis koleqtiur Tvisebebs, isini warmoadgenen `infor-
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matorebs”-sinergetikuli informaciis matareblebs sistemaSi 

mimdinare procesebis Sesaxeb. swored es xarisxis parametrebi 

gansazRvraven TviTorganizaciis mimarTuli procesebis mimdina-

reobas sinTezirebad sistemaSi. makrocvladebis sψ  – ganmarteba 

rogorc xarisxis ganzogadoebuli parametrebisa, axasiaTeben 

mravaldonian sistemebis saerTo mdgomareibas, saSualebas gvaZ-

levs ganvaxorcieloT (3.10) saxis funqcionalebis Semdegi siner-

getikuli interpretacia. hakenis [40,41]-is Tanaxmad TviTorganize-

badi sistemebis makroskopiuli moqmedebis zomad SeiZleba gamo-

yenebuli iqnes xarisxis parametris kvadrati am sazoms piro-

biTad SeiZleba davarqvaT sistemis mier Sesrulebuli samuSao. 

aqedan gamomdinareobs Tanmxleb funqcionalSi (3.9) kvadratuli 

mdgenelebis ( )s sϕ ψ&  Semoyvanis mizanSewoniloba, romlebic asaxa-

ven sinTezirebadi sistemebis makroskopuli zemoqmedebis sidides 

(sazoms). sistemebis efeqturobis sazomad sinergetikaSi miTebu-

lia makroskopiuli zemoqmedebis sazomis cvlilebis siCqare, 

rac Cvens SemTxvevaSi aisaxeba Tanmxleb funqcionalSi mdgenele-

bis ( )s sϕ ψ&  SemotaniT. unda avRniSnoT, rom orak-is TeoriaSi 

xarisxis kvadratul kriteriumebSi woniTi koeficientebis Ser-

Cevis cnobili rTuli problema Rebulobs (3.10) funqcionalebis 

mimarT iol gadawyvetas. aq woniTi koeficientebi sT  gansazRvra-

ven sistemis gw moZraobis dros mravalsaxeobebis gadakveTamde. 

saoptimizirebeli funqcionalebma (3.10), romlebic gamoiye-

neba arak-is meTodSi, SeiZleba mogvces Sinaarsobrivi interpre-

tacia variaciuli aRricxvis ukuamocanebSic. sinamdvileSi, 

variaciuli aRricxvidan cnobilia, langraJiani Ll

=

 warmoadgens 

bunebrivi moZraobis kriteriums, romelsac asrulebs Sesabamisi 

obieqti misi sakuTari, arakoreqtirebuli  dinamikuri 

TvisebebiT. cnobilia, rom bunebrivi moZraobisas kriteriumis 

rolSi gamodis integrali 

(U 0)

t1( ,..., , ) ,
k

n

t

e n
t

J L x x t d= ∫  
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romelsac meqanikaSi uwodeben moqmedebas. es moqmedeba mraval 

SesaZlo moZraobidan gamoyofs obieqtis im realur moZraobas, 

romelzedac J kriteriums gaaCnia stacionaluri mniSvneloba 

(Cveulebrivad minimaluri). naTelia, rom aucilebloba Sesabamisi 

marTvis  Semotanisa warmoiqmneba im SemTxvevebSi, 

rodesac obieqtis bunebrivi moZraobis traeqtoria ar gadis 

sasurvel (miznobriv) mdgomareobaze. maSin obieqtis miznobrivi 

mdgomareobidan warmoSobili gadaxrebi SeiZleba CamovaciloT 

Semdegi saxis axali lagranJianis SemoyvaniT. 

1( ,..., )nu x x L= u

 

uL L L∑ = +l  
 

romelic asaxavs ukve marTvadi obieqtis Tvisebebs. aqedan gamom-

dinareobs rom arak-is meTodiT marTvis kanonis  sin-

Tezi SeiZleba interpretirebul iqnes rogorc Cveulebrivi lag-

ranJianis damatebiTi cvlileba. e.i. 

1( ,..., )nu x x

1( ,..., )n uu x x L≡ . 
sxvanairad rom vTqvaT, warmoiSoba variaciuli aRricxvis 

erTgvari ukuamocana, romelSic saWiroa moinaxos axali krite-

riumi-funqcoinali, romelic uzrunvelyofs sinTezirebadi sis-

temis dasaxuli miznis miRwevas. Cveulebriv es optimaluri mar-

Tvis Teoriis Znelad gadasawyveti amocanaa, Tumca arak-is me-

TodSi is Rebulobs Tavis efeqtur amonaxsns Tanxmlebi funqci-

onalebis saxiT. aq mTavaria xazi gavusvaT im faqts, rom aseTi 

interpretaciisas saoptimizacio funqcionali iZens axal meTo-

dologiur Sinaars. kerZod: is ukavSirdeba pirvel rigSi obieq-

tis marTvis saboloo mizans-mis gadayvanas fazuri sivrcis sa-

survel saboloo mdgomareobaSi nebismieri sawyisi mdgomareo-

bidan (zogierT dasaSveb areSi), da ara gardamavali procesebis 

sasurveli Tvisebebis uzrunvelyofasTan, rogorc es Cveulebriv 

mocemulia optimaluri marTvis maTematikur TeoriaSi. arak-is 

meTodSi aseTi interpretacias eZleva kardinaluri mniSvneloba, 

xolo marTvis ZiriTadi problema formulirdeba rogorc 
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marTvis kanonebis  sinTezis problema, romelic uzrun-

velyofes sistemis `obieqt-regulatoris” fazuri moculobis 

SekumSvisas misi gw-s aucilebel moxvedras asimptotur 

mravalsaxeobebze – atraqtrebze fazur sivrceSi. 

1( ,..., )mu u u

 meore formulireba arak-is meTodSi variaciuli ukuamo-

canisa saoptimizirebel (3.10) funqcionalTan mdgomareobs Sem-

degSi. davuSvaT, rom optimaluri marTvis sistemaSi (3.6) SeiZ-

leba moiZebnos  eiler-lagranJis gantolebis (3.7) sistemis fun-

qcionalurad damoukidebeli 0sψ =  ( 1,..., )S m=  pirveli integra-

lebi, romlebic gansazRvraven (3.10) funqcionalisaTvis eqstrema-

lebis vels da arian Tavsebadni (10.6) sawyis gantolebebTan. 

maSin marTva , romlebic warmodgenilia (3.6) da (3.7)-is sa-

xiT. gantolebebis erToblivi amoxsnis Sedegi saoptimizirebel 

funqcionals (3.10) aniWebs upirobo eqstremums. uku amocanis 

orive  tipis formulireba variaciuli aRricxvisaTvis amyarebs 

uSualo kavSirs arak-is meTodsa da analitikuri meqanikis Ziri-

Tad cnebebs Soris. 

1,...,iu U+ n

 imisaTvis, rom davakonkretoT (3.10) saoptimizirebeli fun-

qcionalis saxe da gaviTvaliswinebT sinTezirebadi sisteme-

bisadmi damatebiT moTxovnebs, saWirod SevarCioT rogorc fun-

qcia sψ , agreTve, makrocvladebi ( )s sϕ ψ . ganvixiloT mokled am 

funqciebis agebis zogierTi xerxi arak-is meTodSi [35]. SezRud-

vebis k kx A≤  gaTvaliswinebiT. makrocvladebis 

                                                      1( ,..., ,...),s k k k nx A thF x xψ = +                            (3.11) 

gamoyenebiT SeiZleba uzrunvelyoT miTiTebuli SezRudvebi ko-

ordinatebze da marTvaze. 

 arawrfivi sistemebSi wyvetili marTvis sinTezisaTvis SeiZ-

leba gamoyenebul iqnes uban-uban gluvi Semdegi saxis makroc-

vladebi. 

                                     
1

1

n

s k k n
k

x sψ β β
−

=

= +∑    an  
1

2

1
,

n

s k k n
k

x sψ β β
−

=

= +∑             (3.12) 
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sadac 1( ,..., )ns x x x 1nϕ −= +

( )

. saoptimizirebeli funqcionali (3.10)-is 

safuZvelze s sϕ ψ  da 1( ,..., )s nx xψ  funqciebis SerCeviT SeiZleba 

avagoT sxvadasxva naxvevebi, romlebic aRweren kriteriumebs. 

rogorc mcire aseve didi gadaxrebis SemTxvevaSi sistemebis (3.12) 

optimizirebul reJimebs (3.11) saxis ( )s s sϕ ψ ψ=  – makrocvladebi-

saTvis  saoptimizirebeli funqcionals aqvs saxe: 

                                             ( )
sup

0 sup

2 2 2
sup ( )

kt

k k k k
t

J A x T x t dt⎡ ⎤± + +⎣ ⎦∫ &�                            (3.13) 

vivaraudoT, rom obieqtis gantolebebSi 0nϕ = , maSin (3.13)-

dan gvaqvs 

                                                ( )
sup

0 sup

2 2 2
sup ( )

kt

k k k k
t

J A x T U t dt⎡ ⎤± + +⎣ ⎦∫� .                      (3.14) 

miRebuli (3.14) kriteriumi asaxavs marTvaze daxarjuli 

energiis minimums koordinatze k rx A≤  SezRudvis gaTvaliswi-

nebiT. aseTi tipis amocanebs xSirad ganvixilavT marTvis gamoye-

nebiT amocanebSi. analogiurad ( )s s sthϕ ψ ψ=  da sψ (3.11) didi gadax-

rebis reJimSi 0kψ =  dan, roca sup 1sth ≅ ± , saoptimizirebeli fun-

qcionali (3.10) Rebulobs saxes 

                                                       
sup

0 sup

2 2
sup sup1 ( )

kt

k
t

J T ψ t dt⎡ ⎤+⎣ ⎦∫�                                 (3.15) 

Tu obieqtis gantolebebSi 0nf = , maSin (10.15)-is safuZvelze 

vRebulobT saoptimizirebel funqcionals. 

                                                                                         (3.16) (
sup

0 sup

2 2
sup 1 ( )

kt

k k
t

J T U+∫� )t dt

romelic Tavis TavSi moicavs swrafmoqmedebis da energodana-

xarjebis kriteriumebs, romlebsac gaaCniaT mniSvnelovani gamo-

yenebiTi azri marTvis sxvadasxva amocanebSi. 

 didi gadaxrebis reJimebSi agebuli kriteriumebi (3.13)-(3.16) 

uzrunvelyofen mxolod suboptimalur procesebs. Tumca aq 

mniSvnelovania sψ  (3.11), (3.12) da ( )s sϕ ψ  Sesabamisi arCeva, riTac 
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SegviZlia davakmayofiloT moTxovnebi sistemebis dinamikuri Tvi-

sebebisadmi. 

funqcionaluri gantolebebis agebisaTvis SeiZleba miRe-

bul iqnes agreTve optimaluri marTvis sxva kriteriumebic. ase 

magaliTad swrafmoqmedebis kriteriumi [10.19]-is gamoyenebiT Sem-

degi gantolebebi – orarxiani marTvisas (m=2) 

1 2( )tψ ψ=& ,     21 max 1 2( ) ( , )t U signψψ μ ψ ψ= −& ,  1 2 1 2 2
max

0,5( , )
Uψ

μ ψ ψ ψ ψ ψ= + ; 

samarxiani marTvis SemTxvevaSi (m=3) 

1 2( )tψ ψ=& ,   2 3( )t 2ψ ψ=& ,   3 max 1 2( ) ( , , )t U signψ 3ψ μ ψ ψ ψ= −& , 
 

sadac 1 2 3 1 3 2 3 3 2 3 3 2 3 3
1( , , ) (2 ) ( 0,5 ) 0,5
3

μ ψ ψ ψ ψ ψ ψ ψ ψ ψ ψ ψ ψ ψ ψ= + + + + + ; 

 am SemTxvevaSi sistemis aRmweri wertili minimalur droSi 

xvdeba Sesabamisi 0μ =  mravalsaxeobebis gadakveTis wertilSi. 

Semdgom imoZravebs mis gaswvriv sasurvel safiniSo mraval-

saxeobaze moxvedramde.  

analogiuri gantolebebi SeiZleba avagoT (3.7) formis sa-

fuZvelze. iseTi arawrfivi funqciebis ( )s sϕ ψ  gamoyenebiT rome-

lic  aradiferencirebadia nulovan wertilSi. kerZod, SeoZleba 

amovirCioT Semdegi gantolebebi: 

                                            
1

2 1( ) 0p
s s sT tψ ψ ++ =& & 1,2,...p = .                                    (3.17) 

roca p→∞ gantoleba (3.19) Caiwereba Semdegi saxiT. 

                                                   ( ) 0s s sT t signψ ψ+ =& .                                            (3.18) 

am dros funqcionali (3.1) gardaiqmna Semdeg formaSi  

0

r
sJ dψ

∞

∑ = t∫  

rodesac gardauvalia moZraoba mravalsaxeobis 0sψ =  gaswvriv.  

(3.17), (3.18)-dan gamomdinareobs, rom drois gansazRvrul mo-

mentSi a.w. maTematikurad zustad xvdeba 0sψ =  mravalsaxeobebis  

gadakveTaze, Semdgom SeiZleba warmoiSvas moZraobis mcocavi re-
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Jimi, analogiurad sxva xarisxis kriteriumebis gamoyenebisas, da 

SeiZleba agebuli iqnas Sesabamisi funqcionaluri gantolebebi.  

sabolood, saoptimizirebeli funqcionalis (3.10) forma yve-

laze ufro mosaxerxebelia iseTi arawrfivi obieqtebis marTvis 

amocanebisaTvis, romelTa maTematikuri modelebic warmodgeni-

lia pirveli rigis diferencialuri gantolebebiT. warmodge-

nili meTodi SeiZleba misaRebi aRmoCndes sxva cnobili mode-

lebisTvisac. kerZod, meore rigis diferencialuri gantolebebis 

sistemebisTvisac. magaliTad, meqanikuri sistemebis maTematikuri 

modelebi, romlebic Cveulebriv Caiwereba niutonis meore 

kanonis an lagranJis formulis mixedviT. am SemTxvevaSi mizanSe-

wonilia movaxdinoT funqcionalis (3.7) modificireba arak-is 

meTodis gamoyenebiT, Tu  obieqtis gantolebebs Tu warmovadgenT 

Semdegi saxiT:     

                                     2 ( ) ( ) ( ) 0s s s s s sT t fψ ϕ ψ ψ+ + =&& & &    1, 2,...,s m=                      (3.19) 
sadac m - marTvis veqtoruli ganzomilebaa. 

am gantolebebs SeiZleba mieces energomeqanikuri interpre-

tacia [47]. CavTvaloT, rom (3.19) gantolebebi aRweren im materia-

luri wertilebis erTobliobis moZraobas, romlebzedac moq-

medeben arawrfivi aRmdgeni Zalebi ( )s sϕ ψ& . amasTan erTad 2
sT  para-

metri SeiZleba CavTvaloT materialuri wertilebis masis ana-

logad. maSin [47]-is Tanaxmad sistemis sruli energia CavweroT 

Semdegi saxiT: 

2
2

0

1( ) 0,5 ( )
s

s s s
s

v t f d
T

ψ

sψ ψ ψ= + ∫&  

am gamosaxulebaSi marjvena mxaris pirveli wevri aRniSnavs 

kinetikur energias, meore – sistemis potencialur energias. gare-

mos winaRobis ararsebobis SemTxvevaSi ( ) 0s sϕ ψ =&  da, Sesabamisad 

energiis Senaxvis kanonis Tanaxmad, (3.19) sistemas – eqneba pir-

veli integrali . Tumca realur pirobebSi meqanikuri 

energia sistemis moZraobis procesSi garemos winaRobis gamo, 

rogorc cnobilia, gadadis Tbur energiaSi. es niSnavs rom fun-

qcia vs saWiroebis SemTxvevaSi klebulobs (3.19) sistemis moZra-

sv const=
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obis traeqtoriis gaswvriv. amis sailustraciod gavawarmovoT 

sv –gamosaqxuleba drois mixedviT: 

[ ]( ) ( ) ( ) ( )s s s s sv t t f tψ ψ ψ= +&& &&  
e.i. (3.19) gantolebis gaTvaliswinebiT gvaqvs 

2

1( ) ( ) ( )s s
s

v t t
T

ϕ ψ ψ= − & && s . 

aqedan uSualod gamomdinareobs, rom ( ) ( ) 0s s s tϕ ψ ψ >& &  warmoebuli 

 e.i. am SemTxvevaSi sistemebis sruli energia (3.10) mcir-

deba. cxadia rom 

( ) 0≤su t&

sv

0

–funqcia, romelic asaxavs sistemis energias 

iyo gansazRvrulad dadebiTi, amisaTvis aucilebelia Sesruldes 

utoloba ( )s s sf ψ ψ > . Tu vivaraudebT, rom ( ) 0s sϕ ψ =& , maSin ( ) 0su t =&  

da Sesabamisad  e.i. garemos winaRobis ararsebobis Sem-

TxvevaSi sistemas (3.19)-s gaaCnia pirveli integrali, romelic 

Seesabameba energiis Senaxvis kanons izolirebul meqanikur sis-

temaSi. 

su c= onst

 ase, rom [47]-is Tanaxmad, (3.19)-sistemis asimptoturi mdgra-

dobis pirobas aqvs Semdegi saxe: 

a)  ( ) 0s sf ψ ψ >    0sψ ≠ ;      b) ( ) ( ) 0s s s tψ ψ ψ >& &   ( ) 0s tψ ≠  

g)     
0

( )
s

s s sf d
ψ

ψ ψ → ∞∫ sψ → ∞  

arak-is meTodis Sesabamisad am pirobebis Sesruleba uzrunvel-

yofs marTvis sistemis gamomsaxveli wertilis (gw) invariantuli 

mravalsaxovnebebis 1( ,..., ) 0s nx xψ =  da  1 1( ,..., , ,..., ) 0s n nx x x xψ =& & &  gadakve-

Taze gadayvanas. cxadia, rom funqcionaluri gantolebebi (3.19) 

saoptimizirebel funqcionals aniWeben upirobo eqstremums: 

                                   2 2 2
1 2

0

( ) ( ) ( )s s s s s s s sJ f tψ λ ϕ ψ λ ψ
∞

∑ dt⎡ ⎤= + +⎣ ⎦∫ & &&                            (3.20) 

sadac ksλ -erTgvari woniTi koeficientebia, romlebic uSualod 

dakavSirebulni arian (3.19)-is gantolebis koeficientebTan. 

wrfivi SemTxvevisaTvis (3.19)-gantoleba da saoptimizirebel 

funqcionali (3.20) Rebulobs Semdeg saxes: 

1 1( ) ( ) 0s s s s st a t aψ ψ ψ+ + =&& &  
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da   2 2 2
1 2

0

( ) ( )
x

s s s s sJ tψ λ ψ λ ψΣ t dt⎡ ⎤= + +⎣ ⎦∫ & &&  

sadac koeficientebi  da ksa ksλ  dakavSirebulia erTmaneTTan Sem-

degi damokidebulebiT: 

2
1 1 2 0s sa aλ = − s ;            2

2 2s saλ =  
avRniSnoT, rom funqciis asimptoturi Tvisebebis ZaliT 

( ) 0s tψ →  da ( ) 0s tψ →&  roca t→0 kvadratuli saoptimizirebeli 

funqcionali SeiZleba CavweroT Semdegi eqvivalenturi formiT 

1 2
0

( )
x

s s s s s sJ t dtψ λ ψ λ ψΣ ⎡ ⎤= + +⎣ ⎦∫ && & c+  

sadac Cs - erTgvari mudmivebia, romlebic ar moqmedeben Tof-is 

eqstremumze. 

saoptimizirebel funqcionalis minimizaciis (3.10) piroba 

analogiurad  tolfasia funqcionalis minimizaciis 

2

0

( )
x

s s sJ T t dtψ ψΣ ⎡ ⎤ sc= + +⎣ ⎦∫ &&  

es niSnavs, rom wrfiv SemTxvevaSi saoptimazirebeli funqci-

onalebi  da  (3.20) SeiZleba sistemis dinamikaSi warmodge-

nil iqnen cnobili kvadratuli Sefasebebis saxiT. 

J∑ J∑

 amrigad, (3.19) funqcionaluri saxis gantolebebs SeiZleba 

mivcemT fizikuri ganmarteba. (3.7) gantolebac warmoadgens kla-

sikuri meqanikis invariantuli damokidebulebas. rasakvirvelia, 

rom rTuli, magaliTad eleqtromeqanikuri sistemebisaTvis zo-

gadi SemTxvevaSi SeiZleba aRmoCndes mizanSewonili gamoviyenoT 

pirveli (3.7) da meore (3.19) rigis funqcionaluri gantolebebis 

kombinaciebi da Sesabamisi optimizirebadi funqcionalebi. 

 zemoT ganxiluli funqcionalebi (3.10) da (3.20) siner-

getikul midgomaSi, zogadad rom vTqvaT, ar TamaSoben ganmsa-

zRvrul rols. Tumca aq midgomaSi, romelic dafuZnebulia mim-

zidavi invariantuli mravalsaxovnebebis SemotanasTan, saSu-

alebas gvaZlevs gamovavlinoT optimaluri marTvis amocanebSi 

axali Taviseburebebi. 
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3.2. arawrfivi agregirebuli regulatorebis analizuri 

konstruirebis ganzogadoebuli meTodi 

 

agregirebuli regulatorebis analizuri konstruirebis 

ganzogadebuli meTodi (arak) efuZneba marTvis TeoriaSi siner-

getikuli midgomis konceptualur debulebebs. am midgomis arsi 

mdgomareobs SemdegSi. 

funqcebis ψs da ψs(ψs) –arCevis Semdeg funqcionaluri 

gantolebebis (3.7), (3.8), (3.9) safuZvelze SesaZlebelia marTvis 

kanonebis sinTezi. gansakuTrebiT unda aRvniSnoT, rom es ka-

nonebi, marTvis Teoriis klasikuri meTodebisagan gansxvavebiT, 

pirvel rigSi gansazRvraven, ara marto erTeuli cvladebis, 

aramed sistemebis TviTorganizaciis koleqtiuri procesebis mar-

Tvis strategias. swored amaSi mdgomareobs dinamikuri sisteme-

bis mizanmimarTuli TviTorganizacia. marTvis sinTezis sinerge-

tikuli midgomis arsi mdgomareobs sasurveli gare – da Sida 

sistemuri invariantebis SenarCunebaSi ψs=0 fazuri sivrcis 

struqturaSi. konkretulad gare invariantebis ricxvi (m), rome-

lic paralelurad SehyavT sistemis struqturaSi, ganisazRvreba 

marTvis arxebis ricxviT: ψ1=0,... ψm=0 m≤n. xolo mimdevrobiT Se-

yvanili Sidasistemuri invariantebis ricxvi SemosazRvrulia ga-

farToebuli sistemis xarisxis ψm-H=0,... ψr=0 r≤n-m mixedviT. amis-

gan damokidebulebiT, sistemis winaSe dasaxuli miznebi mudmivia 

Tu cvalebadi, SeiZleba Seicvalos Semosatani gare da Sida inva-

riantebis `koleqtivi~. sxva sityvebiT, fizikuri (qimiuri, biolo-

giuri) marTvis sistemaSi SegviZlia ganvaxorcieloT dinamikuri 

invariantebis Sesabamisi amonakrebis tipebis amorCeva da amiT 

realizeba gavukeToT misi mimarTuli TviTorganizaciis unars. 

gadavideT agregirebuli dinamikuri regulatorebis sinTe-

zis konkretuli procedurebis ganxilvaze, romlebic emyarebian 

arak–is meTodis saerTo idealogias. 
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am meTodis Tanaxmad sistemis (3.6) gamomsaxveli wertilebi 

gafarToebuli `gare~ marTvebis ui+1,...un zemoqmedebiT xvdeba 

ψ1=0,...ψm=0  mravalsaxeobebis gadakveTis areSi, romlis gaswvri-

vac moZraoba aRiwereba dekompozirebuli sistemis `Sinagani~ 

dinamikis gantolebebiT: 

         
1 1 1 1

1 1 1

( ) ( ,..., , ,..., , ,..., ), 1,..., ;

( ) ( ,..., , ,..., ), 1,..., 1
j j i n m

i i m i n

w t g w w v v x x j

x t f x x v v i m
ψ ψ μψ ψ ψ

ψ ψ ψ

μ

μ
+ −

− +

= =

= = +

&

& −
   (3.21) 

sadac vi+1,... vn – Sinagani marTvebia 

marTvis vi+1,...,vn sinTezi warmoadgens (3.21) qveobieqtis mar-

Tvis damoukidebel Sida amocanas. amisaTvis gamoiyeneba invarian-

tuli mravalsaxeobebis mimdevrobi-paraleluri erToblioba. 

marTvis Senaxvis principis Tanaxmad Sinagan marTvas vk-s ga-

aCnia ucvleli ganzomileba dimvk=m, romelic emTxveva gare mar-

Tvebis ganzomilebs. Sinagani marTvebi vk moqmedebs (3.21) qveobi-

eqts dekompozirebas ukeTebs mas Semdgom n-m ganzomilebis qveo-

bieqtamde. naCvenebi mimdevrobiTi dekompoziciis procesi grZel-

deba gw-is moxvedramde arCeul safiniSo mravalsaxeobebamde-at-

raqtoramde, romlis ganzomilebac ganisazRvreba damokidebu-

lebiT 

dimA=n-rm 

sadac n (3.6) gafarToebuli sistemis ganzomilebaa, m – mar-

Tvis veqtoris ganzomilebaa, r - mimdevrobiT Semotanili atraq-

torebis ricxvia. 

aRwerili proceduris Sedegad Sinagani marTvebi aRmoC-

ndebian rekurentulad erTmaneTTan dakavSirebuli vici ra 

vi+1,...,vn marTvebi, SeiZleba SemovitanoT sasurveli makrocvlade-

bi, magaliTad wrfivi saxis 

              1 1 1( ) ... ( ), 1,...,s s i sm n nx v x v s mψ γ γ+= − + + − =         (3.22) 

(3.7) saxis funqcionaluri gantolebebis da aseve sasurveli 

makrocvladebis sψ  (3.22) da (3.6)-s gafarToebuli sistemis safuZ-

velze arak meTodis Sesabamisad moiZebneba `gareSe~ marTvebi. 
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1
1 1 1 1

...................................................................................

1

( ,..., ) ;

( ,..., ) ,

i i n i

n
n n n n

Du f x x w
D

Du f x x w
D

+ + += − − −

= − − −

              (3.23) 

sadac 

    

11 12 1 1 12 1

21 22 2 2 22 2
1

1 2 2

... ...

... ...
0, 0

... ... ... ... ... ... ... ...
... ...

m m

m m

m m mm m m mm

D D

γ γ γ γ γ
γ γ γ γ γ

γ γ γ γ γ

Φ
Φ

= ≠ = ≠

Φ

 roca  0sΦ =

    

, 1

1, 111 12 1

2, 121 22 2

1 2

...

...
0...... ... ......

...
m m

m

m
n

m m m

D

γγ γ
γγ γ

γγ γ
−

−

−

Φ
Φ

=

Φ

≠   roca 0sΦ ≠                  (3.24) 

        ( )1 1 2 2
1( ) ( ) ... ( )s s s sn n s

s

v t v t v t
T sγ γ γ ϕΦ = + + + −& & & ψ           (3.25) 

aq miRebuli Sefardebebi (3.23)-(3.25) gvaZlevs saSualebas 

movnaxoT (3.23) veqtoruli marTvis kanonebi, romlebsac gadayavT 

gw invariantuli mravalsaxeobebis 1 0,..., 0mψ ψ= =

1( ),

 gadakveTis mida-

moSi. gw-is moZraoba am gadakveTebis gaswvriv ganisazRvreba 

Sinagani dinamikis gantolebebiT (3.21). (3.23) marTvis kanonenu 

kavSiris gantolebebTan (3.2) qmnian dinamikur agregirebuli regu-

latoris gantolebebis romelic uzrunvelyofs Caketili siste-

mis (3.6)–(3.23) seleqtiur invariantulobas ..., ( )nM t M t  SeSfoTe-

bebis mimarT, misi moZraobis asimptotur mdgradobas da sasur-

vel dinamikur Tvisebebs. 

marTvis TeoriaSi axali meTodis princialur gansxvavebas 

warmoadgens Semdegi mosazrebiT: 

pirvel rigSi: mTavari yuradRebis koncentrireba sinTezi-

rebadi sistemebis yofaqcevaze mimzidav invariantul mravalsa-

xeobebze-atraqtorebze, rasac mivyevarT marTvis sistemis dinami-

kur dekompoziciamde da Sesabamisad, misi yofaqcevis arsebiT ga-

martivebamde, radganac am dros SesaZlebelia sasurveli evolu-
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ciuri dabali ganzomilebani gantolebebis formireba, romlebic 

aRweren moZraobis mdgrad asimptotiur reJimebs. 

meore rigSi: sasurveli dabali rigis ganzomilebiani evo-

luciuri gantolebebis formirebis SesaZlebloba, romlebic aR-

weren moZraobis mdgrad asimptotur reJimebs da warmoadgenen 

mravalsaxeobebze sinTezirebad sistemebs, dinamikuri mdgoma-

reobis gantolebebs. 

mesame rigSi: `Sinagani~ marTvebis paralelur-mimdevrobiTi 

erTobliobis kaskaduri sinTezi, romlebic dinamikurad dakavSi-

rebulni arian erTmaneTTan da uzrunvelyofen atraqtorebze de-

kompozirebuli sistemebis sasurvel yofaqcevas.  

agregirebuli regulatorebis analizuri konstruirebis 

(arak)-is meTodSi, romelic dafuZnebulia agregirebis _ dekompo-

ziciis proceduraze, maRali ganzomilebis sinTezirebadi araw-

rfivi sistemebis asimptoturi mdgradobis uzrunvelsayofad, 

gamoiyeneba liapunovis paralelur-mimdevrobiTi funqciaTa er-

Toblioba. amasTan erTad Tavdapirvelad Semogvaqvs (3.7) ganto-

lebisaTvis liapunovis umartivesi funqciebi 20,5s sV ψ= , 1( ,..., )s nx xψ  

makrocvladebis mimarT, da Semdeg saboloo mravalsaxeobebze 

0rψ =  gamoikvleva moZraobis mdgradoba (n-rm) koordinatTa nawi-

lis mimarT, romlebic aRweren dekompozirebuli sistemis gamom-

saxveli wertilis yofaqcevas moZraobis damamTavrebel etapze.  

zemoT moyvanili liapunovis funqciaTa erToblioba war-

moadgens Tavisebur analogs liapunovis veqtoruli funqciisa, 

da gamoyenebulia arawrfivi sistemebis sinergetikul TaoriaSi 

agregirebuli regulatorebis analizuri konstruirebis liapu-

novis veqtorul funqciaTa meTodi gamoirCeva sawyisi sistemebis 

asimptoturad zusti dinamikuri dekompoziciiT. garda amisa 

arak-is meTodSi ganixileba marTvis dinamikuri sistemebis 

mdgradobis amocanebi. sxvanairad rom vTqvaT sinergetikul 

midgomaSi liapunovis veqtoruli funqciis meTodi dakavSi-

rebulia agregirebuli regulatorebis analizuri konstru-

irebis procedurasTan. swored marTvis struqturuli sinTezis 
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proceduras. romelsac swored marTvis gamomsaxveli wertili 

gadahyavs erTi mravalsaxeobidan meore dabali ganzomilebis 

mravalsaxeobaSi, saSualebas iZleva arak-is meTodSi ganxor-

cieldes liapunovis veqtoruli funqciis analitikuri agebis 

mkacri procedura sinTezirebadi arawrfivi sistemebis asimpto-

turi mdgradobis analizisaTvis. 

arak-is meTodis es Taviseburebebi saSualebas aRvWurvoT 

sinTezirebad sistemebis gardamavali procesebisTvis, damaxasia-

Tebeli robastikuli TvisebebiT struqturuli variaciebiT para-

metruli SeSfoTebebi. cnobilia, rom fazuri sivrcis garkveul 

areSi sistemis asimptoturi mdgradoba warmoadgens uxeS Tvi-

sebas, romelic icvleba da Zlierdeba sistemis eqsponencialuri 

mdgradobisas. marTvis sistemebi, romelTa sinTezic xorcielde-

ba sinergetikuli principebiT warmoadgenen rogorc asimptotu-

rad mdgradebs mTelSi (e.i. fazuri sivrcis mTel areSi), agreTve 

eqsponencialurad mdgradebs Semoyvanili invariantuli mraval-

saxeobebis 0sψ =  mimarT. es niSnavs rom aseT sistemebs gaaCniaT 

gardamavali procesebis robastulobis ganmasxvavebeli Tviseba.  

 
 
 

3.3. agregirebuli regulatorebis analizuri konstruirebis 

meTodi mimdevrobiT CarTuli invariantuli mravalsaxovnebis 

mixedviT 

  

 agregirebuli regulatorebis analizuri konstruirebis 

meTodis Tanaxmad, dinamikuri sistemebis fazur sivrceSi SeiZ-

leba arsebobdnen mravalsaxeobebi, romlebiskenac miizidebian 

fazuri traeqtoriebi. zogad SemTxvevaSi SeiZleba ramodenime 

iseTi mravalsaxeobis ageba romlebic moicaven mizidulobis 

garkveul zedapirebs. amitomac warmoiqmneba iseTi mizidulobis 

zedapirebis erTibliobis konstruirebis idea, rom gamomsaxveli 

wertilebi daiwyeben ra moZraobas nebismieri sawyisi mdgomareo-

bidan, mimdevrobiT gadaadgildebian mizidulobis erTi zedapi-
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ridan meoreze vidre ar moxvdebian zedapirze, romelsac 

mivyavarT fazuri sivrcis koordinatTa saTavesTan. am SemTxve-

vaSi gamomsaxveli wertilebi uaxlovdebian mravalsaxeobebs 

1 0ψ = , Semdeg 2 0ψ =  da a.S. saboloo mravalsaxeobasTan 0mψ =  

miaxloebis Semdeg Camoyalibdeba gansazRvruli mdgomareoba, 

kerZod, koordinatTa saTavemde mdgradi moZraobis procesi. 

 zogad SemTxvevaSi r  mimzidveli mravalsaxeobebis gamoyene-

bisas yoveli i -uri mravalsaxeobis ganzomileba iqneba erTiT 

naklebi winamdebaresTan SedarebiT, e.i. gamomsaxveli wertili 

Tavidan uaxlovdeba ( 1)n −  ganzomilebis mravalsaxeobas, Semdgom 

 da a.S. (  gamzomilebis mravalsaxeobamde. moZraobis 

bolo etapze moZraobs koordinatTa saTavisaken aRiwereba ( )

( 2n − ) )n r−

n r−  

rigis diferencialuri gantolebebiT. mimzidveli mravalsaxeo-

bebis SerCeuli  raodenobis mixedviT  SeiZleba miviRoT araw-

rfivi sistemebis gansxvavebuli Tvisebebi.  

r

 aRvweroT arawrfivi sistemebis sinTezis procesebi maTe-

matikurad. davuSvaT, rom obieqtis SeSfoTebuli moZraoba 

aRiwereba Semdegi diferencialuri gantolebebis sistemiT: 

          
1

1 1

1

( ) ( ,..., ),
( ) ( ,..., ) ,

( ) ( ,..., ) ,

i i n

j j j j j

s n n

x t f x x

1x t f x x a x

x t f x x u
+ +

=
= +

= +

&

&

&

1,2,..., ;
1, 2,..., 1;

i p
j p p n
=
= + + −             (3.26) 

sadac ,i jx x  - obieqtis mdgomareobis koordinatebia;  - mmarTve-

li zemoqmedebaa, 

u

( )1,...,i nf x x  uwyveti funqciebia ( )0,...,if 0 ; ( )1,...,j jf x x - 

uwyveti funqciebia, romlebic diferencirdeba Tavisi cvladebis 

mixedviT:      

( )0,...,0 0if = ; 
d
dt

= . 

 miuxedavad gansaxilveli (3.26) diferencialuri gantole-

bebis specifikurobisa, am saxis maTematikuri modeliT SeiZleba 

aRwerili iqnes sxvadasxva mniSvnelovani obieqtebis klasebi. ase 

magaliTad, (3.26) gantolebis kerZo SemTxvevas warmoadgens dife-

rencialuri gantolebebis sistema ( )0p=   
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1 1 1 2 2

2 2 2 3 3

1 1 1

( ) ( ) ;
( ) ( ) ;

..................................
( ) ( ) ;

( ) ( ) ,
n n n n

n n n

x t f x a x
x t f x a x

nx t f x a x
x t f x u

− − −

= +
= +

= +
= +

&

&

&

&

 

aRwers teqnikis mraval dargSi farTod gavrcelebuli obieq-

tebis klass, romelic Sedgeba mimdevrobiT SeerTebuli araw-

rfivi dinamikuri rgolebisagan. aseT obieqtebs ganekuTvnebian 

qimiuri reaqtorebis erToblioba, sxvadasxva gamaTbobeli xel-

aswyoebi, satransporto da gamamdidrebeli manqanebi, eleqtro, 

hidravlikuri da pnevmaturi amZravebi, mZlavri manqanebi da sxva.  

 gadavideT agregirebuli regulatorebis analizuri kon-

struirebis (3.26) meTodis aRweraze arawrfivi obieqtebisaTvis 

mimdevrobiT CarTuli invariantuli (mimzidavi) mravalsaxeobebis 

erTobliobis gamoyenebiT. gansaxilvelad SemoviyvanoT pirveli 

agregirebuli makrocvladi 

                            1 1 1 1
1

( ,..., ).
n

k k n
k

x x x 1ψ β ϕ −
=

= +∑              (3.27) 

amocana mdgomareobs ( )1,...,s nu x x  iseTi marTvis sinTezSi, romel-

sac gadayavs (3.26) obieqti nebismieri sawyisi mdgomareobidan (ro-

meliRaca aris) (3.27) mravalsaxeobis midamoSi. am amocanis 

amoxsnisaTvis gamoviyenoT funqcionaluri gantoleba 

                          1 1 1( ) 0T tψ ψ+ =                     (3.28) 

maSin arak-is meTodis Sesabamisad (3.27) da (3.28)-is Tanaxmad 

marTvas eqneba saxe 

1
1 1

1 2 1 1
1 11 1 1

1 1 1( )
p n

n i ij j j j
i j pn i n j n

u f f a x
x x
ϕ ϕβ β

β β β

−

+ +
− = +

⎛ ⎞⎛ ⎞∂ ∂
= − + − + + − −⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

∑ ∑ 1
1

.nfT
ψ   (3.29) 

1u  marTvas gamomsaxveli wertili gadayavs 1 0ψ =  mraval-

saxeobebze, romlis gaswvrivac moZraoba aRiwereba gantolebebiT 

              
1

1 1 1

1

1 1 1 1 1 1 1
11

( ) ( ,..., ), 1, 2,..., ;
( ) ( ,..., ) , 1,..., 2;

( ) ( ,..., ) ( ,..., ).

i i n

j j j j j

n
n n

n n n k k n
kn

x t f x x i p
x t f x x a x j p n

a ax t f x x x x xβ ϕ
β β

+ +

−

− − −
=

= =
= + = + −

= − −∑

&

&

& 1−

           (3.30) 

 128



Tu aRvniSnavT 1 2 1 1 1( ,..., ),n n nu a x xβ ϕ −=  1ϕ  - vuwodoT Sinagani 

marTva, romelsac gadayavs sistemis moZraobis traeqtoriis 

aRmweri wertili meore mravalsaxeobaze 

                  
1

2 2 2 1 2
1

( ,..., ) 0
n

k k n
k

x x xψ β ϕ
−

−
=

= +∑ = .              (3.31) 

2 0ψ =  ganzomileba romelic Cawerilia (3.31) gamosaxulebiT 

erTi erTeuliT naklebia 1 0ψ =  mravalsaxeobis ganzomilebaze. 

(3.30)  qveobieqtis marTvas , romlis sinTezic xorci-

eldeba agregirebuli cvladis 

2 1( ,...,u x 1)nx −

2ψ -is bazaze, aqvs saxe 

    

2
2 2

2 2 2 1
1 12, 1 2, 1

1

1 2 1
11 2, 1 2

1 1 ( )

1 .

p n

i i j j j j
i j pn i n j

n
n

k k n
kn n

u f f
x

a x f
T

ϕ ϕβ β
β β ϕ

β ψ
β β

−

+ +
= = +− −

−

−
= −

⎛ ⎞⎛ ⎞∂ ∂
= + + + +⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

− + +

∑ ∑

∑

1a x −

−

     (3.32) 

2u - (3.32) marTva uzrunvelyofs sistemis moZraobis traeqto-

riis aRmweri wertilis gadayvanas (3.31)-is mravalsaxeobis Semoga-

renSi. mis gaswvriv moZraoba aRiwereba diferencialuri ganto-

lebebis sistemiT 

1

1 1 1

( ) ( ,..., ), 1, 2,..., ;
( ) ( ,..., ) , 1, 2,..., 3;

i i n

j j j j j

x t f x x i p
x t f x x a x j p p n+ +

= =
= + = + +

&

&
 

.................. 
2

1 1
2 2 1 2 2 2 1 2

12, 1 2, 1

( ) ( ,..., ) ( ,..., ).
n

n n
n n n k k n

kn n

a ax t f x x x x xβ ϕ
β β

−
− −

− − −
=− −

= − −∑& −  

 SemovitanoT aRvniSvna 2, 1 3 1 2 1 2( ,..., ),n n nu a x xβ ϕ− − −=  Tavis mxriv 

SeiZleba moinaxos marTva  romelic uzrunvelyofs 

sistemis moZraobis traeqtoriis aRmweri wertilis gadayvanas 

mravalsaxeobebis midamoSi. 

3 1 2( ,..., )nu x x −

2

3 3 3 1 3
1

( , . . . , ) 0
n

k k n
k

x x xψ β ϕ
−

−
=

= +∑ = . 

analogiurad zogad SemTxvevaSi SeiZleba ganxorcieldes 

gamomsaxveli wertilis gadatana mravalsaxeobebis 4 0ψ = , 5 0ψ =  
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midamoSi da a.S. 1 0ψ =  mravalsaxeobebamde. amasTan Sinagani mar-

Tvebis simravle gamoisaxeba gamosaxulebiT 

  

1

2

1 ,

1

n i

i n i

i i

k
i

u f

T

ϕ

β β

− +
−

− − +

=

⎛ ⎞
⎜ ⎟
⎝ ⎠

− +

1 1 1 1 1
1,

1

1 1 1 1
1 1, 1 , 1

1
2

1,
11, 2

( ,..., ) ( ,..., ), 1,2,... ;

1 1 ( )

i n i i n i

p n
i i

i i i n i ij j j j
j pi n i i n i j

n i
n i

i k
ki n i n

au x x x x i r

f f a x
x x

a x

β

ϕ ϕβ β
β β

β

− + − +

−

− + + +
= +− + − +

− +
− +

−
=− − +

= =

⎛ ⎞∂ ∂
= + + + + + −⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠

∑ ∑

∑

   (3.33) 

1

.i
i

ψ
− +

gamomsaxveli wertilis moZraoba  

             
1

1 1
1

( , ..., ) 0
n i

i ik k i n
k

x x xψ β ϕ
− +

−
=

= +∑ =                    (3.34) 

Sesabamisi mravalsaxeobebis gaswvriv aRiwereba diferencialuri 

gantolebaTa sistemiT 

                  1

1 1 1

( ) ( ,..., ), 1, 2,..., ;
( ) ( ,..., ) , 1, 2,..., 1;

i i n

j j j j j

x t f x x i p
x t f x x a x j p p n i+ +

= =
= + = + + −

&

& +
 

                                                  ..................                         (3.35) 

                 
... 1 ... 1

1 1 1
1, ... 1 , ... 1

( ) ( ,..., ) ( ,..., ),

1, 2,..., , 1

n i
n i n i

n i n n i ik k i n i
ki n i i n i

a ax t f x x x x x

i r r n

β ϕ
β β

−
+ +

− − −
=+ +

= − −

= ≤ −

∑& −  

  Camoyalibebuli proceduris mixedviT (3.29) marTvas 

 sistemis moZraobis traeqtoriis aRmweri wertili jer 

gadayavs mravalsaxeobebis SemogarenSi, Semdgom (3.33) Sinagan 

marTvas gadayavs is 

1 1( ,..., )nu x x

0iψ = (3.34), ( 2,..., )l r=  mravalsaxeobebis mida-

moSi romlis gaswvrivac moZraoba aRiwereba (3.35)-saxis diferen-

cialuri gantolebebiT. (3.33) marTvis  sinTezi gan-

xorcielda yovel etapze funqcionaluri gantolebebis  

1( ,..., )i nu x x − +1i

                  1 1( ) 0, 1,2.iT t lψ ψ+ = =&                      (10.36) 

safuZvelze. (3.33) marTvis  kanonebi uzrunvelyofen sistemis 

moZraobis traeqtoriis aRmweri wertili gadasvlas  i-uri 

mravalsaxeobebidan 

iu

( 1)i +  mravalsaxeobaze, romelTa gaswvrivac 

moZraoba aRiwereba (3.35) saxis gantolebebiT. (3.34) 1,..., rψ ψ  gamo-
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saxulebidan gamomdinareobs rom i-uri mravalsaxeobebis 0iψ =  

ganzomileba erTiT naklebia (i-1) mravalsaxeobis ganzomilebas-

Tan SedarebiT. fazuri sivrcis ganzomilebis aRwerili Tanmim-

devrulad Semcireba, sistemis moZraobis traeqtoriis aRmweri 

wertilis moZraobisas ( 1)i −  mravalsaxeobebis gaswvriv 

analogiuria procesebis optimalurebisa swrafmoqmedebis mixedv-

iT, romelTa Taviseburebas warmoadgens gadarTvis hiperzedapi-

rebis ganzomilebebis Tanmimdevruli Semcireba.  

amrigad mimzidavi mravalsaxeobebis 0iψ =  garkveuli Tan-

mimdevrobebis SemoReba saSualebas iZleva daCqardes gardama-

vali procesebis mimdinareobis dro. SemoTavazebuli meTodis 

Tanaxmad sinTezis procedura mdgomareobs marTvis u x  

(3.29) kanonis formirebaSi. amasTan mTavar amocanas warmoadgens 

1 1( ,..., )nx

1 1( ,..., )nx xϕ  funqciis da misi (n-1) warmoebulebis 1

jx
ϕ∂

∂
 gansazRvra. 

funqcia 1 1 1( ,..., )nx xϕ −

2,..., ),...,n r

 SeiZleba moZebnili iqnes damxmare funqci-

ebis 2 1( 1( ,..., )n rx x x xϕ ϕ

1)n i

−

1( ,...,r

−

)n

 Tanmimdevruli gansazRvris Sede-

gad, romlebic Sedian Sesabamis Sinagan (3.33) marTvaSi 

 konkretulad es amocana ixsneba ukuTanmimdevrobiT: 

jer irCeva funqcia 

1( ,...,ru x x − +

rx xϕ −  asimptoturi mdgradobis piro-

bidan  da moZraobis damamTavrebel  etapze xarisxis moTxovni-

lebidan gamomdinare, Semdgom iZebneba 

r

1 1,...,r x x 1( )n rϕ − − +  funqcia, amis 

Semdgom 2 1( ,...,r x x 2 )n rϕ − − +  funqcia da a.S. da im funqciamde romelic 

uSualod daamTavrebs marTvis sistemis kanonis  (3.33) 

sinTezis proceduras. funqciis gansazRvris mocemuli Tanmim-

devrobis realizaciisaTvis da  Sinagani marTvebis gamoT-

vlisaTvis, romlebic moZraoben Sesabamisi mravalsaxeobebis 

1,...,i 1i(u x )nx − +

1u

0iψ =  gaswvriv, zemoT moyvanilia saWiro Tanafardobebi (3.29)-

(3.36). maT safuZvelze SegviZlia movnaxoT Sesabamisi konkretuli 

gamosaxulebebi ,iu iψ  da iψ  da jamSi movaxdinoT marTvis 
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mastabilizebeli kanonebis sinTezi. sinTezis damamTavrebel 

etapze agregirebuli cvladis safuZvelze ganisazRvreba marTva 

Semdegi gamosaxulebis safuZvelze: 

1

1
1

( , ..., ) 0
n i

r rk k i n r
k

x x xψ β ϕ
− +

−
=

= + =∑  

 1( ,..., )r n rx xϕ − funqciis  da iβ  koeficientebis  SerCeviT 

SeiZleba dasruldes arawrfivi sistemis sinTezis amocanis amox-

sna, arawrfivi sistemebis sinTezis warmodgenili midgoma dafuZ-

nebulia fazur sivrceSi mimzidavi mravalsaxovnebis simravleTa 

Semotanaze, da mTlianad Seesabameba sistemebis Tanmimdevrul op-

timizacias radganac gamomsaxveli wertilebi gare aredan xvdeba 

pirvel mravalsaxovnebaze, Semdgom meoreze da a.S. r-mde. amasTan 

yoveli i-uri mravalsaxeobebis gaswvriv moZraoba aris asimpto-

turad mdgradebi mTelSi. amgvarad, xorcieldeba moZraobis 

Tanmimdevruli optimizacia gamomsaxveli wertilebis fazur 

sivrceSi saboloo mravalsaxeobebze, moxvedris procesSi. sis-

temebisTvis, romelTa sinTezic xorcieldeba aq Camoyalibebuli 

meTodiT, saSualebas gvaZlevs gamovavlinoT rigi saerTo kanon-

zomierebani maT dinamikur TvisebebSi da xarisxis maCveneblebSi. 

ganvixiloT magaliTad gardamavali procesebis milevis 

drois Sefasebis amocana. gansaxilvel sistemebSi regulirebis 

dro ganisazRvreba gamomsaxveli wertilebis r mravalsaxeobeb-

Tan miaxloebis droisa da maTi 0 rψ =  saboloo mravalsaxeobe-

bis gaswvriv fazuri sivrcis koordinatTa saTavemde moZraobis 

drois jamiT. amasTan yoveli moZraoba akmayofilebs ganto-

lebebs 

                      ( ) 0, 1,2,...i i rT t lψ ψ+ = =&                 (3.37) 

maSin (3.37)-is Tanaxmad regulirebis drois jamuri Sefaseba 

miiRebs saxes: 

                       rt                   (3.38) 
1

1
(4...5) ,

r

p i
i

t T ψ

=

∑
=

≤ +∑
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sadac rtψ - safiniSo mravalsaxeobebis 0rψ =  gaswvriv kordinatTa 

saTavisken moZraobis droa.  

amgvarad, arawrfivi agregirebuli regulatorebis analizu-

ri konstruirebis SemoTavazebuli meTodi, romelic dafuZnebu-

lia fazur sivrceSi mimzidavi mravalsaxeobebis Tanmimdevrobis 

Semotanaze, warmoadgens sinTezirebuli sistemebis SeSfoTebuli 

moZraobis asimptoturi mdgradobis garantias e.i. gadawyvetilia 

arawrfivi sistemebis stabilizaciis amocana. uzrunvelvyofilia 

gardamavali procesebis milevadobis saWiro dro da a.S. 

SemoTavazebuli sinTezis meTodi Tavisi arsiT efuZneba 

sawyisi  rigis amocanis ganzomilebaTa klebadi  raodenobis 

qveamocanis  rigis qveamocanaze mimdevrobiT dekompozicias. 

amasTan, sawyis fazur sivrceSi saerTo moZraobis dayofa par-

cialur moZraobebad dafuZnebulia gansaxileveli obieqtebis 

ara romelime miaxlovebul Tvisebaze, aramed gamomsaxveli wer-

tilis erTi mravalsaxeobebidan sxvanaklebi ganzomilebis mra-

valsaxeobaze droSi mimdevrobiT gadayvanaze  

n r

(n r− )

1 1

 
 
3.4. invariatuli mravalsaxeobebis paralelur – mimdevrobiTi 

erToblioba da mravalkavSiriani sistemebis sinTezi 

 

 zemoT aRwerili mimzidveli mravalsaxeobebis simravleTa 

paralelurad da mimdevrobiT Semotanis meTodebis gaerTianebis 

amocana gavaerTianoT erT ganzogadoebul meTodad, romelsac 

SenarCunebuli eqneba orive meTodis upiratesobani.  

davuSvaT, rom obieqtis moZraoba aRiwereba Semdegi saxis 

diferencialuri gantolebebis sistemiT: 

          
1

1

1

( ) ( ,..., ),
( ) ( ,..., ) ,

( ) ( ,..., ) ,

i i n

j j j j j

s s j s s

x t f x x
x t f x x a x

x t f x x b u
+ +

=
= +

= +

&

&

&

      

1,2,..., ;
1,..., ;
1,..., ,

i p
j p
s n

μ
μ

=
= +
= +

       (3.39) 

sadac obieqtis mdgomareobis koordinatebia; 1 nx ,...,x  ( )f ⋅   uwyve-

tad diferencirebadi funqciebia. 
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gadavideT marTvis kanonebis ( )1,...,s nu x x  sinTezis procesis 

aRweraze. jer Tavdapirvelad vaxorcielebT `gare~ ( )1,...,s nu x x  

marTvebis sinTezs adre ganxiluli meTodis mixedviT. amasTan 

erTad saWiroa amovirCioT agregirebili cvaladebidan erT-erTi, 

Semdegi saxiT: 

1
1

( ,..., ).
n

s sk k s
k

x x xμψ β ϕ
=

= +∑  

maSin marTva ( 1,..., )s nu x x  uzrunvelyufs fazur sivrceSi gamomsax-

veli wertilis gadayvanas nebismieri sawyisi mdgomareobidan 

mravalsaxeobebis gadakveTis midamoSi  

1,2... 1
1

( ,..., ) 0,
n

sk k sk k
k

x b x xμ μψ ξ μ
=

= + =∑  

romlis gaswvrivac moZraoba aRiwereba gantolebaTa sistemiT 

1( ) ( ,..., ),i i nx t f x x=&    1,2,..., ;i p=  

          1 1
1 1

11 1

( ) ( ,..., ) ( ,..., ).s
i i n sk k s

k

a b a
x t f x x x x x

μ
μ μ μ

μ
μ μ

ξ ϕ
ξ ξ

+ +

=+ +

= − −∑&     (3.40) 

(3.40) sistemis ganzomileba tolia μ . pirveli Siga marTva 

ganisaZRvreba Semdegi gantolebidan: 

1
1 1

1

( ,..., ),s
s

b a
u xμ μ

μ μ
μ

ϕ
ξ

+

+

= x

1

 

movaxdinoT im Siga marTvis kanonis sinTezi, romelsac ga-

momsaxveli wertili gadahyavs pirveli mimzidveli qvemravalsa-

xeobebis  

1

1 1
1

( ,..., ) 0.sk k s
k

a x x x
μ

μ μψ ϕ
−

−
=

= + =∑  

midamoSi. 1μψ  - mravalsaxeobebis ganzomileba erTiT naklebia ga-

dakveTis 12μψ  mravalsaxeobebis ganzomilebisa. Semdgom avRniS-

noT meore Siga marTva  

2 1 1
1

( ,..., ),
a

u x
a

μ
μ μ

μ

ϕ −
−

= 1xμ  
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SegviZlia Tavis mxriv movaxdinoT marTvis  kanonis 

sinTezi romelic uzrunvelyofs gamomsaxveli wertilis gadayva-

nas Semdgom mravalsaxeobaze 

2 1 1( ,..., )u x xμ −μ

2

2 2 2 1 2
1

( ,..., ) 0.k k
k

a x x x
μ

μ μ μψ ϕ
−

−
=

= + =∑  

aRniSnuli procesi gagrZeldeba adre aRwerili proce-

duris analogiurad. amasTan erTad xorcieldeba klebadi ganzo-

milebiani mimzidveli mravalsaxeobebis Semotana. moZraoba bolo 

etapze xorcieldeba Semdegi mravalsaxeobebis gaswvriv.  

1
1

( ,..., ) 0.
p

p pk k p p
k

a x x x
μ

μ μ μψ ϕ
−

−
=

= + =∑  

Tu CavsvamT 1... 0,..., 0pμ μψ ψ= =  gantolebebidan  koordi-

natebs  obieqtis (3.39) pirvel  

1, ,...x xμ μ−

p  gantolebaSi, miviRebT diferen-

cialuri gantolebaTa sistemas 

1( ) ( ,..., ),i i nx t f x x=&       1,2,..., ;i p=  

romelic aRwers moZraobas bolo mravalsaxeobebis 1 0pμψ − + =  gas-

wvriv fazuri sivrcis koordinatTa saTavsaken. Sesabamisi fun-

qciebis 1,...,s pμ μϕ ϕ ϕ  da koeficientebis 1, ,...,sk k pa a kβ  arCeviT SeiZle-

ba uzrunvelyoT asimptoturi mdgradoba da sistemebis moTxov-

nili dinamikuri Tvisebebi. 

ganzogadoebuli analizuri konstruirebis mocemuli meTo-

di dafuZnebulia or ZiriTad proceduraze. pirvel rigSi 

marTvis ( )1,...,s nu x x  sinTezi, romelic uzrunvelyofs gamomsaxve-

li wertilis dadaadgilebas mravasaxeobebis 12 0μψ =  gadakveTaze 

da meore rigSi Siga marTvebis  

1 1 1( ,..., ),..., ( ,..., ),p pu x x u x xμ μ μ μ− + − +1  

sinTezi romelsac gadahyavs gamomsaxveli wertili mravalsaxe-

obebis 12 0μψ =  gadakveTidan 1 0μψ =  pirvel mimzidvel qvesimrav-

leze, Semdeg meoreze ^ 2 0μψ =  a.S. TviT bolo qvemravalsaxeobam-

de 0pμψ = , miTiTebuli procedurebis Sesrulebis Semdeg jer 
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xorcieldeba  mravalsaxeobis paraleluri Semotana, xolo Sem-

deg xdeba sistemis fazur sivrceSi 

s

pμ −  mimzidveli qvemraval-

saxeobebis erTobliobis mimdevrobiTi Seyvana.  

0 (3.39) obieqtebisaTvis roca p = , aRiwereba arawrfivi dife-

rencialuri gantolebaTa sistemiT 

          
1 1

1

( ) ( ,..., )

( ) ( ,..., ) ,
j j j j

s s j s s

1,jx t f x x a x

x t f x x b u
+ += +

= +

&

&
      

1,..., ;
1,..., ,

j p
s n

μ
μ

= +
= +

       (3.41) 

romelsac gaaCnia samkuTxa funqcionaleri matrica μ  koordi-

natamde, paralelur-mimdevrobiTi mimzidveli mravalsaxeobebis 

simravlis SemoyvaniT SeiZleba analizurad movaxdinoT 

( 1,..., )s nu x x

s

 sinTezi romelic uzrunvelyofs gardamavali proce-

sebisa da Caketili sistemebis Tvisebebis garantirebul asim-

ptotur mdgradobas. am SemTxvevaSi Tavidan paralelurad Semo-

itaneba  mravalsaxeoba 0sψ =  da arawrfivi regulatorebis ana-

lizuri konstruirebis zemoT mocemuli meTodis Tanaxmad su  

marTvebi. amasTan erTad erT-erTi makrocvladi sψ  saWiroa avir-

CioT Semdegi saxiT: 

1,...,s
1

( ).
n

s sk k
k

x x xμψ β ϕ
=

= +∑  

maSin ( 1,..., )s nxu x marTvebi  uzrunvelyofen gamomsaxveli wertilis 

gadayvanas nebismieri sawyisi mdgomareobidan mravalsaxeobebis 

gadakveTaze 

1 1
1

( ) 0,p sk k p
k

a x b
μ

1 ,...,s x xμψ ϕ− +
=

= + =∑  

romlis gaswvrivac moZraoba aRiwereba gantolebebis sistemiT: 

                  1 11
1

11 1

( ) ( ,..., ) .p
j j j sk k s

aa
x t f x x

a a
μμ

μ μk
a x

μ β
ϕ+ ++

+ +

= − −&
=

∑         (3.42) 

μ(3.42) sistemis ganzomileba  tolia . (3.42) qveobieqtebis Siga 

marTvebis sinTezisaTvis SeiZleba SemovitanoT klebad ganzomi-

lebiani mimzidveli mravalsaxeobebis mimdevrobiTi erToblioba. 
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amisaTvis jer SemovitanoT pirveli mimzidveli mravasaxeoba μ  

fazur qvesimravleSi 

                        1 1 1 1 1
1

( ,..., ) 0k k
k

x x x
μ

μ μ μψ γ ϕ −
=

= +∑ = .             (3.43) 

(3.39) - (3.35) gamosaxulebebis Sesabamisad movaxdinoT Siga marTvis 

1( ,..., )s nx xϕ  sinTezi, romelsac gadayavs gamomsaxveli wertili 

1 0pψ =  (3.43) mravalsaxeobis midamoSi, romlis gaswvrivac moZra-

oba ukve aRiwereba 1μ −  ganzomilebis diferencialuri gantole-

bebiT, Semdeg unda moinaxos momdevno Siga marTva da a.S. amasTan 

erTad xorcieldeba klebadi ganzomilebis mimzidvel qvesimrav-

leTa mimdevrobiTi Semotana. arawrfivi qveobieqtebis (3.43) Sesa-

bamisi marTvis arCeviT da  (3.41)-obieqtebisaTvis SeiZleba yovel-

Tvis garantirebul iqnes moZraobis asimptoturi mdgradoba mTe-

lSi, gardamavali procesebis aperioduli xasiaTi da arawrfivi 

sinTezirebadi procesebis rigi mTavari Tvisebebi.  

 konkretulobisaTvis moviyvanoT (3.41) – obieqtebisaTvis Zi-

riTadi damokidebulebebi ori marTviT:  

              

1 1

1 2

1

( ) ( ,..., ) ,

( ) ( ,..., ) ,

( ) ( ,..., ) .

i i n j j

j j j n

n n n i n

1

1

x t f x x a x

x t f x x b u

x t f x x b u

+ +

−

= +

= +

= +

&

&

&

      1,2,..., 2;i nμ= = −      (3.44) 

SemoviyvanoT paralelurad ori mravalsaxeoba 

               
1 1 1 1 2

1

2 2
1

( ,..., ) 0;

0;

n

k k n
k

n

k k
k

x x x

x

ψ β ϕ

ψ β

−
=

=

= +

= =

∑

∑

=
                       (3.45) 

maSin miviRebT marTvebs 

               

( )

]

2
1

1 2 1 1 2 2 1
1

2 1
1 1 1 1 1

1 2

,...,

;

n

n n k n k n n
k k

n n
k k n

Bb u f x x

a x Bf
T T

ϕβ β β β β
ϕ

β βψ ψ

−

−

+ + −

⎛ ⎞∂
⎡= − − + +⎜ ⎟ ⎣∂⎝ ⎠

+ − − +

∑ k

    (3.46) 
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( )

]

2
1

2 1 2, 1 1 1, 1 2 2 1
1

2, 1 1, 1
1 1 1 1 1

1 2

,...,

,

n

n n k n k n n
k k

n n
k k n

Bb u f x x
x

a x Bf
T T

ϕβ β β β β

β β
ψ ψ

−

− − −
−

− −
+ + −

⎛ ⎞∂ ⎡= − − + +⎜ ⎟ ⎣∂⎝ ⎠

+ − − +

∑ k

 (3.47) 

sadac 1, 1 2 1 2, 1,n n n nB β β β β−= − −  romelsac gadahyavs gamomsaxveli 

wertilebi (3.45) mravalsaxeobebis gadakveTaze 

                ( )
1

1 2 1 2 2 1 2 1 1 2
1

( ,..., ) 0.
n

n k n k k n n
k

x x xψ β β β β β ϕ
−

− −
=

= − +∑ =        (3.48) 

(3.48)-dan koordinatis moZebniT  

( )
2

2
1 1 2 2 1

1

1 n
n

n n k n k k
k

x x
B B

β
1β β β β

−

−
=

= − −∑ ϕ  

da misi CasmiT (3.44) miviRebT gantolebaTa sistemas  

                 
( )

1 1

2
1 2

2 2 1 2 1 2 2 1
1

( ) ( ,..., ) , 1, 2,..., 3;

( ) ( ,..., ) ,

j j j j j

n
n n

n n n n k n k k
k

x t f x x a x j n

a ax t f x x x
B B

β 1
1

nβ β β β ϕ

+

−
− −

− − −
=

= + = −

= + − −∑

&

&
     (3.49) 

romelic aRwers gamomsaxveli wertilis moZraobas 1 2 0ψ − =  (3.48) 

gaswvriv. SemovitanoT mimdevrobiT qvemravalsaxeoba  

                  

2

1 1 2 1 3
1

, 3 3,1 1 3,2 2 1 1

( ,..., ) 0,...,

,..., ( ) 0

n

k k n
k

n n n n

x x x

x x x

μ

μ

ψ γ ϕ

ψ γ γ ϕ

−

−
=

− − − −

= + =

= + +

∑
=

             (3.50) 

 
da arawrfivi regulatorebis analizuri konstruirebis meTo-

debis Sesabamisad, movnaxavT qveobiqtebis 1 1 2( ,..., )nx xϕ − (3.49) mar-

Tvas, Semdeg 2 1 2( ,..., )nx xϕ − marTvas da a.S. 1n 1( )xϕ − - marTvamde, rome-

lic uzrunvelyofs gamosaxveli wertilis moZraobis sasurveli 

Tvisebebis fazuri sivrcis koordinatTa saTavisaken bolo in-

tervalSi. CavsvaT 1,...,n 1ϕ ϕ−

1 1,..., )n nx

 (3.50)-dan (3.46) da (3.47)-Si movnaxavT 

marTvas  da vuzrunvelyobT moZraobis asimptotur 

mdgradobas mTelSi drois gansazRvrul periodSi da garda-

mavali procesebis (aperioduli) milevadobas marTvis sinTezi-

rebul sistemaSi. analogiuri saxiT SegviZlia movnaxoT (3.41) 

obieqtebis Sesabamisi marTvebi sami da meti raodenobis marTvis 

SemTxvevaSi.  

(u x−
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 amgvarad, aq Camoyalibebuli arawrfivi regulatorebis 

analizuri konstruirebis ganzogadoebuli meTodi raomodenime 

marTvis SemTxvevaSi emyareba or ZiriTad proceduras: pirvel 

rigSi 1( ,..., )s nu x x  marTvis sinTezs, romelic uzrunvelyufs gamom-

saxveli wertilis gasdayvanas mravalsaxeoba 0sψ =

1..., (

-is gadakve-

Taze da meore rigSi Siga marTvis 1 1 2 1( ,..., ), )n nx x xϕ ϕ− −  sinTezs, 

romelTac mimdevrobiT gadahyavs gamomsaxveli wertili pirveli 

mravasaxeobis 1 0μϕ =  midamoSi, Semdeg meoris 2 0μϕ =  da a.S. mis 

moxvedramde fazuri sivrcis koordinatTa saTaveSi. 

 

     

3.5. arawrfivi  dinamikuri  obieqtebis skalaruli 

regulatorebis analizuri konstruireba 

 

ganvixiloT arawrfivi  dinamikuri  obieqtebis skalaruli 

regulatorebis analizuri konstruirebis meTodis Taviseburebe-

bi sxvadasxva bunebis arawrfivi obieqtebis skalaruli marTvis 

sistemebis sinTezis amocanis gadawyvetisas. kompiuteruli mode-

lireba Sesrulda programuli uzrunvelyofa Maple-is gamoyene-

biT. 

magaliTi 1. vivaraodoT, rom obieqti aRiwereba 

diferencialuri gantolebiT 

                                         3
1 1 2 2( ) ; ( )x t ax x x t u= +& & =

0)

.                  (3.51) 

(3.51) obieqtis Taviseburebas roca , warmoadgens misi 

arsebiTi aramdgradoba, radgan roca  koordinata 

, rac uyenebs marTvis kanonebs  damatebiT 

moTxovnebs romlebmac unda uzrunvelyon  sistemis 

stabilizacia nebismieri sawyisi pirobebisas. gamoviyenoT arak-is 

meTodi aseTi marTvis sistemebis sinTezisaTvis. amisaTvis 

amovirCioT 

0a >

2x t( ) 0→

1( ,u x x

1( 0,x x→

1( )x t → ∞ 2 )

2 →

ψ  funqcia Tavidan Semdegi saxiT          

                                                             3
1 2 1 1x x bxψ β= + +                                      (3.52) 

 139



Tu (3.52)-s CavsvavT gantolebaSi  

1 1 1( ) 0Tψ ϕ ψ+ =&  

miviRebT Semdeg zogad gamosaxulebas  

                                       2 3
1 1 2 1 1 2

1

1( , ) (3 )( ) ( ), 0u x x bx ax x T
T

β ϕ ψ= − + + − >           (3.53) 

romelic SerCeuli ( )1ϕ ψ

0

funqciis mixedviT gvaZlevs saSualebas 

miviRoT marTvis sxvadasxva kanonebi. es kanonebi uzrunvelyofen 

gamomsaxveli wertilis moZraobis asimptotur mdgradobas mra-

valsaxeobis  (3.52) SemogarenSi, radganac funqcia ( )1ϕ ψ = ( )1ϕ ψ  

amoirCeva ise, rom ( )ϕ ψ1 1 0ψ⋅ >

0

. diferencialuri gantoleba, rome-

lic aRwers moZraobas 1ψ = -is gaswvriv aqvs saxes  

                                             3
1 1 1 1 1 1( ) ( )x t x b a xψ ψβ= − − −& ψ .          (3.54) 

(3.54) gantolebis mdgradobis SefasebisaTvis viyenebT liapu-

novis funqcias 2
1 10,5V x ψ= , maSin misi warmoebuli drois mixedviT 

(3.54) miiRebs saxes:  

2 4
1 1 1 1( ) ( ) 0V t x b a xψ ψβ= − − − <& . 

aqedan gamomdinareobs rom utolobebi 10, , 0b a Tβ > ≥ >  warmo-

adgenen sinTzirebul Caketil sistemis (3.51), (3.53) mTelSi asim-

ptoturi mdgradobis pirobas 

                         3
1 1( ) ;2x t ax x= +& 2 3

2 1 1 2
1

1( ) (3 )( ) ( ).x t bx ax x
T 1β ϕ ψ= − + + −     (3.55) 

ganvsazRvroT (3.55) sistemis pirveli integralebi, risTvisac 

igi warmovadginoT Semdegi simetriuli formiT: 

                                  1 1 2
3 2 3
1 2 1 1 1 2 1

.
(3 )( ) ( )

dx T dx dt
ax x T bx ax xβ ϕ ψ

= − =
+ + + +

                 (3.56) 

Tu (3.56) funqciaSi CavsvamT 1 0ψ =  da Sesabamisad, (0) 0ϕ = , 

integrirebis Semdeg vpoulobT pirvel integrals , 

romelic emTxveva gamosaxulebas 

3
1 1bx x+ = − 2ax

1 0ψ =  (3.52). Cven davrwmundiT 

rom mocemeli integraluri mravalsaxeoba 1 0ψ =  (3.52) namdvilad 

 140



warmoadgens arawrfivi sistemis sasurvel mimzidvel mravalsa-

xeobis pretendents. 

 roca 3
1 2 1 1x x axϕ ψ β= = + + , marTvis kanoni (3.53) Rebulobs 

saxes:  

                  3 2 3
1 1 2 1 1 1

1 1 1

1 (3 )( ).au x x x ax x x
T T T 2
β β= − − − − + +                  (3.57) 

 nax.3.1-ze am kanonisaTvis da parametrebisaTvis 11, 1, 1a Tβ = = =  

gamosaxulia Caketili sistemis moZraobis traeqtoriebi (danarTi 

sistema 1). rogorc nax. 3.1 Cans fazuri traeqtoriebi `exvevian~ 

1 0ψ =  (3.52) mravalsaxeobas, ikribebian misken koordinatTa 

saTaveSi. amasTan sistema warmoadgens asimptoturad mdgrads 

gardamavali procesebis milevadobis aperioduli xasiaTiT.  

  

 

nax. 3.1 gardamavali procesi Caketili sistemis moZraobis traeqtoriebi 

parametrebesaTvis 11, 1, 1a Tβ = = =  

 

axla vivaraudoT, rom 2x  koordinataze dadebulia SezRudva 

2x A≤ , maSin Tu SemovitanT funqcias  

                                                 ( )3
2 2 1 1 ,x Ath x bxψ β= + +                                      (3.58) 

marTvis kanonisaTvis vRebulobT gamosaxulebas  

                                ( )
2 3
1 1 2

2 22 3
1 1 1

( 3 )( ) 1 ,
( )

A bx ax xu T
ch x bx T

β ϕ ψ
β

+ +
= − − >

+ 2 0            (3.59) 
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a) 

 

b) 

 

g) 

nax. 3.2 gardamavali procesi Caketili sistemis moZraobis 

traeqtoriebi ( 1, 1, 1b T A= = = ). 
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romelsac gadahyavs gamomsaxveli wertili 2 0ψ =  (3.58) 

mravalsaxeobebis midamoSi arCeuli 2( )ϕ ψ  _ funqciis da 

parametrebis β  da -ze damokidebulebiT uzrunvelyofs 

gardamavali procesebis Sesabamis xarisxs. 

a

2 0ψ =  mravalsaxeobis 

gaswvriv moZraobis gantolebas aqvs Semdegi saxe: 

                                         ( )3
1 2 1 2 1 2 1 2( ) .t x Ath x bxψ ψ ψ ψ

3ψ β= − +&                      (3.60) 

 moZraobis (3.60) gantolebidan gamomdinareobs rom pirobebi 

0, 1bβ > ≥  uzrunvelyofes mis asimptotur mdgradobas mxolod 

garkveul areSi. es niSnavs rom 2x A≤  SezRudvis da Sesabamisad  

2ψ  (3.58) funqciis SemotaniT mcirdeba Caketili sistemebis (3.51), 

(3.59) asimptoturad mdgradobis are.  

 nax. 3.2-ze gamosaxulia moZraobis traeqtoriebi , б da 

Sesabamisad 

a

2 2, thϕ ψ ϕ ψ= =  da 2si gnϕ ψ=  funqciebisaTvis, para-

metrebisaTvis , romlebic amtkiceben sinTezirebul 

sistemebSi aperioduli gardamavali procesebis asimptoturad 

mdgradi areebis arsebobas.  

1, 1,b T A= = 1=

 mcire gadaxrebis reJimSi, rodesac 2inf 2 1x A xψ β= + ,  (3.59) 

da  (3.53) marTvis kanonebi ( 1

2u

1u )A =  iqnebian optimalurebi 

kvadratuli kriteriumebi mixedviT: 

                                          2 2 2 2 2 2 2 2 2
inf 1 2

0

(1 )
x

J A x A T x T uβ β dt⎡ ⎤= + + +⎣ ⎦∫ .            (3.61) 

 (3.61) kriteriumSi woniTi koeficientebis arCeva damoki-

debulia sasurveli gardamavali procesebis xarisxze. ase rom, 

agregirebuli regulatorebis analizuri konstruirebis marTvis 

kanonebi  (3.53) da  (3.59) uzrunvelyofen asimtotur mdgra-

dobas mTelSi an 

1u 2u

2x A≤  areSi da uzrunvelyofen Caketili 

sistemis moTxovnil Tvisebebs.  

magaliTi 2. movaxdinoT obieqtis marTvis kanonis sinTezi  

                                                      2
1 1 2 2( ) , ( )x t x x x t u= +& & =                                   (3.62) 

romelsac gaaCnia eqstremaluri xasiaTis arawrfivoba. funqciis 
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                                                        2 1 1 1x x ax xψ β= + +                                     (3.63) 
 SemotaniT da misi CasmiT funqcionalur gantolebaSi  

1 0Tψ ψ+ =&  

obieqtis (3.62) gantolebidan vipoviT marTvis Semdeg kanons: 

                                         2
1 1 1 1 2 1 2

1 (2 )( ).au x x x x a x x x
T T T 2
β β= − − − − + +        (3.64) 

(3.64) kanons gadayavs gamomsaxveli wertili 0ψ =  (3.63) 

mravalsaxeobis areSi, romlis gaswvriv moZraoba aRiwereba 

diferencialuri gantolebiT 2
1 1 1 1 1x ( )t x x a x xψ ψ ψ ψβ= − −& ψ  

 gamovikvlioT bolo gantolebis mdgradoba  -is 

mimarT. amisaTvis SemovitanoT liapunovis funqcia 

1 0x ψ =&

2
10,5V x ψ=  da 

ganvixiloT misi warmoebuli: 3 2
1 1 1( )V t x x a x x2

1ψ ψ ψβ= − −&
ψ  

 naTelia, rom 1 0x ψ <& -Tvis warmoebuli  roca ( ) 0V t <&

0; 0aβ > > , xolo  warmoebuli 1x ψ >& 0 ( ) 0V t <&  roca 0; 1aβ > ≥ . es 

niSnavs rom roca sruldeba piroba 0;a 1β > ≥ , es gantoleba da 

Sesabamisad sinTezirebad sistema asimptoturad mdgradia 

mTelSi  mdgomareobasTan mimarTebaSi. 1 2 0x x= =

 

nax. 3.3-ze gamosaxulia Caketili  

sistemis moZraobis traeqtoria roca 1; 1, 2.T aβ = = =  
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nax. 3.3 mocemulia meore rigis sistemebis analogiuri fazuri 

portretebis SesamCnevi gansxvaveba mdgomareobis traeqtoriis 

yofaqcevis mesame meoTxedSi (danarTi sistema 2). Cveulebrivi 

marTvis kanonebi warmoadgenen erTgvar mravalsaxeobebs rom-

lebic gaivlian fazuri sibrtyis meore da meoTxe meoTxedebs. 

 

magaliTi 3. ganvixiloT moZravi obieqtis masis centris 

moZraobis marTvis sistemis analizuri  konstruirebis amocana, 

romlis moZraobac aRiwereba [46] diferecialuri gantolebebis 

sistemiT:  

                                    (3.65) 3
1 1 1( ) ; ( )m h t a b T t c uδ δ δ δΔ = + + =&& &

sadac  -masis centris kordinataa, hΔ δ - mmarTveli organos 

gadaxraa,  –mudmivi koeficientebia CavweroT 3.65-

gantoleba Semdegi formiT:  

1 1 1, , , ,m a b c T

                         
3

1 2 2 3

3 3

( ) ; ( ) ;
( ) ,

3x t x x t ax bx
x t x cuω

= = +
= − +

& &

&
                 (3.66) 

sadac 1 1
1 2 3

1, ( ), , , , ,a bx h x h t x a b c
m m T

δ ω= Δ = Δ = = = = =& 1c
T

0

  

saWiroa moiZebnos  –marTvis kanoni, romelic uzrun-

velyofs (3.66) obieqtis gadaadgilebis sivrcis nebismieri werti-

lidan wonasworobis  wertilSi. amasTan, gaTvaliswi-

nebuli unda iqnes moTxovnebi sistemis dinamikuri Tvisebebi-

sadmi, gamosaxuli, magaliTad zogierTi kvadratuli xarisxis 

kriteriumis minimizaciis formiT.  

1 2 3( , , ),u x x x

(0,0,0kx )

 Tavidan jer gamoviyenoT arak-is meTodi (3.66) obieqti-

saTvis, romelic warmodgenilia diferencialuri gantolebiT 

kanonikur formaSi  

                     1 2 2 2 3( ) , ( ) , ( )y t y y t y y t u= =& & & =                    (3.67) 

sadac ( )( )3 3
1 1 2 2 3 2 3 3 0 3 3 1, , ( ) , 3y x y x y x t ax bx u a bx x cuω= = = = + = + − +&  

 amovirCioT Semdegi wrfivi makrocvladi   

                        1 1 1 2 2 3p y p y yψ = + +                         (3.68) 
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Tu ukansknel gamosaxulebas CavsvamT (3.68) funqcionalur 

gantolebaSi  

                          1 1 1( ) 0T tψ ψ+ =&                           (3.69)  

 

maSin (3.67) obieqtis gantolebidan vRebulobT marTvis kanons 

 

                  1 2
0 1 1 2 2

1 1

1 .p pu y p y p
T T T

⎛ ⎞ ⎛ ⎞
= − − + − +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
3

1

y              (3.70) 

 

sawyis kordinatebze gadasvlis Sedegad miviRebT:  

 

     
( ) ( )21 2

1 1 1 2 2 32
1 1 13

1 1
3

p pcu x p x p a bx x x
T T Ta bx 3 3ω

⎡ ⎤⎛ ⎞ ⎛ ⎞
= − + + + + + +⎢ ⎥⎜ ⎟ ⎜ ⎟

+ ⎝ ⎠ ⎝ ⎠⎣ ⎦
   (3.71)    

 

 ganvixiloT sinTezirebuli sistemis Tviseba arak-is meTo-

dis poziciidan. marTvis kanons  (3.70)-s gadayavs obieqtis aRm-

weri wertili nebismieri sawyisi mdgomareobidan  

0u

 

                           1 1 1 2 2 3 0p y p y yψ = + + =                  (3.72) 

 

mravalsaxovnebis areSi, romlis gaswvrivac moZraoba aRiwereba 

Semdegi diferencialuri gantolebaTa sistemiT:  

                      1 1 2 1 2 1 1 1 1 2 2 1( ) , ( ) .y t y y t p y p yψ ψ ψ ψ ψ= = − −&           (3.73) 

(3.73) gantolebas da Sesabamisad, (3.66), (3.71) Caketili sistemebi 

mTelSi asimtoturi mdgradobis pirobebs eqneba martivi 

utolobis saxe:  

                               1 2 10; 0; 0p p T> > >

(3.66) - obieqtis (3.71) regulatoriT marTvis Caketili sistemis 

modelirebis Sedegebi  (danarTi sistema 3) warmodgenilia nax. 3.4 

da nax. 3.5-ze  
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nax. 3.4 gardamavali procesis mrudi                         

        

 

nax. 3.5 fazuri portreti 

 

 gadavideT (3.66) - obieqtis marTvis sxva kanonebis sinTezis 

SesaZleblobebis ganxilvaze. arak-is meTodis gamoyenebiT am 

kanonis struqtura damokidebulia arCeuli invariatiuli 
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mravalsaxeobis formisa da funqcionaluri gantolebis saxeze 

amasTan dakavSirebiT SemoviyvanoT gansaxilvelaT Semdegi 

makrocvladi  

                                2 3 1 2( , )x x xψ ϕ= +                   (3.74)  

da funqcionaluri gantoleba  

                               2 2 2( ) ( ) 0T t Fψ ψ+ =&                  (3.75)  

sadac . ( )2 2 0F ψ ψ >

arak-is meTodebis Sesabamisad  sinTezirebadi marTvis 

kanonebi uzrunvelyofen obieqtis aRmweri wertilis gadayvanas 

(3.74) 

2 1 2 3( , , )u x x x

2 0ψ =  mravalsaxeobebis midamoSi, romlis gaswvrivac 

moZraoba aRiwereba (3.66) Semdegi diferencialuri gantolebis 

Tanaxmad 

              ( ) ( )3
1 2 2 2 2 2 1 2 2 2 1 2 2 2( ) ; ( ) , ,x t x x t a x x b x xψ ψ ψ ψ ψ ψϕ ϕ= = − −& & ψ     (3.76)  

Sinagani marTvis 1 2( , )x xϕ Sesabamisi sinTeziT SesaZlebelia uz-

runvelvyoT mravalsaxeobebis 2 0ψ =  gaswvriv moZraobis saWiro 

dinamikuri Tvisebebi. 2 0ψ =  CasmiT (3.75)-Si obieqtis marTvis 

gantolebisa (3.66)-is ZaliT vipoviT gamosaxulebas:      

               ( )2
2 2 3 3 2

1 2 2

1 ( ) ,cu x a bx x F x
x x T 3
ϕ ϕ ψ ω∂ ∂

= − − + − +
∂ ∂

          (3.77) 

romelic moicavs marTvis dasaSvebuli kanonebis gansazRvrul 

erTobliobas. avirCioT Tavidan ubralo wrfivi funqcia  

                          ( )1 2 1 1 2 2,x x x xϕ β β= +                     (3.78) 

maSin (3.78) gamosaxulebis CasmiT (3.77)-Si, 2ψ -gaTvaliswinebiT 

(3.71)-Si, miviRebT marTvis Semdeg kanons roca 2 2( )F ψ ψ= ; 

               21 2
2 1 1 2 2 2 3

2 2 2

1 ,cu x x a bx x
T T T
β ββ β β

⎛ ⎞ ⎛ ⎞
= − − + − + + −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
3ω      (3.79)  

amasTan (3.76) gantolebas eqneba saxe  

            ( )3
1 2 2 2 2 2 1 1 2 2 2 2 1 1 2 2 2 2( ) ; ( )x t x x t ax ax b x xψ ψ ψ ψ ψ ψ ψβ β β β= = − − − +& &  (3.80)  
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(3.80)-gantolebis asimtoturi mdgradobis pirobebi mTelSi da 

Sesabamisad Caketili sistemebisaTvis (3.66), (3.79) Rebulobs marti-

vi utolobis saxes   

                            1 2 20; 0; 0;Tβ β> > >                     (3.81) 

marTvis kanoni  (3.79), (3.81) utolobebis Sesrulebisas uzrun-

velyofs aRmweri wertilis moZraobis asimtotur moZraobas 

2u

2 0ψ =  (3.74) mravalsaxeoba gaswvriv moZraobisas, is ufro mar-

tivia  (3.71) kanonze. es aixsneba imiT, rom aq gamoyenebuli iyo 

(3.66) - obieqtis sawyisi gantoleba, xolo  (3.79)-is kanonis sin-

Tezi dafuZvnebulia Sesabamisi Sinagani marTvis kanonis 

1u

2u

( )1 2,x xϕ  

arCevaze, sasurveli moZraobis uzrunvelyofisaTvis mravalsaxe-

oba 2 0ψ =  (3.74)-is gaswvriv moZraobisas, gansazRvrulia (3.80) 

diferencialuri gantolebiT. parametrebi 1 2,β β

2u

 da  (3.79) kano-

ni unda akmayofilebes (3.81)-is pirobebs da SeiZleba,  gansa-

zRvruli iqnes mcire gadaxrebis reJimSi Caketili dinamikuri 

sistemis sasurveli dinamikuri Tvisebebidan gamomdinare. Caketi-

li sistemis modelirebis Sedegebi (3.79)  marTvis kanoniT  

gamosaxulia   3.6 da 3.7 naxazebze. 

2T

           

nax. 3.6 gardamavali procesis mrudi      
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nax.3.7 fazuri portreti 

 

 sistemis traeqtoriis aRmweri wertilis moZraobisas 

mravalsaxeobis 2 0ψ =  (3.74) swrafmoqmedebis gasazrdelad 

SeiZleba Semoyvanili iqnes arawrfivi funqcia  

 

( ) 3
1 2 1 1 2 2 2 2,x x x x xϕ β β β= + +  

 

maSin kanoni (3.77) roca 2( )F 2ψ ψ=  Rebulobs saxes  

 

                  ( )( )2 2
2 1 2 2 3 3 3 3 2

2

13 .cu x x a bx x x
T 3β β β ψ ω= − − + + − +    (3.82)A 

 

 Tu avirCevT funqciebs ( )1 2,x xϕ  da ( )2F ψ , maSin (3.79), (3.82) 

analogiurad miviRebT marTvis Sesabamis kanonebs. Caketil 

sistemis  (3.82) marTvis kanoniT modelirebis Sedegebi 

mocemulia nax. 3.8 da 3.9-ze 

2 0u =
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nax. 3.8 gardamavali procesis mrudi    

                            

  

nax.3.9 fazuri portreti 

  

vivaraodoT, rom  masis cvlilebis siCqareze dadebulia 

SezRudva 2 /x A 2β≤ . maSin, misi aRricxvisaTvis SeiZleba 

gamoyenebul iqnes Semdegi makrocvladi; 

2 2 2 3 1 1( )x Ath x xψ β β= + +  
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Tu 3ψ  CavsvamT funqcionalur gantolebaSi 

 

3 3 3( ) 0T tψ ψ+ =&  

 

 (3.66) obieqtis gantolebis ZaliT vRebulobT marTvis kanons 

 

            ( )2 3
3 3 1 2 3 1 1 2 3 2 3 3

3

1 1 .cu x x ch x x ax bx
A T

ω β β β β ψ
⎛ ⎞

= − + + +⎜ ⎟
⎝ ⎠

      (3.83) 

 

es kanoni uzrunvelyofs 2x A≤  SezRudvas da gadayavs aRmweri 

wertili obieqtis nebismieri sawyisi mdgomareobidan 1x  da 3x  

koordinatebis mixedviT mravalsaxeoba 3 0ψ =  midamoSi, romlis 

gaswvrivac moZraoba, aRiwereba diferencialuri gantolebis sis-

temiT: 

1 3 2 3( ) ,x t xψ ψ=&  

3
2 2

2 3 1 1 2 2 3 1 1 3 2 3( ) .x t x aArth x b x Arth x
A Aψ ψ ψ ψ
β ββ β⎛ ⎞= − − − +⎜ ⎟

⎝ ⎠
& ψ  

am gantolebebis mdgradobis pirobebi daiyvaneba utolo-

bebze 1 20, 0β β> >

2

, romlebic gansazRvraven Caketili (3.66), (3.83) 

sistemisaTvis x  kordinatebze moZraobis asimtotur mdgradobas 

2 2/x A β≤  SualedSi, xolo 1x  da 3x  kordinatze – mTelSi (3.66) 

marTvis Caketili sistemis (3.83) marTviT modelirebis Sedegebi 

mocemulia nax. 3.10 da 3.11-ze. 

 zemoT Camoyalibebuli moZravi obieqtis (3.66) masis centris 

moZraobis marTvis amocanebi gviCveneben arak-is meTodis Rirse-

bebs, romlebic gvaZleven saSualebas martivi analitikuri pro-

cedurebs meSveobiT miviRoT marTvis kanonebis erToblioba [35], 

romlebic uzrunvelyofs Caketili sistemebis dinamikur Tvise-

bebs mocemulia xarisxis Sesabamisi kriteriumebi, romelTa meSve-

obiTac xorcieldeba marTvis kanonis optimizacia. 
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nax. 3.10 gardamavali procesis mrudi 

 

 

 

nax. 3.11 fazuri portreti 

 

 zemoT ganxilul magaliTSi ar moqmedemen garegani SeSfo-

Tebebi. exla ganvixiloT dinamikuri regulatoris sinTezis maga-
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liTi, romelic gansazRvravs da STanTqavs obieqtze struqtu-

rulad gansazRvrul zemoqmedebebs. 

magaliTi 4 movaxdinoT arawrfivi obieqtis seleqciur-

invariatiuli sistemis sinTezi. 

                      1 2 2 1 3 3( ) , ( ) sin , ( )x t x x t x x x t u f= = + = +& & &           (3.85) 

masze harmoniuli SeSfoTebis sin(2 )f B t=  zemoqmedebiT, romel-

sac gaaCnia ucnobi magram SezRuduli amplituda, (3.84) ganto-

lebebiT aRiwereba maTematikuri qanqaris moZraoba zeda aram-

dgrad mdgomareobaSi. amasTan 1x  _ qanqaris vertikalidan gadax-

ris kuTxea, 2x _ gadaxris siswrafea, 3x _ qanqaraze modebuli mo-

mentia. [34]-ze. avRniSnoT, rom maTematikuri qanqaris gantolebiT 

aRiwereba erTgvari mravali eleqtromeqanikuri obieqti, kerZod 

sxvadasxva saxis fazuri sistemebi, sinqronuli generatorebi da 

asinqronuli gaSvebis Zravebi da a.S. aseT obieqtebs gaaCniaT 

cilindruli fazuri sivrce. ismeba amocana qanqaris stabi-

lizaciisa misi sakidelis RerZze modebuli momentis mixedviT 

aseTi momenti warmoiqmneba Semsrulebeli meqanizmis meSveobiT, 

romelic warmodgenilia maintegrirebeli rgolis saxiT. saWiroa 

moinaxos marTva Semsrulebeli meqanizmis Sesasvlelze, romelic 

astabilurebs qanqaris wonasworobas zeda mdgomareobaSi e.i. 

uzrunvelyofs sistemis asimtotur mdgomareobas. 

sistemaze moqmedi harmoniuli aRmSfoTi zemoqmedebiT 

aRwerisaTvis amovirCioT talRuri gamosaxuleba Semdegi saxiT 

                             
1 2

2

1

( ) ;
( ) 4 ;

;

t
t

f B
1

ω ω
ω ω

ω

=
= −

=

&

&                         (3.85) 

(3.84)-sistema (3.85)-is gamoyenebiT warmovadginoT gafarTovebuli 

saxiT 

                            

1 2 1 1 2 3

2 1 2 1 2

1 2

2 1 3

3 1

( ) ( , , );
( ) 4 ( , , );

( ) ;
( ) sin ;
( ) ,

t v x x x
t v x x

x t x
x t x x
x t u

3x
ω ω
ω ω

ω

= +
= − +

=
= +
= +

&

&

&

&

              (3.86) 
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sadac 1 2,ω ω

3),x v x

2 3 2)x v

 _  mdgomareobis  cvladebis Sefasebebia, 

-kavSiris funqciebia, roca 

, sistemis pirveli ori gantoleba 

warmoadgens (3.85) SeSfoTebis models (danarTi sistema 4). 

dinamikuri regulatoris, romelic SeSfoTebis sawinaaRmdegod 

moqmedeben, SemovitanoT invariaciuli mravalsaxeoba  

1 2,w w

3)

2 3, )x

1 1 2( , ,v x x

1 1( , ,v x x

2 1 2( , ,x x

1( ,x x= 0=

                         3 1 1 1 2 2sin 0x x x xψ β β= + + + = .              (3.87) 

maSin funqcionaluri gantolebis safuZvelze 

                               ( ) 0T tψ ψ+ =&  

kerZod 1 1 2 3 1( , , )v x x x aψ= ; 2 1 2 3 2( , , )v x x x a ψ=  kavSiris funqciisaTvis  

miviRebT marTvis Semdeg kanons 

          ( )2 1
2 1 1 2 1 2 3 1

1cos sin .u x x x x x x
T T T
β β

1β β ω⎛ ⎞ ⎛ ⎞= − − + − − + + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

   (3.88) 

garegani gauzomeli SeSfoTebuli zemoqmedebis Sefasebi-

saTvis  saWiro gantolebas aqvs saxe 

                   
( )

( )
1 2 1 3 1 1 1 2 2

2 1 2 3 1 1 1 2

( ) sin ;

( ) 4 sin .

t a x x x x

t a x x x

ω ω β β

ω ω β β

= + + + +

= − + + + +

&

& 2x
           (3.89) 

 

nax 3.12 Caketili marTvis sistemis gardamavali procesis mrudi 
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nax 3.13 Caketili marTvis sistemis gardamavali procesis mrudi 

  

 (3.88) marTvis kanons Tanmimdevrulad gadayavs aRmweri wer-

tili mravalsaxeoba (3.87)-is midamoSi. es kanoni SeSfoTebis ze-

moqmedebis Sefasebis (3.89) gantolebasTan erTad warmoqmnis dina-

mikur regulators romelic STanTqavs harmonol zemoqmedebas 

(3.85)-s. 3.12 da 3.13 naxazze warmodgenilia Caketili marTvis siste-

mebis (3.84), (3.88), (3.89) modelirebis Sedegebi. modelireba Catarda 

regulatoris Semdegi parametrebisaTvis 

1 2 1;T β β= = =    2 1;a = −    1 3.a = −  

 sinTezirebuli dinamiuri regulatori Tavisi struqturiT 

ganisazRvreba miRebuli kavSiris gantolebebiT e. i. mocemul 

SemTxvevaSi damokidebulia kavSiris funqciis  arCevi-

sagan, romelic SeiZleba interpretirebuli iqna rogorc erTgva-

ri `Sinagani” marTvebi, romlebic moqmedeben SeSfoTebis model-

ze, rasakvirvelia am marTvebis  sinTezi SesaZlebelia ganxor-

cieldes optimaluri marTvis Teoriis meTodebis safuZvelze. 

kavSiris gantolebebis arCevisagan damokidebulebiT, arak-is gan-

zogadoebul meTodSi SeiZleba avagoT sxvadasxva dinamiuri re-

gulatorebi romlebic ukuqmedeben SeSfoTebebze. 

1 1 2( , )v x x
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d a s k v n a 

 

Catarebuli gamokvlevebis safuZvelze SeiZleba gavakeToT 

Semdegi daskvna: 

1. sadisertacio naSromSi Seswavlilia axali integrire-

buli mecnierebis - sinergetikis safuZvlebi, romelic 

Seiswavlis koleqtiuri TviTorganizaciis procesebs da 

praqtikulad moicavs Tanamedrove mecnierebis yvela 

dargs. ganmartebulia sinergetikis ZiriTadi cnebebi; 

2. Seswavlilia Caketili optimaluri disipatiuri marTvis 

sistemebis sinTezis problema;  

3. optimaluri regulatorebis analizuri konstruirebis 

amocana gadawyvetilia sinergetikuli meTodebis gamoye-

nebiT. 

4. ganxilulia optimaluri disipatiuri marTvis sistemebis 

klasifikacia - skalaruli da veqtoruli marTvis Sem-

Txvevebi cal-calke. sailuatraciod motanilia rigi 

magaliTebisa, romlebSic naCvenebia marTvis optimaluri 

disipatiuri sistemebis sinTezis meTodis efeqturoba 

optimaluri regulatorebis analizuri konstruirebis 

klasikur meTodTan SedarebiT. 

5. Seswavlilia arawrfivi agregirebuli regulatorebis ana-

lizuri konstruirebis ganzogadoebuli meTodi, romelic 

dafuZnebulia fazur sivrceSi mimzidavi mravalsaxeobaTa 

simravlis Semotanaze da warmoadgens sinTezirebuli sis-

temebis SeSfoTebuli moZraobis asimptoturi mdgradobis 

garantias. 

6. gadawyvetilia sxvadasxva saxis arawrfivi  dinamikuri  

obieqtebisaTvis skalaruli regulatorebis analizuri 

konstruirebis problema sinergetikuli meTodebis gamo-

yenebiT. 
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danarTi 

 
 
 
sistema 1 

 
> with(DEtools): 

> u(x1(t),x2(t))=-(3*x1(t)^2+1)*(x1(t)^3+x2(t))-x2(t)-

x1(t)-x1(t)^3; 

>  

 = ( )u ,( )x1 t ( )x2 t −  −  −  − ( ) + 3 ( )x1 t 2 1 ( ) + ( )x1 t 3 ( )x2 t ( )x2 t ( )x1 t ( )x1 t 3  

>phaseportrait([D(x1)(t)=x1(t)^3+x2(t),D(x2)(t)=u(x1(t),x

2(t))], 

[x1(t),x2(t)],t=130..150,linecolor=black,method=classical 

[foreuler],stepsize=.2); 

 
 
 
 
sistema 2 
 
 
> with(DEtools): 

> u(x1(t),x2(t))=-x1(t)-x1(t)*abs(x1(t))-x2(t)-

(2*abs(x1(t))+1)*(x2(t)^2+x2(t)); 

 = ( )u ,( )x1 t ( )x2 t −  −  −  − ( )x1 t ( )x1 t ( )x1 t ( )x2 t ( ) + 2 ( )x1 t 1 ( ) + ( )x2 t 2 ( )x2 t  

> 
phaseportrait([D(x1)(t)=x1(t)^2+x2(t),D(x2)(t)=u(x1(t),x2

(t))], 

[x1(t),x2(t)],t=130..150,linecolor=black,method=classical 

[foreuler],stepsize=.2); 
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sistema 3 
 
 
> with(DEtools): 

> u(x1(t),x2(t),x3(t))=-

1/(1+3*x3(t)^3)*[x1(t)+2*x2(t)+2*(3+x3(t)^2)*x3(t)]+x3(t)

; 

 = ( )u , ,( )x1 t ( )x2 t ( )x3 t −  + 
[ ] +  + ( )x1 t 2 ( )x2 t 2 ( ) + 3 ( )x3 t 2 ( )x3 t

 + 1 3 ( )x3 t 3 ( )x3 t  

> phaseportrait([D(x1)(t)=x2(t),D(x2)(t)=x3(t)+x3(t)^2, 

D(x3)(t)=-

x3(t)+u(x1(t),x2(t),x3(t))],[x1(t),x2(t),x3(t)], 

t=-130..150,linecolor=black,method=classical[foreuler], 

stepsize=.2); 

 
 
sistema 4 
 
> with(DEtools): 
> u(x1(t),x2(t),x2(t))=-x2(t)*(cos(x1(t))+2)-x1(t)-
2*x3(t)-2*sin(x1(t)); 

 = ( )u , ,( )x1 t ( )x2 t ( )x2 t −  −  −  − ( )x2 t ( ) + ( )cos ( )x1 t 2 ( )x1 t 2 ( )x3 t 2 ( )sin ( )x1 t  

> dif1:=diff(x1(t),t)=x2(t); 
>  

 := dif1  = d
d
t ( )x1 t ( )x2 t  

> dif2:=diff(x2(t),t)=sin(x(t))+x3(t); 

 := dif2  = d
d
t ( )x2 t  + ( )sin ( )x t ( )x3 t  

> dif3:=diff(x3(t),t)=u(x1(t),x2(t),x3(t))+sin(2*t); 

 := dif3  = d
d
t ( )x3 t  + ( )u , ,( )x1 t ( )x2 t ( )x3 t ( )sin 2 t  

> autonomous({dif1,dif2,dif3},[x1(t),x2(t),x3(t)],t);  
true 

> DEplot({dif1,dif2,d},[x(t),y(t)],t=-
4..4,[[x(1)=1,x2(1)=1,x3(1)=1],[x(1)=2,x2(1)=2,x3(1)=2],[
x1(1)=3, 
x2(1)=3,x3(1)=3],x1(t)=-20..20,x2(t)=-20..20,x3(t)=-
20..20,linecolor=black,scene=[x(t),y(t)],color=black, 

stepsize=0.1); 
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