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ʴʨˀʸʵʳʰʹ ʮʵʪʨʫʰ ʫʨˆʨʹʰʨʯʬʩʨ 

ʯʬʳʰʹ ʨʽʺʻʨʲʵʩʨ 

ʹʨʫʰʹʬʸʺʨ˂ʰʵ ʴʨˀʸʵʳʰ ʬ˃ʾʭʴʬʩʨ ʪʨʳʵʯʭʲʰʯʰ ʳʬʽʨʴʰʱʰʹ 

ʸʨʳʫʬʴʰʳʬ ʹʨʱʰʯˆʹ. ʹʨˆʬʲʫʵʩʸ,ʨʰʪʵ ʫʨ ʪʨʳʵʱʭʲʬʻʲ ʰʽʴʨ ʸʰ˂ˆʭʰʯʰ 

ʨʲʪʵʸʰʯʳʬʩʰ ʹʰʳʰʹʨ ʫʨ ˃ʬʲʰʹʨʯʭʰʹ ʮʵʪʰʬʸʯʰ ʹʺʨʺʰʱʻʸʰ ʫʨ 

ʫʰʴʨʳʰʱʻʸʰ ʳʨʯʬʳʨʺʰʱʻʸʰ ʳʵʫʬʲʬʩʰʹʯʭʰʹ. ʨʳ ʳʵʫʬʲʬʩʰʹ ʪʨʳʵʱʭʲʬʭʨʹ 

ʫʨ ʸʰ˂ˆʭʰʯ ʨʳʵˆʹʴʨʹ ʬ˃ʾʭʴʬʩʨ ʳʸʨʭʨʲʰ ʴʨˀʸʵʳʰ, ʯʻʳ˂ʨ ʩʬʭʸʰ ʸʨʳ ʨʳ 

ʳʰʳʨʸʯʻʲʬʩʰʯ ʫʾʬʹʨ˂ ˀʬʹʨʹ˄ʨʭʲʰʨ.  

ˁʭʬʴʰ ʭʨʸʨʻʫʰʯ, ʳʰʾʬʩʻʲ ˀʬʫʬʪʬʩʹ ʬʽʴʬʩʨ ʨʸʨ ʳˆʵʲʵʫ ˄ʳʰʴʫʨ 

ʳʨʯʬʳʨʺʰʱʻʸʰ, ʨʸʨʳʬʫ ʪʨʸʱʭʬʻʲʰ ʶʸʨʽʺʰʱʻʲʰ ʳʴʰˀʭʴʬʲʵʩʨ ʫʨ 

ˀʬʹʨ˃ʲʬʩʬʲʰ ʪʨˆʫʬʩʨ ʳʨʯʰ ʪʨʳʵʿʬʴʬʩʨ ʱʵʴʹʺʸʻʽ˂ʰʬʩʰʹ ʨʾ˄ʬʸʰʹ 

ʫʨʸʪʬʩˀʰ.  ʱʵʴʹʺʸʻʽ˂ʰʬʩʰʹ ˀʬʹʨʩʨʳʰʹʰ ʳʨʯʬʳʨʺʰʱʻʸʰ ʳʵʫʬʲʬʩʰʹ 

ʳʬˀʭʬʵʩʰʯ ʪʨʳʵʱʭʲʬʭʬʩʰʹ ˁʨʺʨʸʬʩʨ ʹ˄ʸʨʼʨʫ ʪʨʴʭʰʯʨʸʬʩʨʫ ʫʨʸʪʹ 

˄ʨʸʳʵʨʫʪʬʴʹ.  

ʳʵʱʲʬʫ ˀʬʭʬˆʵʯ ʳʵ˂ʬʳʻʲʰ ʶʸʵʩʲʬʳʰʹ ʰʹʺʵʸʰʻʲ ʨʹʶʬʽʺʹ. ʳʿʨʸʰ 

ʹˆʬʻʲʬʩʰʹ ʫʬʼʵʸʳʨ˂ʰʰʹ ʳʨʯʬʳʨʺʰʱʻʸʰ ʳʵʫʬʲʬʩʰ ʳʻʫʳʰʭʨʫ ʪʨʴʰ˂ʫʰʨʴ 

ʪʨʴʭʰʯʨʸʬʩʰʹ ʶʸʵ˂ʬʹʹ. ʳʨʸʯʲʨ˂, ʪʨʭʰˆʹʬʴʵʯ, ʸʵʳ ʸˆʬʭʨʫʰ ʹʰʳʰʹ 

ʳʫʪʵʳʨʸʬʵʩʨ XVIII ʹʨʻʱʻʴʬˀʰ ʨʾ˄ʬʸʰʲʰ ʰʽʴʨ ʫʨʲʨʳʩʬʸʰʹ (D’Alembert) 

˄ʸʼʰʭʰ ˈʰʶʬʸʩʵʲʻʸʰ ʺʰʶʰʹ ʪʨʴʺʵʲʬʩʰʯ. ʳʵʳʫʬʭʴʵ ʹʨʻʱʻʴʬˀʰ 

˂ʴʵʩʰʲʳʨ ʪʬʸʳʨʴʬʲʳʨ ʳʬʽʨʴʰʱʵʹʳʨ ʱʰʸˆˈʵʼʳʨ (G.Kirchhoff) ʻʼʸʵ ʮʻʹʺʨʫ 

ʨʾ˄ʬʸʨ ʨʾʴʰˀʴʻʲʰ ʹˆʬʻʲʰʹ ʫʰʴʨʳʰʱʻʸʰ ʿʵʼʨʽ˂ʬʭʨ. ʳʰʹʳʨ ʳʵʫʬʲʳʨ 

ʳʬʽʨʴʰʱʰʹʨ ʫʨ ʳʨʯʬʳʨʺʰʱʰʹ ʫʨʸʪˀʰ ʳʵʳʻˀʨʭʬ ʳʬ˂ʴʰʬʸʬʩʰʹ ʹʨʱʳʨʵʫ ʫʰʫʰ 

ʿʻʸʨʫʾʬʩʨ ʳʰʰʽ˂ʰʨ. ʶʰʸʭʬʲʰ ˀʸʵʳʨ, ʸʵʳʬʲˀʰ˂ ʪʨʳʵʱʭʲʬʻʲʰʨ 

ʨʳʵˆʹʴʨʫʵʩʨ ʱʰʸˆˈʵʼʰʹ ʹʰʳʰʹʯʭʰʹ, ʪʨʳʵʽʭʬʿʴʫʨ 1940 ˄ʬʲʹ. ʳʰʹʰ ʨʭʺʵʸʰ 

ʪʨˆʲʫʨʯ ˂ʴʵʩʰʲʰ ʳʬ˂ʴʰʬʸʰ ʩʬʸˀʺʬʰʴʰ (S.Bernstein). ʱʰʸˆˈʵʼʰʹ ʳʰʬʸ 

ˀʬʳʵʺʨʴʰʲʰ ʬ.˄. K - ʱʵʸʬʽ˂ʰʰʹ ˀʬʳ˂ʭʬʲʰ ʳʹʪʨʭʹʰ ʪʨʴʺʵʲʬʩʨ ʪʭˆʭʫʬʩʨ 

ʱʨʸʰʬʸʯʨʴʨ˂ (G.Carrier). XX ʹʨʻʱʻʴʬˀʰ ʱʰʸˆˈʵʼʰʹ ʳʵʫʬʲʬʩʰ ʪʨʴʨʮʵʪʨʫʨ 
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ʺʰʳʵˀʬʴʱʵʳ (S.Timoshenko), ʸʵʳʬʲʰ˂ ʯʨʴʨʳʬʫʸʵʭʬ ʹʨʰʴʷʰʴʸʵ ʳʬʽʨʴʰʱʰʹ 

ʼʻ˃ʬʳʫʬʩʲʨʫ ʳʰʰˁʴʬʭʨ. 

˄ʰʴʨʳʫʬʩʨʸʬ ʹʨʫʰʹʬʸʺʨ˂ʰʵ ʴʨˀʸʵʳˀʰ ˀʬʹ˄ʨʭʲʰʲʰʨ, ʸʵʪʵʸ˂ 

ʱʰʸˆˈʵʼʰʹ, ʨʹʬʭʬ ʺʰʳʵˀʬʴʱʵʹ ʺʰʶʰʹ ʮʵʪʰʬʸʯʰ ʳʨʯʬʳʨʺʰʱʻʸʰ ʳʵʫʬʲʰ 

ʳʨʯʰ ʨʲʪʵʸʰʯʳʰʮʨ˂ʰʰʹ ʱʻʯˆʰʯ.  

 

ʹʨʳʻˀʨʵʹ ʳʰʮʨʴʰ 

ʩʬʭʸʰ ʯʨʴʨʳʬʫʸʵʭʬ ʱʵʴʹʺʸʻʽ˂ʰʨ ˀʬʰ˂ʨʭʹ ʹʰʳʬʩʹ, ˃ʬʲʬʩʹ, 

ʼʰʸʼʰʺʬʩʹʨ ʫʨ ʪʨʸʹʬʩʹ. ˁʭʬʴʹ ʳʰʬʸ ʨʪʬʩʻʲʰʨ ʸʰ˂ˆʭʰʯʰ ʨʲʪʵʸʰʯʳʬʩʰ, 

ʸʵʪʵʸ˂ ʹʺʨʺʰʱʻʸʰ, ʨʹʬʭʬ ʫʰʴʨʳʰʱʻʸʰ ʹʰʳʬʩʰʹʨ ʫʨ ˃ʬʲʬʩʰʹʨʯʭʰʹ, 

ʸʵʳʲʬʩʰ˂ ʫʰʫ ʪʨʳʵʿʬʴʬʩʨʹ ʶʵʻʲʵʩʬʴ ʯʬʵʸʰʻʲ ʫʨ ʹʨʳˀʬʴʬʩʲʵ 

ʳʬʽʨʴʰʱʨˀʰ. ʨʾʴʰˀʴʻʲʰ ʳʬʯʵʫʬʩʰʹ  ʪʨʳʵʿʬʴʬʩʨ ˀʬʰ˃ʲʬʩʨ ʼʰʸʼʰʺʬʩʰʹʨ ʫʨ 

ʪʨʸʹʬʩʰʹʯʭʰʹ. ʹʨʫʰʹʬʸʺʨ˂ʰʵ ʴʨˀʸʵʳʰʹ ˃ʰʸʰʯʨʫʰ ʳʰʮʨʴʰʨ: ʹʰʳʬʩʰʹʨ ʫʨ 

˃ʬʲʬʩʰʹʨʯʭʰʹ ʫʨʹʳʻʲʰ ʨʳʵ˂ʨʴʬʩʰʹ ʳʰʨˆʲʵʬʩʰʯʰ ʨʳʵˆʹʴʰʹ 

ʨʲʪʵʸʰʯʳʬʩʰʹ ʨʪʬʩʨ ʫʨ ʱʭʲʬʭʨ, ˀʬʹʨʩʨʳʰʹʰ ʶʸʵʪʸʨʳʻʲʰ ʻʮʸʻʴʭʬʲʿʵʼʨ 

ʫʨ ʸʰ˂ˆʭʰʯʰ ʺʬʹʺʰʸʬʩʨ. 

 

ʱʭʲʬʭʰʹ ʵʩʰʬʽʺʰ ʫʨ ʳʬʯʵʫʬʩʰ 

ʹʨʳʬ˂ʴʰʬʸʵ ʱʭʲʬʭʰʹ ˃ʰʸʰʯʨʫʰ ʵʩʰʬʽʺʬʩʰʨ ʱʰʸˆˈʵʼʰʹʨ ʫʨ 

ʺʰʳʵˀʬʴʱʵʹ ʺʰʶʰʹ ʨʸʨ˄ʸʼʰʭʰ ʰʴʺʬʪʸʵ-ʫʰʼʬʸʬʴ˂ʰʨʲʻʸʰ ʪʨʴʺʵʲʬʩʬʩʰ, 

ʸʵʳʬʲʯʨ ʹʨˀʻʨʲʬʩʰʯʨ˂ ʨʾʰ˄ʬʸʬʩʨ ʹʰʳʬʩʰʹʨ ʫʨ ˃ʬʲʬʩʰʹ, ʸʵʪʵʸ˂ 

ʹʺʨʺʰʱʻʸʰ, ʨʹʬʭʬ ʫʰʴʨʳʰʱʻʸʰ ʳʫʪʵʳʨʸʬʵʩʨ. ˀʬʹʨʩʨʳʰʹʰ ʹʨʹʨʮʾʭʸʵ ʫʨ 

ʹʨ˄ʿʰʹ-ʹʨʹʨʮʾʭʸʵ ʨʳʵ˂ʨʴʬʩʰʹ ʨʳʵʹʨˆʹʴʬʲʨʫ ʪʨʳʵʱʭʲʬʻʲʰʨ ʹˆʭʨʫʨʹˆʭʨ 

ʸʰ˂ˆʭʰʯʰ ʨʲʪʵʸʰʯʳʰʹ ʬʼʬʽʺʻʸʵʩʨ, ˁʨʺʨʸʬʩʻʲʰʨ ʱʵʳʶʰʻʺʬʸʻʲʰ 

ʬʽʹʶʬʸʰʳʬʴʺʰ. ʱʰʸˆˈʵʼʰʹʨ ʫʨ ʺʰʳʵˀʬʴʱʵʹ ʺʰʶʰʹ ʪʨʴʺʵʲʬʩʬʩʰʹ 

ˀʬʹ˄ʨʭʲʰʹʨʹ ˁʭʬʴʹ ʳʰʬʸ ˀʬʳʵʯʨʭʨʮʬʩʻʲ ʨʲʪʵʸʰʯʳʬʩˀʰ ʪʨʳʵʿʬʴʬʩʻʲʰʨ 
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ʪʨʲʰʵʸʱʰʴʰʹʨ ʫʨ ˁʰʶʵʹ ʳʬʯʵʫʬʩʰ, ʹʰʳʬʺʸʰʻʲʰ ʳʫʪʸʨʫʰ ʹˆʭʨʵʩʰʨʴʰ 

ʹʽʬʳʬʩʰ, ʫʰʹʱʸʬʺʻʲ ʪʨʴʺʵʲʬʩʨʯʨ ʹʰʹʺʬʳʬʩʰʹ ʨʳʵʹʨˆʹʴʬʲʨʫ ʱʰ 

ʪʨʳʵʿʬʴʬʩʻʲʰʨ ʴʰʻʺʵʴʰʹ, ʰʨʱʵʩʰʹʨ ʫʨ ʶʰʱʨʸʰʹ ʰʺʬʸʨ˂ʰʻʲʰ ʳʬʯʵʫʬʩʰ. 

 

ʴʨˀʸʵʳʰʹ ˃ʰʸʰʯʨʫʰ ˀʬʫʬʪʬʩʰ ʫʨ ʳʬ˂ʴʰʬʸʻʲʰ ʹʰʨˆʲʬ  

ʹʨʫʰʹʬʸʺʨ˂ʰʵ ʴʨˀʸʵʳˀʰ ˀʬʹ˄ʨʭʲʰʲʰʨ ʸʵʪʵʸ˂ ʹʺʨʺʰʱʻʸʰ, ʨʹʬʭʬ 

ʫʰʴʨʳʰʱʻʸʰ ʳʨʯʬʳʨʺʰʱʻʸʰ ʳʵʫʬʲʬʩʰ ʹʰʳʰʹʨ ʫʨ ˃ʬʲʰʹʯʭʰʹ. ʴʨˀʸʵʳʰʹ 

ʶʰʸʭʬʲ ʴʨ˄ʰʲˀʰ ʪʨʴˆʰʲʻʲʰʨ ʨʳʵ˂ʨʴʬʩʰ ʹʰʳʰʹʯʭʰʹ, ˆʵʲʵ ʳʬʵʸʬ 

ʴʨ˄ʰʲˀʰ - ˃ʬʲʰʹʯʭʰʹ. ʫʰʹʬʸʺʨ˂ʰʨˀʰ ˃ʰʸʰʯʨʫʨʫ ʪʨʳʵʱʭʲʬʻʲʰʨ 

ʹʰʳʬʩʰʹʨ ʫʨ ˃ʬʲʬʩʰʹʯʭʰʹ ʫʨʹʳʻʲʰ ʨʳʵ˂ʨʴʬʩʰʹ ʳʰʨˆʲʵʬʩʰʯʰ ʨʳʵˆʹʴʰʹ 

ʨʲʪʵʸʰʯʳʬʩʰʹ ʹʰʮʻʹʺʬ. ʨʲʪʵʸʰʯʳʬʩʰʹ ʹʰʮʻʹʺʬ ʪʨʳʵʱʭʲʬʻʲʰʨ 

ʳʯʬʲʰ ʹʰʹʸʻʲʰʯ. 

ʱʰʸˆˈʵʼʰʹ ʹʺʨʺʰʱʻʸʰ ʹʰʳʰʹʯʭʰʹ ʵʸʰʪʰʴʨʲʻʸʰ ʳʬʯʵʫʰ 

ˀʬʳʵʯʨʭʨʮʬʩʻʲʰ ʰʽʴʨ ˀʭʬʰ˂ʨʸʰʬʲʰ ʳʨʯʬʳʨʺʰʱʵʹʰʹ ˁʰʶʵʹ (M.Chipot) 

ʳʰʬʸ. ʬʹ ʳʬʯʵʫʰ ˀʬʹʨʩʨʳʰʹʰ ʹʨʹʨʮʾʭʸʵ ʨʳʵ˂ʨʴʬʩʰʹʯʭʰʹ ʰ˃ʲʬʭʨ ʮʻʹʺ 

ʨʳʵʴʨˆʹʴʹ, ʸʵ˂ʨ ʨʲʪʵʸʰʯʳʰʹ ʸʬʨʲʰʮʨ˂ʰʰʹ ʿʭʬʲʨ ʬʺʨʶʮʬ ʪʨʳʵʯʭʲʬʩʰ 

ʮʻʹʺʨʫ ˁʨʺʨʸʫʬʩʨ.  ʭʰʴʨʰʫʨʴ ʨʾʴʰˀʴʻʲʰ ʨʲʪʵʸʰʯʳʰʹ ʸʬʨʲʰʮʬʩʨ 

ʪʻʲʰʹˆʳʵʩʹ ʪʨʸʱʭʬʻʲʰ ʸʯʻʲʰ ʰʴʺʬʪʸʨʲʬʩʰʹ ʪʨʳʵʯʭʲʨʹ, 

ʺʸʨʴʹ˂ʬʴʫʬʴʺʻʸʰ ʪʨʴʺʵʲʬʩʬʩʰʹ ʨʳʵˆʹʴʨʹʨ ʫʨ ʨ.ˀ., ʨʳʰʺʵʳ, 

ʶʸʨʽʺʰʱʻʲʨʫ ʰˀʭʰʨʯʨʫ ˆʬʸˆʫʬʩʨ ʨʳʵ˂ʨʴʰʹ ʮʻʹʺʰ ʨʳʵʴʨˆʹʴʰʹ ʳʰʾʬʩʨ. 

ʨʳʰʹ ʪʨʳʵ, ʳʰʮʴʨʫ ʫʨʰʹʨˆʨ ʨʳʵ˂ʨʴʨ, ʯʻ ʸʨ ʪʨʭʲʬʴʨʹ ʳʵʨˆʫʬʴʹ ʹʨʩʵʲʵʵ 

ˀʬʫʬʪʮʬ ˀʬʹʨʩʨʳʰʹʰ ʶʨʸʨʳʬʺʸʬʩʰʹ ʳʰʨˆʲʵʬʩʰʯʰ ʪʨʯʭʲʨ. ʬʹ ʹʨʱʰʯˆʰ 

ʪʨʳʵʱʭʲʬʻʲʰʨ ˁʭʬʴʹ ʳʰʬʸ ʶʰʸʭʬʲʨʫ ʫʨ ʨʾ˄ʬʸʰʲʰʨ ʹʨʫʰʹʬʸʺʨ˂ʰʵ 

ʴʨˀʸʵʳˀʰ. ʨʹʬʭʬ, ʪʨʳʵʱʭʲʬʻʲʰʨ ˁʰʶʵʹ ʳʬʯʵʫʰʹ ʸʬʨʲʻʸʰ ʪʨʳʵʿʬʴʬʩʰʹ 

ʹʼʬʸʵ.ʸʨ˂ ˀʬʬˆʬʩʨ ʫʰʴʨʳʰʱʻʸʰ ʹʰʳʰʹ ʹʨʱʰʯˆʬʩʹ, ˃ʰʸʰʯʨʫʰ ʿʻʸʨʫʾʬʩʨ 

ʪʨʫʨʺʨʴʰʲ ʰʽʴʨ ʨʲʪʵʸʰʯʳʬʩʰʹ ʨʪʬʩʨʹʨ ʫʨ ˀʬʹʨʩʨʳʰʹ ʱʵʳʶʰʻʺʬʸʻʲ 

ʪʨʳʵʯʭʲʬʩʮʬ. 
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ʴʨˀʸʵʳʰʹ ʳʬʵʸʬ ʴʨ˄ʰʲˀʰ ʪʨʴˆʰʲʻʲʰʨ ʹ.ʺʰʳʵˀʬʴʱʵʹ ʱʲʨʹʰʹ 

ˇ.ʩʵʲʰʹ (J.Ball) ʳʵʫʬʲʰ. ˃ʬʲʰʹʨʯʭʰʹ ˇ.ʩʵʲʰʹ ʳʵʫʬʲʰ ˀʬʰ˂ʨʭʹ, ʸʵʪʵʸ˂ 

ʱʬʸ˃ʵ ˀʬʳʯˆʭʬʭʬʩʹ, ʨʳʨʭʬ ʱʲʨʹʰʹ ˃ʬʲʰʹ ʹˆʭʨ ʳʵʫʬʲʬʩʹʨ˂, ʳʨʯ ˀʵʸʰʹ, 

˂ʴʵʩʰʲ ʭʵʰʴʵʭʹʱʰ-ʱʸʰʪʬʸʰʹ (S.Woinowsky-Krieger) ʳʵʫʬʲʹ. ˁʭʬʴʹ ʳʰʬʸ 

ʨʪʬʩʻʲ ʰʽʴʨ ʹʨʳ ʬʺʨʶʰʨʴʰ ʸʰ˂ˆʭʰʯʰ ʨʲʪʵʸʰʯʳʰ, ʸʵʳʲʰʹ ˀʬʳʨʫʪʬʴʬʲʰ 

ʴʨ˄ʰʲʬʩʰʨ: ʶʸʵʬʽ˂ʰʻʲʰ ʳʬʯʵʫʰ, ʹʰʳʬʺʸʰʻʲʰ ʨʸʨ˂ˆʨʫʰ ʹˆʭʨʵʩʰʨʴʰ 

ʹʽʬʳʨ ʫʨ ʰʺʬʸʨ˂ʰʻʲʰ ʶʸʵ˂ʬʹʰ. ˀʬʼʨʹʬʩʻʲʰʨ ʯʰʯʵʬʻʲʰ ʨʳ ʴʨ˄ʰʲʰʹ 

ʹʰʮʻʹʺʬ. ʹʨ˅ʰʸʵʬʩʰʹ ˀʬʳʯˆʭʬʭʨˀʰ ˀʬʹʨ˃ʲʬʩʬʲʰʨ ʨʲʪʵʸʰʯʳʰʹ ʹʸʻʲʰ 

˂ʫʵʳʰʲʬʩʰʹ ˀʬʼʨʹʬʩʰʹ ʳʰʾʬʩʨ. ˁʭʬʴʰ ʳʵʴʨ˂ʬʳʬʩʰʯ, ʬʹ ʨʸʰʹ ʶʰʸʭʬʲʰ 

ˀʬʫʬʪʰ ˃ʬʲʰʹ ʨʾʴʰˀʴʻʲʰ ʳʵʫʬʲʬʩʰʹʨʯʭʰʹ, ʸʵʳʲʰʹ ʹʨˀʻʨʲʬʩʰʯʨ˂ 

ˀʬʹʨ˃ʲʬʩʬʲʰʨ ʨʲʪʵʸʰʯʳʰʹ ʹʨʩʵʲʵʵ ˂ʫʵʳʰʲʬʩʰʹ ʨʾ˄ʬʸʨ. ʸʨ˂ ˀʬʬˆʬʩʨ 

ʹʺʨʺʰʱʻʸ ˃ʬʲʹ, ʸʵʳʬʲʮʬ˂ ʳʵʽʳʬʫʰ ˃ʨʲʨ ʫʨʳʵʱʰʫʬʩʻʲʰʨ 

ʪʨʫʨʨʫʪʰʲʬʩʰʹ ʼʻʴʽ˂ʰʨʮʬ ʫʨ ʪʨʫʨʨʫʪʰʲʬʩʰʹ ʹʰˁʽʨʸʬʮʬ, ˁʭʬʴʹ ʳʰʬʸ 

ʫʨʿʭʨʴʰʲʰʨ ʰʴʺʬʪʸʨʲʻʸ ʪʨʴʺʵʲʬʩʨʮʬ, ʸʵʳʲʰʹ ʨʳʵʹʨˆʹʴʬʲʨʫʨ˂ 

ʹʨʱʳʨʸʰʹʰʨ ʳˆʵʲʵʫ ʰʺʬʸʨ˂ʰʻʲʰ ʶʸʵ˂ʬʹʰʹ ʪʨʳʵʿʬʴʬʩʨ. 

ˁʨʺʨʸʬʩʻʲʰʨ ʸʰ˂ˆʭʰʯʰ ʪʨʳʵʯʭʲʬʩʰ, ʸʵʳʲʬʩʳʨ˂ ʱʵʴʱʸʬʺʻʲʰ 

ʳʨʪʨʲʰʯʬʩʰʹ ˀʬʳʯˆʭʬʭʨˀʰ ʫʨʨʫʨʹʺʻʸʨ ʹʨʯʭʲʬʲʰ ʨʲʪʵʸʰʯʳʬʩʰʹ 

ʪʨʸʱʭʬʻʲʰ ʬʼʬʽʺʻʸʵʩʨ. 

 

ˀʬʫʬʪʬʩʰʹ ʪʨʳʵʿʬʴʬʩʰʹ ʹʼʬʸʵ 

ʸʵʪʵʸ˂ ʮʬʳʵʯ ʨʾʭʴʰˀʴʬʯ, ʹʨʫʰʹʬʸʺʨ˂ʰʵ ʴʨˀʸʵʳʰ ˄ʨʸʳʵʨʫʪʬʴʹ  

ʪʨʳʵʯʭʲʰʯʰ ʳʬʽʨʴʰʱʰʹ ʳʰʳʨʸʯʻʲʬʩʰʯ ˁʨʺʨʸʬʩʻʲ ʱʭʲʬʭʨʹ. ˁʭʬʴʹ ʳʰʬʸ 

ʳʰʾʬʩʻʲʰ ˀʬʫʬʪʬʩʰʹ ʹʨˀʻʨʲʬʩʰʯ ˀʬʹʨ˃ʲʬʩʬʲʰʨ ˀʬʹ˄ʨʭʲʰʲ ʰʽʴʨʹ 

ʱʵʴʹʺʸʻʽ˂ʰʬʩˀʰ ʪʨʳʵʿʬʴʬʩʻʲʰ ʮʵʪʰʬʸʯʰ ʳʿʨʸʰ ʬʲʬʳʬʴʺʬʩʰʹ 

ʫʰʴʨʳʰʱʻʸʰ ʫʨ ʹʺʨʺʰʱʻʸʰ ʿʵʼʨʽ˂ʬʭʨ, ʸʨ˂ ʼʨʸʯʵʫ ʪʨʳʵʰʿʬʴʬʩʨ 

ʳˀʬʴʬʩʲʵʩʰʹ ʹˆʭʨʫʨʹˆʭʨ ʫʨʸʪˀʰ, ʱʬʸ˃ʵʫ ʹʨʳˀʬʴʬʩʲʵ ʳʬʽʨʴʰʱʨˀʰ.   
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ʨʪʸʬʯʭʬ, ʪʭʰʴʫʨ ʨʾʭʴʰˀʴʵʯ, ʸʵʳ ʸʵʪʵʸ˂ ˄ʰʴʨʹ˄ʨʸʳʨ ʱʭʲʬʭʨʳ 

ʪʭʰˁʭʬʴʨ, ˁʭʬʴʹ ʳʰʬʸ ʪʨʳʵʿʬʴʬʩʻʲʰ ʹʰʭʸ˂ʻʲʰ ˂ʭʲʨʫʰʹ ʳʰʳʨʸʯ 

ʨʳʵʴʨˆʹʴʰʹ ʳʰʨˆʲʵʬʩʰʹ ʳʰʫʪʵʳʨ, ˀʬʹʨ˃ʲʬʩʬʲʰʨ ˄ʨʸʳʨʺʬʩʰʯ ʰʽʴʨʹ 

ʪʨʳʵʿʬʴʬʩʻʲʰ ʹˆʭʨ ʼʰʮʰʱʻʸʰ ˀʰʴʨʨʸʹʰʹ ʨʳʵ˂ʨʴʬʩˀʰ. ʳʨʪʨʲʰʯʨʫ, 

ʶʸʵʬʽ˂ʰʻʲʰ ʳʬʯʵʫʰʹ ʪʨʳʵʿʬʴʬʩʨ ʳʰʮʨʴˀʬ˄ʵʴʰʲʰ ʨʾʳʵˁʴʫʨ ʫʰʼʻʮʰʰʹ 

ʶʨʸʨʩʵʲʻʸʰ ʰʴʺʬʪʸʵ-ʫʰʼʬʸʬʴ˂ʰʨʲʻʸʰ ʨʸʨ˄ʸʼʰʭʰ ʪʨʴʺʵʲʬʩʰʹ 

ʳʰʨˆʲʵʬʩʰʯʰ ʨʳʵˆʹʴʰʹʨ ʫʨ ʨʲʪʵʸʰʯʳʰʹ ʹʰʮʻʹʺʰʹ ʱʭʲʬʭʰʹ 

ˀʬʳʯˆʭʬʭʨˀʰ. 

 

ʫʰʹʬʸʺʨ˂ʰʰʹ ʳʵ˂ʻʲʵʩʨ ʫʨ ʹʺʸʻʽʺʻʸʨ 

˄ʨʸʳʵʫʪʬʴʰʲʰ ʫʰʹʬʸʺʨ˂ʰʨ ˀʬʰ˂ʨʭʹ 122 ʴʨʩʬ˅ʫ ʪʭʬʸʫʹ. ʰʪʰ ˀʬʫʪʬʩʨ 

ˀʬʹʨʭʲʰʹ, ʵʸʰ ʴʨ˄ʰʲʰʹ, ʵʯˆʰ ʯʨʭʰʹ, ʫʨʹʱʭʴʰʹʨ ʫʨ ʪʨʳʵʿʬʴʬʩʻʲʰ 

ʲʰʺʬʸʨʺʻʸʰʹ ʴʻʹˆʰʹʨʪʨʴ, ʸʵʳʬʲʰ˂ ˀʬʰ˂ʨʭʹ 67 ʫʨʹʨˆʬʲʬʩʨʹ. 

 

ʫʰʹʬʸʺʨ˂ʰʰʹ ˀʰʴʨʨʸʹʰ 

ˀʬʹʨʭʨʲˀʰ ʪʨʴˆʰʲʻʲʰʨ ʹʨʫʰʹʬʸʺʨ˂ʰʵ ʯʬʳʰʹ ʨʽʺʻʨʲʵʩʰʹ 

ʹʨʱʰʯˆʰ, ʳʵ˂ʬʳʻʲʰʨ ʨʳ ʯʬʳʨʺʰʱʨʹʯʨʴ ʫʨʱʨʭˀʰʸʬʩʻʲʰ ʹʨʳʬ˂ʴʰʬʸʵ 

ʲʰʺʬʸʨʺʻʸʰʹ ʩʰʩʲʰʵʪʸʨʼʰʻʲʰ ʫʨ ʰʹʺʵʸʰʻʲʰ ʳʰʳʵˆʰʲʭʨ, 

ʪʨʫʳʵ˂ʬʳʻʲʰʨ ʴʨˀʸʵʳʰʹ ˀʬʫʬʪʬʩʰʹ ʳʵʱʲʬ ʨʾ˄ʬʸʨ.  

ʴʨˀʸʵʳʰʹ ʶʰʸʭʬʲʰ ʴʨ˄ʰʲʰ ʬʯʳʵʩʨ ʨʳʵ˂ʨʴʬʩʹ ʹʰʳʰʹʨʯʭʰʹ. ʶʰʸʭʬʲ 

ʯʨʭˀʰ ˀʬʹ˄ʨʭʲʰʲʰʨ ʨʳʵ˂ʨʴʨ ʹʺʨʺʰʱʻʸʰ ʹʰʳʰʹʨʯʭʰʹ, ʱʬʸ˃ʵʫ, ˁʰʶʵʹ 

(M.Chipot) ʳʬʯʵʫʰ ʫʨ ʳʰʹʰ ʹʰʮʻʹʺʬ ʹʺʨʺʰʱʻʸʰ ʹʰʳʰʹʨʯʭʰʹ. ʶʰʸʭʬʲʰ 

ʯʨʭʰ ˀʬʫʪʬʩʨ ʬʽʭʹʰ ʶʨʸʨʪʸʨʼʰʹʨʪʨʴ.  

§ 1.1 -ˀʰ ʫʨʹʳʻʲʰʨ ʨʳʵ˂ʨʴʨ ʱʰʸˆˈʵʼʰʹ (G.Kirchhoff) ʺʰʶʰʹ 

ʹʺʨʺʰʱʻʸʰ ʹʰʳʰʹʯʭʰʹ.ʱʬʸ˃ʵʫ, ʪʨʴˆʰʲʻʲʰʨ ʱʰʸˆˈʵʼʰʹ 

ʪʨʴʮʵʪʨʫʵʬʩʻʲʰ ʪʨʴʺʵʲʬʩʨ 
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𝜑ቌ∫(ݓ′ሺݔሻ)ଶ݀ݔଵ
଴ ቍݓ′′ሺݔሻ = 𝑓ሺݔሻ ,                                              ሺͳሻ 

Ͳ < ݔ < ͳ , 
ʹʨʫʨ˂ 𝜑ሺݖሻʻ˄ʿʭʬʺʰ ʨʴ ʫʰʼʬʸʬʴ˂ʰʸʬʩʨʫʰ ʼʻʴʽ˂ʰʨʨ, Ͳ ൑ ݖ < ∞, ʸʵʳʬʲʰ˂ 

ʨʱʳʨʿʵʼʰʲʬʩʹ ʶʰʸʵʩʨʹ𝜑ሺݖሻ ൒ ߙ > Ͳ,     Ͳ ൑ ݖ < ∞.      
ʪʨʴʺʵʲʬʩʨ (1) ʨʾ˄ʬʸʹ ʹʰʳʰʹ ʹʺʨʺʰʱʻʸ ʳʫʪʵʳʨʸʬʵʩʨʹ. ʨʽ ݓ =  ሻݔሺݓ
ʪʨʫʨʨʫʪʰʲʬʩʰʹ ʹʨ˃ʰʬʩʬʲʰ ʼʻʴʽ˂ʰʨʨ,𝑓 = 𝑓ሺݔሻ ˃ʨʲʰʹ ʳʵ˂ʬʳʻʲʰ ʼʻʴʽ˂ʰʨʨ. 

 ʫʨʭʻˀʭʨʯ, ʹʸʻʲʫʬʩʨ ʬʸʯʪʭʨʸʵʭʨʴʰ ʹʨʹʨʮʾʭʸʵ ʶʰʸʵʩʨ ݓሺͲሻ = ሺͳሻݓ = Ͳ .                                                             ሺʹሻ 
 ʪʨʴʺʵʲʬʩʨ (1) ˀʬʰ˂ʨʭʹ ʱʰʸˆˈʵʼʰʹ ʱʲʨʹʰʱʻʸ ʪʨʴʺʵʲʬʩʨʹ 

ʹʺʨʺʰʱʻʸʰ ʹʰʳʰʹʨʯʭʰʹ 

ቌߙ଴ + ଵݔଶ݀(ሻݔሺ′ݓ)∫ଵߙ
଴ ቍݓ′′ሺݔሻ = 𝑓ሺݔሻ ,                                         ሺ͵ሻ 

௜ߙ > Ͳ, ݅ = Ͳ,ͳ , 
ʸʵʪʵʸ˂ ʱʬʸ˃ʵ ˀʬʳʯˆʭʬʭʨʹ ʫʨ ˀʬʬʹʨʩʨʳʬʩʨ ʪʨʫʨʨʫʪʰʲʬʩʰʹʨ ʫʨ ˃ʨʲʰʹ 

ʨʸʨ˄ʸʼʰʭ ʫʨʳʵʱʰʫʬʩʻʲʬʩʨʹ, ʰʳ ʫʸʵʹ, ʸʵ˂ʨ (3) ʪʨʴʺʵʲʬʩʨ ʳʨʸʯʬʩʻʲʰʨ  

ˈʻʱʰʹ ʱʨʴʵʴʰʹ ʶʰʸʵʩʬʩˀʰ. 

 § 1.2 -ˀʰ ˁʨʳʵʿʨʲʰʩʬʩʻʲʰʨ (1), (2) ʨʳʵ˂ʨʴʰʹ ʨʳʵˆʹʴʰʹ ʳʬʯʵʫʰ, 

ʸʵʳʬʲʰ˂ ˁʰʶʵʹ (Chipot) ʳʰʫʪʵʳʨʹʬʳʿʨʸʬʩʨ.ˁʨʳʵʭʨʿʨʲʰʩʵʯ ʳʬʯʵʫʰʹ 

ʨʸʹʰ. ʹʨ˃ʰʬʩʬʲʰ ݓሺݔሻ ʼʻʴʽ˂ʰʨ ˄ʨʸʳʵʭʨʫʪʰʴʵʯ ˀʬʳʫʬʪʰ ʹʨˆʰʯ ݓሺݔሻ = 𝜆ݒሺݔሻ,                                                                 ሺͶሻ 
ʹʨʫʨ˂ 𝜆 ʫʨ ݒሺݔሻ ˀʬʹʨʩʨʳʰʹʨʫ ʹʨ˃ʰʬʩʬʲʰ ʶʨʸʨʳʬʺʸʰ ʫʨ ʹʨ˃ʰʬʩʬʲʰ 

ʼʻʴʽ˂ʰʨʨ. (4)-ʰʹ ˁʨʹʳʰʯ (1), (2) ʨʳʵ˂ʨʴʨˀʰ ʫʨ ʪʨʸʱʭʬʻʲʰ ʪʨʸʫʨʽʳʴʬʩʰʹ 

ˀʬʫʬʪʨʫ (1),(2) ʨʳʵ˂ʨʴʰʹ ʨʳʵʴʨˆʹʴʰʹ ʶʵʭʴʨ ʫʨʿʭʨʴʰʲʰʨ ʵʸʰ ʨʳʵ˂ʨʴʰʹ 
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ʨʳʵˆʹʴʨʮʬ. ˇʬʸ ʭˆʹʴʰʯ ˄ʸʼʰʭ ʹʨʹʨʮʾʭʸʵ ʨʳʵ˂ʨʴʨʹ ݒሺݔሻ ʼʻʴʽ˂ʰʰʹ ʳʰʳʨʸʯ ݒ′′ሺݔሻ = 𝑓ሺݔሻ, ሺͲሻݒ = ሺͳሻݒ = Ͳ, ˆʵʲʵ ˀʬʳʫʬʪ ʭʶʵʻʲʵʩʯ 𝜆 ʶʨʸʨʳʬʺʸʹ 

ʺʸʨʴʹ˂ʬʴʫʬʴʺʻʲʰ 𝜆𝜑ሺݏ𝜆ଶሻ = ͳ ʪʨʴʺʵʲʬʩʰʫʨʴ, ʹʨʫʨ˂  ݏ = ∫ ሺݒ′ሻଶ݀ݔଵ଴ . 

§1.3 -ˀʰ ʳʵ˂ʬʳʻʲʰʨ ʮʵʪʰʬʸʯʰ ʫʨʳˆʳʨʸʬ ʼʵʸʳʻʲʨ ʫʨ ʪʨʸʫʨʽʳʴʨ, 

ʸʵʳʬʲʰ˂ ʪʭ˅ʰʸʫʬʩʨ ݒሺݔሻ ʼʻʴʽ˂ʰʰʹ ʳʰʳʨʸʯ ʳʰʾʬʩʻʲʰ ˄ʸʼʰʭʰ 

ʹʨʹʨʮʾʭʸʵ ʨʳʵ˂ʨʴʰʹ, ʨʹʬʭʬ 𝜆 ʶʨʸʨʳʬʺʸʰʹ ʳʰʳʨʸʯ ʺʸʨʴʹ˂ʬʴʫʬʴʺʻʲʰ  

ʪʨʴʺʵʲʬʩʰʹ ʨʳʵʹʨˆʹʴʬʲʨʫ. ʱʬʸ˃ʵʫ,  

ሻݔሺݒ    = ሺݔ − ͳሻ∫𝜉𝑓ሺ𝜉ሻ݀𝜉𝑥
଴ + ሺ𝜉∫ݔ − ͳሻ𝑓ሺ𝜉ሻ݀𝜉 ଵ

𝑥 ,                               ሺͷሻ 
ݏ                                   = ∫ [∫𝜉𝑓ሺ𝜉ሻ݀𝜉𝑥

଴ +∫ሺ𝜉 − ͳሻ𝑓ሺ𝜉ሻ݀𝜉ଵ
𝑥 ]ଶ ଵݔ݀

଴ .                               ሺ͸ሻ 
 §1.4 -ˀʰ ʨʾ˄ʬʸʰʲʰʨ ʰʺʬʸʨ˂ʰʻʲʰ ʶʸʵ˂ʬʹʬʩʰ 𝜆  ʶʨʸʨʳʬʺʸʰʹ 

ʹʨʶʵʭʴʬʲʨʫ. ʸʨʫʪʨʴ ʮʵʪʨʫ ˀʬʳʯˆʭʬʭʨˀʰ ʺʸʨʴʹ˂ʬʴʫʬʴʺʻʸʰ ʪʨʴʺʵʲʬʩʰʹ 

ʨʳʵˆʹʴʨ ʮʻʹʺʨʫ ʭʬʸ ˆʬʸˆʫʬʩʨ, ʨʳʰʺʵʳ ʻʴʫʨ ʳʰʭʳʨʸʯʵʯ ʰʺʬʸʨ˂ʰʻʲ 

ʶʸʵ˂ʬʹʬʩʹ. ʱʬʸ˃ʵʫ, ʪʨʳʵʿʬʴʬʩʻʲʰ ʪʭʨʽʭʹʨ ʨ) ʩʰʹʬʽ˂ʰʰʹ (ˀʻʨʮʬ ʪʨʿʵʼʰʹ) 

ʳʬʯʵʫʰ, ʯʻ 𝜑ሺݖሻ ʻ˄ʿʭʬʺʰ ʼʻʴʽ˂ʰʨʨ[ܽ; ܾ] ʰʴʺʬʸʭʨʲʮʬʫʨ ʩ) ʳʨʸʺʰʭʰ 

ʰʺʬʸʨ˂ʰʰʹ ʳʬʯʵʫʰ, ʯʻ 𝜑ሺݖሻ ʼʻʴʽ˂ʰʨ ʫʰʼʬʸʬʴ˂ʰʸʬʩʨʫʰʨ [ܽ; ܾ] 
ʰʴʺʬʸʭʨʲʮʬ, ʹʨʫʨ˂ ܽ = Ͳ ʫʨ ܾ = ௦𝛼మ. ˀʬʹʨ˃ʲʬʩʬʲʰʨ ʨʪʸʬʯʭʬ ʪʨʳʵʿʬʴʬʩʻʲ 

ʰʽʴʬʹ ʴʰʻʺʵʴʰʹ, ʽʵʸʫʨʯʨ ʫʨ ʹˆʭʨ ʰʺʬʸʨ˂ʰʻʲʰ ʳʬʯʵʫʬʩʰ˂. 

§1.5 -ˀʰ ʫʨʮʻʹʺʬʩʰʻʲʰʨ ˁʰʶʵʹ ʳʬʯʵʫʰʹ ʯʭʰʹʬʩʬʩʰ.  §1.2.- ˀʰ 

ʨʾ˄ʬʸʰʲʰ ˁʰʶʵʹ ʳʬʯʵʫʰ ʪʭʨ˃ʲʬʭʹ (1),(2) ʨʳʵ˂ʨʴʰʹ ʮʻʹʺ ʨʳʵʴʨˆʹʴʹ ʰʳ 

ʶʰʸʵʩʰʯ, ʸʵʳ ʿʭʬʲʨ ʪʨʳʵʯʭʲʰʯʰ ʬʺʨʶʰ ˁʨʺʨʸʬʩʻʲʰ ʰʽʴʬʩʨ 

˂ʫʵʳʰʲʬʩʬʩʰʹ ʪʨʸʬˀʬ. ʳʨʪʸʨʳ ʻʴʫʨ ʨʾʭʴʰˀʴʵʯ, ʸʵʳ ʮʵʪʨʫʨʫ, (5) ʫʨ (6) 

ʰʴʺʬʪʸʨʲʬʩʰʹ ʳʴʰˀʭʴʬʲʵʩʬʩʰ ʫʨʰʯʭʲʬʩʨ ʱʭʨʫʸʨʺʻʸʻʲʰ ʼʵʸʳʻʲʬʩʰʹ 

ʪʨʳʵʿʬʴʬʩʰʯ, ʬ.ʰ. ʳʰʨˆʲʵʬʩʰʯ, ˆʵʲʵ 𝜆  ʶʨʸʨʳʬʺʸʰʹ ʹʨʶʵʭʴʬʲʨʫ 

ʺʸʨʴʹ˂ʬʴʫʬʴʺʻʲʰ ʪʨʴʺʵʲʬʩʨ ʨʳʵʰˆʹʴʬʩʨ ʰʺʬʸʨ˂ʰʻʲʨʫ, ʬ.ʰ. ʨʪʸʬʯʭʬ 

ʳʰʨˆʲʵʬʩʰʯ. ʯʨʭʰʹ ʳˆʸʰʭ, ݏ ʶʨʸʨʳʬʺʸʰʹ ʳʰʨˆʲʵʬʩʰʯʰ ʳʴʰˀʭʴʬʲʵʩʰʹ 
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ʪʨʳʵʿʬʴʬʩʨ 𝜆𝜑ሺݏ𝜆ଶሻ = ͳ  ʪʨʴʺʵʲʬʩʨˀʰ ʪʨʭʲʬʴʨʹ ʨˆʫʬʴʹ ʹʨ˃ʰʬʩʬʲʰ 𝜆-ʹ 

ʳʴʰˀʭʴʬʲʵʩʨʮʬ. ˁʭʬʴ ˀʬʭʰʹ˄ʨʭʲʬʯ ʨʳ ʳʰʮʬʮʬʩʰʹ ʳʵʽʳʬʫʬʩʨ ˁʰʶʵʹ 

ʳʬʯʵʫʰʯ ʳʰʾʬʩʻʲ ʹʨʩʵʲʵʵ ˀʬʫʬʪʮʬ. ʮʬʳʵʨʾʴʰˀʴʻʲʰ ʳʬʯʵʫʰʹ 

˂ʫʵʳʰʲʬʩʰʹʨʯʭʰʹ ʳʰʾʬʩʻʲʰ ʪʭʨʽʭʹ ʰʹʬʯʰ ˀʬʼʨʹʬʩʬʩʰ, ʸʵʳʬʲʯʨ 

ʹʨˀʻʨʲʬʩʰʯ ˀʬʹʨ˃ʲʬʩʬʲʰʨ ˄ʰʴʨʹ˄ʨʸ ʨʸˁʬʻʲʰ ʹʰʮʻʹʺʰʯ (1),(2) 

ʨʳʵ˂ʨʴʰʹʨʯʭʰʹ ʨʳʵʴʨˆʹʴʰʹ ʳʰʾʬʩʨ.  

§1.6 -ˀʰ ʺʬʹʺʻʸʰ ʨʳʵ˂ʨʴʰʹ ˀʬʳʯˆʭʬʭʨˀʰ ˁʨʺʨʸʬʩʻʲʰʨ ʸʰ˂ˆʭʰʯʰ 

ʪʨʯʭʲʬʩʰ. ݒሺݔሻ ʼʻʴʽ˂ʰʰʹʨ ʫʨ ݏ ʶʨʸʨʳʬʺʸʰʹ ʳʰʨˆʲʵʬʩʰʯʰ 

ʳʴʰˀʭʴʬʲʵʩʬʩʰʹ ʳʰʹʨʾʬʩʨʫ (5), (6) ʼʵʸʳʻʲʬʩˀʰ ʪʨʳʵʭʰʿʬʴʬʯ ʺʸʨʶʬ˂ʰʰʹ 

ʼʵʸʳʻʲʨ, ˆʵʲʵ 𝜆  ʶʨʸʨʳʬʺʸʰʹ ʹʨʶʵʭʴʬʲʨʫ ʺʸʨʴʹ˂ʬʴʫʬʴʺʻʲʰ 

ʪʨʴʺʵʲʬʩʨ ʴʰʻʺʵʴʰʹ (Newton) ʰʺʬʸʨ˂ʰʻʲʰ ʳʬʯʵʫʰʹ ʹʨˀʻʨʲʬʩʰʯ 

ʨʳʵʭˆʹʬʴʰʯ. ʴʨˀʸʵʳˀʰ ʳʵʿʭʨʴʰʲʰʨ  MATLAB-ʰʹ ʪʨʳʵʿʬʴʬʩʰʯ  ʳʰʾʬʩʻʲʰ 

ʪʨʳʵʯʭʲʬʩʰʹ ˀʬʫʬʪʬʩʰ. 

ʳʬʵʸʬ ʯʨʭˀʰ ʪʨʴˆʰʲʻʲʰʨ ʨʳʵ˂ʨʴʨ ʫʰʴʨʳʰʱʻʸʰ  ʹʰʳʰʹʨʯʭʰʹ. ʳʬʵʸʬ 

ʯʨʭʰ ˀʬʫʪʬʩʨ 3 ʶʨʸʨʪʸʨʼʰʹʪʨʴ.  

§ 2.1 -ˀʰ ʫʨʹʳʻʲʰʨ ʹʨ˄ʿʰʹ-ʹʨʹʨʮʾʭʸʵʨʳʵ˂ʨʴʨ ʱʰʸˆˈʵʼʰʹ 

(G.Kirchhoff) ʺʰʶʰʹ ʫʰʴʨʳʰʱʻʸʰ ʹʰʳʰʹʯʭʰʹ 

,ݔ௧௧ሺݓ   ሻݐ − ቀ𝜆 + ଶ𝜋 ∫ ,ݔ𝑥ଶሺݓ 𝜋଴ݔሻ݀ݐ ቁݓ𝑥𝑥ሺݔ, ሻݐ + 𝑓ሺݔ, ሻݐ = Ͳ,                         ሺ͹ሻ 
Ͳ < ݔ < , ߨ Ͳ < ݐ ൑ 𝑇,  ݓሺݔ, Ͳሻ = ,ݔ௧ሺݓ   , ሻݔ଴ሺݓ Ͳሻ = ,ሺͲݓ ሻ,                                     ሺͺሻݔଵሺݓ ሻݐ = ,ߨሺݓ ሻݐ = Ͳ, Ͳ ൑ ݔ ൑ , ߨ Ͳ ൑ ݐ ൑ 𝑇, 

ʹʨʫʨ˂ 𝜆 > Ͳ ʫʨ 𝑇ʳʵ˂ʬʳʻʲʰ ʳʻʫʳʰʭʬʩʰʨ, ˆʵʲʵ 𝑓ሺݔ,  ሻݔଵሺݓ ,ሻݔ଴ሺݓ ,ሻݐ
˂ʴʵʩʰʲʰ ʼʻʴʽ˂ʰʬʩʰ. 𝑓ሺݔ, ሻݐ = Ͳ ˀʬʳʯˆʭʬʭʨˀʰ (7) ˄ʨʸʳʵʨʫʪʬʴʹ ʱʰʸˆˈʵʼʰʹ 

ʪʨʴʺʵʲʬʩʨʹ ʫʰʴʨʳʰʱʻʸʰ ʹʰʳʰʹʨʯʭʰʹ. 

§ 2.2-ˀʰ ˁʨʳʵʿʨʲʰʩʬʩʻʲʰʨ (7), (8) ʨʳʵ˂ʨʴʰʹ ʨʳʵˆʹʴʰʹ ʨʲʪʵʸʰʯʳʰ, 

ʸʵʳʬʲʰ˂ ˀʬʫʪʬʩʨ ʹʨʳʰ ʴʨ˄ʰʲʰʹʪʨʴ. 
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ʨʲʪʵʸʰʯʳʰʹ ʶʰʸʭʬʲʰ ʴʨ˄ʰʲʰ - ʪʨʲʰʵʸʱʰʴʰʹ ʳʬʯʵʫʰ. ʨʳʵʴʨˆʹʴʹ ʭʬ˃ʬʩʯ 

ʹʨʹʸʻʲʰ ˇʨʳʰʹ ʹʨˆʰʯ 

,ݔ௡ሺݓ ሻݐ ሻݐ௡௜ሺݓ∑= sin ௡ݔ݅
௜=ଵ  , 

ʹʨʫʨ˂ ݓ௡௜ሺݐሻ ʱʵʬʼʰ˂ʰʬʴʺʬʩʰ ʨʱʳʨʿʵʼʰʲʬʩʹ ʨʸʨ˄ʸʼʰʭ ʫʰʼʬʸʬʴ˂ʰʨʲʻʸ 

ʪʨʴʺʵʲʬʩʨʯʨ ʹʰʹʺʬʳʨʹ 

′′௡௜ݓ ሺݐሻ + ቌ𝜆 +∑݆ଶݓ௡௝ଶ ሺݐሻ௡
௝=ଵ ቍ ݅ଶݓ௡௜ሺݐሻ + 𝑓௜ሺݐሻ = Ͳ ,                            ሺͻሻ 

݅ = ͳ,ʹ, … , ݊, Ͳ < ݐ ൑ 𝑇, 
ʹʨ˄ʿʰʹʰ ʶʰʸʵʩʬʩʰʯ 

௡௜ሺͲሻݓ = ܽ௜଴  , ′௡௜ݓ ሺͲሻ = ܽ௜ଵ ,   ݅ = ͳ,ʹ, … , ݊.                            ሺͳͲሻ 
ʨʽ 

𝑓௜ሺݐሻ = ߨʹ ∫ 𝑓ሺݔ, ሻݐ sin 𝜋ݔ݅
଴ ௜௣ܽ    ,   ݔ݀ = ሻݔ௣ሺݓ∫ߨʹ sin 𝜋ݔ݅

଴     ,  ݔ݀
݅ = ͳ,ʹ, … , ݌   ,݊ = Ͳ,ͳ. 

ˀʬʳʵʭʰʾʵʯ ʼʻʴʽ˂ʰʬʩʰ 

ሻݐ௡௜ሺݑ = ′௡௜ݓ ሺݐሻ  , ሻݐ௡௜ሺݒ = ݅   , ሻݐ௡௜ሺݓ݅ = ͳ,ʹ, … , ݊, 
ʫʨ ˀʬʭ˂ʭʨʲʵʯ (9),(10) ʹʰʹʺʬʳʨ ʶʰʸʭʬʲʰ ʸʰʪʰʹ ʪʨʴʺʵʲʬʩʨʯʨ ʬʱʭʰʭʨ-

ʲʬʴʺʻʸʰ ʹʰʹʺʬʳʰʯ 

′௡௜ݑ ሺݐሻ + ቌ𝜆 ௡௝ଶݒ∑+ ሺݐሻ௡
௝=ଵ ቍ ሻݐ௡௜ሺݒ݅ + 𝑓௜ሺݐሻ = Ͳ ,                           ሺͳͳሻ 

′௡௜ݒ ሺݐሻ = ሻ  ,   Ͳݐ௡௜ሺݑ݅ < ݐ < 𝑇,                                                ሺͳʹሻ ݑ௡௜ሺͲሻ = ܽ௜ଵ  , ௡௜ሺͲሻݒ = ݅ܽ௜଴ ,   ݅ = ͳ,ʹ, … , ݊.                           ሺͳ͵ሻ 
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ʨʲʪʵʸʰʯʳʰʹ ʳʬʵʸʬ ʴʨ˄ʰʲʰ - ʹʰʳʬʺʸʰʻʲʰ ʹˆʭʨʵʩʰʨʴʰ ʹʽʬʳʨ. (11)-(13) 

ʨʳʵ˂ʨʴʰʹ ʨʳʵʹʨˆʹʴʬʲʨʫ ʪʨʳʵʿʬʴʬʩʻʲʰʨ ʹˆʭʨʵʩʰʨʴʰ ʳʬʯʵʫʰ. ʫʸʵʰʹ [Ͳ, 𝑇] 
ʰʴʺʬʸʭʨʲʮʬ ˀʬʳʵʭʰʾʵʯ ʩʨʫʬ {ݐ௠|Ͳ = ଴ݐ < ଵݐ < ⋯ < ௠ݐ = 𝑇} ʮʵʪʨʫʨʫ 

˂ʭʨʲʬʩʨʫʰ ʩʰˇʰʯ 𝜏௠ = ௠ݐ − , ௠−ଵݐ ݉ = ͳ,ʹ, … .ܯ,  ሻݐ௡௜ሺݒ ሻ ʫʨݐ௡௜ሺݑ     
ʼʻʴʽ˂ʰʬʩʰʹ ʳʰʨˆʲʵʬʩʰʯʰ ʳʴʰˀʭʴʬʲʵʩʬʩʰ ݉-ʻʸ ʫʸʵʰʹ ˀʸʬʮʬ, ʬ.ʰ. ݐ =  ௠ݐ

-ʹʨʯʭʰʹ, ݉ = Ͳ,ͳ,ʹ, … ௡௜௠-ʰʯ. ʫʨʭʻˀʭʨʯ ʨʪʸʬʯʭʬ, ʸʵʳ 𝑓௜௠ݒ ௡௜௠ʫʨݑ ʨʾʭʴʰˀʴʵʯ ,ܯ, = 𝑓௜ሺݐ௠ሻ. ʪʨʳʵʭʰʿʬʴʵʯ ʨʸʨ˂ˆʨʫʰ ʹʰʳʬʺʸʰʻʲʰ ʹˆʭʨʵʩʰʨʴʰ ʹʽʬʳʨ 

௡௜௠ݑ − ௡௜௠−ଵ𝜏௠ݑ + {𝜆 + ͳʹ [∑ቀ(ݒ௡௝௠)ଶ + ଶቁ௡(௡௝௠−ଵݒ)
௝=ଵ ]} ௡௜௠ݒ + ʹ௡௜௠−ଵݒ + 𝑓௜௠ = Ͳ ,    ሺͳͶሻ 

௡௜௠ݒ − ௡௜௠−ଵ𝜏௠ݒ = ݅ ௡௜௠ݑ + ʹ௡௜௠−ଵݑ ,   ݉ = ͳ,ʹ, … ,ܯ, ݅ = ͳ,ʹ, … , ݊,             ሺͳͷሻ 
௡௜଴ݑ = ܽ௜ଵ ,   ݒ௡௜଴ = ݅ܽ௜଴ , ݅ = ͳ,ʹ, … , ݊ .                                     ሺͳ͸ሻ 

ʨʲʪʵʸʰʯʳʰʹ ʳʬʹʨʳʬ ʴʨ˄ʰʲʰ - ʶʰʱʨʸʰʹ (Picard) ʺʰʶʰʹ ʰʺʬʸʨ˂ʰʻʲʰ 

ʶʸʵ˂ʬʹʰ. (14)-(16) ʨʸʨ˄ʸʼʰʭ ʪʨʴʺʵʲʬʩʨʯʨ ʹʰʹʺʬʳʰʹ ʨʳʵʹʨˆʹʴʬʲʨʫ 

ʪʨʳʵʭʰʿʬʴʬʯ ʰʺʬʸʨ˂ʰʻʲʰ ʶʸʵ˂ʬʹʰ, ʨʳʨʹʯʨʴ ʯʭʲʨ ʭʨ˄ʨʸʳʵʵʯ ˀʸʰʫʨʴ 

ˀʸʬʮʬ ʪʨʫʨʹʭʲʰʯ. ݑ௡௜௠  ʫʨ ݒ௡௜௠ ݇-ʻʸʰ ʰʺʬʸʨ˂ʰʻʲʰ ʳʰʨˆʲʵʬʩʬʩʰ 

ʨʾʭʴʰˀʴʵʯ  ݑ௡௜௠,௞ ʫʨ ݒ௡௜௠,௞ -ʯʰ, ݇ = Ͳ,ͳ, ….ʪʨʳʵʭʰʿʬʴʵʯ ˀʬʳʫʬʪʰ 

ʰʺʬʸʨ˂ʰʻʲʰ ʳʬʯʵʫʰ 

௡௜௠,௞ݑ = ௡௜௠−ଵ,௞బݑ − 𝜏௠݅ʹ × 

  × {𝜆 + ͳʹ [∑ቀ(ݒ௡௝௠,௞−ଵ)ଶ + ଶቁ௡(௡௝௠−ଵ,௞బݒ)
௝=ଵ ]} ௡௝௠,௞−ଵݒ) + (௡௝௠−ଵ,௞బݒ  − 𝜏௠𝑓௜௠,         ሺͳ͹ሻ 

௡௜௠,௞ݒ = ௡௜௠−ଵ,௞బݒ + 𝜏௠݅ʹ ௡௜௠,௞−ଵݑ) +  ௡௜௠−ଵ,௞బ) ,                         ሺͳͺሻݑ
ʹʨʫʨ˂ ݇଴-ʰʯ ʨʾʴʰˀʴʻʲʰʨ ݉ − ͳ ˀʸʬʮʬ ˁʨʺʨʸʬʩʻʲʰ ʰʺʬʸʨ˂ʰʬʩʰʹ 

ʸʨʵʫʬʴʵʩʨ. 
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(17),(18) ʼʵʸʳʻʲʬʩʰ ˄ʨʸʳʵʨʫʪʬʴʹ ʪʨʴˆʰʲʻʲʰ ʨʲʪʵʸʰʯʳʰʹ 

ʹʨʩʵʲʵʵ ʹʨˆʬʹ. ݒ௡௜௠,௞ ʱʵʳʶʵʴʬʴʺʬʩʰ ʪʨʳʵʰʿʬʴʬʩʨ (7),(8) ʨʳʵ˂ʨʴʰʹ ʮʻʹʺʰ 

ʨʳʵʴʨˆʹʴʰʹ ʳʰʨˆʲʵʬʩʰʯʰ ʳʴʰˀʭʴʬʲʵʩʰʹ ʨʹʨʪʬʩʨʫ. ʹʨˆʬʲʫʵʩʸ, ʹʨʹʸʻʲʰ 

ˇʨʳʰ ∑ ௡௜௠,௞௡௜=ଵݓ sin ௡௜௠,௞ݓ ˂ʨʫʨʹ ,ݔ݅ = ଵ௜ ,ݔሺݓ ʹ௡௜௠,௞ , ʪʭʨ˃ʲʬʭʹ ʮʻʹʺʰ ʨʳʵʴʨˆʹʴʰݒ  .ʹ௠ሻ ʳʴʰˀʭʴʬʲʵʩʰʹ ʳʰʨˆʲʵʬʩʨݐ

§2.3 -ˀʰ (7), (8) ʺʰʶʰʹ ʬʸʯʰ ʺʬʹʺʻʸʰ ʨʳʵ˂ʨʴʨ ʨʳʵˆʹʴʰʲʰʨ § 2.2-ˀʰ 

ʨʾ˄ʬʸʰʲʰ ʨʲʪʵʸʰʯʳʰʹ ʹʨˀʻʨʲʬʩʰʯ. ˁʨʺʨʸʬʩʻʲʰʨ ʸʰ˂ˆʭʰʯʰ ʪʨʯʭʲʬʩʰ 

ʶʸʵʪʸʨʳʨʯʨ ʹʰʹʺʬʳʨ Maple-ʹ ʪʨʳʵʿʬʴʬʩʰʯ. ʳʰʾʬʩʻʲʰ ˀʬʫʬʪʬʩʰ 

˄ʨʸʳʵʫʪʬʴʰʲʰʨ ˂ˆʸʰʲʬʩʰʹʨ ʫʨ ʪʸʨʼʰʱʬʩʰʹ ʹʨˆʰʯ. 

ʴʨˀʸʵʳʰʹ ʳʬʵʸʬ ʴʨ˄ʰʲˀʰ ʪʨʴˆʰʲʻʲʰʨ ʨʳʵ˂ʨʴʬʩʰ ˃ʬʲʰʹʨʯʭʰʹ. 

ʳʬʹʨʳʬ ʯʨʭˀʰ ˀʬʹ˄ʨʭʲʰʲʰʨ ʨʳʵ˂ʨʴʨ ʫʰʴʨʳʰʱʻʸʰ ˃ʬʲʰʹʨʯʭʰʹ, ʱʬʸ˃ʵʫ, 

ʨʾ˄ʬʸʰʲʰʨ ʳʰʨˆʲʵʬʩʰʯʰ ʨʲʪʵʸʰʯʳʰ ˇ. ʩʵʲʰʹ (J.Ball) ʨʸʨ˄ʸʼʰʭʰ 

ʫʰʴʨʳʰʱʻʸʰ ˃ʬʲʰʹʯʭʰʹ. ˀʬʹ˄ʨʭʲʰʲʰʨ ʪʨʲʰʵʸʱʰʴʰʹ ʳʬʯʵʫʰʹ, 

ʹˆʭʨʵʩʰʨʴʰ ʹʽʬʳʰʹʨ ʫʨ ʰʺʬʸʨ˂ʰʻʲʰ ʳʬʯʵʫʰʹ ʱʸʬʩʨʫʵʩʰʹ ʶʰʸʵʩʬʩʰ,  

ʨʹʬʭʬ ˀʬʼʨʹʬʩʻʲʰʨ ˀʬʹʨʩʨʳʰʹʰ ˂ʫʵʳʰʲʵʩʬʩʰ. ʳʬʹʨʳʬ ʯʨʭʰˀʬʫʪʬʩʨ ʵʯˆʰ 

ʶʨʸʨʪʸʨʼʰʹʨʪʨʴ.   

§ 3.1-ˀʰ ʫʨʹʳʻʲʰʨ ʨʳʵ˂ʨʴʨ ʺʰʳʵˀʬʴʱʵʹ(S.Timoshenko) ʺʰʶʰʹ ʫʰʴʨ-

ʳʰʱʻʸʰ ˃ʬʲʰʹʯʭʰʹ, ʱʬʸ˃ʵʫ, ʫʨʹʳʻʲʰʨ ˀʬʳʫʬʪʰ ʹʨˆʰʹ ʹʨ˄ʿʰʹ-ʹʨʹʨʮʾʭʸʵ 

ʨʳʵ˂ʨʴʨ ˇ. ʩʵʲʰʹ ʨʸʨ˄ʸʼʰʭʰ ʰʴʺʬʪʸʵ-ʫʰʼʬʸʬʴ˂ʰʨʲʻʸʰ 

ʪʨʴʺʵʲʬʩʰʹʯʭʰʹ   𝜕ଶݐ��ݑଶ ሺݔ, ሻݐ + ߜ ݐ��ݑ�� ሺݔ, ሻݐ + ߛ 𝜕ହݔ��ݑସ𝜕ݐ ሺݔ, ሻݐ + ߙ 𝜕ସݔ��ݑସ ሺݔ, ሻݐ − 

−ቌߚ + ݔ��ݑ��)∫ߩ ሺݔ, ሻ)ଶ௅ݐ
଴ ଶݔ��ݑቍ𝜕ଶݔ݀ ሺݔ, ሻݐ − 

−𝜎ቌ∫𝜕ݑሺݔ, ݔ��ሻݐ 𝜕ଶݐ��ݔ��ݑ ሺݔ, ௅ݔሻ݀ݐ
଴ ቍ𝜕ଶݔ��ݑଶ ሺݔ, ሻݐ = Ͳ ,                                      ሺͳͻሻ 
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Ͳ < ݔ < ,ܮ Ͳ < ݐ ൑ 𝑇, 
,ݔሺݑ Ͳሻ = ݐ��ݑ��   , ሻݔ଴ሺݑ ሺݔ, Ͳሻ =  ,ሻݔଵሺݑ

,ሺͲݑ ሻݐ = ,ܮሺݑ ሻݐ = Ͳ, 𝜕ଶݔ��ݑଶ ሺͲ, ሻݐ = 𝜕ଶݔ��ݑଶ ሺܮ, ሻݐ = Ͳ ,                                ሺʹͲሻ 
Ͳ ൑ ݔ ൑ Ͳ ,ܮ ൑ ݐ ൑ 𝑇, 

ʹʨʫʨ˂ ߙ, ,ߛ  ʴʰˀʨʴʪʨʴʻʹʨʮʾʭʸʬʲʰ ߜ ʫʨ ߚ ʫʨ 𝜎 ʫʨʫʬʩʰʯʰ, ˆʵʲʵ ߩ

ʳʵ˂ʬʳʻʲʰ ʳʻʫʳʰʭʬʩʰʨ. ݑ଴ሺݔሻ ∈ 𝑊ଶଶሺͲ, ሻݔଵሺݑ ሻ ʫʨܮ ∈ ଶܮ ሺͲ,  ሻ ʳʵ˂ʬʳʻʲʰܮ

ʼʻʴʽ˂ʰʬʩʰʨ, ʨʳʨʹʯʨʴ ݑ଴ሺͲሻ = ଵሺͲሻݑ  = ሻܮ଴ሺݑ = ሻܮଵሺݑ = Ͳ. (19) ʪʨʴʺʵʲʬʩʨ, 

ʸʵʳʬʲʰ˂ ʹ.ʺʰʳʵˀʬʴʱʵʹ ʯʬʵʸʰʨʮʬ ʫʨʿʸʫʴʵʩʰʯʨʨ ʳʰʾʬʩʻʲʰ ˇ.ʩʵʲʰʹ 

ʳʰʬʸ, ʨʾ˄ʬʸʹ ˃ʬʲʰʹ ʸˆʬʭʨʹ. ˃ʬʲʰʹʨʯʭʰʹ ʱʰʸˆˈʵʼʰʹ ʺʰʶʰʹ 

ʪʨʴʺʵʲʬʩʬʩʰʫʨʴ ʬʹ ʹʨʱʳʨʵʫ  ʮʵʪʨʫʰ ʹʨˆʰʹ ʪʨʴʺʵʲʬʩʨʨ. 

 ʫʨʭʻˀʭʨʯ, ʸʵʳ |ߜ| < ߛ ቀ𝜋௅ቁସ, ʯʻ ߜ < Ͳ, ʫʨ ߙ ቀ𝜋௅ቁଶ > ߚ ʸʵ˂ʨ ,|ߚ| < Ͳ. 

ʭʯʽʭʨʯ, ʨʸʹʬʩʵʩʹ (19),(20) ʨʳʵ˂ʨʴʰʹ ʨʳʵʴʨˆʹʴʰ ݑሺݔ, ሻݐ ∈ 𝑊ଶଶ(ሺͲ, ሻܮ × ሺͲ, 𝑇ሻ) .  
ˀʬʭʴʰˀʴʵʯ, ʸʵʳ (19) ʪʨʴʺʵʲʬʩʰʹ ʨʳʵˆʹʴʨʫʵʩʰʹ ʹʨʱʰʯˆʰ ʪʨʳʵʱʭʲʬʻʲʰʨ 

ʯʭʰʯ ˇ. ʩʵʲʰʹ ʳʰʬʸʴʨˀʸʵʳˀʰ Ball  J., Stability theory for an extensible beam, J. 

Diff. Eq., 14, 399-418, 1973. ˀʬʭˁʬʸʫʬʯ ˁʭʬʴʹ ʳʰʬʸ ʳʰʾʬʩʻʲ ˀʬʫʬʪʮʬ. 

§3.2 -ˀʰ ˇ.ʩʵʲʰʹ ʫʰʴʨʳʰʱʻʸʰ ˃ʬʲʰʹʨʯʭʰʹ ʨʪʬʩʻʲʰ ʨʲʪʵʸʰʯʳʰ 

ˀʬʰ˂ʨʭʹ ʹʨʳ ʴʨ˄ʰʲʹ - ʪʨʲʰʵʸʱʰʴʰʹ ʳʬʯʵʫʹ, ʹˆʭʨʵʩʰʨʴ ʹʽʬʳʨʹ ʫʨ ʰʨʱʵʩʰʹ 

(Jacobi) ʰʺʬʸʨ˂ʰʨʹ. ˀʬʹ˄ʨʭʲʰʲʰ ʪʭʨʽʭʹ ʨʲʪʵʸʰʯʳʰʹ ʹʨʳʰʭʬ ʴʨ˄ʰʲʰʹ, 

ʪʨʲʰʵʸʱʰʴʰʹ ʳʬʯʵʫʰʹ, ʹˆʭʨʵʩʰʨʴʰ ʹʽʬʳʰʹʨ ʫʨ ʰʺʬʸʨ˂ʰʻʲʰ ʳʬʯʵʫʰʹ,  

˂ʫʵʳʰʲʬʩʰʹ ʹʨʱʰʯˆʬʩʰ. 

§3.2.1. ʪʨʲʰʵʸʱʰʴʰʹ ʳʬʯʵʫʰ. (19),(20) ʨʳʵ˂ʨʴʰʹ ʨʳʵʴʨˆʹʴʰ ʭʬ˃ʬʩʵʯ 

ʹʨʹʸʻʲʰ ˇʨʳʰʹ ʹʨˆʰʯ 

,ݔ௡ሺݑ ሻݐ ሻݐ௡௜ሺݑ∑= sin ௡ܮݔߨ݅
௜=ଵ   ,                                              ሺʹͳሻ 
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ʹʨʫʨ˂ݑ௡௜ሺݐሻʱʵʬʼʰ˂ʰʬʴʺʬʩʰ ʨʱʳʨʿʵʼʰʲʬʩʹ ˁʭʬʻʲʬʩʸʰʭ ʫʰʼʬʸʬʴ˂ʰʨʲʻʸ 

ʪʨʴʺʵʲʬʩʨʯʨ ʹʰʹʺʬʳʨʹ 

′′௡௜ݑ ሺݐሻ + ቆߜ + ߛ ܮߨ݅) )ସቇݑ௡௜′ ሺݐሻ + ߙ} ܮߨ݅) )ସ ܮߨ݅)+ )ଶ × 

× [ቌߚ + ߩ ܮߨ݆)∑ܮʹ )ଶ ௡௝ଶݑ ሺݐሻ௡
௝=ଵ ቍ + 𝜎 ܮߨ݅)∑ܮʹ )ଶ ′௡௝ݑሻݐ௡௝ሺݑ ሺݐሻ௡

௝=ଵ ]} ሻݐ௡௜ሺݑ = Ͳ,         ሺʹʹሻ 
݅ = ͳ,ʹ, … , ݊, Ͳ < ݐ ൑ 𝑇, 

ʹʨ˄ʿʰʹʰ ʶʰʸʵʩʬʩʰʯ 

௡௜ሺͲሻݑ = ܽ௜଴, ݑ௡௜′ሺͲሻ = ܽ௜ଵ,  ݅ = ͳ,ʹ, … , ݊,  (23) 

ܽ௜௣ = ሻݔ௣ሺݑ∫ܮʹ sin ௅ܮߨ݅
଴ ݅     , ݔ݀ ݔ = ͳ,ʹ, … , ݊, ݌ = Ͳ,ͳ. 

§3.2.2.ʹˆʭʨʵʩʰʨʴʰ ʹʽʬʳʨ. (22), (23) ʨʳʵ˂ʨʴʰʹ ʨʳʵʹʨˆʹʴʬʲʨʫ ˀʬʰ˃ʲʬʩʨ 

ʪʨʳʵʭʰʿʬʴʵʯ ʹˆʭʨʵʩʰʨʴʰ ʳʬʯʵʫʰ. ʫʸʵʰʹ [0,T] ʰʴʺʬʸʭʨʲʮʬ ˀʬʳʵʭʰʾʵʯ 

ʩʰˇʰ 𝜏 = 𝑇ெ ʫʨ ʱʭʨʴ˃ʬʩʰ ݐ௠ = ݉𝜏 , ݉ = Ͳ,ͳ,ʹ, …  ʹሻ ʼʻʴʽ˂ʰʰݐ௡௜ሺݑ .ܯ,

ʳʰʨˆʲʵʬʩʰʯʰ ʳʴʰˀʭʴʬʲʵʩʨ ݉-ʻʸ ˀʸʬʮʬ, ʬ.ʰ. ݐ =  ௡௜௠-ʰʯ. ʪʨʳʵʭʰʿʬʴʵʯ ˀʬʳʫʬʪʰ ʹʨˆʰʹ ʹˆʭʨʵʩʰʨʴʰ ʹʽʬʳʨݑ ௠-ʹʨʯʭʰʹ, ʨʾʭʴʰˀʴʵʯݐ

௡௜௠+ଵݑ − ௡௜௠ݑʹ + ௡௜௠−ଵ𝜏ଶݑ + ቆߜ + ߛ ܮߨ݅) )ସቇݑ௡௜௠+ଵ − ௡௜௠−ଵʹ𝜏ݑ + 

ߙ}+ ܮߨ݅) )ସ + ܮߨ݅) )ଶ ቌߚ + ߩ ʹͳ∑ܮʹ ܮߨ݆) )ଶ [ቆݑ௡௝௠+ଵ + ʹ௡௝௠ݑ ቇଶ + ቆݑ௡௝௠ + ʹ௡௝௠−ଵݑ ቇଶ]௡
௝=ଵ + 

+𝜎 ܮߨ݆)∑ܮʹ )ଶ௡
௝=ଵ

௡௝௠+ଵݑ + ௡௝௠ݑʹ + ௡௝௠−ଵͶݑ ௡௝௠+ଵݑ − ௡௝௠−ଵʹ𝜏ݑ ቍ} × 

             × ௡௜௠+ଵݑ + ௡௜௠ݑʹ + ௡௜௠−ଵͶݑ = Ͳ ,                                            ሺʹͶሻ 
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݉ = ͳ,ʹ,… ܯ, − ͳ,     ݅ = ͳ,ʹ, … , ݊, 
௡௜଴ݑ = ܽ௜଴ , ௡௜ଵݑ − ௡௜଴𝜏ݑ = ܽ௜ଵ + 𝜏ʹ ܽ௜ଶ ,       ݅ = ͳ,ʹ, … , ݊,                       ሺʹͷሻ 

ܽ௜ଶ = −{ቆߜ + ߛ ܮߨ݅) )ସቇܽ௜ଵ + 

ߙ]+ ܮߨ݅) )ସ + ܮߨ݅) )ଶ ቌߚ + ߩ ܮߨ݆)∑ܮʹ )ଶ௡
௝=ଵ ௝ܽ଴ଶ + 𝜎 ܮߨ݆)∑ܮʹ )ଶ௡

௝=ଵ ௝ܽ଴ ௝ܽଵቍ]ܽ௜଴}. 
§3.2.3.ʰʺʬʸʨ˂ʰʻʲʰ ʳʬʯʵʫʰ. ˀʬʳʵʭʰʾʵʯ ʨʾʴʰˀʭʴʬʩʰ 

௡௜௠ݕ = ௡௜௠+ଵݑ − ௡௜௠𝜏ݑ  , ௡௜௠ݖ = ܮߨ݅ ௡௜௠+ଵݑ + ʹ௡௜௠ݑ ,   ݅ = ͳ,ʹ, … , ݊, 
ʫʨ ʳʨʯʰ ʪʨʳʵʿʬʴʬʩʰʯ (24), (25) ʹʰʹʺʬʳʨ ˀʬʭ˂ʭʨʲʵʯ ˀʬʳʫʬʪʰ ʹʰʹʺʬʳʰʯ 

௡௜௠ݕ  − ௡௜௠−ଵ𝜏ݕ + ቆߜ + ߛ ܮߨ݅) )ସቇݕ௡௜௠ + ʹ௡௜௠−ଵݕ + 

ߙ}+ ܮߨ݅) )ଷ + ܮߨ݅ ቌߚ + ߩ ଶ(௡௝௠ݖ)∑ܮʹ + ଶʹ௡(௡௝௠−ଵݖ)
௝=ଵ +                       ሺʹ͸ሻ 

+𝜎 ௡ܮߨ݆∑ܮʹ
௝=ଵ

௡௝௠ݕ) + ௡௝௠ݖ)(௡௝௠−ଵݕ + ௡௝௠−ଵ)Ͷݖ ቍ} ௡௜௠ݖ + ʹ௡௜௠−ଵݖ = Ͳ , 
௡௜௠ݖ − ௡௜௠−ଵ𝜏ݖ = ܮߨ݅ ௡௜௠ݕ + ʹ௡௜௠−ଵݕ , 
݉ = ͳ,ʹ,… ݅     ,ܯ, = ͳ,ʹ, … , ݊, 

ʶʰʸʵʩʬʩʰʯ 

௡௜଴ݕ = ܽ௜ଵ + 𝜏ʹ ܽ௜ଶ , ௡௜଴ݖ = ܮߨ݅ (ܽ௜଴ + ͳʹ 𝜏ܽ௜ଵ + ͳͶ 𝜏ଶܽ௜ଶ)  ,        ݅ = ͳ,ʹ, … , ݊.            ሺʹ͹ሻ 
(26),(27) ʹʰʹʺʬʳʨ ʨʳʵʭˆʹʴʨʯ ˀʸʰʫʨʴ ˀʸʬʮʬ ʪʨʫʨʹʭʲʰʯ. ʨʾʴʰˀʴʻʲʰ 

ʴʨʯʽʭʨʳʰ ʴʰˀʴʨʭʹ ˀʬʳʫʬʪʹ: ʭʯʽʭʨʯ ݉ − ͳ ˀʸʬʮʬ ʨʳʵʴʨˆʹʴʰ ʴʨʶʵʭʴʰʨ, ʳʨˀʰʴ 
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ˀʬʳʫʬʪ, ʨʴʻ ݉-ʻʸ ˀʸʬʮʬ, ʨʳʵʴʨˆʹʴʰʹ ʳʰʹʨʾʬʩʨʫ ʪʨʳʵʰʿʬʴʬʩʨ ʰʺʬʸʨ˂ʰʻʲʰ 

ʳʬʯʵʫʰ. ˁʭʬʴʰ ʨʸˁʬʭʨʴʰ ˀʬʭʨˁʬʸʵʯʰʨʱʵʩʰʹ ʰʺʬʸʨ˂ʰʻʲ ʳʬʯʵʫʮʬ. 

ʹʰʳʨʸʺʰʭʰʹʨʯʭʰʹ ʻʪʻʲʬʩʬʲʭʿʵʯ ݉ − ͳ ˀʸʬʮʬ ʰʺʬʸʨ˂ʰʻʲʰ ʶʸʵ˂ʬʹʰʹ 

ʹʨʩʵʲʵʵ ˂ʫʵʳʰʲʬʩʨ. ʨʽʬʫʨʴ ʪʨʳʵʳʫʰʴʨʸʬ,  ݉-ʻʸ ˀʸʬʮʬ ʪʨʳʵʯʭʲʬʩʰ 

ʻʴʫʨ ˁʨʺʨʸʫʬʹ ˀʬʳʫʬʪʰ ʼʵʸʳʻʲʬʩʰʹ ʳʰˆʬʫʭʰʯ ݕ௡௜,௞+ଵ௠ − ௡௜௠−ଵ𝜏ݕ + ቆߜ + ߛ ܮߨ݅) )ସቇݕ௡௜,௞+ଵ௠ + ʹ௡௜௠−ଵݕ + 

ߙ}+ ܮߨ݅) )ଷ + ܮߨ݅ ߚ) + ߩ ܮʹ ௡௜,௞+ଵ௠ݖ) )ଶ + ሺݖ௡௜௠−ଵሻଶʹ + ߩ  ௡௝,௞௠ݖ)∑ܮʹ )ଶ + ଶʹ௡(௡௝௠−ଵݖ)
௝=ଵ௝≠௜

+ 

 +𝜎 ܮʹ ܮߨ݅ ௡௜,௞+ଵ௠ݕ) + ௡௜,௞+ଵ௠ݖ)(௡௜௠−ଵݕ + ௡௜௠−ଵ)Ͷݖ +                        ሺʹͺሻ 
+𝜎 ௡ܮߨ݆∑ܮʹ

௝=ଵ௝≠௜
௡௝,௞௠ݕ) + ௡௝,௞௠ݖ)(௡௝௠−ଵݕ + ௡௝௠−ଵ)Ͷݖ ) 

 
}  
௡௜,௞+ଵ௠ݖ   + ʹ௡௜௠−ଵݖ = Ͳ , 

௡௜,௞+ଵ௠ݖ − ௡௜௠−ଵ𝜏ݖ = ܮߨ݅ ௡௜,௞+ଵ௠ݕ + ʹ௡௜௠−ଵݕ  ,                                   ሺʹͻሻ 
݉ = ͳ,ʹ,… ݅     ,ܯ, = ͳ,ʹ, … , ݊, 

ʹʨʫʨ˂ ݕ௡௜,௞+௣௠ ʫʨݖ௡௜,௞+௣௠  ʨʾʴʰˀʴʻʲʰʨ ݕ௡௜௠ ʫʨ ݖ௡௜௠ሺ݇ +  ሻ-ʻʸʰ ʰʺʬʸʨ˂ʰʻʲʰ݌

ʳʰʨˆʲʵʬʩʬʩʰ, ݅ = ͳ,ʹ, … , ݌       ,݊ = Ͳ,ͳ , ݕ௡௜௠−ଵ  ʫʨ  ݖ௡௜௠−ଵ  ˂ʴʵʩʰʲʰ 

ʹʰʫʰʫʬʬʩʰʨ, ˆʵʲʵ  ݕ௡௜଴  ʫʨ ݖ௡௜଴ -ʹʨʯʭʰʹ ʳʨʸʯʬʩʻʲʰʨ (27). 

 (29) ʼʵʸʳʻʲʰʫʨʴ ʪʨʳʵʳʫʰʴʨʸʬʵʩʹ 

௡௜,௞+ଵ௠ݕ = ௡௜௠−ଵݕ− + ʹ ߨܮ݅ ௡௜,௞+ଵ௠ݖ − ௡௜௠−ଵ𝜏ݖ  .                             ሺ͵Ͳሻ 
(30) ʪʨʳʵʹʨˆʻʲʬʩʰʹ (28)-ˀʰ ˁʨʹʳʰʹ ˀʬʫʬʪʨʫ ʪʭʬʽʴʬʩʨ 

ͳ𝜏 ቆ−ݕ௡௜௠−ଵ + ʹ ߨܮ݅ ௡௜,௞+ଵ௠ݖ − ௡௜௠−ଵ𝜏ݖ ቇ − ௡௜௠−ଵ𝜏ݕ + ቆߜ + ߛ ܮߨ݅) )ସቇ ߨܮ݅ ௡௜,௞+ଵ௠ݖ − ௡௜௠−ଵ𝜏ݖ + 
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ߙ}+ ܮߨ݅) )ଷ + ܮߨ݅ ߚ) + ߩ ܮʹ ௡௜,௞+ଵ௠ݖ) )ଶ + ሺݖ௡௜௠−ଵሻଶʹ + ߩ  ௡௝,௞௠ݖ)∑ܮʹ )ଶ + ଶʹ௡(௡௝௠−ଵݖ)
௝=ଵ௝≠௜

+ 

+𝜎 Ͷܮ ௡௜,௞+ଵ௠ݖ + ௡௜௠−ଵ𝜏ݖ ௡௜,௞+ଵ௠ݖ) + (௡௜௠−ଵݖ +                                      ሺ͵ͳሻ 
+𝜎 ௡௝,௞௠ݖ∑Ͷܮ − ௡௝௠−ଵ𝜏ݖ ௡௝,௞௠ݖ) + ௡௝௠−ଵ)௡ݖ

௝=ଵ௝≠௜ ) 
 
}  
௡௜,௞+ଵ௠ݖ   + ʹ௡௜௠−ଵݖ = Ͳ , 

݇ = Ͳ,ͳ, … ,     ݅ = ͳ,ʹ, … , ݊. 
ʨʽʬʫʨʴ ʪʨʳʵʳʫʰʴʨʸʬʵʩʹ, ʸʵʳ ʰʺʬʸʨ˂ʰʻʲʰ ʶʸʵ˂ʬʹʰʹ ˁʨʹʨʺʨʸʬʩʲʨʫ 

ʹʨʱʳʨʸʰʹʰʨ ʯʭʲʨ ʭʨ˄ʨʸʳʵʵʯ ʳˆʵʲʵʫ (31) ʼʵʸʳʻʲʰʹ ʳʰˆʬʫʭʰʯ. ݖ௡௜,௞+ଵ௠  

ʹʨʩʵʲʵʵ ʰʺʬʸʨ˂ʰʻʲʰ ʨʶʸʵʽʹʰʳʨ˂ʰʰʹ ʪʨʳʵʯʭʲʰʹ ˀʬʳʫʬʪ ʳʰʹʰ 

ʳʴʰˀʭʴʬʲʵʩʨ ʻʴʫʨ ˁʨʭʹʭʨʯ (30) ʼʵʸʳʻʲʨˀʰ ݕ௡௜௠ ʹʰʫʰʫʰʹʨʯʭʰʹ, ݅ =ͳ,ʹ, … , ݊,  ݉-ʻʸ ˀʸʬʮʬ ʹʨʩʵʲʵʵ ʳʰʨˆʲʵʬʩʰʹ ʳʰʾʬʩʰʹ ʳʰʮʴʰʯ. 

ʰʺʬʸʨ˂ʰʰʹ ʫʨˁʽʨʸʬʩʨʹ ˆʬʲʹ ʻ˄ʿʵʩʹ ˀʬʳʫʬʪʰ ʳʵʹʨʮʸʬʩʨ. (31) 

ʼʵʸʳʻʲʰʫʨʴ ʭʨʹʱʭʴʰʯ, ʸʵʳ ሺ݇ + ͳሻ ʰʺʬʸʨ˂ʰʻʲ ʩʰˇʮʬ ʿʵʭʬʲʰ ݅-ʹʨʯʭʰʹ 

ʪʭʰˆʫʬʩʨ ݖ௡௜,௞+ଵ௠  ʹʰʫʰʫʰʹ ʳʰʳʨʸʯ ʱʻʩʻʸʰ ʪʨʴʺʵʲʬʩʰʹ ʨʳʵˆʹʴʨ. ʨʳʰʺʵʳ, 

ʯʻ ʭʰʹʨʸʪʬʩʲʬʩʯ ʱʨʸʫʨʴʵʹ (Cardano) ʼʵʸʳʻʲʰʯ, ʳʰʭʰʾʬʩʯ ˂ˆʨʫʰ 

ʹʨˆʰʹ ʪʨʳʵʹʨˆʻʲʬʩʨʹ ʹʨ˃ʰʬʩʬʲʰ ݖ௡௜,௞+ଵ௠  ʹʰʫʰʫʬʹʨʯʭʰʹ. ʹʨˆʬʲʫʵʩʸ, 

ʪʭʬʽʴʬʩʨ 

௡௜,௞+ଵ௠ݖ = ͵௡௜௠−ଵݖ− +∑ሺ−ͳሻ௣+ଵ𝜎௜,௣ଶ
௣=ଵ  ,                                      ሺ͵ʹሻ 

݇ = Ͳ,ͳ, … ,     ݅ = ͳ,ʹ, … , ݊, 
ʹʨʫʨ˂ 

𝜎௜,௣ = [ሺ−ͳሻ௣ ʹ௜ݏ + ቆݏ௜ଶͶ + [௜ଷʹ͹ቇభమݎ
భయ
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ʫʨ 𝜎௜,௣-ˀʰ ˀʬʳʨʭʨʲʰ ݏ௜ ʫʨݎ௜ʱʵʬʼʰ˂ʰʬʴʺʬʩʰ ˂ˆʨʫʨʫ ʪʨʳʵʰʹʨˆʬʩʨ ʨʳʵ˂ʨʴʰʹ 

ʳʬʽʨʴʰʱʻʸʰ ߙ, ,ߚ ,ߛ ,ߜ ,ߩ 𝜎 ʶʨʸʨʳʬʺʸʬʩʰʯʨ ʫʨ ݕ௡௜௠−ଵ, ,௡௜௠−ଵݖ  ௡௝,௞௠ݖ  , ݆ ≠ ݅  
ʹʰʫʰʫʬʬʩʰʯ. 

ʨʳʸʰʪʨʫ, (19),(20) ʨʳʵ˂ʨʴʰʹ ʨʳʵˆʹʴʰʹ ʨʽ ʪʨʴˆʰʲʻʲʰ ʨʲʪʵʸʰʯʳʰ 

ʫʨʿʭʨʴʰʲʰʨ (32) ʼʵʸʳʻʲʰʹ ʸʬʨʲʰʮʬʩʨʮʬ. ݖ௡௜,௞௠  ʹʰʫʰʫʬʬʩʰʹ, ݅ = ͳ,ʹ, … , ݊, 

ʪʨʳʵʯʭʲʰʹ ˀʬʳʫʬʪ ˀʬʹʨ˃ʲʬʩʬʲʰʨ ݑሺݔ,  ʹሻ ʨʳʵʴʨˆʹʴʰʹ ݇-ʻʸʰ ʳʰʨˆʲʵʬʩʰݐ

ʨʪʬʩʨ ʫʸʵʰʹ ݐ = ,௡௜௠ݕ ௠ ʳʵʳʬʴʺʰʹʨʯʭʰʹ. ʸʵʪʵʸ˂ (21) ʫʨݐ  ʹ௡௜௠ - ʹʨʯʭʰݖ 

ʼʵʸʳʻʲʬʩʰʫʨʴ ʪʨʳʵʳʫʰʴʨʸʬʵʩʹ, ʨʳ ʳʰʨˆʲʵʬʩʨʹ ˄ʨʸʳʵʨʫʪʬʴʹ  ˇʨʳʰ 

௡,௞௠ݑ ሺݔሻ = ͳʹ∑(𝜏ݕ௡௜,௞௠−ଵ + ʹ ߨܮ݅ (௡௜,௞௠−ଵݖ sin ௡ܮݔߨ݅
௜=ଵ  .                                  ሺ͵͵ሻ 

§3.3-ˀʰ ʪʨʴˆʰʲʻʲʰʨ ʨʲʪʵʸʰʯʳʰʹ ʹʰʮʻʹʺʰʹ ʹʨʱʰʯˆʬʩʰ. ˀʬʹ˄ʨʭʲʰʲʰ 

ʪʭʨʽʭʹ ʨʲʪʵʸʰʯʳʰʹ ʹʨʳʰʭʬ ʴʨ˄ʰʲʰʹ ʹʰʮʻʹʺʬ. ˄ʨʸʳʵʭʨʫʪʰʴʵʯ ˀʬʹʨʩʨʳʰʹʰ 

ˀʬʫʬʪʬʩʰ ʰʹʬʯʰ ʹʰʹʸʻʲʰʯ, ʸʵʳʲʰʯʨ˂ ʫʨ˂ʻʲʰ ʰʽʴʬʩʨ ʨʭʺʵʸʬʼʬʸʨʺʰʹ 

ʼʵʸʳʨʺʰ. 

§3.3.1. ʪʨʲʰʵʸʱʰʴʰʹ ʳʬʯʵʫʰʹ ˂ʫʵʳʰʲʬʩʨ. ʯʻ ݑ଴ሺݔሻ ∈ 𝑊ଶଶሺͲ, ሻݔଵሺݑ ሻ ʫʨܮ ∈ ,ଶሺͲܮ ,ݔሺݑ ʹሻ, ʳʨˀʰʴ ʨʸʹʬʩʵʩʹ (19),(20) ʨʳʵ˂ʨʴʰܮ ሻݐ ∈ ,Ͳ)∞ܮ 𝑇;𝑊ଶଶሺͲ,  (ሻܮ
ʨʳʵʴʨˆʹʴʰ, ʸʵʳʲʰʹʯʭʰʹʨ˂ ʳʨʸʯʬʩʻʲʰʨ ʪʨˀʲʨ 

,ݔሺݑ ሻݐ ∞ሻݐ௜ሺݑ∑=
௜=ଵ sin ܮݔߨ݅  ,                                                        ሺ͵Ͷሻ 

ʸʵʳʲʰʹ ʱʵʬʼʰ˂ʰʬʴʺʬʩʰ ʨʱʳʨʿʵʼʰʲʬʩʹ ʪʨʴʺʵʲʬʩʨʯʨ ʹʰʹʺʬʳʨʹ 

ሻݐ௜′′ሺݑ + ቆߜ + ߛ ܮߨ݅) )ସቇݑ௜′ሺݐሻ + ߙ} ܮߨ݅) )ସ + 

ܮߨ݅)+ )ଶ [ቌߚ + ߩ ܮߨ݆)∑ܮʹ )ଶ ∞ሻݐ௝ଶሺݑ
௝=ଵ ቍ + 𝜎 ܮߨ݆)∑ܮʹ )ଶ ∞ሻݐ௝′ሺݑሻݐ௝ሺݑ

௝=ଵ ]} ሻݐ௜ሺݑ = Ͳ, 
݅ = ͳ,ʹ, …,   Ͳ < ݐ ൑ 𝑇, 

ʹʨ˄ʿʰʹʰ ʶʰʸʵʩʬʩʰʯ 
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௜ሺͲሻݑ = ܽ௜଴, ௜′ሺͲሻݑ = ܽ௜ଵ,      ݅ = ͳ,ʹ, …. 
(21) ʫʨ (34) ʼʵʸʳʻʲʬʩʰʹ ʪʨʯʭʨʲʰʹ˄ʰʴʬʩʰʯ, ʪʨʲʰʵʸʱʰʴʰʹ 

ʳʬʯʵʫʰʹ ˂ʫʵʳʰʲʬʩʨ (˂ʫʵʳʰʲʬʩʰʹ ʳʯʨʭʨʸʰ ʴʨ˄ʰʲʰ) ʪʨʴʭʹʨʮʾʭʸʵʯ 

ʸʵʪʵʸ˂ ʹˆʭʨʵʩʨ 

,ݔ௡ሺݑ∆ ሻݐ = ሻݐ௡௜ሺݑ)∑ − ሻ)௡ݐ௜ሺݑ
௜=ଵ sin ܮݔߨ݅  . 

ʯʬʵʸʬʳʨ 1. ʪʨʲʰʵʸʱʰʴʰʹ ʳʬʯʵʫʰʹ ˂ʫʵʳʰʲʬʩʰʹʨʯʭʰʹ ʳʨʸʯʬʩʻʲʰʨ 

ˀʬʼʨʹʬʩʨ 

‖ ݐ�𝜕� Δݑ௡ሺݔ, ሻ‖௅మሺ଴,௅ሻଶݐ + ‖ߙ 𝜕ଶ𝜕ݔଶ Δݑ௡ሺݔ, ሻ‖௅మሺ଴,௅ሻଶݐ ൑ 

൑ ܿଵ ( ∑ ሺܽ௜ଵሻଶ∞
௜=௡+ଵ + ߙ ∑ ܮߨ݅) )ସ∞

௜=௡+ଵ ሺܽ௜଴ሻଶ)ଶ , Ͳ < ݐ ൑ 𝑇, 
ʹʨʫʨ˂ʫʨʫʬʩʰʯʰ  ܿଵ ʳʻʫʳʰʭʨ ʪʨʳʵʰʹʨˆʬʩʨ ʪʨʸʱʭʬʻʲʰ ʼʵʸʳʻʲʰʯ, 

ʸʵʳʬʲʰ˂  ˀʬʰ˂ʨʭʹ (19), (20) ʨʳʵ˂ʨʴʰʹ ʶʨʸʨʳʬʺʸʬʩʹ. 

ʨʳ ˀʬʫʬʪʰʹ ʫʨʹʨʳʺʱʰ˂ʬʩʲʨʫ ʪʨʳʵʿʬʴʬʩʻʲʰʨ ʨʶʸʰʵʸʻʲʰ ˀʬʼʨʹʬʩʰʹ 

ʳʬʯʵʫʰ. 

§3.3.2. ʹˆʭʨʵʩʰʨʴʰ ʹʽʬʳʰʹ ʹʰʮʻʹʺʬ. ˁʭʬʴʰ ʳʰʮʨʴʰ (24),(25) ʹʽʬʳʰʹ ʹʰʮʻʹʺʰʹ 

ˀʬʹ˄ʨʭʲʨˀʰʳʫʪʵʳʨʸʬʵʩʹ.ʹˆʭʨʵʩʰʨʴʰ ʹʽʬʳʰʹ ˂ʫʵʳʰʲʬʩʨ  ݐ௠ʱʭʨʴ˃ˀʰ 

ʪʨʴʭʹʨʮʾʭʸʵʯ ˀʬʳʫʬʪʴʨʰʸʨʫ  ∆ݑ௡௜௠ = ௡௜௠ݑ − ݅     ,௠ሻݐ௡௜ሺݑ = ͳ,ʹ, … , ݊ .  
ʸʨʳʫʬʴʰʳʬ ʫʨʳˆʳʨʸʬ ʻʺʵʲʵʩʰʹ, ʳʨʺʸʰ˂ʻʲʰ ʹʨˆʰʯ ˁʨ˄ʬʸʰʲ 

˂ʫʵʳʰʲʬʩʬʩʰʹ ʪʨʴʺʵʲʬʩʨʯʨ ʹʰʹʺʬʳʰʹʯʭʰʹ ˀʬʸʳʨʴ-ʳʵʸʰʹʵʴʰʹ 

ʼʵʸʳʻʲʰʹʨ   ʫʨ ʲʬʳʬʩʰʹ (11 ʲʬʳʨ) ʪʨʳʵʿʬʴʬʩʰʹ ˀʬʫʬʪʨʫ ʹˆʭʨʵʩʰʨʴʰ 

ʹʽʬʳʰʹ ˂ʫʵʳʰʲʬʩʬʩʰʹʯʭʰʹ ʫʨʳʺʱʰ˂ʬʩʻʲʰʨ ˀʬʳʫʬʪʰ ˀʬʼʨʹʬʩʨ. 
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ʯʬʵʸʬʳʨ 2. ʭʯʽʭʨʯ 𝜏 ʩʰˇʰ ʨʱʳʨʿʵʼʰʲʬʩʹ (19) ʪʨʴʺʵʲʬʩʰʹ 

ʱʵʬʼʰ˂ʰʬʴʺʬʩʰʹ ʹʨˀʻʨʲʬʩʰʯ ˁʨ˄ʬʸʰʲ ʹʰʳ˂ʰʸʰʹ ʪʨʸʱʭʬʻʲ ʶʰʸʵʩʬʩʹ, 

ʳʨˀʰʴ (24), (25) ʹˆʭʨʵʩʰʨʴʰ ʹʽʬʳʰʹ ˂ʫʵʳʰʲʬʩʰʹʨʯʭʰʹ ʹʸʻʲʫʬʩʨ ˀʬʼʨʹʬʩʨ  

௡௜௠|௡ݑ∆|∑
௜=ଵ ൑∑|∆ݑ௡௜௠ − ௡௜௠−ଵ𝜏ݑ∆ | +௡

௜=ଵ ௡௜௠ݑ∆|∑ + ʹ௡௜௠−ଵݑ∆ | ൑௡
௜=ଵ  

൑ ଵߙ (∑|ψ௡௜଴ | +௡
௜=ଵ ଶߙ maxଵ≤௞≤௠−ଵ∑|ψ௡௜௞ |௡

௜=ଵ ) ൑ ܿଶ𝜏ଶ , ݉ = ʹ,͵, …       ,ܯ,
ʹʨʫʨ˂  ߙଵ ,   ߙଶ ʳʻʫʳʰʭʬʩʰ ʫʨʳʵʱʰʫʬʩʻʲʰ ʨʸʰʨʴ  𝜏  ʩʰˇʮʬ ʫʨ ʳʵ˂ʬʳʻʲʰ 

ʨʳʵ˂ʨʴʰʹ ʼʰʮʰʱʻʸ ʫʨ ʪʬʵʳʬʺʸʰʻʲ ʶʨʸʨʳʬʺʸʬʩʮʬ, ˆʵʲʵ  ψ௡௜௠- (24) 

ʪʨʴʺʵʲʬʩʰʹ, ݉ = ͳ,ʹ,… ܯ, − ͳ,ψ௡௜଴  ʱʰ - (25)-ʰʹ ʳʬʵʸʬ ʹʨ˄ʿʰʹʰ ʶʰʸʵʩʰʹ 

ʨʶʸʵʽʹʰʳʨ˂ʰʰʹ ˂ʫʵʳʰʲʬʩʬʩʰʨ. ʳʰʾʬʩʻʲʰʨ ʼʵʸʳʻʲʨ ܿଶ ʱʵʬʼʰ˂ʰʬʴʺʰʹ-

ʯʭʰʹʨ˂. 

§3.3.3. ʰʺʬʸʨ˂ʰʻʲʰ ʳʬʯʵʫʰʹ ˂ʫʵʳʰʲʬʩʨ. ʰʺʬʸʨ˂ʰʻʲʰ ʳʬʯʵʫʰʹ 

˂ʫʵʳʰʲʬʩʨ ∆ݑ௡,௞௠ ሺݔሻ ʪʨʴʭʹʨʮʾʭʸʵʯ, ʸʵʪʵʸ˂ ʹˆʭʨʵʩʨ (33) ʫʨ 

ሻݔ௡௠ሺݑ = ͳʹ∑(𝜏ݕ௡௜௠−ଵ + ʹ ߨܮ݅ (௡௜௠−ଵݖ sin ௡ܮݔߨ݅
௜=ଵ                                ሺ͵ͷሻ 

ˇʨʳʬʩʹ ˀʵʸʰʹ. (35) ˄ʨʸʳʵʨʫʪʬʴʹ (26),(27) ʹˆʭʨʵʩʰʨʴʰ ʹʽʬʳʰʹ ʸʬʨʲʰʮʬʩʰʹ 

ˀʬʫʬʪʨʫ ݑሺݔ, ݐ ʹሻ ʼʻʴʽ˂ʰʰݐ = -௠-ʹʨʯʭʰʹ ʳʰʾʬʩʻʲ ʳʰʨˆʲʵʬʩʰʯ ʳʴʰˀʭʴʬݐ

ʲʵʩʨʹ. ʪʨʴʹʨʮʾʭʸʬʩʰʫʨʴ ʫʨ (26)-ʫʨʴ ʪʨʳʵʳʫʰʴʨʸʬʵʩʹ 

௡,௞௠ݑ∆ ሺݔሻ = ௡,௞௠ݑ ሺݔሻ − ሻݔ௡௠ሺݑ = ʹ∑ ߨܮ݅ ௡௜,௞௠ݖ) − (௡௜௠ݖ sin ௡ܮݔߨ݅
௜=ଵ  .            ሺ͵͸ሻ 

ˀʬʳʵʭʰʾʵʯ ʭʬʽʺʵʸʬʩʰ  ݖ௡,௞௠ = ௡௜,௞௠ݖ) )௜=ଵ௡ , ݇ = Ͳ,ͳ, … , ௡௠ݖ = ሺݖ௡௜௠ሻ௜=ଵ௡  ʫʨ 

ʭʬʽʺʵʸʻʲʰ ʴʵʸʳʨ  ‖ݒ‖ = ∑ ௜|௡௜=ଵݒ|  ,  ʹʨʫʨ˂  ݒ = ሺݒ௜ሻ௜=ଵ௡ . 
ˁʨʳʵʭʨʿʨʲʰʩʵʯ ʫʬʩʻʲʬʩʨ ʰʺʬʸʨ˂ʰʻʲʰ ʳʬʯʵʫʰʹ ʱʸʬʩʨʫʵʩʰʹ ˀʬʹʨˆʬʩ. 

ʯʬʵʸʬʳʨ 3. ʭʯʽʭʨʯ,𝜏 ʩʰˇʰ ʨʱʳʨʿʵʼʰʲʬʩʹ ʪʨʸʱʭʬʻʲ ʶʰʸʵʩʬʩʹ, ʸʵʳʬʲʯʨ 

ˀʬʹʸʻʲʬʩʨ ˀʬʹʨ˃ʲʬʩʬʲʰʨ 𝜏 ʩʰˇʰʹ ˀʬʳ˂ʰʸʬʩʰʹ ˆʨʸˇʮʬ. ʳʨˀʰʴ (32) 
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ʰʺʬʸʨ˂ʰʻʲʰ ʳʬʯʵʫʰ ʱʸʬʩʨʫʰʨ, lim௞→∞ ௡௜,௞௠ݖ = ݅ , ௡௜௠ݖ = ͳ,ʹ, … , ݊ , ʨʳʨʹʯʨʴ 

ʱʸʬʩʨʫʵʩʰʹ ʸʰʪʰ ʪʨʴʰʹʨʮʾʭʸʬʩʨ ʭʬʽʺʵʸʻʲʰ ʻʺʵʲʵʩʰʯ 

௡,௞௠ݖ‖ − ‖௡௠ݖ ൑ ௞ͳݍ − ݍ ௡,ଵ௠ݖ‖ − ௡,଴௠ݖ ‖,    
ʹʨʫʨ˂  Ͳ < ݍ < ͳ. 

ʨʳ ʪʨʳʵʹʨˆʻʲʬʩʰʹ (36) ʼʵʸʳʻʲʨʹʯʨʴ ʬʸʯʨʫ ʪʨʳʵʿʬʴʬʩʰʹ ˀʬʫʬʪʨʫ 

ʳʰʰʾʬʩʨ ʰʺʬʸʨ˂ʰʻʲʰ ʳʬʯʵʫʰʹ ˂ʫʵʳʰʲʬʩʰʹ ˀʬʳʫʬʪʰ  ˀʬʼʨʹʬʩʨ 

‖ ݀௣݀ݔ௣ ௡,௞௠ݑ∆ ሺݔሻ‖௅మሺ଴,௅ሻ ൑ ܿଷݍ௞  , 
݌ = Ͳ,ͳ,    ݉ = ͳ,ʹ, … ݇   ,ܯ, = ͳ,ʹ, …  , 

ʹʨʫʨ˂  ܿଷ = ቀ௅𝜋ቁଵ−௣ ܮʹ√ ଵଵ−௤ ௡,ଵ௠ݖ‖ − ௡,଴௠ݖ ‖. 

§3.4-ˀʰ ˄ʨʸʳʵʫʪʬʴʰʲʰʨ ˁʨʺʨʸʬʩʻʲʰ ʸʰ˂ˆʭʰʯʰ ʪʨʳʵʯʭʲʬʩʰʹ 

ˀʬʫʬʪʬʩʰ. ˁʭʬʴʹ ʳʰʬʸ ˇ.ʩʵʲʰʹ ʪʨʴʺʵʲʬʩʰʹʨʯʭʰʹ ʨʪʬʩʻʲʰ ʨʲʪʵʸʰʯʳʰʹ 

ʯʭʰʹʬʩʬʩʰʹ ʪʨʳʵʭʲʰʴʬʩʰʹ ʳʰʮʴʰʯ, ʮʵʪʰʬʸʯ  ʱʬʸ˃ʵ ˀʬʳʯˆʭʬʭʨˀʰ, 

ˀʬʫʪʬʴʰʲʰʨ  ˀʬʹʨʩʨʳʰʹʰ ʱʵʳʶʰʻʺʬʸʻʲʰ ʶʸʵʪʸʨʳʨ ʫʨ ʸʬʨʲʰʮʬʩʻʲʰʨ 

ʸʨʳʫʬʴʰʳʬ ʺʬʹʺʻʸʰ ʳʨʪʨʲʰʯʰ.  

ʳʬʵʯˆʬ ʯʨʭˀʰ ˀʬʹ˄ʨʭʲʰʲʰʨ ʱʰʸˆˈʵʼʰʹ ʺʰʶʰʹ ʹʺʨʺʰʱʻʸʰ ˃ʬʲʰʹ 

ʳʰʨˆʲʵʬʩʰʯʰ ʨʳʵˆʹʴʰʹ ʹʨʱʰʯˆʰ. ʳʬʵʯˆʬ ʯʨʭʰ ˀʬʫʪʬʩʨ ˆʻʯʰ 

ʶʨʸʨʪʸʨʼʰʹʪʨʴ.   

§ 4.1-ˀʰ ʫʨʹʳʻʲʰʨ ʨʳʵ˂ʨʴʨ ʱʰʸˆˈʵʼʰʹ ʺʰʶʰʹ ʹʺʨʺʰʱʻʸʰ ˃ʬʲʰʹʯʭʰʹ. 

ʪʨʴʭʰˆʰʲʵʯ  ʹʺʨʺʰʱʻʸʰ ˃ʬʲʰʹʯʭʰʹ ʱʰʸˆʵʼʰʹ ʺʰʶʰʹ ʨʸʨ˄ʸʼʰʭʰ 

ʰʴʺʬʪʸʵ-ʫʰʼʬʸʬʴ˂ʰʨʲʻʸʰ ʪʨʴʺʵʲʬʩʨ 

ሻݔሺ′′′′ݑ  − ݉ቌ∫ݑ′మሺݔሻ݀ݔ௟
଴ ቍݑ′′ሺݔሻ = 𝑓(ݔ, ,ሻݔሺݑ  ሻ),                    ሺ͵͹ሻݔሺ′ݑ

Ͳ < ݔ < ݈ 
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ʶʰʸʵʩʬʩʰʯ 

 uሺͲሻ = uሺ݈ሻ = Ͳ,                 ݑ′′ሺͲሻ = ሺ݈ሻ′′ݑ  = Ͳ.                      ሺ͵ͺሻ 
ʨʽ )(= xuu ʨʸʰʹ l  ʹʰʪʸ˃ʰʹ ˃ʬʲʰʹ ʪʨʫʨʨʫʪʰʲʬʩʰʹ ʼʻʴʽ˂ʰʨ, ˃ʬʲʮʬ ʳʵʽʳʬʫʰ 

˃ʨʲʨ ʳʵʰ˂ʬʳʨ ʼʻʴʽ˂ʰʰʯ 𝑓(ݔ, ,ሻݔሺݑ ) ሻ), ʼʻʴʽ˂ʰʨݔሺ′ݑ ) > 0, 0 <m z z   , 

ʨʾ˄ʬʸʹ ʱʨʭˀʰʸʹ ˃ʨʩʭʨʹʨ ʫʨ ʫʬʼʵʸʳʨ˂ʰʨʹ ˀʵʸʰʹ. ʹʨˆʬʲʫʵʩʸ, ʯʻ )(zm  

ʼʻʴʽ˂ʰʨ ˄ʸʼʰʭʰʨ, ʳʨˀʰʴ ʱʨʭˀʰʸʰ ˀʬʬʹʨʩʨʳʬʩʨ ˈʻʱʰʹ ˄ʸʼʰʭ ʱʨʴʵʴʹ, ˆʵʲʵ 

ʹˆʭʨ ˀʬʳʯˆʭʬʭʨˀʰ ʬʹ ʱʨʭˀʰʸʰ ʨʸʨ˄ʸʼʰʭʰ ʹʨˆʰʹʨʨ. 

ʰʳʰʹʨʯʭʰʹ, ʸʵʳ ʳʰʭʰʾʵʯ (37), (38) ʨʳʵ˂ʨʴʰʹ ʳʰʨˆʲʵʬʩʰʯʰ ʨʳʵʴʨˆʹʴʰ, 

ʨʽ ˁʭʬʴ ʪʨʳʵʿʬʴʬʩʻʲʰ ʪʭʨʽʭʹ ʳʰʫʪʵʳʨ, ʸʵʳʬʲʰ˂ ʫʰʫʰ ʨʲʩʨʯʵʩʰʯ ʹˆʭʨ 

ʳʱʭʲʬʭʨʸʬʩʹ (37) ʪʨʴʺʵʲʬʩʰʹ ʨʳʵʹʨˆʹʴʬʲʨʫ ʨʸ ʪʨʳʵʻʿʬʴʬʩʰʨʯ. ʬʹ 

ʳʰʫʪʵʳʨ ʳʫʪʵʳʨʸʬʵʩʹ ʰʳʨˀʰ, ʸʵʳ ʪʸʰʴʰʹ ʼʻʴʽ˂ʰʰʹ ʪʨʳʵʿʬʴʬʩʰʯ (37), (38) 

ʨʳʵ˂ʨʴʨ ʫʨʰʿʭʨʴʬʩʨ ʨʸʨ˄ʸʼʰʭ ʰʴʺʬʪʸʨʲʻʸ ʪʨʴʺʵʲʬʩʨʮʬ, ʸʵʳʲʰʹ 

ʨʳʵʹʨˆʹʴʬʲʨʫʨ˂ ʭʰʿʬʴʬʩʯ ʰʺʬʸʨ˂ʰʻʲ ʳʬʯʵʫʹ. ʫʨʫʪʬʴʰʲʰʨ ʳʬʯʵʫʰʹ 

ʱʸʬʩʨʫʵʩʰʹ ʶʰʸʵʩʨ ʫʨ ˀʬʼʨʹʬʩʻʲʰʨ ʳʰʹʰ ʹʰʮʻʹʺʬ. 

§4.2-ˀʰ ˄ʨʸʳʵʫʪʬʴʰʲʰʨ ʮʬʳʵʨʾʴʰˀʴʻʲʰ ʨʳʵ˂ʨʴʰʹ ʨʳʵˆʹʴʰʹʨ ʫʨ 

ʱʭʲʬʭʰʹʨʯʭʰʹ ʹʨ˅ʰʸʵ ʪʨʸʱʭʬʻʲʰ ʫʨˀʭʬʩʬʩʰ ʫʨ ˀʬʮʾʻʫʭʬʩʰ, ʸʵʳʲʬʩʰ˂ 

ʬʫʬʩʨ )(zm  ʫʨ 𝑓ሺݔ, ,ݑ ሻ ʼʻʴʽ˂ʰʬʩʹ, ʨʹʬʭʬ  lݒ  ˃ʬʲʰʹ ʹʰʪʸ˃ʬʹ. 

§4.3-ˀʰ ʪʨʫʳʵ˂ʬʳʻʲʰʨ ʳʰʨˆʲʵʬʩʰʯʰ ʨʳʵˆʹʴʰʹ ʳʬʯʵʫʰ. ʫʨʭʻˀʭʨʯ, 

ʨʸʹʬʩʵʩʹ (37), (38) ʨʳʵ˂ʨʴʰʹ ʨʳʵʴʨˆʹʴʰ ʫʨ ݑሺݔሻ ∈ 𝑊଴ଶ,ଶሺͲ, ݈ሻ. ʪʸʰʴʰʹ 

ʼʻʴʽ˂ʰʬʩʰʹ ʪʨʳʵʿʬʴʬʩʰʯ ʫʨ ʪʨʸʱʭʬʻʲʰ ʪʨʸʫʨʽʳʴʬʩʰʹ ˀʬʫʬʪʨʫ (37), (38) 

ʨʳʵ˂ʨʴʨ ʫʨʰʿʭʨʴʬʩʨ ʨʸʨ˄ʸʼʰʭ ʰʴʺʬʪʸʨʲʻʸ ʪʨʴʺʵʲʬʩʨʳʫʬ 

ˀʰ ʪʨʫʳʵ˂ʬʳʻʲʰʨ

ሻݔሺݑ  = ∫𝐺ሺݔ, 𝜉ሻ𝑓(𝜉, ,ሺ𝜉ሻݑ ሺ𝜉ሻ)݀𝜉௟′ݑ
଴ , Ͳ < ݔ < ݈,                      ሺ͵ͻሻ 

ʹʨʫʨ˂ 



24 

 

𝐺ሺݔ, 𝜉ሻ = 

= ͳ𝜏 {  
  ͳ݈ ሺ݈ − ሻ𝜉ݔ + ͳ√𝜏݊݅ݏℎ(√𝜏݈) ℎ݊݅ݏ ቀ√𝜏ሺݔ − ݈ሻቁ ,ℎ(√𝜏𝜉)݊݅ݏ Ͳ < 𝜉 ൑ ݔ < ݈,ͳ݈ ሺ݈ݔ − 𝜉ሻ + ͳ√𝜏݊݅ݏℎ(√𝜏݈) ℎ݊݅ݏ ቀ√𝜏ሺ𝜉 − ݈ሻቁ ,(ݔ𝜏√)ℎ݊݅ݏ Ͳ < ݔ ൑ 𝜉 < ݈, 
 𝜏 = ݉ ቀ∫ ௟଴ݔሻ݀ݔమሺ′ݑ ቁ. 
 (39) ʪʨʴʺʵʲʬʩʨ ʨʳʵʭˆʹʴʨʯ ʶʰʱʨʸʰʹ (Picard) ʰʺʬʸʨ˂ʰʻʲʰ ʳʬʯʵʫʰʹ 

ʹʨˀʻʨʲʬʩʰʯ. )(0 xu , lx 0 , ʼʻʴʽ˂ʰʰʹ ˀʬʸˁʬʭʰʹ ˀʬʳʫʬʪ, ʸʵʳʬʲʰ˂ ʯʨʭʰʹ 

ʳʬʵʸʬ ʸʰʪʰʹ ˄ʨʸʳʵʬʩʻʲʯʨʴ ʬʸʯʨʫ ʴʻʲʰʹ ʺʵʲʰ ˆʫʬʩʨ 0=x ʫʨ lx =  

˄ʬʸʺʰʲʬʩˀʰ, ʭʶʵʻʲʵʩʯ ʳʵʳʫʬʭʴʵ ʳʰʨˆʲʵʬʩʬʩʹ ˀʬʳʫʬʪʰ ʼʵʸʳʻʲʰʹ 

ʪʨʳʵʿʬʴʬʩʰʯ 

ሻݔ௞+ଵሺݑ = ∫𝐺௞ሺݔ, 𝜉ሻ𝑓(𝜉, ,௞ሺ𝜉ሻݑ ′௞ݑ ሺ𝜉ሻ)݀𝜉௟
଴ , Ͳ < ݔ < ݈, ݇ = Ͳ,ͳ, … , 

ʹʨʫʨ˂      𝐺௞ሺݔ, 𝜉ሻ = 

= ͳ𝜏௞ {  
  ͳ݈ ሺ݈ − ሻ𝜉ݔ + ͳ√𝜏௞݊݅ݏℎ(√𝜏௞݈) ℎ݊݅ݏ ቀ√𝜏௞ሺݔ − ݈ሻቁ ℎ(√𝜏௞𝜉),   Ͳ݊݅ݏ < 𝜉 ൑ ݔ < ݈,ͳ݈ ሺ݈ݔ − 𝜉ሻ + ͳ√𝜏௞݊݅ݏℎ(√𝜏௞݈) ℎ݊݅ݏ ቀ√𝜏௞ሺ𝜉 − ݈ሻቁ Ͳ   ,(ݔ𝜏௞√)ℎ݊݅ݏ < ݔ ൑ 𝜉 < ݈, 
 𝜏௞ = ݉ቀ∫ ௟଴ݔሻ݀ݔ௞′మሺݑ ቁ, = 0,1, .k K  

 §4.4 -ˀʰ ˀʬʼʨʹʬʩʻʲʰʨ ʳʬʯʵʫʰʹ ˂ʫʵʳʰʲʬʩʨ. 

§4.4.1-ˀʰ ʪʨʳʵ˄ʬʸʰʲʰʨ ʪʨʴʺʵʲʬʩʨ ʳʬʯʵʫʰʹ ˂ʫʵʳʰʲʬʩʰʹʨʯʭʰʹ.  ʳʰʮʨʴʹ 

˄ʨʸʳʵʨʫʪʬʴʹ ʳʬʯʵʫʰʹ ˂ʫʵʳʰʲʬʩʰʹ ˀʬʼʨʹʬʩʨ, ʸʵʳʲʰʹ ʽʭʬˀ ʪʭʬʹʳʰʹ 

ʹˆʭʨʵʩʨ ʳʰʨˆʲʵʬʩʰʯʹʨ ʫʨ ʮʻʹʺ ʨʳʵʴʨˆʹʴʬʩʹ ˀʵʸʰʹ  

( ) = ( ) ( ), = 0,1, .k ku x u x u x k  K  

 §4.4.2 -ˀʰ ʳʵʿʭʨʴʰʲʰʨ ʫʨʳˆʳʨʸʬ ʻʺʵʲʵʩʬʩʰ ʫʨ ʲʬʳʬʩʰ (5 ʲʬʳʨ). 
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§4.4.3 -ˀʰ ʪʨʳʵʱʭʲʬʻʲʰʨ ʳʬʯʵʫʰʹ ʱʸʬʩʨʫʵʩʰʹ ʹʨʱʰʯˆʰ. 

ˀʬʳʵʭʰʾʵʯ ʴʵʸʳʨ )(0,2,2

0 lW -ˀʰ
1

2 2

0

( ) = ( ( ( )) ) , = 0,1.

l p

pp

d u
u x x dx p

dx  

ʯʬʵʸʬʳʨ.ʭʯʽʭʨʯ, ʹʸʻʲʫʬʩʨ ʪʨʸʱʭʬʻʲʰ ʳʵʯˆʵʭʴʬʩʰ, ʸʵʳʲʬʩʰ˂ ˀʬʬˆʬʩʨ 

)(zm ,  𝑓ሺݔ, ,ݑ ሻ ʼʻʴʽ˂ʰʬʩʹ.  ʫʨʻˀʭʨʯ, ʪʨʸʫʨ ʨʳʰʹʨ )(zmݒ ,  𝑓ሺݔ, ,ݑ  ሻݒ
ʼʻʴʽ˂ʰʬʩʮʬ ʫʨ ݈ ˃ʬʲʰʹ ʹʰʪʸ˃ʬʮʬ ʫʨʳʵʱʰʫʬʩʻʲʰ ʳʻʫʳʰʭʨ ݍ ʴʨʱʲʬʩʰʨ 1-

ʮʬ, ʳʨˀʰʴ ʶʰʱʨʸʰʹ ʰʺʬʸʨ˂ʰʻʲʰ ʳʬʯʵʫʰʹ ʳʰʨˆʲʵʬʩʬʩʰ ʰʱʸʰʩʬʩʨ (37), (38) 

ʨʳʵ˂ʨʴʰʹ ʮʻʹʺʰ ʨʳʵʴʨˆʹʴʰʹʱʬʴ, ˆʵʲʵ ˂ʫʵʳʰʲʬʩʰʹʯʭʰʹ ʹʸʻʲʫʬʩʨ 

ˀʬʳʫʬʪʰ ˀʬʼʨʹʬʩʨ 

1

0 1
( ) ( ) ( ) ( ) ( ) , =1,2, , = 0,1.p k

k p

l
u x u x q u x u x k p


   K  

 §4.5-ˀʰ ʳʵʿʭʨʴʰʲʰʨ ʸʰ˂ˆʭʰʯʰ ʪʨʯʭʲʬʩʰʹ ˀʬʫʬʪʬʩʰ. 

(37), (38) ʹʨʹʨʮʾʭʸʵ ʨʳʵ˂ʨʴʰʹ ʳʰʨˆʲʵʬʩʰʯʰ ʨʳʵˆʹʴʰʹʯʭʰʹ ʪʨʳʵʿʬʴʬ-

ʩʻʲʰʨ ʶʸʵʪʸʨʳʨʯʨ ʹʰʹʺʬʳʨ Maple. (39) ʰʴʺʬʪʸʨʲʻʸʰ ʪʨʴʺʵʲʬʩʰʹ 

ʶʰʱʨʸʰʹ ʰʺʬʸʨ˂ʰʻʲʰ ʳʬʯʵʫʰʯ ʳʰʨˆʲʵʬʩʰʯʰ ʨʳʵˆʹʴʰʹ ʨʲʪʵʸʰʯʳʰ 

ʨʶʸʵʩʰʸʬʩʻʲʰʨ ʺʬʹʺʻʸ ʳʨʪʨʲʰʯʬʩʮʬ, ʳʰʾʬʩʻʲʰ ˀʬʫʬʪʬʩʰ 

˄ʨʸʳʵʫʪʬʴʰʲʰʨ ˂ˆʸʰʲʬʩʰʹʨ ʫʨ ʪʸʨʼʰʱʬʩʰʹ ʹʨˆʰʯ.   

ʹʨʫʰʹʬʸʺʨ˂ʰʵ ʴʨˀʸʵʳʰ ʳʯʨʭʸʫʬʩʨ ʫʨʹʱʭʴʰʯʨ  ʫʨ ˂ʰʺʰʸʬʩʻʲʰ 

ʲʰʺʬʸʨʺʻʸʰʹ ʹʰʰʯ. 
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ʫʨʹʱʭʴʨ 

ʪʰʵʸʪʰ ʶʨʶʻʱʨˀʭʰʲʰʹ ʹʨʫʰʹʬʸʺʨ˂ʰʵ ʴʨˀʸʵʳʰ „ʮʵʪʰʬʸʯʰ ʱʲʨʹʰʹ 

ʨʸʨ˄ʸʼʰʭʰ ʰʴʺʬʪʸʵ-ʫʰʼʬʸʬʴ˂ʰʨʲʻʸʰ ʪʨʴʺʵʲʬʩʰʹ ʳʰʨˆʲʵʬʩʰʯʰ 

ʨʳʵˆʹʴʰʹ ʳʬʯʵʫʬʩʰʹ ʨʪʬʩʨ ʫʨ ʱʭʲʬʭʨ“ ʬ˃ʾʭʴʬʩʨ ʪʨʳʵʯʭʲʰʯʰ ʳʬʽʨʴʰʱʰʹ 

ʮʵʪʰʬʸʯ ʹʨʱʰʯˆʹ. ʨʪʬʩʻʲʰʨ ʹʺʨʺʰʱʻʸʰ ʫʨ ʫʰʴʨʳʰʱʻʸʰ ʹʰʳʬʩʰʹʨ ʫʨ 
˃ʬʲʬʩʰʹʨʯʭʰʹ ʹʨ˄ʿʰʹ-ʹʨʹʨʮʾʭʸʵ ʨʳʵ˂ʨʴʬʩʰʹ ʨʳʵˆʹʴʰʹ ʸʨʳʫʬʴʰʳʬ 

ʬʼʬʽʺʻʸʰ ʨʲʪʵʸʰʯʳʰ. ʫʨ˄ʭʸʰʲʬʩʰʯ ʪʨʳʵʱʭʲʬʻʲʰʨ ʨʲʪʵʸʰʯʳʬʩʰʹ 

ʯʭʰʹʬʩʬʩʰ, ˀʬʹ˄ʨʭʲʰʲʰʨ ʳʨʯʰ ʱʸʬʩʨʫʵʩʰʹ ʶʰʸʵʩʬʩʰ. ˁʨʺʨʸʬʩʻʲʰʨ 
ʸʰ˂ˆʭʰʯʰ ʬʽʹʶʬʸʰʳʬʴʺʰ ʨʾʴʰˀʴʻʲʰ ʨʲʪʵʸʰʯʳʬʩʰʹ ʶʸʨʽʺʰʱʻʲʰ 

ʯʭʰʹʬʩʬʩʰʹ ʪʨʳʵʹʨʭʲʬʴʨʫ. ʹʨʫʰʹʬʸʺʨ˂ʰʵ ʴʨˀʸʵʳˀʰ ʳʵˆʬʸˆʫʨ ʨʳ 

ʨʲʪʵʸʰʯʳʬʩʰʹ ʯʬʵʸʰʻʲʰ ʫʨ ʶʸʨʽʺʰʱʻʲʰ ʨʹʶʬʽʺʬʩʰʹ ʫʨʫʪʬʴʨ. 

ʹʨʫʵʽʺʵʸʵ ʫʰʹʬʸʺʨ˂ʰʰʹ ʶʰʸʭʬʲ ʴʨ˄ʰʲˀʰ ˀʬʹ˄ʨʭʲʰʲʰʨ 
ʨʳʵ˂ʨʴʬʩʰ, ʸʵʪʵʸ˂ ʹʺʨʺʰʱʻʸʰ, ʨʹʬʭʬ ʫʰʴʨʳʰʱʻʸʰ ʹʰʳʰʹʯʭʰʹ. 

ʪʨʴˆʰʲʻʲʰʨ ʱʰʸˆˈʵʼʰʹ ʺʰʶʰʹ ʨʸʨ˄ʸʼʰʭʰ ʰʴʺʬʪʸʵ-ʫʰʼʬʸʬʴ˂ʰʨʲʻʸʰ 

ʪʨʴʺʵʲʬʩʬʩʰ. ʶʰʸʭʬʲ ʯʨʭˀʰ ʫʨ˄ʭʸʰʲʬʩʰʯʨʨ ʪʨʳʵʱʭʲʬʻʲʰ ʹʺʨʺʰʱʻʸʰ 

ʹʰʳʰʹ ʨʳʵˆʹʴʰʹ ˂ʴʵʩʰʲʰ ˀʭʬʰ˂ʨʸʰʬʲʰ ʳʨʯʬʳʨʺʰʱʵʹʰʹ ˁʰʶʵʹ ʳʬʯʵʫʰʹ 

ʪʨʳʵʿʬʴʬʩʰʹ ʶʸʨʽʺʰʱʻʲʰ ʨʹʶʬʽʺʬʩʰ. ˁʭʬʴʹ ʳʰʬʸ ʳʰʾʬʩʻʲʰ ˀʬʫʬʪʬʩʰ 

ʹʨˀʻʨʲʬʩʨʹ ʰ˃ʲʬʭʨ ˄ʰʴʨʹ˄ʨʸ ʫʨʫʪʰʴʫʬʹ, ʯʻ ʸʨ ʹʰʮʻʹʺʰʯ ʻʴʫʨ 

ˁʨʺʨʸʫʬʹ ʨʾʴʰˀʴʻʲʰ ʳʬʯʵʫʰʹ ʿʭʬʲʨ ʪʨʳʵʯʭʲʰʯʰ ʹʨʼʬˆʻʸʰ, ʸʨʯʨ 
ʹʨʩʵʲʵʵ ˀʬʫʬʪʰ ˀʬʬʹʨʩʨʳʬʩʵʫʬʹ ʫʨʹʨˆʻʲ ʹʰʮʻʹʺʬʹ. ʴʨˀʸʵʳʰʹ ʳʬʵʸʬ 

ʯʨʭˀʰ, ʹʰʳʰʹ ʫʰʴʨʳʰʱʻʸʰ ʨʳʵ˂ʨʴʰʹʯʭʰʹ, ʨʶʸʵʩʰʸʬʩʻʲʰʨ ʸʨʳʫʬʴʰʳʬ 

ʪʨʳʵʯʭʲʰʯʰ ʨʲʪʵʸʰʯʳʰ ʺʬʹʺʻʸ ʨʳʵ˂ʨʴʬʩʮʬ, ˁʨʺʨʸʬʩʻʲʰʨ ʸʰ˂ˆʭʰʯʰ 

ʬʽʹʶʬʸʰʳʬʴʺʰ ʫʨ ʪʨʱʬʯʬʩʻʲʰʨ ʪʨʸʱʭʬʻʲʰ ʫʨʹʱʭʴʬʩʰ ʨʲʪʵʸʰʯʳʬʩʰʹ 

ʬʼʬʽʺʻʸʵʩʨʮʬ. 

ʴʨˀʸʵʳʰʹ ʳʬʵʸʬ ʴʨ˄ʰʲˀʰ ˀʬʹ˄ʨʭʲʰʲʰʨ ʨʳʵ˂ʨʴʬʩʰ, ʸʵʪʵʸ˂ 

ʫʰʴʨʳʰʱʻʸʰ,  ʨʹʬʭʬ ʹʺʨʺʰʱʻʸʰ ˃ʬʲʰʹʨʯʭʰʹ. ʴʨˀʸʵʳʰʹ ʳʬʹʨʳʬ ʯʨʭʰ 

ʬ˃ʾʭʴʬʩʨ ʺʰʳʵˀʬʴʱʵʹ ʺʰʶʰʹ ʸʯʻʲʰ ʨʸʨ˄ʸʼʰʭʵʩʰʹ ʳʽʵʴʬ ʫʰʴʨʳʰʱʻʸʰ 

˃ʬʲʰʹ ʿʵʼʨʽ˂ʬʭʰʹ ʨʳʵ˂ʨʴʰʹ ʨʳʵˆʹʴʨʹ ˁʭʬʴʹ ʳʰʬʸ ʨʪʬʩʻʲʰ ʨʲʪʵʸʰʯʳʰʯ. 

ˀʬʭʴʰˀʴʵʯ, ʸʵʳ ʨʾʴʰˀʴʻʲʰ ʪʨʴʺʵʲʬʩʨ ʯʨʭʰʹʰ ʮʵʪʨʫʵʩʰʯ ˀʬʰ˂ʨʭʹ, 

ʸʵʪʵʸ˂ ʱʬʸ˃ʵ ˀʬʳʯˆʭʬʭʨʹ, ʭʵʰʴʵʭʹʱʰ-ʱʸʰʪʬʸʰʹ ˃ʬʲʰʹ ˂ʴʵʩʰʲ 

ʪʨʴʺʵʲʬʩʨʹ ʫʨ ʮʵʪʰʬʸʯ ʹˆʭʨ ʳʵʫʬʲʹ. ˁʭʬʴʹ ʳʰʬʸ ʨʪʬʩʻʲʰ ʨʲʪʵʸʰʯʳʰ 

ʰ˃ʲʬʭʨ ʳʰʨˆʲʵʬʩʨʹ ʸʵʪʵʸ˂ ʹʰʭʸ˂ʻʲʰ, ʨʹʬʭʬ ʫʸʵʰʯʰ ˂ʭʲʨʫʰʹ ʳʰʳʨʸʯ. 

ˀʬʫʬʪʨʫ, ʳʰʾʬʩʻʲ ʫʰʹʱʸʬʺʻʲ ʪʨʴʺʵʲʬʩʨʯʨ ʹʰʹʺʬʳʰʹʯʭʰʹ ʨʪʬʩʻʲʰʨ 
ʨʲʪʵʸʰʯʳʰ, ʸʵʳʬʲˀʰ˂ ʪʨʯʭʨʲʰʹ˄ʰʴʬʩʻʲʰʨ ʳʵʫʬʲʰʹ ʨʸʨ˄ʸʼʰʭʰ 

ʹʺʸʻʽʺʻʸʨ, ʹʨˆʬʲʫʵʩʸ, ʱʻʩʻʸʰ. ˀʬʹʨʩʨʳʰʹʨʫ, ʰʺʬʸʨ˂ʰʻʲʰ ʶʸʵ˂ʬʹʰʹ 

ʪʨʹʨʳʨʸʺʰʭʬʩʲʨʫ ʨʲʪʵʸʰʯʳʰʹ ʨʳ ʴʨ˄ʰʲˀʰ ʱʨʸʫʨʴʵʹ ʼʵʸʳʻʲʰʹ 

ʪʨʳʵʿʬʴʬʩʰʯ ʪʨʸʱʭʬʻʲ˄ʰʲʨʫ ʳʵˆʬʸˆʫʨ ʨʲʪʵʸʰʯʳʰʹ ʵʶʺʰʳʰʮʨ˂ʰʨ, ʸʨ˂ 

ʶʵʮʰʺʰʻʸʨʫ ʨʰʹʨˆʨ ˁʨʹʨʺʨʸʬʩʬʲʰ ʰʺʬʸʨ˂ʰʬʩʰʹ ʸʨʵʫʬʴʵʩʨʮʬ. ʹʨ˅ʰʸʵ 

ʹʰʮʻʹʺʰʹ ʳʰʹʨʾ˄ʬʭʨʫ, ʨʾʴʰˀʴʻʲʰ ʳʰʫʪʵʳʨ ʰ˄ʭʬʭʹ ʰʺʬʸʨ˂ʰʨʯʨ 
ʸʨʵʫʬʴʵʩʰʹ ˀʬʳ˂ʰʸʬʩʨʹ. ʫʰʹʬʸʺʨ˂ʰʰʹ ʳʬʵʯˆʬ ʯʨʭˀʰ ˀʬʹ˄ʨʭʲʰʲʰʨ 
ʹʺʨʺʰʱʻʸʰ ˃ʬʲʰʹʯʭʰʹ ʱʰʸˆˈʵʼʰʹ ʺʰʶʰʹ ʨʸʨ˄ʸʼʰʭʰ ʰʴʺʬʪʸʵ-
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ʫʰʼʬʸʬʴ˂ʰʨʲʻʸʰ ʪʨʴʺʵʲʬʩʰʹ ʳʰʨˆʲʵʬʩʰʯʰ ʨʳʵˆʹʴʰʹ ʹʨʱʰʯˆʰ. 

ʪʨʳʵʿʬʴʬʩʻʲʰ ʪʭʨʽʭʹ ʳʰʫʪʵʳʨ, ʸʵʳʲʰʯʨ˂ ʪʸʰʴʰʹ ʼʻʴʽ˂ʰʬʩʰʹ 

ʪʨʳʵʿʬʴʬʩʰʯ ʳʵ˂ʬʳʻʲʰ ʨʳʵ˂ʨʴʨ ʫʨʰʿʭʨʴʬʩʨ ʨʸʨ˄ʸʼʰʭ ʰʴʺʬʪʸʨʲʻʸ 

ʪʨʴʺʵʲʬʩʨʮʬ, ʸʵʳʲʰʹ ʨʳʵʹʨˆʹʴʬʲʨʫʨ˂ ʭʰʿʬʴʬʩʯ ʶʰʱʨʸʰʹ ʰʺʬʸʨ˂ʰʻʲ 

ʳʬʯʵʫʹ. ʫʨʫʪʬʴʰʲʰʨ ʳʬʯʵʫʰʹ ʱʸʬʩʨʫʵʩʰʹ ʶʰʸʵʩʨ ʫʨ ˀʬʼʨʹʬʩʻʲʰʨ 
ʳʰʹʰ ʹʰʮʻʹʺʬ. ʳʰʨˆʲʵʬʩʰʯʰ ʨʳʵʴʨˆʹʴʬʩʰʹ ʱʸʬʩʨʫʵʩʨʹʯʨʴ 

ʫʨʱʨʭˀʰʸʬʩʻʲʰ ʯʬʵʸʰʻʲʨʫ ʳʰʾʬʩʻʲʰ ˀʬʫʬʪʬʩʰ ʫʨʫʨʹʺʻʸʬʩʻʲʰʨ 

ʸʰ˂ˆʭʰʯ-ʬʽʹʶʬʸʰʳʬʴʺʻʲʰ ʪʮʰʯ. 

 

ʴʨˀʸʵʳʰʹ ʨʶʸʵʩʨ˂ʰʨ 

ʫʰʹʬʸʺʨ˂ʰʨˀʰ ʪʨʫʳʵ˂ʬʳʻʲʰ ˀʬʫʬʪʬʩʰ ʨʹʨˆʻʲʰʨ ʨʭʺʵʸʰʹ 

ʶʻʩʲʰʱʨ˂ʰʬʩʹʨ ʫʨ ʳʵˆʹʬʴʬʩʬʩˀʰ ʹʨʬʸʯʨˀʵʸʰʹʵ ʫʨ ʨʫʪʰʲʵʩʸʰʭ 

ʱʵʴʼʬʸʬʴ˂ʰʬʩʮʬ, ʸʵʳʬʲʯʨ ʴʻʹˆʨ˂ ʯʨʴ ʬʸʯʭʰʹ ʨʭʺʵʸʬʼʬʸʨʺʹ. ʪʨʸʫʨ 

ʨʳʰʹʨ, ʹʨʫʵʽʺʵʸʵ ʶʸʵʪʸʨʳʰʹ ʪʬʪʳʰʹ ˀʬʹʨʩʨʳʰʹʨʫ ʳʵʳʮʨʫʫʨ ʫʨ ˁʨʺʨʸʫʨ 

ʯʬʳʨʺʻʸʰ ʹʬʳʰʴʨʸʬʩʰ ʫʨ ʱʵʲʵʽʭʰʻʳʬʩʰ ʫʰʹʬʸʺʨ˂ʰʰʹ ˃ʰʸʰʯʨʫʰ 

ˀʬʫʬʪʬʩʰʹ ˀʬʹʨˆʬʩ.  
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SUMMARY 

Construction and Research of Approximate Solutions of 

 Some Nonlinear Integro-Differential Equations 

The present PhD Thesis of Giorgi Papukashvili “Construction and Research 

of Approximate Solutions of Some Nonlinear Integro-Differential Equations”is 
devoted to some problems of computational mechanics. Several effective 

algorithms for solving initial-boundary value problems for static and dynamic 

strings and beams are constructed. The properties of these algorithms are studied in 

detail and the conditions of their convergence are established. Several numerical 

experiments were carried out to demonstrate the practical properties of the 

algorithms under consideration. The theoretical and practical aspects of these 

algorithms are established and analyzed in the dissertation. 

Dissertation work is dedicated to several questions of calculative mechanics, 

in particular: were constructed and investigated numerical algorithms of string and 

beam for some static and dynamic mathematical models. There are many works 

dedicated to the investigation and calculative solutions of these models, but 

nowadays many things is yet to be studied in this direction.  Many modern 

constructions include: strings, beams, plates and shells. Constructed in the 

dissertation work, numerical algorithms, both for static and dynamic strings and 

beams, find high application in theoretical and constructive mechanics. The 

mentioned above methods can be applied  for the plates and shells. The main 

objects of the research work are: nonlinear integro-differential equations of the 

Kirchhoff and Timoshenko types, with whose application it is possible to describe 

the static and dynamic conditions of the strings and beams. There was studied the 

effectiveness of the different numerical algorithms and conducted computer 

experiment with the aim to describe relevant border and initial boundary tasks. In 

the algorithms presented in the dissertation work, during the study of Kirchhoff 

and Timoshenko’s equations, there are applied the methods of Galerkin and 

Chipot, symmetric sustainable differentiative schemes, and for the discretive 

equation solution – the iterative methods of Newton, Jacobi and  Picard. 

In the first part of the dissertation, there are studied the problems for both 

static and dynamic strings. Nonlinear integro-differential equations of Kirchhoff 

type are considered. In the first chapter, the practical aspects of using the method 

of the Swiss mathematician Chipot for solving the static string problem are studied 

in detail. The results obtained by us make it possible to determine in advance the 

accuracy of all the computational steps of this method to achieve the desired 

accuracy. In the second chapter of the work (dynamic string problem), several 

computational algorithms were tested on test problems, numerical experiments 
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were carried out and certain conclusions were made about the effectiveness of 

these algorithms. 

In the second part of the work the problems for both dynamic and static 

beams are studied. The third chapter deals with the complex nonlinear problem of 

Timoshenko type for the dynamic beam that is solved by the algorithm constructed 

in the dissertation. Note that this equation contains as special cases the equation of 

the Woinowsky-Krieger beam and some other models. The algorithm constructed 

in the dissertation gives an approximation with respect both spatial and temporal 

variables. An algorithm for a system of discrete equations is also constructed, in 

which the nonlinear, in particular, cubic, structure of the model is taken into 

account. Accordingly, in order to simplify the iterative process in this part of the 

algorithm, the use of Cardano formulas to some extent managed to optimize the 

algorithm (counting process), which positively affected the number of necessary 

(required) iterations - this causes a decrease in the number of iterations to achieve 

a given (desired) accuracy. In the fourth chapter of the thesis, the problems of 

approximate solution of the nonlinear integro-differential equation for a static 

beam of Kirchhoff type are studied. We used an approach based on using of 

Green's functions which  reduces the problem to a nonlinear integral equation, 

which in turn can be  solved by the iterative Picard method. The condition of 

convergence of the considered method is established and its accuracy is estimated. 

The theoretical results related to the convergence of approximate solutions are 

confirmed by numerical experiments. 

In the First Part (approximate solution of static and dynamic strings such as 

Kirchhoff)  and in the Second Part (approximate solution of static and dynamic 

beams  such as Kirchhoff)of the thesis, there are created perfect program codes, 

with which it is possible to increase the accuracy of approximate solutions of 

different test and practical problems. The program codes provide the opportunity 

to calculate practical problems, the results of which can be used by specialists in 

engineering activities. 
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