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5m©YbMds.
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(17),(18)  ®m®Imwwgdo  FoMmdMoygbl  asbbowrmwo  sEymMomdol
LodMmEMm@ bobgl. v:ﬁ’k 3M330b9bFgd0 459m0Yygbgds (7),(8) 59m3sbol BMLEGO
59mboblbol dosbermgdomo 3603369 mdoL slsdgds@. Lobgumdem, LobGOwo

x990 Y, wisinix, bosg wirk = Zymk 2399¢93L  BMLEHO  59mboblBOL

i ni

w(x, tp,) 36093690 Md0L Joobermgdsl.

§2.3 -do (7), (8) G030l gmmo GHYLGHMMO 59m396s sdmblbogros § 2.2-o
50900 5¢MmOHomMTol LGS gdOm. Bo@oM9dmE0s HOEBIMO QM3 9dO
3OMaGMod5ms  LobBgds  Maple-b  998myggbgdom.  FoEgdMmo  F99Rgd0
PoBmpqbowos 3bMHowgdols s 4M95303980L boboom.

Bsd0@dols dgmeg bsfodo  gobboremos  $8m396900  dgerolsmzob.
dgbodg ™s3do Jglfogeomos sdmEsbs ©obsdozMEmo dgeolom3zol, 39Mdme,
5009M0w0s  Fosbmgdomo  seramMomdo  x. dmerol (J.Ball) sMsHOz0g30
065303160  dgerobomgol.  dgufogeromos  goom®3zobol  dgomeol,
Lbgomd0sbo Bggdobs s 0@gMsE0Mwo dgom@olL  3M9dsMdOL  306MHMdYdO,
51939 99x85L9dMos Jglsdsdolo (3MB0EMdgdo. Igbsdg 053039gds MMbO
396580 5530L5990.

§ 3.1-80 sbdME0s 58M3965 #H0dMIgb3ml(S.Timoshenko) ool obs-
3037960 dgolbom3zol, 390dmE, ELIMEos 39dgao Lobol LsHyob-LboboBrazmm
59m3960 X- 0mols 365()Ox030 063 93M™-0x9M96305¢ M0
3956@Megdolbomgzol

2 5

atz(xt)+56 (68 + 77 (xt)+0(a (x,t) -

40t

L

9 * o\ a2
- ﬁ+pj<£(x,t)> dx #(x,t)—

0

L
f ou(x,t) 0%u
-0

(x, )d azu( =0 19
ox  oxot VY gz O T (19)

0
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0<x<LO<t<T,

u(x,0) =u(x), g—:f(x, 0) = ul(x),

2

0%u 0%u

0<x<L,O0ZSt<T,

bo@og @, ¥,p ©5 0 ©SEIPOMO, bmwm f s § 60dsbsbmlsbwz®gumo
dmEgdmeo dmdoggdos. ul(x) € W (0,L) s u'(x) € L, (0,L) 8migdmeo
39969309005, 98sLmsb u°(0) = ul(0) =u’(L) = ul(L) = 0. (19) gobEHMgds,
dgwog L.3odmdgbzml mgm®0sBg ©ogMbmdomss dowgdmwo x.0mEol
dogm,  s0fgdL  dgeols  Gbgzsl.  dgwobsmzol  3oMb3mgol  Godol
396393900056 gl Bo3oMm BMASO LOLOL YobEMEdSS.

s 4 Y3 2
©530335m, O™ |§] <y (Z) , 0§ < 0,05 a (Z) > |B], dmgs B < 0.
3009350, 56LGOMAL (19),(20) 53mEoboL sdmboblbo u(x,t) € WZZ((O, L) x (0, T)) .

3936036Mmm, O™ (19) gobEGHM@gdol sdmblbsmdol Lyzombo 4s8m33WgME0s
030 X. deol Jogmbsddmddo Ball J., Stability theory for an extensible beam, J.
Diff. Eq., 14, 399-418, 1973. 9939609 B396L dog6 do0wgdwyer d99abg.

83.2 -do x.0mol ©0b58039M0 dGEPols™MZ0L 9390 SEPAMOHOMNTO
3903353L 1od 6ol - 49e0Mm® 3060l Igom©U, Bb3sMd0sb Bggdsl s 0s3mdOL
(Jacobi) 0@9gMo3EosL. Fgufogerowo 235d3L swmMomdol Lbsdogg bsffoerols,
3900MmM3060L dg0MEOL, Bb35Md0sbo Bdgdols s 0GHIMHSE0o dgoMEOU,
3Mdogdol byzombgdo.

§3.2.1. gowomM3obol dgomo. (19),(20) s9mEsbols sdmbsblbo  39dgdmom
LolOEO X 5Tob Loboom

n

u,(x,t) = Z Up; (t) siniﬂTx , 21D

i=1
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BooUn; (1) 3m95803096(3)00 53054mx309dL B39MEgdm0g ©OBIMHIbE0ME
396G Mgdsms Lol gdsls

4 : 2

v+ (54 (5) Yo+ o (5) +(5) x
x ﬁ+p§i(j§)2uij<t> +o %2( I @iy | b =0, (22
j=1 j=1

i=12,.,n0<t<T,
LsHyolio 3omMdGdom

Ui (0) = a?, uy'(0)=al, i=12,..,n, (23)
L

» 2 im .
al :zfup(x)smfxdx, i=12..,n, p =01

i
0

§3.2.2.bbgomdosbo  Uggds. (22), (23) 59mEsbol  sdmloblbgws dgodargds
398030949bmo bbzsmd0s60 dgommo. ™ol [0,T] 0bEgMgzsebg dgdmzonmm
dOxX0 T = % @5 33%6dgdo t, =mr,m=0,12,..,M. u,(t) gvbjzool
dosbemgdomo 3609369 mds m-m6H 09y, 9.0. t = £, -bom30l, 503608bmm
unt-0m. 359mz30949bmm 89990 Lobols Lbgsmdosbo Lgds

umtt — 2y im\\ ultt — ot
ni - 6+y<_) ni ni +
T L 2T
im\* Jo\2 | (unstt 4 g 2um ™
nj nj
+la(—) +(-— S R
(o) + () (e oi s O (575 o (550 |
Ei( >2 m+1 + Zu +um 1u171r}+1 urrg—l y
24, 4 27
u,’{’i+1+2u,’?i+u,’?i_1=0, (24)

4
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F+-a?, i=12,..,n (25)

. 4 . 2 n . n i
im im L JT\" 42 L ]TL’) 0.1 0
* a(L) +(L) '8+pZZ<L> % +GZZ<L GG

§3.2.3.0)9M5300 3900m0. 99m3000mm 506033690

m+1 m . m+1 m
m _ YUni T Up; m _ WUy + Up; =12
Yni = ) Zni = » b= g

T L 2

@5 B0 godmygbgdom (24), (25) LolEGgds 893335 93ga0 LolEgdom

e (iﬂ)“ ym + oyt
AL Y ) | _Int
7 + +vy /i > +

.3 . n m)2 m-1)2
414 I L Zni) +\Zy;
+{C¥(T) +T ,3+,D§Z( n]) 2( U + (26)
j=1
n . _ - _
+0£ZJ_ﬂ(y£’3-+y$ D0 4z ) |z e
244 L 4 2 ’
j=1
m_ _m-1 . m m—1
Zni Zni — Eyni + Vni
T L 2 ’
m=12,..M, i=12,..,n,
30611000
T i 1 1
yd =al + Eaiz, z); = T(a? +§Tal-1 +ZT2ai2> ,  i=12,..,n (27)

(26),(27) LoLEGHYIS 53M3bLBsm  FMOEIL TMgDg  2oolgErom.  S©bodbmwo
Bondzs80 60dbsgl 998gal: 303500 m — 1 IOHgBg 5dmboblbo bs3mgbos, 35906
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399099, 96 M-m6 969Bg, 5dmbsbLBOL FoloMgds® 259m0Ygbgds 0GOSO
dgomo. B3960  sMRg3560  T935B)MM053MmdOL  0FJMOEoME  dgmMmEOBY.
L03sMEBH030B>M30L MAMEGOggymo M — 1 OB 0B MHsEoMEo 3MHMEqLOL
LodMEMm™ 30Mmdowgds. 5J9b godmdobstg, m-m6H IOGbg 250MM3d0

b5 Po@oMgl 99990 BmOIMgdols dobgzom

Yrigss = Ymi ( 5 +y(l’_ﬂ)4> Vabrers +Vmi
T L 2

.3 m 2 m—1y2 n m )2 m—-1)2
i i L(z); + (2 LZZ- + (2]
+{a <_) +—<ﬁ +P—( nl,k+1) ni + pz ( n],k) 2( nj n
Jj=1

L L 2 2
Jj#Ei
EE (Yrrzrl!,kﬂ + Yrrg_l)(zrrg,kﬂ + erﬁ_l (28)
2L 4
n _ _ _
oL Zj_ﬂ Omir + ymi ) g+ 7 ) || Zmgers + 2me
244 L 4 2 ’
=1
Jj#i
erzr%,k+1 - Zﬁ_l _ i_”ym,kﬂ + Yrrlr%_l (29)

T L 2 ’

m=1.2,...M, i=1,2,..,n,

BSSG Ynik +pcgozfg’k +p 90b0BNOs v s zni(k 4+ p)-m960 0G930

dosbemgdgdo, i=1,2,..,n, p=01 , ym-1 o znt 3bmdowo
BOEOEHJB05, berem Y, s z0;-bsmzols BsGHMgdMos (27).
(29) BM©HI0H 459MIObIOYMOL
Lz, . —z?t
m — _m-1 2~ ni,k+1 ni . 30
Ynik+1 Yni + i T ( )
(30) g98mbobvyergdol (28)-do Bslidol d9wgaow 33946909
1 Lzl —z 1t yml im\*\ Lz — 2z 1
- _,m-1 = ni,k+1 ni _/ni it - ni,k+1 ni
T( Yni +2i7r T > T +<6+Y<L>>in T *
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.3 . m 2 m—142 n m 2 m-1\2
i i L(z,; + (z,; Lzz- +(z,;
+{CZ (_) +_<.8+p_( m,k+1) ( ni + pz ( n],k) 2( nj n
Jj=1

L L 2 2
Jj#i
Lzpipsr + erﬁ_l
) m m-1
+UZ 7 (Zhtper T2 1) + (31)
L n Zm _ ym-1 m + zm-1
njk nj m m-1 Znik+1 T Zni _
tog ) — - (znj e + znj 5 =

Jj=1
J#L

5990056  259m30bsgMdL, MMI 0@GIM30Mwo  3OHMEILOL  BoLOEHIMYOS®
153056005 M3 ofoGdmmm FbmEwm (31) FMOIMEWOL dobIWZ0M. Zp; 41
LodMWM™ 0GOS0 33MMmJuodo3zool  AddmmM3wol  F9dgy  doLo
96093690 mds Mbs Bogbgom (30) BmEOIMsdo yyi LoOoOLsMZoL, | =
1,2,...,n, m-996 369Hg LHOMEOMM B0sbEIMGdOL Jogdol doBboom.

03HJM5300L  BJoMGOSL  bawls Mgmdl F9dgao  dmbsbmgds. (31)
BOOIMN06 3o3360m, OMI (k + 1) 0@ Moo doxbg ymzgwo i-Lomzol
230b©Y0s Zpt 141 LOOEOL F0ToMM 3MBMOO ABEHMEGIOL 53bLBs. soEMI,
0¥) 30L56MHRIOWGO  390BML  (Cardano) FmOIMom, 0300900 3boso
Lobob  AoFmbobwyagdsl  bod0gOJWO  Zpi ks LOOEYLIMZOL.  LobgErEMd,

33996905

m
Zn

-1 2
: 4—253(-—1)P+1olp, (32)
p=1

m [ —
Zm',k+1 -

bogS3



©> 0;,-80 8905350 S; 1339803096300 (3bsO® A98Moldbgds sdm3560L

m-1

9994560360 @, B,y, 8, p, ¢ 356509BHGgdoms ©> ymL, z1 Znjg J F 1

LOoOYYOOm.

50600950, (19),(20) 59mEobols  sdmblBoL o gobboerero  seamGomdo
594396005 (32) BmGINOL HJoe0bgdsBY. Zy; ;. LOOIYPROL, i = 1,2,...,7,
290mm3ol 99909y F9Lodegdgeos u(x,t) 53mbsblbols k-m6o GODbQ)mgbob
53909 @OMOL t =t 8mBgbBHoLIMZoL. GmamGE (21) S Yni, Zn: - Lsogol
R3O0 6 25dmI0bsMGMAL, 53 F0sbEIMgdSL HoMTmoagbl xsdo

imx

n
1
upy (x) = Ez (Tymk + 2—2773,{1) smT . (33)

i=1
§3.3-00 g9b6boar0s 5¢EmM0mdol LoBMLEHOL Lszombgdo. dglfsgzwrowo
33993V seam®omdol bsdogg bafomol LobMLEg. FoMdm3z50y0bmo Jglisdsdolo

39093900 0Lgmo LOLEWOm, HMIWOMNSF GNP 076935 93EBMMITRIOSEOL
RMO5G)0.

§3.3.1. 5eom®3060L 8gomEol 3mIowads. o) u’(x) € WE(0,L) s
ul(x) € L?(0,L), 35806 5s6gdmdl (19),(20) 5dm3sbols u(x, t) € L*(0,T; WZ(0,L))
59mboblbo, MHMAoLMZoLSE3 56107900 Q5T

u(x,t) = Z u; (t) sinm—x ,

. . (349)
=1

OHIol 3m953030963GH900 53059MmFBogAL gobEMmegdsms LolEgdsls

4

ul'(6) + <5+y(%”)4>u;(t)+{a(%”) +
+(_) 3+pgi( ) w2 (t) |+ o %i( )u,-(t>u;(t> () =0,

i=12,.., 0<t<T,

LsHyolio 3oOMdGdOm
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w;(0)=a), u(0)=al, i=12,..

(21) s (34) @MOINWIOOL  Qom35¢obobgdom,  AseomEm 3060l
9900mol  300MI0gds (M0 gdol dMsz5M0 Bofoo) ob3LEBOZIOM™
M@y Lbgomds

Au, (x,t) = E(uni(t) —u; (t)) sianx.

0gm9ds 1. 49omE 3060l  dgomoL  3MI0EgdoLOM30L  FoM0019dY0s
99935900

2 2
0
— Au, (x, t)

<
O0x?

L,(0,L)

+«a
L, (o,L)

0
”a Au, (x,t)

[ee]

< C1< i (a))*+a z (%)4 (a?)z)z,o <t<T,

i=n+1 i=n+1

LOO(3OPIO0MO €1 39©T0Z5  A5TMOLbYdS 2963390 BMOIMO,
OmIgeog 990303L (19), (20) 53m3960L 356509EHEOHOL.

50 990920l oLYIEZ0(3JOMO®  9BMmY)bgdME0s  S3M0MOHNIEO  Tgxsligdol
9d9MO.

§3.3.2. Lbgomdosbo Lggdol LoBMLEg. B3gbo dobsbo (24),(25) bggdol LoBMULEOL
99LPo35300EYMAMYMOL.Lbgsmd0sbo  bdgdob  3Mmdowgds tm3396dd0
3963L5BM3OMm F999gabs0Gs©

m _ ., m ,
Auni - uTli - unl(tm)' 1= 1l2) e, N

o0@gb0dg  TBTotg  MEHMEMOOL,  FoBMogo  Lsboom  BsfgHo
303043900l 2396@HM@gdsmo LobiEgdoLogol 396356-dmOolmbols
RMOIMNwols s gdgool (11 @gds) 499mygbgdol 9gas Lb3sMd0sbo
1d9doL 3™ GBGOOLMZ0L sTFJ0(3909 05 F9dIRO FgRoligds.
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0gmMgds 2. 3md3zsm T doxo  53059mxzowgdl  (19)  49bGHMgdols
309803096@900l  Lsdmomgdom BsfigMow LodzoMmol sM339ME 306MdYDL,
353906 (24), (25) bbgsmMd0s60 Bgdol 3EMT0EGdOLIMZ0L LErMEEYds Fgg3oligds

n

D) i

i=1

n n
0 k 2 _
<a (lenil +a; max E |¢ni|) <ct?, m=23, ..M,
=1 i=1

boos @1, az 39900003900 ©HIMI0IINYO 5O T doxXDBY s ImEdMEo
53m3560L gobogM® ©s 29MIGBHGOME  35ModgEHMGdBY, bowm Y- (24)

Aum Autt Augi + A +Aum !

26@M@adol, m =1,2,..,M — 1L, P9 30 - (25)-0b 39m6g Lsfgolo 306mdOb
3360HmgJbodo300L  (3MT0Egdgd0s. JOWIOME0s BMEOIMWS €, 3MJB0E0I6EGOL-
030L5G.

§3.3.3. 0@®9ms30oo  390mEOL  (3M30Egds.  0GJOS30ME0  FgMEOL
3OMI0Ewgds Auyy, (x) 3963bsBO3MM™, HMyMmeE Lbgsmds (33) s

imx

n
1
ul(x) = EZ (Tym Ty 2—zm 1) smT (35)
i=1

X5090L Im®0b. (35) Fo®dmoagbl (26),(27) Lbgsmdosbo bdgdol MgoseoBgdol
99009250 u(x,t) gmbdzool t = tp,-bomgol dogdmEr dosbermgdom 360d369-
MdSL. obloB3MIO06 s (26)-sb Q5IMIOBsMJMBL

Aupy (%) = upy (x) —upt(x) = 2 Z (zm K i) sin? . (36)

390m300m0  399GHMM9d0 ZnY = (erg,k)?zl' k=01,.., = (z7)ie1  ©d

399BHMOMo 6meds ||v|| = it |vil, Ldssg v = (v)iL;.
B53M3545e000M0o YOI Gds 0EIMI304IE0 890MEOL 30)9d5MdOL dqlobgd.

09mM9dd> 3. 300J35m,T BOXO 530594MBOGIL 456339 306MHMOJOL, BMTJWMS
d9LEOMEgds  Fgbodegdgeos T doxol T9gd3ocmgdol  boxbg. 95dob (32)
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0GHIM30MXO FJNMEO 3MYO5O0s, liMy 0 Zpi ) = Zp; » 1 = 1,2,...,m , 505L056
3690500Md0L GH0Yo obolsBZMOS 39JBHMOEO MEHMELMIOM

k
e =zl < T Nl = il

boog 0 < g <1
59 259mbob 900l (36) BMEOIMELME ghmo 45dmygbgdol 9gwgas©

8000905 039M5300o IgMmEOL (3M0gdoL 9990 Tgz3oL9ds

< C3q k i
L%(o,L)

dP
| et

p=01 m=12..M k=12,..,

1-p

bodg €3 = (i) mﬁllzrr{,ll = zno|.

§3.4-80 oMMy gboos  Bo@oMgdmwo  HOEb30m0  AdTMMZL9dOL
39092900. B39bL J0gH %.0ME0l 49bEGHMWGIOLIMZ0L 99O SEYMOHOMIOL
®30L90900L  350m30bgdol  Jobbom, bBmogho  39Odm  F9dombgzgzsdo,
9900396005 FgLsdsdolo 3330 EHIOMIO 3OMYMTS O MYo0HYOMW0S
65996039 BJLEGHYIM0 FogO000.

dgmombg ms3do dglfogromos 3060H3mxBol GHodol LEs@Gozwmeo dgwob
dosbemgdomo  sdmblbol  Lsgombo.  dgmmbg  msgzo  dgggds  byomo
396586 5530LY5b.

§ 4.1-80 sbIME0s 58MEsbs 306MB3MBOL G030l LEGHSBH03MMO dgeobmzob.
3ob30bowmm  LEGHOGHOZMNOO  dgwobmzol  306MBMROL  BHodol  sGmfMFz030
063 9360™-0896096(3050 M0 4obEMEgds

l

u""(x) —m fu’z (xX)dx Ju"(x) = f(x,u(x),u’(x)), (37)

0

0<x<l
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306009000
u(0) =u() =0, u"”(0) = u"(l) =0. (38)

5d u =u(x) 56:0b [ bLogaMdol dgerol 25050 gdol BMbJiEos, dgeHg dmddgo

doos dmogds B9bdzooo f(x, u(x),u' (%)), 3mbdgos m(z)>a>0,0<z <o,

S0F9OL 353006l dsd35L5 s IRMOT53008 FMOOL. LobgErEMdG, vy m(z)
03bd30s 6H80300, 35806 3530060 Fgqlodsdgds 3m30L HMHx03 356MmbL, brm
Lbgs 990mbgg35d0 gb 3938060 sGfMR030 Lobolss.

030bsm30L, MM dogz00mm (37), (38) s3mEs60L BosbErMgdomo 53Mmbsblibo,
59 B396 299myggbgd o 23543 Boymas, MHMIGEOE OO HSEBIMBOM Bb3s
9330935090L  (37)  395GHM@gdol  sdmboblbgws 96  99mYygbgdosm. gu
d0amds dmdsMgmdlL 03580, O™ 3M06oL BMbd300L godmygbgdom (37), (38)
59m3sbs  ©50Y3969ds  9G(MR03  0bGHYAMIWNE  gobEBHMgdsHy, GMIol
59mLoblbgwssi 30949bgdm 0@ gMsE0 89omMmEL. IRgbowos Fgmmob
369050MdOL 306MHMds s FgRsligdos Jobo LobMlEg.

§4.2-d0 (o0m0ma9gbowos  HBgdmombodbmwo  sdmEsbol  sdmblbols s

33w930L5m30L LsFoMm 25633970 53390980 s F9HBW39d0, MMIgdo3
990> m(z) @ f(x, u, v) gxbJ3ogdL, 56339 | ggemols bog®agy.

§4.3-00 2o0dM3999)0s B05bErMGd0MO 5dmblbol IgmmEo. ©o3dZsm,
5OUGdMBL  (37), (38) 9BmEsbols  s8mBsblBo s u(x) € W, 2(0,1). a6obob

2bJ30900L godmygbgdom s 4903390 25MHOJIbgdol dggys (37), (38)
59m3965 05094356905 5503 06EHJAMOME 456 MeEgdsdY

l

u(x) = j GooOf(Eu@ ' @©)dE,  0<x<l, (39)

0

boQS3
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G(x,$) =

1(l —x)&+ sinh (\/?(x - l)) sinh(vT€), 0<&<x<],

1
l Vrsinh(Vrl)

S| =

1

l sinh (\/?(E — l)) sinh(vtx), 0<x<é&é<|,

1
Dt Fosinh (VD)
T=m (fol u” (x)dx).

(39) 396¢H™M@gds 53mgbLlbsm 303560L (Picard) o@gMoEomeo dgommools
Lodw)oEgdom. Uy (x), 0<x<I, gvbdio0lL dgMBg30L 909y, HMIgEoE 0930l
d9mmg Gogol HomImgdmEmsb gomo bmwol Gmero bogds x=0sx =1
D90 GHowgddo, 33mmMwmdo dmdEg3bm dosbermgdgdl 998ga0 BMOIMOl
359myabgdom

l

U () = j Gt OF (£ w (O up(©)dE,  0<x<l, k=01,..,

0

Lo
Gk(x' f) =
1 1 ) )
B T(I —x)¢+ \/T—ksinh(\/r—kl) sinh <\/T_k(x - l)) smh(\/‘r_kf), 0<ésx<],
EAL 1 . IR
(=9 + T (D) sinh (JTk(f 1)) sinh(\Tex), 0<x<é&<l,

T, =m (folu,’:(x)dx),k =0,1.,K.
§4.4 -3o 99x3590E0s FgMEOL (30MTogds.

§4.4.1-80 250mf9M00s A5BGHMgds IgnmEOolL 30Mmdogdolomzol.  Jobsbl
Dotm0moygbll dgmmEol  (30Mm3ogdol  gxisligds, MHMAEolL J39d g39Ldols
bb30m05 05bEMGIODLO S BLE) 5TMBbLBYBL TGOl

ou, (x)=u, (x)—u(x), k=0,1LK .

§4.4.2 -90 3cy3560¢005 b9 MEHMEMIYO0 S 93900 (5 €gdd).
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§4.4.3 -90 259M 330905 IgMm©OL 30M935MdOL Lyzombo.

I p 1
B99m3z00mm 60®ds W, *(0,1) -80 ||u(x)||p = (J‘(%(x)fdx)z, p=0,1.
o dx

0900985.300J35m, LEOWWEYdS 63390 IMMbM3b6900, HMIgdoi dg9bgds
m(z), flou,v) gabdgogdl.  ©sdzsm, oMo odobs m(z), f(x,u,v)
23bJ3090%D9 s | dgerols Loy®dgbHg IdM 30O dmdogs q Bogargdos 1-
b9, 35906 303500l 0&JMHE0Ywo FgmmEol Josbermgdgdo 036M0dgds (37), (38)
59m3sboll BmGo  58mbsblboliggh, bmem  3mdowgdolmzols e gds

9990090 99935905

117 k
[ ) =], < () " oty () =)

k=1,2K, p=0,1.

1,

§4.5-80 dmygs600s GoEbzomo gomzagdols 9gy9do.

(37), (38) LobsBE3zO™ 5dMEBOL F0SBEMYGOOMO 5FMbLEOLMZOL godmyqbg-
dm0s  3OMyMsdoms LobEgds Maple. (39) 0639 MOO  A56GHMEgdOL
303560l 09300  390MmEom  Joobmgdomo  s8mblbols serymGomdo

33MHMBOMYPOMWos  GHYLAHYO  Fogowomgdby,  Bogdmwo  F9IyJoo
Dom3mp9bowos 3bMH0gdoLs s 95303900l boboom.

LoOLYIOEIE0M  65dMMT0  Feg3mYds  IL33BoMs S (30G0MOOME0
W0 GIOIGHMOOL LOO.
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s133365

30MO0 353993593000l LBoEOLYMESE30M BsdOMA0 ,,BMYO0IOMO JEsLOL
305)OR030 063930 M-00x9M906305 M0 39BGHM®Wgdol  dosbermgdomo
59mblbol dgom@YdOL 93905 o 33¢935  931369ds AsTMmMzEromo dgdsbozol
Dm09Mm LH30MbL. 529005 LAHSG0ZMNMO s ©O0bsF03MMO LodgdoLy
d9gegdolomzol  Lofyol-LoloBMgmm  sdmEsbgdols  s3mblbol  5dwgbody
9I899AHMIO0  5MmOHO0mMT0. IFIM0WIOOM  250MIZLIME0S  SWRMOHOMTGOOL
30190900, JgLfogeowos oo  3MGOsEMBOL  30MMdJO0.  BoEHIMYOME0S
Gogbzomo  9du39M0d9bEo  s0bodbmwo  SEAMMmOMIgdOL  3GodEH03Eo
®30090900L  459mbogargbs.  LoolgM@sgom  bsdmMmddo  dmbgdbs 50

5EMmMH0mMIJI0L MYMOOMWO s 3M57EH03I0 5139d3HJdol oY9bo.

Lomgd@mOm  olgh@sgool 306039  bsfowdo  dgbfogerowos
50m3sbgdo,  OHMmOE  BEGHO3WGMO, dlY3g  ©O0bsFozMmMo  LodoLm3ol.
3obbommos 30MHb3mxzol Godob sMfOHR030 06GHaMM-oxgMHYb30sw MO
3963 Mwgd900. 3063900 05330 HIM0WGO0MSS J9FM3ZEIMWO BEIBH0IIM0
Lodol 58mblboL (36Mmdowro 9390350090 F509do@03mboL Bodml Igmmols
399mygbgdols  3Mod@Hozmwo sbdgddgdo. B3gbL doge Fomgdmeo F9gy)d0
L3O gdsll  0degzs  Hobolifot @OoEY0bgl, vy s LoBNLEHom  Mbs
Bootgl 50bodbremo 39mm©ol Y39ws 209mm3womo  Lyxzgbemo, Gomos
LodMmEMmm J99ga0 d9gbodsdgdmgl slobwmw LoBMiEGIL. BsdO™Aol dgmey
05300, Lodol E0653039M0  SFMEFBOLMZOL,  53MHMBOMmYOME0s M58Yb0TY
3900M30M0 sWMOOMT0 BJUEHIO 5dME690DY, BoGoMgdos MHoibgzomo
99b3960396G0 s P339 JOMWOs  F9M3IZIMNWO 1336900  SEPYMGOMTGIOL
989JONOMBDY.

Bodd™mdols  dgmeg  bofoewdo  Fglfogerowros  sdmEsbgdo,  Hmymes
065303100, 5939 LAHOIGOIMNMO  dgEolomzolL. bsIOMIoL dglsdg ™og0
99036905 $H0dmdgbzml GHodol Mo sMfiMx030md0L IJmby obsdozmemo
390l ymxzsd39g30L 99m3sbol s3mblbsl B39l Boge 52900 sEyMGOMTom.
3936006mm, M3 50b0dbo 25bGHMWgds Mo30L0 BMYsEMdOm  F90o;393L,
OMamO3 39OHdm  990mbgg3sl,  3mobmglizo-3moggMol  dgol  3bmdo
396@MgdsL s Bmyogdm bbgs Impgwls. B39gbL doge 53900 SEYMOHOMNTO
03935 805HEMGdSL OHMYMEO 3 LOZOEMEO, 1939 POMOMO (33X5EOL J0TSO.
0909250, 80090 EOL3MIEHME F9BGHMWGdsMs LoliEgdolmzgol 93900
Seam®omdo, OMmIgdos  dom3zswoliobgdmmos  dmEgwol MO Z030
LEAOYIBHMS, LobgEMOM, 390MEM0. Jgusdsdols©, 0GIJMIB30IEO 3OHMEILOL
3oLOFIOGH0390WOE  9RMAOMIoL 53  Boffoerdo  39MEIBML  FMOHIMol
399my969000 oM 3397fows@ dmbgmbs 5eyMmM0mTol Mm3EGH0T0DsE0s, Mo
3DOGHOMEMSE 50LsbS BoLoGMYOIo 0GJMH30gO0L oM bmdsby. LoFoMHm
LoBMLEGHOL  FoLomf9g35, SVbodbmwo  doyamds 03938  0FIMEFOSMS
o0m9bmdol 9930005,  OoLIMEHE00L  dgmmbg  ™Msgzdo  Tgufsgeroos
LEAHOGHOIMOO  dgEobmzol  3oMb3maol  Godol  sMsfiMxz030  0bGHgyGmM-
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©OxBIMI6305MM0  49bGHM@Wgdol  dosbermgdomo  s3mblbol  Lszombo.
390myqgbgdmo 935943l doEamds,  GMmIWomsg  Mobol  gmbdi0900L
399myabgdom  ImEgdMo  s8mEsbs  ©s0Y3z9690s  9MMR03  0bEgYMoME
3906@M@gd5%g, OMIOoL 53MbobLbYEsOE 30Ygbgdm 3035601 0FgMSEOIE
3900mEL. ©Es©Ab0E0s dgMmEOL  3MgdsEMBOL 30MHMdS @S RO
dobo LoBmlEg. 905bEmgd0mo 5dmboblbgdols 3690500Md5Lb

©535380090@0  MIMOONWIE JoQIdIYWO FJRYEIBO  IWILAYMIONWOS
(03Eb300-94139Mm0896E Mo yBom.

65330l 5360Mmds305

©oLgOES30500  2odmi3gdMeo 999 gd0  SLsbmEos  93G™EMOL
3990¢00353090L5 s Bmblighgdgddo  LogMHmModmMOlm S  SYOMIMO]
3Mb6%839696(3090%g, OHMIgems bmlbog 96 9OHM30L  93GHMOIRIOMIAL. oM
530by, LOEMIEBHMOM MMMl 2qadol glsdsdobo FMIBsEs s RGNS
0995GO0  1gdobsegdo s  3M™MJ30499900  OLYOEHIEOOL  JOMOMSEO
3900929000 dglobgd.
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SUMMARY
Construction and Research of Approximate Solutions of
Some Nonlinear Integro-Differential Equations

The present PhD Thesis of Giorgi Papukashvili “Construction and Research
of Approximate Solutions of Some Nonlinear Integro-Differential Equations”is
devoted to some problems of computational mechanics. Several effective
algorithms for solving initial-boundary value problems for static and dynamic
strings and beams are constructed. The properties of these algorithms are studied in
detail and the conditions of their convergence are established. Several numerical
experiments were carried out to demonstrate the practical properties of the
algorithms under consideration. The theoretical and practical aspects of these
algorithms are established and analyzed in the dissertation.

Dissertation work is dedicated to several questions of calculative mechanics,
in particular: were constructed and investigated numerical algorithms of string and
beam for some static and dynamic mathematical models. There are many works
dedicated to the investigation and calculative solutions of these models, but
nowadays many things is yet to be studied in this direction. Many modern
constructions include: strings, beams, plates and shells. Constructed in the
dissertation work, numerical algorithms, both for static and dynamic strings and
beams, find high application in theoretical and constructive mechanics. The
mentioned above methods can be applied for the plates and shells. The main
objects of the research work are: nonlinear integro-differential equations of the
Kirchhoff and Timoshenko types, with whose application it is possible to describe
the static and dynamic conditions of the strings and beams. There was studied the
effectiveness of the different numerical algorithms and conducted computer
experiment with the aim to describe relevant border and initial boundary tasks. In
the algorithms presented in the dissertation work, during the study of Kirchhoff
and Timoshenko’s equations, there are applied the methods of Galerkin and
Chipot, symmetric sustainable differentiative schemes, and for the discretive
equation solution — the iterative methods of Newton, Jacobi and Picard.

In the first part of the dissertation, there are studied the problems for both
static and dynamic strings. Nonlinear integro-differential equations of Kirchhoff
type are considered. In the first chapter, the practical aspects of using the method
of the Swiss mathematician Chipot for solving the static string problem are studied
in detail. The results obtained by us make it possible to determine in advance the
accuracy of all the computational steps of this method to achieve the desired
accuracy. In the second chapter of the work (dynamic string problem), several
computational algorithms were tested on test problems, numerical experiments

30



were carried out and certain conclusions were made about the effectiveness of
these algorithms.

In the second part of the work the problems for both dynamic and static
beams are studied. The third chapter deals with the complex nonlinear problem of
Timoshenko type for the dynamic beam that is solved by the algorithm constructed
in the dissertation. Note that this equation contains as special cases the equation of
the Woinowsky-Krieger beam and some other models. The algorithm constructed
in the dissertation gives an approximation with respect both spatial and temporal
variables. An algorithm for a system of discrete equations is also constructed, in
which the nonlinear, in particular, cubic, structure of the model is taken into
account. Accordingly, in order to simplify the iterative process in this part of the
algorithm, the use of Cardano formulas to some extent managed to optimize the
algorithm (counting process), which positively affected the number of necessary
(required) iterations - this causes a decrease in the number of iterations to achieve
a given (desired) accuracy. In the fourth chapter of the thesis, the problems of
approximate solution of the nonlinear integro-differential equation for a static
beam of Kirchhoff type are studied. We used an approach based on using of
Green's functions which reduces the problem to a nonlinear integral equation,
which in turn can be solved by the iterative Picard method. The condition of
convergence of the considered method is established and its accuracy is estimated.
The theoretical results related to the convergence of approximate solutions are
confirmed by numerical experiments.

In the First Part (approximate solution of static and dynamic strings such as
Kirchhoff) and in the Second Part (approximate solution of static and dynamic
beams such as Kirchhoff)of the thesis, there are created perfect program codes,
with which it is possible to increase the accuracy of approximate solutions of
different test and practical problems. The program codes provide the opportunity
to calculate practical problems, the results of which can be used by specialists in
engineering activities.
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