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Sesavali 

 

kompiuteruli teqnikis progresi sul ufro metadaa da-

mokidebuli maTematikis miRwevebze, ris gamoc msoflios mo-

winave universitetebSi fakultetebis specifikidan gamomdin-

are farTovdeba studentebisaTvis Sesabamisi maTematikuri 

disciplinebis swavleba. gansakuTrebiT, kompiuteruli mecni-

erebis (informatikis) fakultetebze e.w. umaRlesi maTemati-

kis (kalkulusis) garda, studentebs savaldebulo format-

Si ekiTxebaT kompiuteruli programebis Sesaqmnelad saWiro 

maTematikuri sagnebi iseT mimarTulebebSi, rogorebicaa: or-

mniSvnelobiani da aramkafio maTematikuri logika, interval-

uri analizi da specTavebi mravalsaxa asaxvebis Teoriidan, 

simravluri topologiidan da sxv. 

winamdebare saxelmZRvanelo miznad isaxavs informatikis 

da marTvis sistemebis fakultetis studentebisaTvis CamoT-

vlil maTematikur disciplinaTa zogierTi fundamenturi sa-

kiTxebis gacnobas, romelic Sedgenilia avtoris mier ,,komp-

iuteruli maTematikis”, ,,monacemTa siaxlovis analizuri me-

Todebis”, ,,maTematikuri logikisa da zogadi topologiis” 

sagnebSi wakiTxuli leqciebisa da samecniero saqmianobidan 

miRebuli gamocdilebis safuZvelze. 

gamoTvliT maTematikaSi SemuSavebulma Teoriulma meTod-

ebma Seasrules udidesi roli kompiuteruli modelirebis 
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amocanebSi dinamikuri sistemebis kvlevisas. mravali fiziku-

ri problemis swrafi da maRali sizustiT gadawyveta SesaZ-

lebeli gaxda im kompiuteruli programebiT, romlebic Sed-

genili iyo ricxviTi analizis meTodebis gamoyenebiT. Tanam-

edrove kompiuteruli programebi Matlab, Mathcad da a.S. mra-

vali sxvadasxva tipis rTuli amocanebis gadawyvetis SesaZ-

leblobas iZleva, kerZod: algebruli da diferencialuri 

gantolebebisa, da agreTve ricxviT-parametrebiani matricu-

li gamosaxulebebis amoxsnis, wirebisa da zedapirebis vizua-

lizaciis, mravali Tavisuflebis xarisxis mqone dinamikuri 

sistemebis optimizebis da sxv.   

monacemTa simravleebis urTierTsiaxlovis dadgena didi 

moculobis monacemTa bazebSi erT-erTi umniSvnelovanesi am-

ocanaa. monacemTa simravleebis urTierTsiaxlovis dasaxasia-

Teblad mosaxerxebelia logikuri, simravlur-topologiuri 

da metrikuli struqturebis ganxilva, rac kompiuteruli 

Zebnis da seleqciis algoriTmebis SesamuSavebladaa gamiznu-

li. wignSi gadmocemulia maTematikis is specTavebi, romleb-

ic dRemde ar aris asaxuli qarTulenovan saxelmZRvanelo-

ebSi da romelTa Seswavla aucilebelia informatikis da ma-

rTvis sistemebis specialobaTa studentebisaTvis maTi mecni-

erulad momzadebis mizniT (ise rogorc es xorcieldeba da-

savleTis mowinave universitetebSi [1; 3; 5-11; 14-27]). masSi 
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moyvanili sakiTxebi Tanamedrove ucxouri saswavlo saxelmZ-

Rvaneloebisa da samecniero Sromebis gaTvaliswinebiTaa Ser-

Ceuli. saxelmZRvaneloSi gansakuTrebuli yuradRebaa gamax-

vilebulia sakiTxebze: ormniSvnelobiani da aramkafio maTema-

tikuri logikidan, simravleTa da wertilovan asaxvaTa Teo-

riebidan, intervaluri analizidan, mravalsaxa asaxvebis Te-

oriidan, klasikuri, asimetriuli da aramkafio topologi-

ebidan. maTi Seswavla programistobaze orientirebul stud-

entebs SesZens kompiuterze monacemTa dasamuSaveblad auci-

lebel maTematikur codnas. aRsaniSnavia, rom iseTi tipis 

amocanaTa gadaWra da kompiuteruli damuSaveba, romlebic 

araricxviTi monacemebiT aRiwerebian (an ver xerxdeba mona-

cemTa struqturebis algebraizacia, e.i. elementebis Sekreb-

is, gamravlebis da sxva operaciaTa ganmarteba), xSirad Sesa-

Zlebelia mxolod maTematikuri logikisa da simravlur-to-

pologiuri meTodebis sinTezirebiT. monacemTa kompiuteru-

li damuSavebis, kompiuteruli grafikis, saxeTa amocnobis 

da mravali sxva praqtikuli problemis gadawyveta moiTxovs 

swored aRniSnuli maTematikuri meTodebis dauflebas. 
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gamoyenebuli aRniSvnebi, formulebi da Sefasebebi 

 

1. R, N, Z, Q, I, C-namdvil ricxvTa, naturalur ricxvTa, 

mTel ricxvTa, racionalur ricxvTa, iracionalur 

ricxvTa da kompleqsur ricxvTa simravleebi;  

2. Rn-iT Cveulebriv aRniSnaven erTobliobas yvela veq-

torebisa ( )nxxxx ,...,, 21= , sadac 2≥n  da yoveli ∈kx R, 

nk ;...;2;1= . 

3. ∑
=

=+++
n

k
kn aaaa

1
21 ...  da ∏

=
=⋅⋅⋅

n

k
kn aaaa

1
21 ... . 

4. faqtoriali: kn
n

k 1
!

=
Π= -ricxvi n -elementiani simravlis 

elementebis yvela SesaZlo gadanacvlebebisa. 

5. jufTeba: 
)!(!

!
knk

nCk
n −
= -mocemuli n -elementiani simrav-

lis yvela SesaZlo k -elementiani qvesimravleebisa 

raodenoba ( nk ≤ ). 

6. niutonis binomi: ( ) ∑
=

−=+
n

m

mmnm
n

n baCba
0

. 

7. { }1)-(n ...; 2; 1; ;0=nZ  simravle, sadac 0≥n  da masze ganmar-

tebuli Sekrebis Semdegi saxis operaciiT: ;110 =+  

;211 =+  ;312 =+ ... 01)1( =+−n , iwodeba naSTebis adiciur 

jgufad n -moduliT. 
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8. Tu X  dalagebuli simravlea, maSin XA⊂  qvesimrav-

lis infimumi ewodeba X -is } ,|max{inf AaaxXxA ∈∀≤∈=  

elements, xolo A  simravlis supremumi ki ewodeba 

} ,|min{sup AaaxXxA ∈∀≥∈=  elements. 

9. Tu A  da B  raime qvesimravleebia R-Si, maSin samarT-

liania tolobebi: 

BABbAaba infinf},|inf{ +=∈∈+ ; 

BABbAaba supsup},|sup{ +=∈∈+ . 

10. nebismieri ∈ba, R-Tvis sruldeba baba +≤+  utoloba. 

11. Tu )(xf  da )(xg  namdvilmniSvnelobebiani funqciebi ga-

nsazRvrulia A -simravleze, maSin samarTliania: 

               |)(|max|)(|max|)()(|max xgxfxgxf
AxAxAx ∈∈∈

+≤+ . 

12. saSualo mniSvnelobis Teorema: Tu )(xf  aris raime 

] ;[ ba  segmentze diferencirebadi funqcia, maSin arseb-

obs iseTi ] ;[ ba∈ξ  wertili, rom ))(()()( 00 xxfxfxf −′+= ξ  

[13]. 

13. Tu )(AP  da )(BP  Sesabamisad aris A da B  xdomilob-

ebis albaTobebi, maSin  

              )()()()( BAPBPAPBAP ∩−+=∪ . 

14. Tu f -funqcia iseTia, rom kk bxf =)( , sadac nk ;0= , ma-

Sin misi aproqsimacia xarisxovani funqciis saxiT Se-
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saZlebelia lagranJis n -uri rigis )(xLn -sainterpol-

acio mravalwevriT:            

                      )()(
0

xpbxL k
n

k
kn ∑

=
= ,  

   amasTan           

∏

∏

≠
=

≠
=

−

−

= n

kj
j

jk

n

kj
j

j

k

xx

xx

xp

0

0
)

)(

(

)( . 
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Ubwj!J/ ormniSvnelobiani maTematiku-

ri logikis da simravleTa Teoriis 

fundamenturi konstruqciebi   
   

$1.1. gamonaTqvamebi da predikatebi 

ormniSvnelobian maTematikur logikaSi 
 

kompiuterul mecnierebaTa ganviTareba arsebiTad efuZneba maTemati-

kuri logikis fundamentur principebs [1; 4; 5; 6; 15; 16; 18; 19; 22; 26]. 

WeSmariti gadawyvetilebebis miReba, gansakuTrebiT araricxviT-paramet-

rebian amocanebSi, SesaZlebelia mxolod maTematikiuri logikis Teor-

iuli meTodebis safuZvelze. ormniSvnelobiani logikis farglebSi Cveu-

lebriv ganixileba amocanebi, romlebic saWiroeben pasuxis gamorCevas 
,,WeSmaritebasa” da ,,mcdars” Soris.  

 

gamonaTqvamebi da predikatebi: ormniSvnelobian maTematik-

ur logikaSi gamonaTqvamebs Cveulebriv uwodeben iseT wina-

dadebebs (Cawerils “sityvier” an maTematikur enaze), rom-

lebzec SeiZleba iTqvas erT-erTi: gamonaTqvami aris WeSma-

riti an mcdari. ra Tqma unda dauzustebloba WeSmaritebis 

an mcdarisa aramkafios xdis gamonaTqvams, Tumca maTemati-

kuri gamonaTqvamebisaTvis principSi es aris yovelTvis Sesa-

Zlebeli (e.i. ganvsazRvroT aris Tu ara gamonaTqvami ,,WeS-

mariti” an ,,mcdari”). 

magaliTad Canawerebi: [7<28]-WeSmariti gamonaTqvamia; 

[_4>9]-mcdaria; [9-luwi ricxvia]-mcdaria da a.S. aRsaniSnavia, 

rom = ; ;  ; ; ≥≤≠ <; >-mimarTebebis niSnebiT Cawerili gamonaTqva-

mebis mniSvnelobebi SesaZlebelia gamovTvaloT, amasTan gamo-
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Tvlis rezultati iqneba erT-erTi logikuri mniSvneloba: 

1-WeSmariti, xolo 0-mcdari. amis gaTvaliswinebiT, zemoT 

aRniSnul magaliTebSi davwerT: [7<28] = 1; [-4>9] = 0; [9-luwi 

ricxvia] = 0 da a.S. 

amboben, rom gansazRvrulia raime predikati, Tu mocemu-

lia raime simravle wodebuli predikatis gansazRvris ared, 

garda amisa, fiqsirebulia simravle {0 (mcdari); 1 (WeSmari-

teba)}-wodebuli predikatis mniSvnelobaTa ared da rac mTa-

varia miTiTebulia (mocemulia) wesi, romlis mixedviTac ga-

nsazRvris aris yovel wertils Seesabameba mniSvnelobaTa 

aris erT-erTi elementi. cxadia, rom predikatis ganmarteba 

aris kerZo SemTxveva funqciisa, gansxvaveba mxolod imaSia, 

rom predikats gaaCnia mkafiod fiqsirebuli mniSvnelobaTa 

are. 

abstraqtuli (daukonkretebeli azris) predikatebi xSir-

ad aRiniSnebian )(xp=υ ; )(yp=ω ; ),( yxq=υ ; ),,( zyxq=ω  da a.S. p  

da q  simboloebi Sesabamisobebis aRsaniSnavad gamoiyeneba, 

xolo zyx ,, -argumentebis aRsaniSnad. Cveulebriv, υ  da ω  

bulis cvladebad iwodebian, amasTan isini iReben mniSvnelo-

bebs {0; 1}-simravlidan. ganasxvaveben erT, or da mraval adg-

ilian predikatebs. ase magaliTad: 1) erTadgiliani pred-

ikatia << x -maTematikosia>>, romlis gansazRvris are SeiZ-

leba iyos universitetis vestibiulSi myof adamianTa erTo-
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blioba; 2) oradgiliani predikatis magaliTia << x  iafia y -

ze>>, romlis gansazRvris area supermarketSi warmodgenili 

sxvadasxva nairsaxeobis Zexveulisagan warmoqmnili simravle; 

3) samadgiliani predikatia << x  mdebareobs y  da z -s Sor-

is>>, romlis gansazRvris area fiqsirebul wrfeze wert-

ilTa simravle. aRniSnulis msgavsad Cven SegviZlia Sevadg-

inoT mravaladgiliani predikatebis magaliTebi.  

zemoT aRniSnuli ganmratebebi erTi SexedviT waagavs maT-

ematikuri analizis fundamentur cnebebs, magram ramdenadme 

ganzogadebuli da specifikuri terminologiiT aRwerilia. 

es ganpirobebulia im garemoebebiT, rom maTematikur logika-

Si yvela msjeloba unda Catardes sagnobriv simravleTa ko-

nkretuli bunebis gaTvaliswinebis gareSe. 

vTqvaT ),...,,( 21 kxxxp -nebismieri k -adgiliani predikatia, gan-

sazRvruli raime M -simravleze. amboben, rom ),...,,( 21 kaaa  arg-

umentebis k -euli akmayofilebs ),...,,( 21 kxxxp  predikats, Tuki 

1),...,,( 21 =kaaap . Tu 0),...,,( 21 =kaaap , maSin amboben, rom aRniS-

nuli k -euli ar akmayofilebs predikats. predikats 

),...,,( 21 kxxxp  ewodeba Sesrulebadi, Tu argumentis Tundac er-

Ti k-eulisTvis ),...,,( k21 aaa  sruldeba toloba p ),...,,( k21 aaa =1. 

predikats ewodeba igivurad WeSmariti (Sesabamisad, igivu-
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rad mcdari) Tu gansazRvris aris yoveli k-eulisTvis sru-

ldeba 1),...,,( k21 =xxxp  ),0),...,,(( k21 =xxxp . 

magaliTi 1.1.1. >>=+=<< 07)( xxp -predikatia, romelic gansa-

zRvrulia R-ze. cxadia, rom 7−=x -Tvis [ ] ,1077 ==+−  magram 

2=x -Tvis [ ] 0072 ==+ . maSasadame )(xp -Sesrulebadi predikat-

ia. 

vTqvaT, rom cvladebi yx,  gansazRrulia R-ze, maSin pre-

dikati >>≥=<< 0)( 2xxp -igivurad WeSmaritia, xolo predikati 

>><+=<< 0),( 22 yxyxq -ki igivurad mcdari. cxadia, rom predika-

ti >>>−=<< 163)( yyr -Sesrulebadia. 

Tu, ganvixilavT predikatebs >>=<< 2sin x  da >><<< 02x , 

romelTa gansazRvris area R, maSin cxadia, rom TiToeuli 

es predikati, igivurad mcdaria. amrigad, aRniSnuli predika-

tebi mcdari predikatebia. am ukanasknelze dayrdnobiT iol-

ia igivurad ekvivalenturi ori predikatis gansazRvra. 

predikati SeiZleba gansazRruli iyos agreTve grafikul-

ad an cxriliT, ise rogorc qvemoTaa mocemuli: 

 

)1(p  )2(p  )4(p  )6(p  

 

0 

 

1 

 

1 

 

1 

      



 15

zogadobis da arsebobis kvantorebi: vTqvaT )(xp -raime pr-

edikatia gansazRvruli M -simravleze, maSin Canaweri )(  xpx∀  

aRniSnavs, rom: yoveli Mx∈  elementisaTvis sruldeba )(xp  

(anu, 0)( =xp  yvela Mx∈ -Tvis; an 1)( =xp  yvela Mx∈ -Tvis). 

maSasadame, Tu gvsurs davrwmundeT )(  xpx∀ -gamonaTqvamis WeS-

maritebaSi, saWiroa )(xp -predikatis mniSvnelobebi Sevamowm-

oT yvela Mx∈ -Tvis, e.i. unda sruldebodes tolobebi:  

1)( 1 =xp , 1)( 2 =xp , ... 

zemoT aRniSnulis gasaazreblad sasargebloa Semdegi mag-

aliTi. ganvixiloT R-ze predikati:  

>>>++≡<< 01 )( 2 xxxq , 

rogorc viciT aRniSnuli samwevri aris x -is nebismieri nam-

dvili mniSvnelobisaTvis dadebiTi, amitom Cven CavwerT 

)(  xqx∀ .  

Tuki )(xp  raime predikatia, maSin )(  xpx∃  Canaweri aRniS-

navs, rom: ,,arsebobs elementi Mx∈ , romlisTvisac srul-

deba )(xp ”. 

Canaweri )(  xpx∃ -ar aris predikati, is warmoadgens )(xp -

predikatze gamonaTqvams, amasTan iseTs, rom gamonaTqvami 

)(  xpx∃  aris WeSmariti, roca )(xp -Sesrulebadi predikatia. 

ganvixiloT >><−+−≡<< 014914)( 23 xxxxc  predikati N-simrav-

leze, maSin 4;3;2;1=x -Tvis miviRebT gamonaTqvamebs: 
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[ ≡)1(c   011491141 23 <−⋅+⋅− anu (35<0)]=0; 

[ ≡)2(c   012492142 23 <−⋅+⋅− anu (49<0)]=0; 

[ ≡)3(c   013493143 23 <−⋅+⋅− anu (47<0)]=0; 

[ ≡)4(c   014494144 23 <−⋅+⋅− anu (35<0)]=0. 

yvela es gamonaTqvamebi mcdaria (gaaCniaT nulovani mniSvne-

loba). aris Tu ara miRebuli Sefasebebi safuZveli imisa, 

rom ganvacxadoT: c(x)x  ∃ -gamonaTqvami aris mcdari? (anu, rom 

ar moiZebneba iseTi ∈n N, rom )(nc -gamonaTqvami iyos WeSma-

riti?)_ara, Cven aseTi daskvnis gakeTebis safuZveli ara gva-

qvs. Tu, Cven gavagrZelebT Semowmebebs: 

[ ]019)5( <≡c =0; 

[ ]05)6( <≡c =0; 

[ ]01)7( <−≡c =1. 

maSasadame, Cven davadgineT, rom )5(c  da )6(c -mcdari gamo-

naTqvamebia, xolo )7(c -WeSmaritia. amrigad, Cven movZebneT 

7=n -ricxvi, romlisTvisac )(nc -WeSmaritia, e.i.  c(x)x ∃ -WeSmar-

iti gamonaTqvamia, ris gamoc cxadia )c(x -Sesrulebadi predi-

katia.  

x∀  da x∃  gamosaxulebebs logikaSi, Sesabamisad, ewodebaT 

zogadobis da arsebobis kvantorebi. es kvantorebi cxadia, 

rom SesaZlebelia gamoyenebul iqnas m -adgiliani predikat-

ebisTvisac. Tu ),...,,( 21 mxxxp  raime predikatia, maSin naTelia 
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Semdegi gamonaTqvamis azri 1x∀ 2x∀ ... mx∀  ),...,,( 21 mxxxp _nebismie-

ri 1x , 2x  da a.S. mx -Tvis sruldeba gamonaTqvami )],...,,([ 21 mxxxp . 

logikuri operaciebi, logikuri kanonebi: aq Cven mniSvne-

lovnad gavafarTovebT gamonaTqvamebis formebis klass. Tu 

,,, zyx -cvladebi ganmartebulia R-ze, maSin Cven SegviZlia gan-

vixiloT predikatebi: 

≡<<),,( zyxp  Tu yx >  da zy > , maSin >>> zx ; 

 ),( yxyxq ≥≡<<  maSin da mxolod maSin, roca yx = an ;>>> yx  

≡<<),( yxr Tu x  ar udris ,y  maSin yx > an ;>>> xy  

≡<<)(ys Tu ,0≠x  maSin 0>x  an ;0 >><x  

pirdapiri dakvirvebidan Cans, rom yvela es predikati ig-

ivurad WeSmaritia (cvladebis nacvlad nebismieri ricxvebis 

CasmiT miviRebT WeSmarit gamonaTqvamebs). 

maTematikur logikaSi gamonaTqvami: “Tu υ , maSin u ” Seg-

viZlia SevcvaloT CanaweriT u⇒υ , ”υ  maSin da mxolod maS-

in u ” Caiwereba ;u⇔υ  “υ  da u ”_υ ∧  ;u  “υ an u ”_ υ ∨  u ,  

xolo ”ara υ ”- ¬ υ . 

operaciebs ¬ ; ∧ ; ∨ ; ⇔⇒;  ewodeba logikuri (an elementar-

uli bulis) operaciebi. 

   logikuri uaryofa: yoveli gamonaTqvamidan SeiZleba mivi-

RoT axali gamonaTqvami, misi uaryofiT: υ  gamonaTqvams ar 

aqvs adgili Caiwereba ¬ υ . 
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cxrilidan Cven vxedavT, rom gamonaT-

qvami ¬ υ  mcdaria, Tu υ -WeSmaritia, da 

piriqiT ¬ υ  WeSmaritia, roca υ -mcda-

ria. es Cven gvaZlevs safuZvels Camovaya-

liboT Semdegi kanoni: rogoric ar unda iyos gamonaTqvami 

υ , ori gamonaTqvamidan υ  da ¬ υ -erTi WeSmaritia, meore ki 

mcdari. 

Tu, a -nebismieri gamonaTqvamia, maSin ¬ a -aseve aris gamo-

naTqvami. ris gamoc, SesaZlebelia ganvixiloT misi uaryof-

ac, anu  ¬¬ a , romelsac a -s ormag uaryofas vuwodebT.  

ormagi uaryofis logikuri kanoni:  ¬¬ a = a . 

mesamis gamoricxvis kanoni: yoveli gamonaTqvami aris WeS-

mariti an mcdari. 

winaaRmdegobis kanoni: arcerTi gamonaTqvami ar SeiZleba 

iyos erTdroulad WeSmariti da mcdari. 

mxedvelobaSi unda gvqondes, rom winadadeba romelzec 

calsaxad ar SeiZleba vTqvaT WeSmaritia igi Tu mcdari, ar 

warmoadgens gamonaTqvams. 

ganvixiloT axla sakiTxi gamonaTqvamebis uaryofaze, rom-

lebic Seicaven ∀  da ∃ kvantorebs. maTTvis qvemoT Cven Cam-

ovayalibebT de-morganis kanonebs. 

[υ ] [¬ υ ] 

0 1 

1 0 
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1) vTqvaT )(xp -raime predikatia M -simravleze, misiT Cv-

en SegviZlia vawarmooT gamonaTqvami )(  xpx∀ . am gamonaTqvamis 

uaryofa SeiZleba orgvarad: 

a) SeiZleba davsvaT uaryofis niSani mTliani gamonaTqva-

mis win, e.i. ¬ )(  xpx∀ , anu ar sruldeba debuleba, rom 

yoveli x -Tvis adgili aqvs )(xp ; 

b) SesaZlebelia uaryofis niSani davsvaT x∀ -is Semdeg, 

magram maSin nebismierobis niSani ∀  aucileblad unda Se-

icvalos arsebobis niSniT x∃ ¬ )(xp , anu arsebobs M -Si 

iseTi x  elementi, romlisTvisac ar sruldeba )(xp . 

vinaidan es ori gamonaTqvami aris erTi da imave gamonaT-

qvamis uaryofebi (kerZod, )(  xpx∀ -is uaryofa), amitom adgi-

li aqvs tolobas: 

¬ ≡∀ )(  xpx x∃ ¬ )(xp . 

2) ganvixiloT axla gamonaTqvami )(  xpx∃ , anu: arsebobs 

x -elementi M -Si, romlisTvisac adgili aqvs )(xp . aRniSnu-

lis uaryofa SegviZlia CavweroT orgvarad: 

a) davweroT uaryofis niSani mTliani gamonaTqvamis win: 

¬ )(  xpx∃ ; 

b) SesaZlebeblia davweroT uaryofis niSani x∃ -is Semdeg, 

magram maSin aucilebelia, rom ∃ -niSani SevcvaloT ∀ -iT: 

x∀ ¬ )(xp . 
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amrigad adgili aqvs tolobas: ¬ ≡∃ )(  xpx x∀ ¬ )(xp . 

am kanonebidan gamomdinareobs, rom ¬ x∀ ¬ ≡)(xp )(  xpx∃  da 

¬ x∃  ¬ ≡)(xp )(  xpx∀ . 

logikur gamonaTqvamTa koniunqcia, diziunqcia, implikac-

ia da ekvivalencia. tavtologiebi: logikuri gamonaTqvami 

“υ  da u ” iwodeba koniunqciad da Caiwereba υ ∧ u -saxiT, igi 

υ  da u  gamonaTqvamebis erTobliobas warmoadgens. 

logikuri gamonaTqvami “υ  an u ” Caiwereba υ ∨ u -saxiT 

da iwodeba diziunqciad. 

logikuri gamonaTqvami “Tu υ , maSin u ” iwodeba impli-

kaciad da weren υ ⇒ u . aRsaniSnavia, rom ba ⇒  igivea rac 

¬ ⇒b ¬  a . 

Tu (υ ⇒ u ) ∧ ( u ⇒ υ ), maSin Cven davwerT u⇔υ , anu u≡υ  

da vityviT, rom υ  da u  logikurad eqvivalenturi gamo-

naTqvamebia. 

qvemoT warmodgenilia cxrili, romelic ori gamonaTqva-

mis mniSvnelobebis (WeSmaritisa da mcdaris) mixedviT Sedge-

nili logikuri gamonaTqvamebis mniSvnelobebis gamoTvlis sa-

Sualebas iZleva: 

[υ ] [ u ] [υ ∧ u ] [υ ∨ u ] [υ ⇒ u ] [υ ⇔ u ]

0 0 

 

0 0 1 1 
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cxrilidan Cven iolad davaskvniT, rom [υ ¬∨  1] ≡υ  (WeSm-

ariteba) da [υ ¬∧ 0] ≡υ  (mcdari), amasTan 

)(...)()()(  21 napapapxpx ∧∧∧≡∀ ; 

)(...)()()(  21 napapapxpx ∨∨∨≡∃ . 

logikuri tavtologiebi ewodeba iseT gamonaTqvamebs, ag-

ebuls ,...,, wvu  asoniSnebiT da ¬ , ⇔⇒∨∧ ,,,  kavSirebiT, rom Tu 

aso-niSnebs SevcvliT nebismierad gamonaTqvamebiT (WeSmarit-

iT an mcdariT), maSin miiReba WeSmariti gamonaTqvamebi. Semo-

wmeba imisa, rom sakvlevi logikuri gamonaTqvami aris tav-

tologia SesaZlebelia ,...,, wvu -ebis nacvlad 0 da 1 mniSvne-

lobebis yvela SesaZlo CasmiT da Sedgenil gamonaTqvamTa mn-

iSvnelobebis logikuri gamoTvlebiT. Tu aRmoCnda, rom yve-

la es mniSvneloba tolia 1-is, maSin Cven davaskvniT, rom 

saqme gvaqvs tavtologiasTan. 

magaliTi 1.1.2 gamonaTqvami ( ) ( )wuvu ∨⇒∧ , rom warmoadgens 

tavtologias advili dasanaxia WeSmaritebis Semdegi cxril-

idan: 

[ u ] 0 0 0 1 1 0 1 1 

0 1 0 1 1 0 

1 0 0 1 0 0 

1 1 1 1 1 1 
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[ v ] 0 0 1 0 0 1 1 1 

[ w ] 0 1 1 0 1 0 0 1 

[ ( ) ( )wuvu ∨⇒∧ ] 1 1 1 1 1 1 1 1 

tavtologiebis safuZvelze SesaZlebelia iolad davr-

wmundeT, rom samarTliania Semdegi saxis logikuri kanonebi: 

a) vwwv ∧⇔∧ ; b) vwwv ∨⇔∨ ; g) )()( uwvuwv ∧∧⇔∧∧ ; 

d) )()( uwvuwv ∨∨⇔∨∨ ; e) )()()( uwuvuwv ∧∨∧⇔∧∨ ; 

v) )()()( uwuvuwv ∨∧∨⇔∨∧ ; z) vvv ⇔∧ ; T) vvv ⇔∨ ; 

i) ⊥⇔⊥∧v ; k) Τ⇔Τ∨v ; l) vv ⇔Τ∧ ; m) vv ⊥⇔∨ , amasTan 0][ =⊥ , 

xolo 1][ =Τ . a) da b)_iwodeba diziunqciis da koniunqciis 

komutaciurobis; g) da d)–asociaciurobis; e) da v) distr-

ibuciulobis; z) da T)_idempotenturobis, xolo i)-m)_Ca-

qrobis kanonebad. 

 

savarjiSoebi 

I.1.1 ganvixiloT predikati ≡),( yxp << 585 23 =+ yx >>, romelic 

gansazRvrulia namdvil ricxvTa simravleze. daadgineT Ses-

rulebadia Tu ara ),( yxp  predikati. 

I.1.2 gaarkvieT igivurad WeSmaritia, Tu Sesrulebadia predi-

kati: << 1sincos 22 =+ αα >>. 

I.1.3. sxvadasxva feris sam yuTSi burTebi awyvia: lurj-

Si_lurji burTebi, yviTelSi_yviTeli burTebi da mwvane-
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Si_mwvane burTebi. winaswar ucnobi kanoniT moaxdines yuTeb-

Si yvela burTebis Secvla, ris Sedegadac miviReT, rom sami-

ve yuTis feri Seusabamoa maTSi moTavsebuli burTebis fe-

ris. lurji yuTis gaxsniT dadginda, rom masSi mwvane fe-

ris burTebia moTavsebuli. ra feris yuTSia yviTeli bur-

Tebi?  

I.1.4. vTqvaT samarTliania Semdegi debulebebi: a) narinjisfe-

ri forToxali mwifea; b) mwife forToxali narinjisferia; 

g) gvian SemodgomiT dakrefili forToxali narinjisferia. 

CamoTvlili gamonaTqvamebidan, romeli gamonaTqvamis sama-

rTlianoba gamomdinareobs zemoT moyvanili pirobebidan: 

(1) Tu forToxali mwife araa, maSin igi  narinjisferia; 

(2) Tu forToxali mwife ar aris, maSin is ar aris gvian 

Semodgomaze dakrefili; 

(3) mwife forToxali gvian Semodgomazea dakrefili. 

I.1.5. romeli gamonaTqvamia mcdari da romelia WeSmariti:  

a) kata cxovelia da Tevzs ar Wams; b) kata cxoveli araa 

an kata Tevzs ar Wams; g) kata cxoveli araa da kata Tevzs 

ar Wams; d) kata cxovelia an kata Tevzs ar Wams. 

I.1.6. gamoTvaleT ))](()[( vuwvu ∨¬⇔⇒¬∧ , Tu cnobilia, rom 

1][ =u ; 0][ =v  da 1][ =w . 

I.1.7. gamoTvaleT ))]()(([ vuvuw ∧¬⇒∨⇒ , Tu cnobilia, rom 

1][ =u ; 1][ =v  da 0][ =w . 
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I.1.8. ras udris ][u  da ][v , Tu cnobilia, rom 0][ =∧ vu  da 

0][ =¬∨ vu . 

I.1.9. ras udris ][u  da ][v , Tu cnobilia, rom 0])[( =¬⇔∧ vvu , 

0][][ >+ vu . 

I.1.10. tavtologiaa Tu, ara Semdegi saxis logikuri gamona-

Tqvami: )( vuu ∧¬⇒¬ ?. 

 

$1.2. maTematikuri induqciis da sawinaaRmdego 

azris daSvebis meTodebi 
 

monacemTa analizisas SeniSnuli maTematikuri kanonzomierebebis uty-

uarobis Sesamowmeblad da zogadi rezultatis dasadgenad xSirad gamo-

iyeneba maTematikuri induqciis da sawinaaRmdego azris daSvebis meTo-

debi. maTi codna sasargebloa optimaluri moculobis kompiuteruli 

algoriTmebis Sedgenisas [1; 3; 4; 6; 15; 26]. 
 

arseboben formulebi da Teoremebi, romlebic samarTli-

ania nebismieri naturaluri ∈n N-Tvis, mag. niutonis cnobi-

li binomi; ariTmetikuli da geometriuli progresiis wev-

rebis da jamis gamosaTvleli formulebi da sxv. am tipis 

rezultatebis samarTlianobaSi dasarwmuneblad SesaZlebel-

ia gamoviyenoT maTematikuri induqciis meTodi: rodesac su-

rT daamtkicon raime debulebis samarTlianoba, romelic da-

mokidebulia nebismier naturalur ricxvze ∈n N, moqmedeben 

Semdegi TanmimdevrobiT:  

I) aCveneben, rom 1=n -Tvis (sawyis etapze) rezulta-

ti aris samarTliani; 
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II) uSveben WeSmaritebas rezultatisa raime ∈n N-

Tvis, mis safuZvelze warmarTaven mtkicebas 1+n -

Tvis. Tuki aRmoCnda, rom am SemTxvevaSic rezul-

tati aris ZalaSi, maSin sabolood igi samarTl-

ianad cxaddeba. 

magaliTi 1.2.1 vaCvenoT 
4

555
1

1

−
=

+

=
∑

nn

i

i  tolobis samarTlia-

noba. 

Tavdapirvelad SevniSnoT, rom 
4

555
11

1 −
=

+
. meore etapze, 

Tuki davuSvebT dasamtkicebeli tolobis samarTlianobas, 

maSin ∑
+

=

1

0
5

n

i

i -Tvis gveqneba =+= +

=

+

=
∑∑ 1

0

1

0
555 n

n

i

i
n

i

i =+
− +

+
1

1
5

4
55 n

n
 

=
−⋅

=
+

4
555 1n

 
4

55 2 −+n
, e.i. Cven ∈∀n N-Tvis miviReT aRniSnuli 

tolobis samarTlianoba. 

sawinaaRmdegos daSvebis meTodis gamoyeneba efuZneba gamo-

naTqvamebisaTvis dadgenil logikur kanonebs. saxeldobr, Tu 

davuSvebT, rom dasamtkicebeli debulebis daskvniTi nawili 

aris mcdari, mtkicebis procesSi (cnobili maTematikuri We-

Smaritebebis gamoyenebisas) unda mivideT mcdar gamonaTqvam-

amde (pirobiT cnobili, anda adre damtkicebuli romelime 

rezultatis uaryofamde). aseT SemTxvevaSi debuleba samar-
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Tlianad gamocxaddeba. am meTodis sailustraciod gamodgeba 

Semdegi  

magaliTi 1.3.2 davamtkicoT, rom Tu samkuTxedSi rome-

lime ori gverdis kvadratebis jami tolia mesame gverdis 

kvadratis, maSin is marTkuTxa samkuTxedia. 

davuSvaT sawinaaRmdego, e.i. vigulisxmoT, rom 222 bac += , 

magram samkuTxedi araa marTkuTxa. amrigad, Cveni daSvebiT 

nax.1.2.1-ze o90≠α -kuTxea.      

 

                      nax.1.2.1  

kosinusebis Teoremis Tanaxmad SegviZlia CavweroT tol-

oba αcos2222 abbac −+= , saidanac cxadia, rom 222 bac +≠ . piro-

basTan miRebuli winaaRmdegoba amtkicebs debulebis samarT-

lianobas. 

 

savarjiSoebi 

I.2.1. daamtkiceT ∑∑
==

≤
n

k
k

n

k
k aa

11
||  utolobis samarTlianoba 

∈∀n N-Tvis.  
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I.2.2. daamtkiceT, rom Tu 0>a , maSin ( ) naa n +≥+ 11 , ∈∀n N-

Tvis. 

I.2.3. maTematikuri induqciis meTodis gamoyenebiT daamtkic-

eT toloba: ⎟
⎠
⎞

⎜
⎝
⎛

+
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛∑
= 12

1

1
2 n

narctg
k

arctg
n

k
, ∈∀n N-Tvis. 

I.2.4. daamtkiceT, rom ∑∑
==

≤
n

k
k

n

k
k

11
sinsin αα , sadac ∈∀ kα ]180  ;0[ oo . 

I.2.5. daamtkiceT, rom 22 )!(2)!2( nn n ⋅< , sadac 1>n . 

I.2.6. daamtkiceT, rom yovel namdvilkoeficientebian n-uri 

rigis polinoms gaaCnia kompleqsur ricxvTa C simravleSi 

zustad n-cali fesvi. 

I.2.7. daamtkiceT, rom Tu 0
1

2 =∑
=

n

k
ka , sadac ∈∀ ka R, maSin 

0...21 ==== naaa . 

I.2.8. sawinaaRmdegos daSvebis gziT daamtkiceT, rom 21 xx ee ≠ , 

21 xx ≠∀ -namdvili mniSvnelobebisTvis. 

I.2.9. aCveneT, rom yovel krebad ricxviT mimdevrobas gaaCnia 

erTaderTi zRvari. 

I.2.10. ricxvTa Teoriidan cnobilia Semdegi Teorema: ∈∀r R-

Tvis nppp ;...;; 21∃ -martivi ricxvebi iseTi, rom nk
n

kk pppr ...2
2

1
1= , 

sadac ∈nkkk ;...;; 21 Q. aRniSnul Teoremaze dayrdnobiT da sawi-
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naaRmdegos daSvebis meTodiT daamtkiceT, rom martiv ricxv-

Ta simravle usasruloa. 

 

$1.3. simravleTa algebra da kardinaluri 

 ricxvebi 
 

didi moculobis monacemTa bazebSi calkeul erTobliobebSi (mag. 
masivebSi) sasurveli komponentebis (nawilebis) swrafad mosaZebnad an 

sxvadasxva gamonaTqvamebrivi monacemebis logikuri kombinaciebis (koniu-

nqciuri, diziunqciuri, da sxv.) Sesasruleblad saWiroa specifiuri ko-

mpiuteruli programebis SemuSaveba, risTvisac Zalzed mniSvnelovania 

simravleTa Teoriis aparatis daufleba [1-3; 12; 14; 16; 18; 19; 22].  

     

simravleebi warmoadgenen garkveuli sagnebisa an obieqte-

bis erTobliobebs. simravlis Semadgenel abstraqtul obieq-

tebs am simravlis elementebi ewodebaT. simravleebs didi, 

xolo maT elementebs mcire laTinuri an berZnuli asoebiT 

aRniSnaven. im SemTxvevaSi, roca a  aris A  simravlis elem-

enti gamoiyeneba Canaweri Aa∈ , winaaRmdeg SemTxvevaSi Aa∉ . 

aRsaniSnavia rom, raime elementebis erToblioba mxolod ma-

Sin iwodeba simravled roca mis elementobriv CamonaTvalSi 

ar monawileoben erTi da igive elementebi. ase mag., 

},,,{ dcbaA = -simravlea, magram erToblioba },,,{ cabaA =′ -ar iwo-

deba simravled (mas maTematikaSi sityvas uwodeben). Cveule-

briv, ganasxvaveben sasrul da usasrulo simravleebs. simra-

vles ewodeba sasruli Tu, is sasruli raodenoba elemen-

tebisagan Sedgeba. sxva SemTxvevaSi simravles usasrulo ew-
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odeba. sasruli simravlis magaliTebia: auditoriaSi studen-

tebis simravle, xeze foTlebis simravle, okeaneSi moleku-

lebis simravle da a.S. usasrulo simravleebs warmoadgenen 

R, N, Z, Q, I da sxv. 

simravles, romelic arcerT elements ar Seicavs carie-

li simravle ewodeba da aRiniSneba φ -iT.    

Cveulebriv davwerT, rom BA⊂  maSin da mxolod maSin, 

roca BaAa ∈⇒∈∀ , magram CarTva BA⊆ )()( BABA =∨⊂⇔ . Canawe-

ri BA⊂  aRniSnavs, rom A  simravle aris B -s nawili, anu 

qvesimravle.  

Tu A  da B  raime simravleebia, maSin maTi 

a) toloba BA =  eqvivalenturia Semdegi CarTvebisa BA⊂  da 

AB ⊂ ; 

b) gaerTianeba ewodeba simravles 

{ })()(| BxAxxBA ∈∨∈≡∪ ; 

g) TanakveTa ewodeba simravles 

{ })()(| BxAxxBA ∈∧∈≡∩ ; 

d) sxvaoba ewodeba simravles 

{ })()(|\ BxAxxBA ∉∧∈≡ ; 

e) simetriuli sxvaoba ewodeba simravles 

)\()\( ABBABA ∪≡Δ ; 

v) dekartuli namravli ewodeba simravles 
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{ })()(|),( BbAabaBA ∈∧∈≡× . 

ganmartebuli simravluri operaciebis TvalsaCinoebis mi-

zniT ganvixiloT  

magaliTi 1.3.1. ganvixiloT { }fedcbaA ,,,,,=  da { }gfcaB ,,,=  

simravleebi. Sesabamisi ganmartebebis gaTvaliswinebiT Cven 

gveqneba:  

{ }gfedcbaBA ,,,,,,=∪ ; { }fcaBA ,,=∩ ; { }edbBA ,,\ = ; { }gedbBA ,,,=Δ .  

cxadia, rom maTi dekartuli namravli toli iqneba: 

)}.,(),,(),,(),,(),,(),,(),,(),,(),,(
),,(),,(),,(),,(),,(),,(),,(),,(),,(

),,(),,(),,(),,(),,(),,{(

gfffcfafgefeceaegd
fdcdadgcfcccgbfbcb

abgafaaccaaaBA =×
 

amboben, rom X -simravleze gansazRvrulia binaruli mi-

marTeba R , Tuki XXR ×⊂ . vTqvaT Rba ∈);( , maSin Cven davwerT 

aRb  da vityviT, rom a  da b  elementebi arian erTmaneTTan 

R  mimarTebaSi, winaaRmdeg SemTxvevaSi bRa . aRsaniSnavia, rom 

R -iwodeba ekvivalentobis mimarTebad Tuki is akmayofilebs 

Semdeg aqsiomebs: a) aRa  (refleqsuroba); b) bRaaRb ⇒  (sime-

triuloba); g) aRcbRcaRb ⇒∧ )(  (tranzituloba). 

magaliTi 1.3.2. ganvixiloT { }dcbaX  ; ; ;=  simravle da masze 

{ }),(  );,( cbdaR = -mimarTeba. cxadia, rom binaruli R -mimarTebaa, 

magram igi araa ekvivalentobis mimarTeba. 
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magaliTi 1.3.3. iolia darwmuneba imaSi, rom yvela samku-

Txedebis ojaxSi ekvivalentobis mimarTebas warmoadgens sam-

kuTxedebis msgavseba. 

aRsaniSnavia, rom Tu R  ekvivalentobis mimarTebaa X -ze 

da Xa∈ , maSin { }RxaXxxaR ∈∈= ),(  ,|)( -simravles ewodeba a -

elementis R -ekvivalentobis klasi. cxadia, rom ekvivalent-

obis klasebi ar TanaikveTebian, ris gamoc isini warmoqmnian 

X -is dayofas. simravles ekvivalentobis klasebisa ewodeba 

X -is faqtorsimravle R  ekvivalentobis mimarT da mas aRni-

Snaven RX / -iT. 

magaliTi 1.3.4. mTel ricxvTa Z-simravleSi ganvixiloT 

ekvivalentoba: yvela luwi ricxvi gaigivdes 0 -Tan, xolo 

kenti ricxvebi ki 1 -Tan. aseTi ekvivalentobis mimarTeba wa-

rmoSobs faqtorsimravles, romelic aRiniSneba Z2=Z/2Z-iT.  

zemoT aRniSnuli simravluri operaciebis ganmartebebidan 

SegviZlia martivad davaskvnaT, rom adgili aqvs Semdegi sa-

xis tolobebs: ABBA ∪=∪ , ABBA ∩=∩ , ABBA Δ=Δ , magram 

ABBA ×≠× , roca BA ≠ . amasTan cxadia, rom AAAAA =∪=∩ , 

( ) ( ) CBACBA ∩∩=∩∩ , ( ) ( ) CBACBA ∪∪=∪∪ , φφ =∩A  da AA =∪φ . 

Teorema 1.3.1. simravlur operaciebs gaaCniaT Semdegi 

ZiriTadi Tvisebebi: 

1) )()()( CABACBA ∩∪∩=∪∩ ; 
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2) )()()( CABACBA ∪∩∪=∩∪ ; 

3) )\()\()(\ CABACBA ∩=∪ ; 

4) )\()\()(\ CABACBA ∪=∩  

damtkiceba.  1)-is misaRebad saWiroa ganvixiloT  

( ) ⇔∪∩∈∀ )( CBAξ ⇔∪∈∧∈ )( CBA ξξ ∈ξ ⇔∈∨∈∧ )( CBA ξξ

)()( CABA ∩∈∨∩∈ ξξ ⇔ )()( CABA ∩∪∩∈ξ . maSasadame adgili aqvs 

1)-tolobas. 

2)-Tvis aviRoT ⇔∩∈∨∈⇔∩∪∈∀ )())(( CBACBA ξξξ  

∨∈ Aξ )( CB ∈∧∈ ξξ ⇔∪∈∧∪∈⇔ )()( CABA ξξ )()( CABA ∪∩∪∈ξ , anu 

Cven miviReT rom samarTliania 2)-toloba. 

3)-Tvis )())(\( CBACBA ∪∉∧∈⇔∪∈∀ ξξξ BA ∉∧∈⇔ ξξ ( ⇔∉∧ )Cξ  

)\()\( CABA ∈∧∈⇔ ξξ )\()\( CABA ∩∈⇔ ξ , e.i. miviReT 3)-is WeSma-

riteba. 

4)-is saCveneblad ganvixiloT ))(\( CBA ∩∈∀ξ ⇔ ∧∈ Aξ  

⇔∩∉ )( CBξ )( CBA ∉∨∉∧∈ ξξξ ⇔ ⇔∈∨∈ )\()\( CABA ξξ

)\()\( CABA ∪∈ξ . amrigad, 4)-toloba damtkicebulia.  

SevniSnoT, rom 4)-dan uSualod gamomdinareobs toloba 

( )BAABA ∩= \\ .   

simravluri operaciebis Semoklebis mizniT xSirad gamoi-

yeneba Semdegi Canawerebi:  
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{ }00 :| αα
α

α AaaA ∈Λ∈∃≡
Λ∈
U ; n

n

k
k AAAA ∪∪∪≡

=
...21

1
U ; 

{ }Λ∈∀∈≡
Λ∈

ααα
α

,| AaaAI ; n
n

k
k AAAA ∩∩∩≡

=
...21

1
I ;   

{ }niAaaaaAAA iin
n

k
kn ;1,|),...,,(... 21

1
1 =∀∈=≡×× ∏

=
; 

amasTan Λ -indeqsTa raime (sasruli an usasrulo) dalagebu-

li simravlea (anu simravle, romelSiac Λ∈≠∀ 21 αα -Tvis 

21 αα <  an 12 αα < ). 

Teorema 1.3.1-Si moyvanili 1)-4) Tvisebebis gaTvaliswineb-

iT iolad mtkicdeba, rom Tu X  nebismieri simravlea, xolo 

Λ∈αα}{A  simravleTa raime erTobliobaa, maSin  

a) )( α
α

α
α

AXAX ∩=⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
∩

Λ∈Λ∈
UU ; b) )( α

α
α

α
AXAX ∪=⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
∪

Λ∈Λ∈
II ; 

g) )\(\ α
α

α
α

AXAX IU
Λ∈Λ∈

= ;   d) )\(\ α
α

α
α

AXAX UI
Λ∈Λ∈

= . 

aqve unda aRiniSnos, rom g) da d)-kanonebi simravleTa Teo-

riaSi iwodeba de-morganis kanonebad. 

yoveli simravlis Semadgeneli elementebis raodenobas 

mis kardinalur ricxvs (an simZlavres) uwodeben. Tu moce-

muli gvaqvs },...,,{ 21 naaaA =  simravle, maSin A -s kardinaluri 

ricxvia ncardA = .  
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simravles, romelic imdenive elements Seicavs ramdensac 

naturalur ricxvTa N-simravle, Tvladi simravle ewodeba. 

amasTan miRebulia aRniSvna card N 0ℵ=  (’’alef-nuli’’_ebrauli 

anbanis pirveli asoniSani). simravles, romelic imdenive el-

ements Seicavs ramdensac namdvil ricxvTa R-simravle, kont-

inuumi ewodeba, amasTan miRebulia Semdegi saxis aRniSvna 

card R c= . 

nebismieri A  simravlis yvela SesaZlo qvesimravleebis 

erTobliobas uwodeben A -s bulians da aRvniSnavT )(AB -iT. 

Teorema 1.3.2 Tu ncardA = , maSin nAcard 2)( =B . 

damtkiceba. cxadia, rom A -s 0-simZlavris qvesimravleTa 

raodenobaa 1 (aseTia mxolod φ -simravle); A -s yvela 1-el-

ementiani qvesimravleebis raodenoba tolia 1
nC -is; 2-elemen-

tiani qvesimravleebis raodenoba 2
nC ; da a.S. n -elementiani 

qvesimravleebis raodenoba n
nC . cxadia, rom n -elementiani 

simravlis yvela SesaZlo qvesimravleebis raodenoba gamoisa-

xeba tolobiT nknkk
n

n

k

k
n

n

k
CCAcard 211)(

00
=⋅⋅== −

==
ΣΣB .  

dasasrul, moviyvanoT kardinaluri ricxvebis zogierTi 

sasargeblo Tviseba: 

1. 02ℵ=c , e.i. c<ℵ0 . 

2. =∪ )( BAcard −+ cardBcardA )( BAcard ∩ . 
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3. cardBcardABAcard ⋅=× )( . 

4. Tu 0ℵ≥cardA  an 0ℵ≥cardB , maSin ==∪ }  ;max{)( cardBcardABAcard  

= )( BAcard × . 

 

savarjiSoebi 

I.3.1. jgufSi 30 studentia, maTgan 20 studenti swavlobs 

inglisur enas, xolo 25 germanuls, ramdeni studenti 

swavlobs erTdroulad orive enas?  

I.3.2. daamtkiceT Semdegi tolobebi: 

a) )\()()\( ABBABABA ∪∩∪=∪ ; 

b) ( ))\()\(\)( ABBABABA ∪∪=∩  

I.3.3. Tu 
⎭
⎬
⎫

⎩
⎨
⎧ =++−= 7)5()3(|),( 22 yxyxS  da ]1  ;0[=I , maSin ras wa-

rmoadgens IS × -simravle (romeli sivrciTi sxeulia)? 

I.3.4. Tu }5 ;3 ;2{=A  da }43 ,98|),{( ≤≤−≤≤= yxyxB , rogor gansxva-

vdeba geometriulad BA×  da AB×  simravleebi? 

I.3.5. daamtkiceT simravluri tolobebi: 

a) ( ) ( ) ( )CBCACBA ∩∩=∩ \\ , 

b) ( ) ( )BABAA \∪∩= , g) ( ) )(\)(\ CBCACBA ××=× , 

d) ( ) =×∪ CBA )()( CBCA ×∪× , e) ( ) )()( CBCACBA ×∩×=×∩ . 

I.3.6. daamtkiceT, rom Tu A da B  aris X -is qvesimravle-

ebi, maSin AXBXBA \\ ⊂⇔⊂  da )\(\ BXABA ∩= . 
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I.3.7. ras udris ( )BAcard Δ , Tu cnobilia, rom ( ) mBAcard =∩  

xolo ( ) nBAcard =∪ . 

I.3.8. sibrtyeze dafiqsirebulia L -wrfe da masze aramdebare 

n  cali erTmaneTisagan gansxvavebuli wertili { }nppp ;...;; 21 . 

samarTliania Tu ara Semdegi kardinaluri tolobebi 

{ }( ) { }( ) { }( ) =∪==∪=∪ LpppcardLppcardLpcard n;...;;...; 21211 card R?. daasab-

uTeT, rom Sedegi ar Seicvleba maSinac Tuki L -wrfeze ara-

mdebare wertilTa simravle Tvladi an kontinuumia. 

I.3.9. Tu =−= BA    },7  ;5  ;4{ R, gamosaxeT sibrtyeze BAC ×=  sim-

ravle da ipoveT cardC . 

I.3.10. samarTliania Tu ara toloba card Rn = card R = c , sadac 

∞<≤ n2 ? 

 

$1.4. wertilovani asaxvebi da maTi Tvisebebi  
 

kompiuterul mecnierebaTa mravali amocana mocemuli Tvisebebis obi-
eqtebs Soris arsebuli funqciuri urTierTkavSiris modelirebas saWir-

oebs [2; 3; 6; 8; 12; 14; 16; 17; 26]. maT gadasawyvetad ki gansakuTrebiT 

mniSvnelovania wertilovani asaxvebis tipebisa da Tvisebebis codna. 

   

abstraqtul X  simravlze gansazRvrul Sesabamisobis 

wess, mniSvnelobebiT Y  simravleSi, romlis drosac yovel 

fiqsirebul Xx∈  elements Seesabameba raime Yy∈ -elementi, 

asaxvas uwodeben. Tu, YXf →:  cnobili asaxvaa, maSin 

00: yxf a -Canaweri miuTiTebs, rom Xx ∈0 -is konkretul 
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mniSvnelobas Seesabameba Yy ∈0 -mniSvneloba. cxadia, rom asax-

va warmoadgens funqciis cnebis ganzogadebas abstraqtuli 

simravleebisaTvis. gavixsenoT, rom funqcias Cveulebriv uw-

odeben asaxvas, romlis gansazRvris da mniSvnelobaTa area 

R-is qvesimravle.  

moviyvanoT asaxvebis zogierTi mniSvnelovani Tviseba: 

Teorema 1.4.1. vTqvaT YXf →:  raime asaxvaa, maSin:  

1) )()()( BfAfBAf ∩⊂∩ ,  XBXA ⊂⊂∀ , -Tvis; 

2) )()()( BfAfBAf ∪=∪ , XBXA ⊂⊂∀ , -Tvis. 

damtkiceba. 1)-Tvis aviRoT ⇒∩∈∀ )( BAfy BA∩∈∃ξ  iseTi, 

rom yf =)(ξ . cxadia, ⇒∈∧∈ BA ξξ )()()( ξξ fyAffy =∧∈= ⇒∈ )(Bf  

)()( BfAfy ∩∈ . amrigad 1)-CarTva samarTliania. 

2)-is saCveneblad Tavdapirvelad ganvixiloT implikacia: 

⇒∪∈∀ )( BAfy ( )BA∪∈∃ξ  iseTi, rom yf =)(ξ . vinaidan adgili aq-

vs ⇒∈∨∈ BA ξξ ∈=∨∈= )()()( ξξ fyAffy ⇒)(Bf ( ))()( BfAfy ∪∈ . amri-

gad, miviReT rom )()()( BfAfBAf ∪⊂∪ . 

vaCvenoT exla Sebrunebuli CarTvis samarTlianobac. am 

mizniT aviRoT ⇒∈∨∈⇒∪∈∀ )()()()( BfyAfyBfAfy BA ∈∨∈∃ ηξ  ise-

Ti, rom ∧= yf )(ξ yf =)(η . cxadia, rom ( ) ( )⇒∪∈∧∪∈ BABA ηξ  

∈=∧∪∈= )()()( ηξ fyBAffy )( BAf ∪ , anu Sebrunebuli CarTvac 

)()()( BfAfBAf ∪⊃∪  damtkicebulia. amrigad, 2)-tolobis sama-

rTlianoba damtkicebulia.  
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vTqvaT BAf →:  nebismierad fiqsirebuli asaxvaa, Cveuleb-

riv, =− )(1 bf { }bafAa =∈ )(| -simravles ewodeba Bb∈  wertilis 

winare saxe f -asaxvis dros. aRniSnulis safuZvelze Cven 

SegviZlia ganvmartoT BB ⊂1  simravlis winare saxe: 

U
1

1
1

1 )()(
Bb

bfBf
∈

−− ≡ . am cnebis gasaanalizeblad sasargebloa ganv-

ixiloT Semdegi magaliTi. 

magaliTi 1.4.1. { }edcbaA ,,,,=  da { }pnmB ,,=  simravleebi. Tu 

BAf →:  asaxvas ganvmartavT mefbfaf === )()()( , ncf =)( , pdf =)(  

tolobebiT, maSin =− )(1 mf { }eba ,, ; }{)(1 cnf =−  da }{)(1 dpf =− . Tu-

ki ⇒⊂= BpmB },{1 =− )( 1
1 Bf  },,,{ edba= . 

Teorema 1.4.2. Tu YXf →:  raime asaxvaa, maSin: 

1) )()()( 111 BfAfBAf −−− ∩=∩ , YBYA ⊂⊂∀ , -Tvis; 

2) )()()( 111 BfAfBAf −−− ∪=∪ , YBYA ⊂⊂∀ , -Tvis. 

damtkiceba. 1)-is dasamtkiceblad saWiroa ganvixiloT 

)()(1 ξξ fBAf ⇔∩∈∀ − ( )⇔∩∈ BA ∈∧∈⇔∈∧∈ − ξξξξ )()()( 1 AfBfAf

⇔∈ − )(1 Bf  ( ))()( 11 BfAf −− ∩∈ξ .  

2)-miiReba Tu aviRebT ∨∈⇔∪∈⇔∪∈∀ − AfBAfBAf )()()()(1 ξξξ  

⇔∈Bf )(ξ ∪∈⇔∈∨∈ −−− )()()( 111 AfBfAf ξξξ )(1 Bf − .  

SeniSvna 1.4.1. asaxvaTa zemoT damtkicebuli Tvisebebi Se-

saZlebelia ganzogadebul saxeSi CavweroT Semdegnairad: 
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a) II
Λ∈Λ∈

⊂⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

α
α

α
α )(AfAf ;      b) UU

Λ∈Λ∈
=⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

α
α

α
α )(AfAf ; 

g) II
Λ∈

−

Λ∈

− =⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

α
α

α
α )(11 AfAf ;  d) UU

Λ∈

−

Λ∈

− =⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

α
α

α
α )(11 AfAf . 

ineqciuri, sureqciuli da bieqciuri asaxvebi: qvemoT Cven 

ganvmartavT specialuri tipis asaxvebs, romlebic mniSvnel-

ovan rols asruleben maTematikur operaciebSi. 

amboben, rom YXf →:  asaxva aris: 

1) ineqcia, Tu )()( 21 xfxf ≠ , Xxx ∈∀ 21, , 21 xx ≠ -Tvis; 

2) sureqcia, Tu Yy ∈∀ 0 -Tvis Xx ∈∃ 0 , iseTi rom 00)( yxf = ; 

3) bieqcia, Tu f  erTdroulad ineqciac aris da sureq-

ciac. 

Teorema 1.4.3. Tu YXf →:  asaxva  

1) ineqciaa, maSin ( ) KKff =− )(1 , XK ⊂∀ -Tvis; 

2) sureqciaa, maSin ( ))(1 AffA −= , YA⊂∀ -Tvis. 

damtkiceba. 1)-is dasamtkiceblad saWiro, rom ganvixi-

loT ( ))(1
0 Kffu −∈∀  wertili, maSin cxadia: )()( 0 Kfuf ∈ . maSasa-

dame, Kk ∈∃  iseTi, rom )()( 0ufkf = . Tuki 0uk ≠ , maSin ineqciu-

robis gamo unda Sesruldes )()( 0ufkf ≠ . amrigad, Cven davas-

kvniT, rom 0uk = , ris gamoc Ku ∈0 , e.i. ( ) KKff ⊂− )(1 . 
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piriqiT, Tu ⇒∈∀ Kk ( ))()()( 1 KffkKfkf −∈⇔∈ . amrigad, adgi-

li aqvs CarTvas: ( ))(1 KffK −⊂  (miaqcieT yuradReba, rom aq 

Cven ar gvisargeblia ineqciurobis pirobiT!).  

2)-is dasamtkiceblad ganvixiloT Av ∈∀ 0 ⇒ Xu ∈∃ 0  ( f -is 

sureqciulobis gamo) iseTi, rom 00)( vuf = . amrigad, gvaqvs 

)()( 1
0

1
0 Afvfu −− ⊂∈ . am ukanasknelidan Tavis mxriv cxadia, rom 

( ))()( 1
00 Affufv −∈= , saidanac sabolood gveqneba dasamtkicebe-

li ( ))(1 AffA −⊂  CarTva. 

piriqiT, Tu aviRebT ( ) )()( 1
0

1
0 AfxAffy −− ∈∃⇒∈∀  iseTi, rom 

00)( yxf = . cxadia, rom Axfy ∈= )( 00 , e.i. adgili aqvs 

( ) AAff ⊂− )(1  CarTvas (miaqcieT yuradReba, rom aq Cven ar gvi-

sargeblia sureqciulobis pirobiT!).  

vTqvaT BAf →:  da CBg →:  raime asaxvebia. asaxvas 

CAfg →:o  ganmartebuls SesabamisobiT ))((: afgafg ao , Aa∈∀ -

Tvis, ewodeba g  da f  asaxvebis kompozicia. es ukanaskneli 

diagramis saxiT Semdegnairad gamoisaxeba: 

 

amboben, rom g  asaxva aris f -is Sebrunebuli, Tu Sesr-

ulebulia Semdegi pirobebi: aafg =))(( o , Aa∈∀ -Tvis da 
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bbgf =))(( o , Bb∈∀ -Tvis. aseT SemTxvevaSi CavwerT, rom invfg ≡  

(anu, g -s nacvlad gamoviyenebT invf -s). zogierT literatu-

raSi f -is Sebrunebuli asaxvisaTvis gamoiyeneba aRniSvna 

1−f . sagulisxmoa, rom asaxvas AAid A →: , romelic akmayofi-

lebs pirobas aaidA =)( , Aa∈∀ -Tvis ewodeba igivuri asaxva 

A -ze. amrigad, mocemuli asaxvis da misi Sebrunebulis kom-

pozicia igivuri asaxvaa da piriqiT. advilia Semowmeba imi-

sa, rom ff =invinv)( .  

Teorema 1.4.4. vTqvaT A  da B  raime simravleebia, ma-

Sin 

a) BAf →:  asaxva sureqciaa ABg →∃⇔ :  iseTi, rom 

Bidgf =o .  

b) Tu BAf →:  fiqsirebuli asaxvaa da ABg →∃ :  iseTi as-

axva, rom BAfidfg A →⇒= :o  asaxva ineqciaa. 

g) Tu BAf →:  asaxva ineqciaa da ABgA →∃⇒≠ :φ  asaxva 

iseTi, rom Aidfg =o . 

damtkiceba. a)-Tvis ganvixiloT Bb∈∀  elementi, maSin f -

is sureqciulobis Tanaxmad AMb ⊂≠∃φ  iseTi, rom ( ) bMf b = . 

Tuki ABg →:  asaxvas ganvmartavT tolobiT abg =)( , sadac 

bMa∈  nebismieri elementia, maSin ( ) bafbgfbgf === )()())(( o , anu 

Bidgf =o . 
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piriqiT, Tuki ABg →∃ :  asaxva iseTi, rom Bidgf =o , maSin 

cxadia Bb∈∀ -Tvis ( ) )()()()())(( 11 bfbfbgbbgfbgf −− ≠⇒∈⇔== φo . 

b)-Tvis davuSvaT sawinaaRmdego, anu vigulisxmoT, rom 

21 xx ≠∃  iseTebi, rom )()( 21 xfxf = . maSasadame, adgili aqvs 

implikacias Aidfg =o ⇒ ( ) ( ) 2211 )()( xxfgxfgx === , rac ewinaaRmde-

geba 21 xx ≠ -s. 

g)-s dasamtkiceblad saWiroa aviRoT Bb∈∀ , maSin gveq-

neba, rom φφ ≠∨= −− )()( 11 bfbf . aRvniSnoT { } BbfBbE ⊂=∈≡ − φ)(| 1 . 

SevniSnoT, rom f -asaxvis ineqciurobidan gamomdinareobs 

1)(1 =− bcardf , )\( EBb∈∀ -Tvis. Tuki g  asaxvas ganvmartavT pir-

obiT  

⎪⎩

⎪
⎨
⎧

∈

∈=
−

,              ,
)\(   ),()(

1

Eba
EBbbfbg

roca

 roca  

sadac Aa∈ -nebismierad fiqsirebuli elementia, maSin cxadia, 

rom Aidfg =o .  

Teorema 1.4.5. BAf →:  asaxvas maSin da mxolod maSin 

gaaCnia Sebrunebuli, rodesac f  bieqciaa. 

damtkiceba. Tuki f  bieqciuri asaxvaa, maSin cxadia, rom 

cardBcardA = . amitom nebismierad aRebuli Aa∈ -Tvis arsebobs 

erTaderTi Bb∈ , iseTi, rom baf =)( . axla Tu Cven ganvmar-

tavT ABf →:inv  asaxvas abf =)(inv -iT, maSin adgili eqneba to-
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lobebs: aaff =))(( inv o  da bbff =))(( invo . es ki niSnavs, rom 

invf  aris f -is Sebrunebuli. 

piriqiT, davuSvaT, rom f  asaxvas gaaCnia Sebrunebuli 

invf  da vaCvenoT, rom f _bieqciaa (anu, ineqcia da sureqcia). 

am mizniT aviRoT iseTi Axx ∈∀ 21,  21 xx ≠  wertilebi, maSin 

Sebrunebuli asaxvis ganmartebis ZaliT Sesruldeba 

11
inv ))(( xxff =o  da 22

inv ))(( xxff =o . Tuki adgili aqvs tolobas 

⇒= )()( 21 xfxf ( ) ( ))()( 2
inv

1
inv xffxff = , maSin gveqneba 21 xx = , rac Se-

uZlebelia. amrigad )()( 21 xfxf ≠ , e.i. f -ineqciaa. axla vaCven-

oT, rom f -sureqciaa. aviRoT By ∈∀ 0  wertili, maSin Sebrun-

ebuli asaxvis ganmartebis ZaliT ( ) 00
inv )( yyff = , rac niSnavs 

arsebobas iseTi Ayfa ∈≡ )( 0
inv

0  wertilisa, rom 00)( yaf = . amr-

igad, f  asaxva sureqciacaa da e.i._bieqciaa.  

magaliTi 1.4.2. ganvixiloTY 75)( += xxf  funqcia, romlis 

gansazRvris da mniSvnelobaTa area R. Sebrunebuli )(inv ξf  

asaxva unda ganvsazRvroT 7)(5 inv +⋅= ξξ f -dan, maSasadame 

5
7)(inv −

=
ξξf . SevniSnoT, rom ( ) ( ) =⎟

⎠

⎞
⎜
⎝

⎛ −
==

5
7)()( invinv ξξξ fffff o  

= =+
−

⋅ 7
5

75 ξ ξ  da ( ) =)(inv xff o  ( ) =)(inv xff ( )75inv +xf
5

7)75( −+
=

x x= . 

amrigad, Cven davaskvniT rom f  da invf  urTierTSebrunebu-

li asaxvebia. 
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magaliTi 1.4.3. BAf →:  asaxvas ganmartebuls { }edcbaA ,,,,= -

ze, mniSvnelobebiT { }pnmlkB ,,,,= -Si,   ,)( maf = ,)( kbf =   ,)( ncf =  

,)( pdf =  lef =)( , gaaCnia Sebrunebuli asaxva ABf →:inv , rome-

lic ganimarteba ,)(inv bkf =  ,)(inv elf =  ,)(inv amf =  ,)(inv cnf =  

dpf =)(inv  pirobebiT. 

Tu, mocemuli gvaqvs ori asaxva BAf →:  da DCg →: , ma-

Sin Cven SegviZlia ganvixiloT asaxva DCBAgf ×→×× : , ganma-

rtebuli Semdegi tolobiT: ( ) ( ))(),(),( bgafbagf =× , BAba ×∈∀ ),( -

Tvis, romelsac f  da g  asaxvebis dekartul namravls vuw-

odebT. 

rig SemTxvevebSi asaxvis daxasiaTeba mosaxerxebelia misi 

grafikis meSveobiT. Cveulebriv, BAf →:  asaxvis grafiks uw-

odeben simravles { } BAbafbafG ×⊂=≡ )(|),()( . cxadia, rom asaxvis 

grafikis cneba warmoadgens funqciis grafikis ganzogadebas. 

1.4.1-magaliTSi agebuli funqciisaTvis cxadia, rom grafi-

ki aris simravle { }),();,();,();,();,()( pdncmembmafG =  da romlis vi-

zualizeba ver xerxdeba, radgan A  da B  araricxviTi simra-

vleebia. 

SevniSnoT, rom vinaidan BAf →∃ :  bieqcia cardBcardA =⇔ , ami-

tom nax.1. 4.1-ze gamosaxuli Sesabamisobis safuZvelze iol-

ad davaskvniT Semdeg tolobas: [;][;] δγβα cardcard = , ∈δγβα ,,, R-

Tvis.  



 45

                        

 nax.1.4.1 

simravleTa dekartuli namravlis cnebasTan mWidrodaa 

dakavSirebuli e.w. proeqciuli asaxvebi, romlebic Zalzed 

mniSvnelovania sxvadasxva prqtikuli amocanis gadawyvetisas. 

ganvixiloT asaxvebi ABAPA →×:  da BBAPB →×: , romlebic 

ganimartebian tolobebiT: abaPA =),(  da bbaPB =),( , BAba ×∈∀ ),( -

Tvis da Sesabamisad iwodebian, proeqciebad pirveli da meo-

re Tanamamravlis gaswvriv. cxadia, rom es ukanaskneli Sesa-

Zlebelia ganxilul iqnas usasrulo raodenoba Tanamamravl-

ebis SemTxvevaSic.  

sayuradReboa simravleTa dekartuli namravlis universa-

lurobis Semdegi Tviseba: 

Teorema 1.4.6. Tu AMf →:  da BMg →:  raime asaxvebia, 

maSin ∃ erTaderTi asaxva BAMh ×→: , iseTi rom hPf A o=  da 

hPg B o= . 

damtkiceba. asaxva BAMh ×→:  ganvmartoT ( ))();()( mgmfmh = , 

Mm∈∀ -Tvis. cxadia, rom ( ) =)(mhPA o ( ) ( ) )()();()( mfmgmfPmhP AA ==  

da ( ) =)(mhPB o ( ) ( ) )()();()( mgmgmfPmhP BB == , Mm∈∀ -Tvis.  
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savarjiSoebi 

I.4.1. cnobilia, rom YXf →:  iseTi asaxvaa, rom romeliRac 

XBA ⊂, -Tvis BA∩=ξ , amasTanave anasaxebi },,{)( pnmAf = , xolo 

},,,{)( lknmBf =  da mf ≠)(ξ . ipoveT )(ξf -s mniSvneloba. 

I.4.2. :f R→ R funqciisaTvis 37)( xxf = , ipoveT ( )]2;0[1−f . 

I.4.3. vTqvaT };;;;{ edcbaX = , };;{ knmY =  da YXf →:  asaxva iseTia, 

rom nbfaf == )()( ; mcf =)( ; kefdf == )()( . ipoveT ( )};{1 mnf −  da 

( )};{1 kmf − . 

I.4.4. vTqvaT mocemulia YXf →:  asaxva, xolo XBA ⊂⊂  da 

YPM ⊂⊂ . aCveneT CarTvebi: )()( BfAf ⊂  da )()( 11 PfMf −− ⊂ . 

I.4.5. ras udris 
173

2)(
−

=
x

xf  -is Sebrunebuli invf -funqcia. 

I.4.6. ganixileT 85)( 2 ++= xxxf -funqcia da daadgineT )(xf -ineq-

ciaa, sureqciaa Tu bieqciaa? 

I.4.7. daamtkiceT, rom BAf →:  asaxva ineqciaa- pirobiT uzr-

unvelyofilia, rom yoveli AC →:,ψϕ  asaxvebis wyvilisaTvis 

ψϕ oo ff = -dan⇒ ψϕ = . 

I.4.8. daamtkiceT, rom BAf →:  asaxva sureqciaa- pirobiT 

uzrunvelyofilia, rom yoveli CB →:,ψϕ  asaxvebis wyvili-

saTvis ff oo ψϕ = -dan⇒ ψϕ = . 

I.4.9. aageT :f Z→ Z asaxvis grafiki, Tuki 2)( xxf = . 

I.4.10. Tu xxf sin)( = , xolo xxg =)( , ipoveT ( ))()( gGfGcard ∩ . 



Ubwj!JJ/ monacemTa intervaluri anali-

zis, mravalsaxa asaxvebis Teoriis da 

aramkafio maTematikis safuZvlebi 
 

$2.1. monacemTa intervaluri analizis ZiriTadi 

principebi 
  

intervaluri maTematikis meTodebi kompiuterul mecnierebaTa inter-

esebis sferoSi moeqca mas Semdeg, rac aucilebeli gaxda monacemTa ara-
zusti gazomvebis pirobebSi fizikuri procesebis modelirebis amocaneb-

is gadawyveta. igi SesaZleblobas iZleva Seswavlil iqnas sxvadasxva ti-

pis ganusazRvrelobebis SefasebiTi sidideebi.   

 

monacemTa intervaluri analizis maTematikuri Teoriis 

ganviTareba r. muris mier iqna inicirebuli [17]. namdvil ri-

cxvTa R-simravlis A qvesimravles Cveulebriv ewodeba Cake-

tili intervali, Tuki { } ] ;[| babxaxA =≤≤= , raime ∈ba; R-Tvis. 

im SemTxvevaSi, roca ba = , A -s vuwodebT wertilovans da 

CavwerT, rom aaaA == ] ;[ . Tu mocemuli gvaqvs R-is nebismieri 

ori Caketili intervali ]  ;[ 111 baA =  da ]  ;[ 222 baA = , maSin maT-

Tvis SesaZlebelia ganimartos intervaluri Sekrebis, gamok-

lebis, gamravlebis da gayofis operaciebi [17; 21]: 

)](  );[( 212121 bbaaAA ++=+ ; 

)](  );[( 212121 abbaAA −−=− ; 

]max  ;[min21 PPAA =⋅ , aq { })();();();( 21212121 bbabbaaaP ⋅⋅⋅⋅= ; 

⎥
⎦

⎤
⎢
⎣

⎡
⋅=

22
121

1  ;1:
ab

AAA , Tuki 20 A∉ . 
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aRniSnul ariTmetikul operaciebze dayrdnobiT cxadia, 

rom -Tvis Sesruldeba tolobebi: 0≥∀a )](  );[( 111 baaaAa ++=+ ; 

; xolo roca , maSin )](  );[( 111 baaaAa ⋅⋅=⋅ 0>a ⎥⎦
⎤

⎢⎣
⎡=

a
b

a
aaA 11

1   ;: ;   

. ]  ;[)1( 1111 -a-bAA =−=⋅−

SevniSnoT agreTve, rom gamoklebis da gayofis interval-

uri operaciebi, Sesabamisad, ar warmoadgenen Sekrebis da ga-

mravlebis Sebrunebul operaciebs. am ukanasknelSi dasarwm-

uneblad sakmarisia ganvixiloT 

magaliTi 2.1.1. ]0  ;0[0]3  ;3[5] ;2[  ]5 ;2[ =≠−=− ; 

              ]1  ;1[1
3
5  ;

5
35]  ;3[:]5  ;3[ =≠⎥⎦

⎤
⎢⎣
⎡= . 

unda aRiniSnos, rom ]0  ;0[=O  da ]1  ;1[=E  simravleebi erT-

aderTia, romlebic zemoT ganmartebuli Sekrebis da gamrav-

lebis operaciebis mimarT neitraluri elementis rols as-

ruleben. amasTan )(0 AA −∈ , A∀ -Tvis, xolo ):(1 BB∈ , B∉0 -ti-

pis Caketili intervalebisaTvis. 

CamovTvaloT intervaluri ariTmetikis zogierTi umarti-

vesi kanoni: 

1. ABBA +=+ ;      2. CBACBA ++=++ )()( ; 

3. ABBA ⋅=⋅ ;       4. CBACBA ⋅⋅=⋅⋅ )()( . 

namdvil ricxvTaTvis distribuciulobis kanoni interva-

lur ariTmetikaSi transformirdeba ACABCBA +⊆+ )(  saxiT 
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(am ukanasknels qvedistribuciulobis wesi ewodeba), amasTan 

tolobas adgili aqvs im SemTxvevaSi, roca A -wertilovania. 

magaliTi 2.1.2. Tu ]2  ;3[ −−=A ;  da ]5  ;2[=B 7]  ;4[−=C , maSin 

=+ )( CBA ]6  ;36[]12  ;2[2]  ;3[ −=−⋅−− . meores mxriv, pirdapiri gamoT-

vlebiT cxadia, rom =+ ACAB ]8  ;36[]12  ;21[]4  ;15[ −=−+−− . amrigad 

. im SemTxvevaSi Tuki ACABCBA +⊂+ )( 4=A , maSin Cven mivi-

RebT ]84  ;8[]12  ;2[4)( −=−⋅=+CBA . SevniSnoT, rom gamosaxuleba 

]8 4 ;8[]82  ;16[]02  ;8[ −=−+=+ ACAB . 

qvemoT moyvanili funqciebi arian intervaluri analogebi 

elementaruli funqciebisa:  

1) , sadac  ]max ;min[[ ;0[] ;[] ;[] ;[ 22 PPbababaA ∩∞+=⋅==

{ }22   );(  ; bbaaP ⋅= ; 

2) 
⎪⎩

⎪
⎨
⎧

≥≤

≥
==

;0  ,0      ],  ;0[

,0   ],  ;[
]  ;[

bab

aba
baA

 Tu

 Tu
 

3) Tu , maSin . 0≥m ]  ;[]  ;[ babaA mmmm ==

rig SemTxvevebSi intervaluri gamoTvlebisas sasargeb-

loa  

Teorema 2.1.1 Tu  raime )(xf A -segmentze diferencire-

badi funqciaa, maSin adgili aqvs ( )mm AAAfAfAf −⋅′+⊆ )()()(  Ca-

rTvas, sadac 
2

baAm
+

=  aris A -s Suawertili. 

damtkiceba. maTematikuri analizis kursidan cnobili saS-

ualo mniSvnelobis Teoremis Tanaxmad A∈∃ξ  iseTi, rom 
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( )00 )()()( xxfxfxf −⋅′+= ξ , sadac Ax ∈0 . vinaidan )()( Aff ′∈′ ξ , 

amitom gveqneba ( )mm AAAfAfAf −⋅′+⊆ )()()( .  

aRniSnuli Teoremis gamoyenebiT da elementarul funqci-

aTa warmoebulebiT iolad davaskvniT, rom  

3) ( mm AA
A

AA −⋅+⊆
1lnln ) , sadac ; 0min >A

4) ( mm AA
A

AA −⋅
−

+⊆
21

1arcsinarcsin ) , sadac ]1  ;1[−⊂A  da 

1min −>A , 1max <A  ; 

5) ( mm AA
A

AA −⋅
−

−⊆
21

1arccosarccos ) , sadac ]1  ;1[−⊂A  da 

1min −>A , 1max <A ; 

6) ( )mm AA
A

AA −⋅
+

+⊆ 21
1arctgarctg . 

magaliTi 2.1.3. intervaluri monacemis logariTmis gamos-

aTvlelad ganvixiloT segmenti , maSin cxadia, rom ]7 ;3[=A

( ) =−⋅+⊆ 5]7 ;3[
]7 ;3[

15lnln A ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ +⎟

⎠
⎞

⎜
⎝
⎛ −

3
25ln   ;

3
25ln . 

intervaluri matricebi: matricas, romlis erTi mainc 

elementi warmoadgens intervals ewodeba intervaluri mat-

rica, e.i.  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

×
mnmm

n

nm AAA

AAA

...
............

...

21

11211
A , 

sadac ]    ;  [ ikikik aaA = -intervalia da mi ;1= , nk ;1= .  
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intervalur matricTa Sekrebis, gamoklebis da gamravle-

bis operaciaTa ganmarteba bunebrivia saWiroebs zemoT aRniS-

nuli intervaluri ariTmetikis gaTvaliswinebas:  

1) ( )
nkmi

ikik
nmnm

BA
;1 ,;1 ==××

+=+ BA ; 

2) 
lkmi

n

j
jkijik

lnnmlm
BAC

;1 ,;1
1

==
=××× ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
⋅==⋅= ∑BAC . 

sagulisxmoa, rom intervalur matricTa gamravlebis ope-

racia araasociaciuria, anu 

C)(BACB)(A ⋅⋅≠⋅⋅ . 

magaliTi 2.1.3 ganvixiloT Semdegi matricebi ; 

 da , maSin zemoT moyvanili inter-

valuri operaciebis gamoyenebiT Cven iolad davaskvniT 

. meores mxriv ki SevniSnoT, 

rom . aRniSnuli adas-

turebs intervalur matricTa namravlis araasociaciurobas. 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

10
11

A

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=
11
01

B ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
=

]1  ;1[0
0]1  ;1[

C

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−
−

=⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=⋅⋅
]1  ;1[]1  ;1[
]1  ;1[0

11
10

CCB)(A

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−
−−

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
⋅=⋅⋅

]1  ;1[]1  ;1[
]1  ;1[]2  ;2[

]1  ;1[0
0]1  ;1[

AC)(BA

intervalur  matricas ewodeba regularuli Tuki is 

akmayofilebs pirobas: 

A

Adet0∉ . cxadia, rom Tu ganvixilavT 

intervalur koeficientebian wrfiv gantolebaTa sistemas, 

romelsac gaaCnia regularuli matrica, maSin SesaZlebelia 
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krameris wesis analogiurad cvladebis intervaluri mniSvne-

lobebis gansazRvra. aqve unda aRiniSnos, rom intervalur 

analizSi cnobilia wrfiv gantolebaTa sistemebis interval-

uri amonaxsnebis miRebis niutonis algoriTmi.  

 

savarjiSoebi 

II.1.1. horizontalur zedapirze moTavsebul sxeulze, roml-

is masa  kg, moqmedeben -ZaliT, romelic mas ]3  ;2[∈m F ]6  ;5[∈a  

m/wm2 aCqarebiT amoZravebs. ipoveT -is intervaluri mniSvn-

eloba, Tu cnobilia, rom zedapirsa da sxeuls Soris xax-

unis koeficienti 

F

]3,0  ;1,0[∈μ . 

II.1.2. gamtarze, romlis winaRoba aris ]3  ;2[∈R  omi, modebu-

lia Zabva v. ipoveT gamtarSi gamavali denis inte-

rvaluri mniSvneloba. 

]220  ;200[∈U

II.1.3. Tu iyxz +=  kompleqsuri ricxvi iseTia, rom ]7  ;2[∈x  

da , maSin rogoria ]5  ;4[∈y 3z -is intervaluri warmodgena? 

II.1.4.  funqciisaTvis gamoTvaleT 65)( 2 ++= xxxf ( )]3  ;2[−f  pird-

apiri CasmiT da saSualo mniSvnelobis intervaluri formiT. 

daadgineT Sedegad miRebul intervalebs Soris romelia uf-

ro mokle? 

II.1.5. gamoTvaleT 
4]  [3; 5]  ;1[2 -intervali. 

II.1.6. rogoria 
3

2 -is intervaluri warmodgena? 
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II.1.7. ganvixiloT toloba 
25

352
−

=+  da SevafasoT 

( )52 + -is da ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

− 25
3 -is intervaluri mniSvnelobebi. 

II.1.8. amoxseniT intervaluri gantoleba 8]  ;4[X3]  ;2[ =⋅  da aC-

veneT, rom zusti amonaxsni X
3
8  ;2X ⊂⎥⎦
⎤

⎢⎣
⎡=zusti . 

II.1.9. ra intervalSi unda veZioT  da  cvladebi, Tu  1x 2x

⎩
⎨
⎧

−=−
=+

].2  ;1[3]  ;0[6]  ;4[
]9  ;7[4]  ;2[3]  ;1[

21

21
xx
xx

 

II.1.10. gamoTvaleT ( )]7 ;5[ ];3 ;2[−=x  da ( )]9 ;5[ ];8 ;4[ −=y  intervalu-

ri veqtorebis skalaruli namravli. 

 

$2.2. mravalsaxa asaxvebis Teoriis elementebi 

  
mravalsaxa asaxvebis Teoriis ganviTareba dakavSirebulia simravlur-

mniSvnelobebiani asaxvebis maTematikur SeswavlasTan. Tanamedrove kompiu-

terul mecnierebaSi isini praqtikul problemaTa im specialuri klasis 

amocanebzea orientirebuli, romelTa gadaWra ver xerxdeba klasikuri 

wertilovani asaxvebis Teoriuli aparatis gamoyenebiT [26]. 
     

mravalsaxa asaxvebi da maTi ZiriTadi Tvisebebi: vTqvaT 

X  da  raime simravleebia, xolo -iT aRvniSnoT Y -is 

yvela aracarieli qvesimravleebis klasi. amboben, rom moce-

mulia mravalsaxa asaxva , Tuki 

Y )P Y(

YXF →: Xx∈∀ -Tvis cnobilia 

 simravle iseTi, rom . maSasadame, yoveli 

mravalsaxa  asaxva SeiZleba gavaigivoT Cveulebriv 

YxF ⊂)( 1)( ≥xcardF

YXF →:
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erTwertilovan  asaxvasTan. amrigad mravalsaxa 

asaxvebis klasi moicavs erTwertilovani asaxvebis klassac. 

→XF : )P Y(

vTqvaT, , maSin  simravles ewodeba XA ⊆ U
Aa

aFAF
∈

= )()( A 

simravlis -iT anasaxi.  F

mravalsaxa  asaxvis grafiks Cveulebriv uwodeben 

simravles 

YXF →:

{ } YXxFyyxFG ×⊂∈= )(|),()( . 

magaliTi 2.2.1 ganvixiloT Semdegi tipis mravalsaxa 

asaxvebi  

a)  iseTia, rom ]1 ;0[]1 ;0[:1 →F ]1 ;[)(1 xxF = , ]1 ;0[∈∀x ; 

b) →] ;0[:2 πF P (R) iseTia, rom ]1 ;[sin)(2 xxF = , ] ;0[ π∈∀x ; 

g) C\R C\R, sadac :3F → n zzF =)(3 , ∈n N; 

qvemoT warmodgenilia mravalsaxa  da -asaxvebis grafik-

ebi 

1F 2F

     

                 a)                 b) 

                       nax.2.2.1 

 54



mravalsaxa asaxvebis sxva bevri konkretuli magaliTis 

ageba aris SesaZlebeli, rogorc namdvil an kompleqsur, ise 

abstraqtul simravleebSic. 

simravleTa mcire da sruli winare saxeebi: vTqvaT moce-

mulia mravalsaxa  asaxva da )(P: YXF → YM ⊂  raime simrav-

lea. mravalsaxa asaxvebis TeoriaSi mniSvnelovania simravl-

eebis Semdegi tipebi 

{ MxFXxMF ⊂∈=−
⊂ )(|)(1 }-s ewodeba M -is mcire winare saxe 

-asaxvisas. F

{ φ≠∩∈=−
∩ MxFXxMF )(|)(1 }-s ki ewodeba M -is sruli winare 

saxe -asaxvisas. F

moyvanili ganmartebebidan cxadia, rom samarTliania Car-

Tva . )()( 11 MFMF −
∩

−
⊂ ⊂

Teorema 2.2.1. Tu  mravalsaxa asaxvaa, xolo )(P: YXF →

XA ⊂ ,  da YB ⊂ { } Λ∈⊂ ααα YUU |  nebismierad fiqsirebuli sim-

ravleebia, maSin 

a) ;    g) ;  ( )(1 AFFA −
⊂⊂ ) )\()(\ 11 BYFBFX −

∩
−
⊂ =

b) ( ) BBFF ⊂−
⊂ )(1 ;    d) ; ( ) ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
⊂

Λ∈

−
⊂

Λ∈

−
⊂ UU

α
α

α
α UFUF 11

e) . ( ) ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
=

Λ∈

−
⊂

Λ∈

−
⊂ II

α
α

α
α UFUF 11
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damtkiceba. a)-s dasamtkiceblad aviRoT Ax∈∀  elementi, 

maSin MAFxF ≡⊂ )()( . vinaidan gvaqvs  

, amitom miviReT dasamtkicebeli CarTva. 

{ }MFXMF ⊂∈=−
⊂ )(|)(1 ξξ ⇒

( )()( 11 AFFMFx −
⊂

−
⊂ =∈ )

b)-CarTvis misaRebad saWiroa Cven ganvixiloT 

( )⇔∈∀ −
⊂ )(1 BFFη ⇒∈

−
⊂∈
U

)(1
)(

BF

F
σ

ση   iseTi, rom )(1
0 BF −

⊂∈∃σ )( 0ση F∈ . 

vinaidan ⇔∈ −
⊂ )(1

0 BFσ BF ⊂)( 0σ , da BF ∈⇒∈ ηση )( 0 . 

g)-Si dasarwmuneblad aviRoT  

. 

)()(\ 11 BFxBFXx −
⊂

−
⊂ ∉⇔∈∀

( ) ( )BYFxBYxFBxF \\)()( 1−
∩∈⇔≠∩⇔⊄⇔ φ

d)-s misaRebad ganvixiloT ∈∀x ( ) Λ∈∃⇔
Λ∈

−
⊂ 0

1 α
α

αU UF  iseTi, 

rom  . ( ) ⇒⊂⇔∈ −
⊂ 00

1 )( αα UxFUFx ∈⇔⊂
Λ∈

xUxF U
α

α)( ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

Λ∈

−
⊂ U

α
αUF 1

e)-s saCveneblad aviRoT ∈∀x ⇔⊂⇔⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

Λ∈Λ∈

−
⊂ II

α
α

α
α UxFUF )(1  

, ⇔ αUxF ⊂)( Λ∈∀α -Tvis⇔ ( )αUFx 1−
⊂∈ , Λ∈∀α -Tvis⇔  

∈x )(1I
Λ∈

−
⊂

α
αUF .  

Teorema 2.2.2 Tu  mravalsaxa asaxvaa, xolo )(P: YXF →

XA⊂ ,  da YB ⊂ { } Λ∈⊂ ααα YUU | raime simravleebia, maSin 

adgili aqvs Semdeg Tanafardobebs: 

a) ;    b)( )(1 AFFA −
∩⊂ ) ( ))()( 1 BFFXFB −

∩⊂∩ ; 
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g) ;   d) ; )\()(\ 11 BYFBFX −
⊂

−
∩ = UU

Λ∈

−
∩

Λ∈

−
∩ =⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

α
α

α
α )(11 UFUF

e) . II
Λ∈

−
∩

Λ∈

−
∩ ⊂⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

α
α

α
α )(11 UFUF

damtkiceba. a)-CarTvis dasamtkiceblad unda ganvixiloT 

. ⇒∈∀ Ax ⇒⊂ )()( AFxF ( ))()()( 1 AFFxAFxF −
∩∈⇔≠∩ φ

b)-s saCveneblad aviRoT ⇔∩∈∀ )(XFBy ByXFy ∈∧∈ )( . 

radgan XxXFy ∈∃⇔∈ 0)(  iseTi, rom )( 0xFy∈ . maSasadame, 

( ) φ≠∩∈ BxFy )( 0 , e.i. . aqedan cxadia, rom ( )BFx 1
0

−
∩∈

( ))()( 1
0 BFFxFy −

∩⊂∈ . 

g)-tolobaSi dasarwmuneblad saWiroa ganvixiloT 

( )⇔∈∀ −
∩ )(\ 1 BFXx ⇔∉ −

∩ )(1 BFx )\(\)()( 1 BYFxBYxFBxF −
⊂∈⇔⊂⇔=∩ φ . 

d)-Tvis unda aviRoT  ⇔≠∩⇔⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
∈∀

Λ∈Λ∈

−
∩ φ

α
α

α
α UU UxFUFx )(1

Λ∈∃ 0α  iseTi, rom ⇔≠∩ φα0)( UxF U
Λ∈

−
∩∈

α
α )(1 UFx . 

e)-Tvis ganvixiloT  φ
α

α
α

α ≠∩⇔⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
∈∀

Λ∈Λ∈

−
∩ II UxFUFx )(1 ⇒

φα ≠∩⇒ UxF )( , Λ∈∀α -Tvis⇔ ( )αUFx 1−
∩∈ , Λ∈∀α -Tvis⇔  

.  I
Λ∈

−
∩∈⇔

α
α )(1 UFx

vTqvaT mocemulia mravalsaxa ;  asaxvebi, maS-

in  mravalsaxa asaxvas ganmartebuls tolo-

1F )(P:2 YXF →

)(P:)( 21 YXFF →∪
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biT , )()())(( 2121 xFxFxFF ∪=∪ Xx∈∀ -Tvis, ewodeba  da -is 

gaerTianeba. 

1F 2F

Tuki φ≠∩ )()( 21 xFxF , Xx∈∀ -Tvis, maSin SesaZlebelia ganima-

rtos mravalsaxa )(P:)( 21 YXFF →∩  asaxvac, romelsac  da 

-is TanakveTas uwodeben da 

1F

2F )()())(( 2121 xFxFxFF ∩=∩ . 

Teorema 2.2.3. Tu  fiqsirebuli mraval-

saxa asaxvebia, xolo , maSin adgili aqvs Semdeg Tanafa-

rdobebs: 

)(P:; 21 YXFF →

YB ⊂

a) ; )()()()( 1
2

1
1

1
21 BFBFBFF −

⊂
−
⊂

−
⊂ ∩=∪

b) . )()()()( 1
21

1
2

1
1 BFFBFBF −

⊂
−
⊂

−
⊂ ∩⊂∩

damtkiceba. a)-tolobis misaRebad Cven unda aviRoT 

( ) ⇔∪∈∀ −
⊂ )(1

21 BFFx ( ) ⇔⊂∪ BxFF )(21 ∧∈⇔⊂∧⊂ −
⊂ ))(())(())(( 1

121 BFxBxFBxF  

∈⇔∈∧ −
⊂ xBFx ))(( 1

2 ( ))()( 1
2

1
1 BFBF −

⊂
−
⊂ ∩ . 

b)-CarTvis dasadgenad ganvixiloT ( )⇔∩∈∀ −
⊂

−
⊂ )()( 1

2
1

1 BFBFx  

. imis gamo, rom ∧∈ −
⊂ ))(( 1

1 BFx ))(())(())(( 21
1

2 BxFBxFBFx ⊂∧⊂⇔∈ −
⊂

φ≠∩ )()( 21 xFxF , Xx∈∀ -Tvis, cxadia samarTliania ekvivalencia 

∈⇔⊂∩ xBxFxF )()( 21 )()( 1
21 BFF −
⊂∩ . (aqve SevniSnoT, rom CarTvidan 

 sazogadod ar gamomdinareobs  

).  

BxFxF ⊂∩ )()( 21 BxF ⊂)(1

∧ BxF ⊂)(2

 58



Teorema 2.2.4. Tu  fiqsirebuli mraval-

saxa asaxvebia, xolo , maSin adgili aqvs Semdeg Tanafa-

rdobebs: 

)(P:; 21 YXFF →

YB ⊂

a) ; )()()()( 1
2

1
1

1
21 BFBFBFF −

∩
−
∩

−
∩ ∪=∪

b) . )()()()( 1
2

1
1

1
21 BFBFBFF −

∩
−
∩

−
∩ ∩⊂∩

damtkiceba. a)-tolobis dasamtkiceblad unda ganvixiloT  

∈∀x ⇔∪ −
∩ )()( 1

21 BFF ( ) ( ) =∩∪≠⇔≠∩∪ BxFFBxFF )()( 2121 φφ  

⇔∩∪∩= ))(())(( 21 BxFBxF ⇔≠∩∨≠∩ ))(())(( 21 φφ BxFBxF ∨∈ −
∩ ))(( 1

1 BFx

⇔∈∨ −
∩ ))(( 1

2 BFx ))()(( 1
2

1
1 BFBFx −

∩
−
∩ ∪∈ . 

b)-CarTvis samarTlianobis dasadgenad Cven aviRoT 

( ) ( ) ⇔≠∩∩⇔∩∈∀ −
∩ φBxFFBFFx )()( 21

1
21 ( ) ∩∩=∩∩≠ ))(()()( 121 BxFBxFxFφ  

))(())(( 12 φ≠∩⇒∩∩ BxFBxF ∧ ⇔≠∩ ))(( 2 φBxF ∈x( ⇔∈∧ −
∩

−
∩ ))(())( 1

2
1

1 BFxBF  

.  ∩∈ −
∩ )(( 1

1 BFx ))(1
2 BF−
∩

vTqvaT  fiqsirebuli simravleebi, xolo  

da  raime mravalsaxa asaxvebia. mravalsaxa asaxvas 

ZYX  , , )(P:1 YXF →

)(P:2 ZYF →

)(P:12 ZXFF →o  

ganmartebuls tolobiT: ( ) ( ))()( 1212 xFFxFF =o Xx, ∈∀ -Tvis, ewode-

ba -is kompozicia -ze. 2F 1F

mravalsaxa asaxvebis kompoziciisaTvis samarTliania Semd-

egi 
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Teorema 2.2.5. vTqvaT  da  mrava-

lsaxa asaxvebis raime wyvilia, xolo , maSin 

)(P:1 YXF → )(P:2 KYF →

KC ⊂

a) ( ) ( ))()( 1
2

1
1

1
12 CFFCFF −

⊂
−
⊂

−
⊂ =o ; 

b) ( ) ( ))()( 1
2

1
1

1
12 CFFCFF −

∩
−
∩

−
∩ =o  

damtkiceba. a)-tolobis dasadgenad Cveulebriv unda 

ganvixiloT ∈∀x ( ) )(1
12 CFF −
⊂o CxFFCxFF ⊂⇔⊂⇔ ))(())(( 1212 o . vaCven-

oT, rom adgili aqvs Semdegi saxis ekvivalencias: 

. Tavdapirvelad vaCvenoT implikacia: 

. marTlac, aviRoT 

)()())(( 1
2112 CFxFCxFF −
⊂⊂⇔⊂

)()())(( 1
2112 CFxFCxFF −
⊂⊂⇒⊂ ⊂⇒∈∀ )()( 21 ηη FxF  

. ( ) ⇒⊂⊂ CxFF )(12 )()( 1
22 CFCF −
⊂∈⇔⊂ ηη

Sebrunebuli implikaciis:  dasamt-

kiceblad saWiroa SevniSnoT, rom 

CxFFCFxF ⊂⇒⊂ −
⊂ ))(()()( 12
1

21

( ) ( ))()( 1
2212 CFFxFF −
⊂⊂ = 

. amrigad sasurveli ekvivalencia 

 damtkicebulia. dasasrul cxadia, 

rom 

{ }( ) CFCFF
CF

⊂=⊂=
−
⊂∈
U

)(1
2

222 )()(|
ξ

ξξξ

)()())(( 1
2112 CFxFCxFF −
⊂⊂⇔⊂

( ))()()( 1
2

1
1

1
21 CFFxCFxF −

⊂
−
⊂

−
⊂ ∈⇔⊂ . 

b)-s dasamtkiceblad unda aviRoT  ( ) ⇔∈∀ −
∩ )(1

12 CFFx o

⇔≠∩⇔ φCxFF ))(( 12 o φ≠∩CxFF ))(( 12 . Tavidan aucilebelia vaCve-

noT, rom adgili aqvs ekvivalencias: ⇔∩≠ CxFF ))(( 12φ  

. davamtkicoT φ≠∩⇔ −
∩ )()( 1

21 CFxF ( ) ⇒≠∩ φCxFF )(12 φ≠∩ −
∩ )()( 1

21 CFxF  
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}implikacia. ganvixiloT  simravle, maSin 

cxadia, rom adgili aqvs .  

{ φξξ ≠∩=−
∩ CFCF )(|)( 2
1

2

φ≠∩ −
∩ )()( 1

21 CFxF

meores mxriv, Tu  φ≠∩ −
∩ )()( 1

21 CFxF ⇔∈∧∈∃⇒ −
∩ )()( 1

21 CFxF ξξ

∧∈⇔ ))(( 1 xFξ ))(( 2 φξ ≠∩CF . SevniSnoT, rom ⊂⇒∈ )()( 21 ξξ FxF  

. amrigad, ( )(12 xFF⊂ ) ( ) ( ) φξφ ≠∩⇒∩⊂∩≠ CxFFCxFFCF )()()( 12122 . maSa-

sadame, mivediT ( ))()()( 1
2

1
1

1
21 CFFxCFxF −

∩
−
∩

−
∩ ∈⇔≠∩ φ  ekvivalenciam-

de.  

am paragrafis dasasrul Cven ganvmartavT mravalsaxa asa-

xvebis dekartul namravls. Tu mocemulia  da 

 mravalsaxa asaxvebi, maSin  

)(P:1 KXF →

)(P:2 LYF →

)(P:21 LKYXFF ×→××  

asaxvas ganmartebuls )()(),)(( 2121 yFxFyxFF ×=×  tolobiT, ewode-

ba  da  mravalsaxa asaxvebis dekartuli namravli. 1F 2F

Teorema 2.2.6. vTqvaT  da  mra-

valsaxa asaxvebis raime wyvilia, xolo  da , maSin 

 mravalsaxa asaxvisaTvis samarTliania Semde-

gi tolobebi: 

)(P:1 KXF → )(P:2 LXF →

KU ⊂ LV ⊂

)(P:21 LKXFF ×→×

a) ; ( ) ( ) )()( 1
2

1
1

1
21 VFUFVUFF −

⊂
−
⊂

−
⊂ ∩=××

b) ( ) . ( ) )()( 1
2

1
1

1
21 VFUFVUFF −

∩
−
∩

−
∩ ∩=××



damtkiceba. a)-tolobis dasamtkiceblad saWiroa aviRoT 

( ) ( )⇔××∈∀ −
⊂ VUFFx 1

21 ( ) ∧⊂⇔×⊂× ))(()()( 121 UxFVUxFxF ⇔⊂ ))(( 2 VxF  

. ⇔∈∧∈ −
⊂

−
⊂ )()( 1

2
1

1 VFxUFx )()( 1
2

1
1 VFUFx −

⊂
−
⊂ ∩∈

b): ganvixiloT ∈∀x ( ) ( )⇔×× −
∩ VUFF 1

21 ( ) =×∩×≠ )()()( 21 VUxFxFφ  

( ) ( ) ⇔∩≠∧∩≠⇔∩×∩= ))(())(()()( 2121 VxFUxFVxFUxF φφ

( ))()( 1
2

1
1 VFUFx −

∩
−
∩ ∩∈ , e.i. rezultatis samarTlianoba damtkice-

bulia.  

 

savarjiSoebi 

II.2.1. vTqvaT mravalsaxa asaxva R (R) ganmartebulia 

-iT. ipoveT 

:F P→

)]1( );1[()( +−= xxxF
)6(

)92()3()5()(
F

xFFFx +⋅−
=Φ -mravalsaxa 

asaxvisas -s anasaxi. { 8 ;4 ;3−=A }

II.2.2. ipoveT x -is yvela im mniSvnelobaTa simravle, rome-

lic akmayofilebs CarTvas )()( xFxf ∈ , sadac xxf 8)( = -wertil-

ovani, xolo ]97 ;54[)( ++= xxxF -mravalsaxa asaxvaa, [;2[ +∞∈x -ze. 

II.2.3. Tu mocemuli gvaqvs mravalsaxa asaxvebis wyvili 

, sadac { } }{\2 ;1 ;0)(1 nnF = 2 ;0=n , xolo ]87 ;13[)(2 +−= yyyF , ipoveT 

)0)((
)1)(()2)((

12

1212
FF

FFFF
o

oo −
-s mniSvneloba? 

II.2.4. vTqvaT { }srqpnmX  ; ; ; ; ;=  da { }ihgfedcbaY  ; ; ; ; ; ; ; ;= . Tu mrava-

lsaxa  asaxvas ganvmartavT: YXF →: } ;{)( dcmF = , } ;{)( canF = , 
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} ; ;{)( dcapF = , } ; ;{)( hgeqF = , } ;{)( ihrF = , } ;{)( hdsF = -pirobebiT, maS-

in -Tvis ras udris  da  simravleebi? { cbaM  ; ;= } )(1 MF −
⊂ )(1 MF−

∩

II.2.5. cnobilia, rom mravalsaxa asaxva N (R:F P→ 2) akmayofi-

lebs qvemoT moyvanil pirobebs:  

{ } { }32 ;10|),(10 ;10|),()1( ≤≤≤≤∪≤≤≤≤= yxyxyxyxF ; 

{ }21 ;21|),()2( ≤≤≤≤= yxyxF ; 

{ } { }32 ;32|),(10 ;32|),()3( ≤≤≤≤∪≤≤≤≤= yxyxyxyxF ; 

........................................................................................................................................... 

maTematikuri induqciis safuZvelze CawereT -is zogadi 

formula, sadac 

)(nF

∈n N.  

II.2.6. Rn-is raime { } Λ∈= ααaA  da { }
Β∈

= ββbB  qvesimravleebis 

minkovskis jami ewodeba { }
Β∈
Λ∈+==

β
αβα baccC |  simravles. vTqvaT 

mravalsaxa asaxva { } )P(Z ; ;: 4→cbaF  ganmartebulia { }1 ;0)( =aF , 

 da { }2)( =bF { }2 ;1)( =cF  pirobebiT. gamoTvaleT minkovskis jami 

.   )()()( cFbFaF −+

II.2.7. ganvixiloT mravalsaxa asaxva { }0sin|)( == nxxnF , sadac 

N. ras udris ∈n [ ]( )200 ;100)4( −∩Fcard . 

II.2.8. Tu mravalsaxa N (R:F P→ 2) asaxvas ganvmartavT Semde-

gi pirobiT: 
⎭
⎬
⎫

⎩
⎨
⎧ ≤+= nyxyxnF 22|),()( , maSin aCveneT, rom 21 nn <∀ -

Tvis adgili aqvs CarTvas: . ( ) ( )()( 2
1

1
1 nFFnFF −

⊂
−
⊂ ⊂ )
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II.2.9. Tu , xolo mravalsaxa asaxva  

maSin ras udris  da . 

]3 ;8[−=A ] ;63[)( 2 xxxxF −+−=

( )AF 1−
⊂ ( )AF 1−

∩

II.2.10. vTqvaT -mravalsaxa asaxvaa, sadac ]24 ;4[)( 2 nnnnF += ∈n N. 

gamoTvaleT albaToba )2()1( FFU ∪= -xdomilobisa, Tu cnobil-

ia, rom albaToba 
)12(2

1))((
−

=
nn

nFP , ∈∀n N-Tvis. 

 

$2.3. aramkafio logikis formireba. aramkafio 

simravleebi da maTi asaxvebi 
 

bunebaSi mravali fizikuri procesis adekvaturi maTematikuri for-

mulireba mkacrad gansazRvruli parametrebiT SeuZlebelia. ris gamoc, 

Zalzed efeqturia e.w. aramkafio maTematikuri modelebis gamoyeneba. sxv-
adasxva saxis aramkafio monacemTa damuSavebisas da bazebis Seqmnisas mni-

Svnelovani adgili uWiravs aramkafio simravlis cnebas [9; 11; 18; 19; 

26; 28; 29].  

 

aramkafio maTematika Tanamedrove kompiuterul da sainJi-

nro mecnierebebSi efeqturad gamoyenebad da swrafad ganviT-

arebad mimarTulebas warmoadgens, romlis fuZemdeblad say-

ovelTaod aRiarebulia l. zade [28; 29]. aramkafio analizis 

aRmoceneba efuZneba im amocanebis Seswavlas, romlebSic Seu-

Zlebelia mocemulobis mkafiod (mkacrad) Cawera parametre-

bisY(ricxviTi an araricxviTi) mniSvnelobebis meSveobiT. ase-

Ti tipis amocanebi SeiZleba SevadaroT Semdegi xasiaTis mo-

qmedebas: Tu davakvirdebiT silamazis konkursze Jiuris muS-

aobas SevniSnavT, rom calkeuli konkursantis Sefaseba (as-
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axuli qulebiT) aris Jiuris calkeuli wevris mier subieq-

turi SexedulebebiT ganpirobebuli. maSasadame, aramkafioa 

Jiuris calkeuli wevris mier konkretuli konkursantisa-

Tvis dawerili qula (romelic sazogadod araa SemTxveviTi 

xasiaTis). Tu aRniSnul konkurss SevadarebT testur gamo-

cdas, sadac yoveli sworad amoxsnili amocana fasdeba 1-

quliT, xolo mcdari pasuxi-0-iT, maSin naTelia silamazis 

konkursisagan gansxvaveba. kerZod, studentis Sefaseba araa 

damokidebuli leqtorze (maSinac ki Tuki studentma romel-

ime amocanis pasuxi SemTxveviT daafiqsira).   

vTqvaT X  nebismieri aracarieli simravlea. X -is aramka-

fio qvesimravle ewodeba wyvilebis simravles { }xxA A /)(
~

μ= , 

sadac , Xx∈ ]1;0[)( ∈xAμ . aRsaniSnavia, rom funqcia ]1;0[: →XAμ  

iwodeba A
~
 aramkafio simravlis mikuTvnebis funqciad, xolo 

X -s ewodeba universaluri simravle. aramkafio simravleebs 

Tavze talRiani didi laTinuri asoebiT aRvniSnavT. yoveli 

-Tvis Xx∈ )(xAμ -ricxvs ewodeba x -is A
~
-Tan mikuTvnebis maCv-

enebeli sidide. SevTanxmdeT, rom xxA /)(μ  elementebi, rome-

lTaTvisac 0)( =xAμ  ar miekuTvnebian A
~
-s. A

~
 aramkafio simr-

avlis sayrdeni ewodeba X -is im qvesimravles }0)(|{ >= xxA Aμ . 

aramkafio erTwertlovneba (wertili) ewodeba yovelgvar 
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aramkafio simravles, romlis sayrdenis simZlavre 1-is tol-

ia.  

zemoaRniSnulis gasaazreblad ganvixiloT Semdegi  

magaliTi 2.3.1 1) naturalur ricxvTa N simravlis “Zal-

ian mcire” ricxvebis aramkafio qvesimravle SeiZleba iyos 

Semdegi saxis: { }6/3,0,5/5,0,4/6,0,3/7,0,2/8,0,1/1
~
=A , amasTan 

A
~
-s sayrdeni aris mkafio (Cveulebrivi) }6;5;4;3;2;1{=A  simrav-

le. 

2) davuSvaT, rom =X {wigni, burTi, televizori, velosi-

pedi}, maSin aramkafio simravle A
~
-,,giorgis mosawoni nivTi” 

SeiZleba iyos A
~={<1/wigni>, <0,8/velosipedi>, <0,4/telev-

izori>, <0,3/burTi>}.  

cxadia, rom mikuTvnebis funqcia, sazogadod, yoveli ara-

mkafio simravlisaTvis ganisazRvreba subieqturad. zemoT aR-

weril ,,giorgis mosawoni nivTis” magaliTSi mikuTvnebis fu-

nqciis mniSvnelobebi asaxavs vinme giorgis pirad Sexedule-

bas, romelsac SeiZleba sxva adamiani ar daeTanxmos da man 

imave nivTebisaTvis sxva saxis aramkafio simravle Seadginos. 

aramkafio gamonaTqvami ewodeba winadadebas, romlis mim-

arTac SeiZleba vimsjeloT misi WeSmaritebis an siyalbis 

dozis Sesaxeb mocemul momentSi (e.i. SevafasoT ramdenad 

axlosaa absolutur WeSmaritebasTan an sicruesTan es wina-
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dadeba). yoveli aramkafio gamonaTqvamis WeSmaritebis an sic-

ruis dozis mniSvneloba moTavsebulia [0; 1] segmentSi, amas-

Tan 0 da 1 warmoadgens zRvrul mniSvnelobebs da emTxveva 

$1.1-Si ganmartebuli (,,mkafio”) gamonaTqvamebis mniSvnelobe-

bs. aramkafio gamonaTqvamebs, romelTa WeSmaritebis da si-

cruis dozebi erTmaneTis tolia (anu udris 0,5), ewodebaT 

indiferentuli gamonaTqvamebi (isini imdenadve arian WeSmar-

iti ramdenadac mcdari).  

magaliTi 2.3.2 aramkafio gamonaTqvamebia ,,msxali sasarg-

eblo xilia’’, ,,giorgi kargad swavlobs’’ da sxv.  

aramkafio gamonaTqvamis WeSmariteba sazogadod warmoadg-

ens subieqtur maxasiaTebels da damokidebulia mraval faq-

torze. pirveli aramkafio gamonaTqvamis WeSmaritebis dozis 

mniSvneloba davuSvaT 0,3-is tolad, meore gamonaTqvamis WeS-

maritebis doza ganisazRvreba giorgis codniT da gamocde-

bze miRebuli niSnebiT, romelic misi megobrebis SefasebiT 

0,9-is tolia. amrigad Cven SegviZlia CavweroT, rom [msxali 

sasargeblo xilia]=0,3 da [giorgi kargad swavlobs]=0,9.  

aramkafio gamonaTqvamebs iseve, rogorc aramkafio simrav-

leebs aRvniSnavT A
~
, B~ ,C

~
 da a.S. simboloebiT. aRsaniSnavia 

isic, rom im aramkafio gamonaTqvamebs, romlebic martivi ar-

amkafio gamonaTqvamebidan miiReba logikuri operaciebis (ix. 

$1.1-Si ganmartebuli uaryofis, koniunqciis, diziunqciis, im-
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plikaciis an ekvivalenciis) sasruli kombinaciebiT, Sedgeni-

ls uwodeben. 

A
~
 aramkafio gamonaTqvamis uaryofa aRiniSneba ¬ A

~
-iT, 

romlis WeSmaritebis doza ganisazRvreba tolobiT: [¬ A
~
]= 

=1_[ A
~
]. aqedan cxadia, rom aramkafio ¬ A

~
 gamonaTqvamis sic-

ruis doza emTxveva A
~
-is WeSmaritebis dozas. 

aRniSnulis gasaazreblad ganvixiloT  

magaliTi 2.3.3 aramkafio gamonaTqvamis A
~
=,, C dabali 

temperaturaa” WeSmaritebis dozad miviRoT [

o2

A
~
]=0,89, maSin 

aramkafio gamonaTqvamis ¬ A
~=,, C dabali temperatura araa” 

WeSmaritebis doza toli iqneba [

o2

¬ A
~
]= 1_[ A

~
]=1_0,89=0,11. 

A
~
 da B~  aramkafio gamonaTqvamebis koniunqcia aRiniSneba 

A
~
∧ B~ -iT da misi WeSmaritebis dozaa [ A

~
∧ B~ ]= ( )]~[  ];

~
[min BA .  

A
~
 da B~  aramkafio gamonaTqvamebis diziunqcia aRiniSneba 

A
~
∨ B~ -iT, romlis WeSmaritebis dozaa: [ A

~
∨ B~ ]= ( )]~[  ];

~
[max BA . 

aramkafio implikacia aRiniSneba A
~
⇒ B~ -iT, amasTan misi 

WeSmaritebis doza tolia: [ A
~
⇒ B~ ]= ( )]~[  ];

~
[1max BA− . 

aramkafio gamonaTqvamebis ekvivalencia aRiniSneba A
~
⇔ B~ , 

WeSmaritebis doziT [ A
~
⇔ B~ ]= ( ) ( )( )]~[1  ];

~
[max  ;]~[  ];

~
[1maxmin BABA −− . 

zemoT mocemuli ganmartebebidan, cxadia, rom Tu A
~  da 

B~  gamonaTqvamebis WeSmaritebis doza iRebs mniSvnelobas 0 

an 1, maSin Cven saqme gvaqvs mkafio gamonaTqvamebTan (swored 
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am mizeziT figurirebs I-Tavis saTaurSi sityva “ormniSvne-

lobiani”). 

A
~
 da B~  aramkafio gamonaTqvamebs ewodeba aramkafiod 

urTierTmaxlobeli, Tu [ A
~
⇔ B~ ] >0,5. im SemTxvevaSi, roca 

[ A
~
⇔ B~ ]=0,5 amboben, rom A

~
 da B~  arian aramkafiod urTie-

rTindiferentulebi. 

Sedgenil aramkafio gamonaTqvamebSi logikuri operacie-

bis Sesrulebis mimdevroba ganisazRvreba frCxilebis mdebar-

eobiT, xolo maTi ar arsebobis SemTxvevaSi Tavdapirvelad 

sruldeba uaryofis operacia, Semdeg koniunqcia, diziunqcia 

da dasarul implikacia da ekvivalencia. 

magaliTi 2.3.4 vipovoT WeSmaritebis doza Semdegi ara-

mkafio gamonaTqvamisa: ( ) ( )DABCBAE ~~~~~~~
∧¬⇒∧¬∨¬∧= , Tu cnobil-

ia, rom [ A
~ ]=0,6; [ B~ ]=0,2; [C

~
]=0,9 da [ ]=0,4. zemoaRniS-nulis 

safuZvelze [

D~

E~ ]= ( )=∧¬∨¬∨¬∧− )]~~
([ ];~~~~

[1max DABCBA  

{ }( ) {(
} { }) {( );8,0 ;6,0min(max1max])~[];

~
min([1  ;) ]~[ ];

~
[(1max  ]);~[1

;]
~

min([max1max)]~~
([-1  ;]~~

[];~~
[max1max

−=−−−

−=∧∨¬¬∧−=

DABCB

ADABCBA

} { }) 6,0)4,0  ;6,0min(1  ;)2,0  ;1,0max( =− . 

operaciebi aramkafio simravleebze. vTqvaT mocemuli gva-

qvs raime fiqsirebuli universaluri X  simravlis aramkaf-

io { }XxxxA A ∈><= |/)(
~

μ  da { }XxxxB B ∈><= |/)(~
μ  simravleebis wy-

vili, maSin bunebrivia, rom vuwodoT A
~
 da B~  aramkafio 

simravleebs toli, Tuki )()( xx BA μμ = , Xx∈∀ -Tvis da davwerT 
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BA ~~
= . amas garda, aramkafio A

~
 simravles ewodeba aramkafio 

B~ -is qvesimravle da davwerT BA ~~
⊂ , rodesac )()( xx BA μμ < , 

-Tvis.  Xx∈∀

A
~
 da B~  aramkafio simravleebis gaerTianeba ewodeba 

{ XxxxBAU U ∈><=∪≡ |/)( }~~~
μ  aramkafio simravles, romlis miku-

Tvnebis funqciaa =)(xUμ { })();(max xx BA μμ ; 

A
~
 da B~  aramkafio simravleebis TanakveTa ewodeba 

{ XxxxBAI I ∈><=∩≡ |/)( }~~~
μ  aramkafio simravles, mikuTvnebis 

funqciiT { })();(min)( xxx BAI μμμ = ; 

A
~
 da B~  aramkafio simravleebis sxvaoba ewodeba 

{ XxxxBAD D ∈><=≡ |/)( }~\
~~

μ  aramkafio simravles, sadac 

{ )(1  );(min)( xxx BAD }μμμ −= ; sagulisxmoa, rom A
~ -is damatebas wa-

rmoadgens aramkafio simravle { }XxxxA
A

∈><= |/)(
~

'
' μ , sadac 

. )(1)(' xx AA
μμ −=

A
~
 da B~  aramkafio simravleebis simetriuli sxvaoba 

ewodeba aramkafio simravles { }XxxxBAD sDs ∈><=Δ≡ |/)(~~~ μ , rom-

lis mikuTvnebis funqcia ganisazRvreba formuliT: 

=)(xsDμ { } { }{ })(1  );(min  ;)(1  );(minmax xxxx ABBA μμμμ −− . 

magaliTi 2.3.5 ganvixiloT xuTelementiani universaluri 

simravle  da misi aramkafio qvesimravleebi: { 54321 ,,,, xxxxxX = }

{ }><><><= 541 /6,0 ;/3,0 ;/2,0
~

xxxA ;  { }><><><= 532 /8,0 ;/37,0 ;/1,0~ xxxB . 
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zemoT moyvanili ganmartebebis Tanaxmad gveqneba:  

{ }><><><><><=∪ 54321 /8,0 ;/3,0 ;/37,0 ;/1,0 ;/2,0~~
xxxxxBA ; 

{ }><=∩ 5/6,0 ~~
xBA ; { }><><><><><= 54321

' /4,0 ;/7,0 ;/1 ;/1 ;/8,0
~

xxxxxA ; 

{ }><><><><><= 54321
' /2,0 ;/1 ;/,630 ;/,90 ;/1~ xxxxxB . 

SevniSnoT, rom Tu { }><><><= 541 /86,0 ;/5,0 ;/25,0
~

xxxC  da 

{ }><><><><><= 54321 /82,0 ;0,4/ ;/5,0 ;/3,0 ;/1~ xxxxxE , maSin CA
~~

⊂  da 

EB ~~
⊂ . amasTanave cxadia, rom 

{ }><><><><><=Δ 54321 /4,0 ;/3,0 ;/37,0 ;/1,0 ;/2,0~~
xxxxxBA . 

aramkafio simravleebis zemoT moyvanil operaciebze day-

rdnobiT iolia SevniSnoT, rom roca BA ~~
⊂ , maSin adgili aq-

vs tolobebs BBA ~~~
=∪  da ABA

~~~
=∩ . BA ~~

⊂  maSin da mxolod 

maSin, rodesac AB ′⊂′
~~ . BABA ′∩=

~~~\
~

. 

aRsaniSnavia, rom aramkafio simravleebis { } Ω∈ααA
~

 raime 

ojaxisaTvis  warmoadgens aramkafio simravles, roml-

is mikuTvnebis funqciaa 

U
Ω∈α
αA

~

{ }Ω∈≡∨
Ω∈

αμμ α
α

α |)(sup x , xolo I
Ω∈α
αA

~
-

Tvis mikuTvnebis funqcia tolia { }Ω∈≡∧
Ω∈

αμμ α
α

α |)(inf x . 

Teorema 2.3.1. universalur X  simravleSi aramkafio 

simravleebisaTvis adgili aqvs tolobebs: 

a) ( )CABACBA
~~

)~~
()

~~(
~

∩∪∩=∪∩ ; 

b) ( )CABACBA
~~

)~~
()

~~(
~

∪∩∪=∩∪ ; 
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g) BABA ′∩′=′∪
~~

)~~
( ;   d) BABA ′∪′=′∩

~~
)~~

( . 

damtkiceba. TiToeuli tolobis Semowmeba analogiuria 

qvemoT a)-Tvis moyvanili msjelobebisa, ris gamoc Cven maT 

Semowmebas vandobT mkiTxvels. 

  ganvixiloT aramkafio simravleebi )
~~(

~~ CBAD ∪∩=  da 

)
~~

()~~
(~ CABAK ∩∪∩= . vaCvenoT, rom )()( xx KD μμ = , Xx∈∀ -Tvis Tuki 

{ }{ })();(max);(min)( xxxx CBAD μμμμ = , Xx∈∀ -Tvis da 

{ } { }{ })();(min;)();(minmax)( xxxxx CABAK μμμμμ = , Xx∈∀ . am mizniT Cven 

sul gveqneba gansaxilveli mikuTvnebis funqciaTa 6-varianti: 

1) Tu )()()( xxx CBA μμμ ≤≤ , Xx∈∀ -Tvis, maSin cxa-

dia, rom )()( xx AD μμ =  da )()( xx AK μμ = . amri-

gad am SemTxvevaSi a)-samarTliania; 

2) Tu )()()( xxx CAB μμμ ≤≤ , Xx∈∀ -Tvis, maSin cxa-

dia, rom )()( xx AD μμ =  da )()( xx AK μμ = . amrig-

ad, am SemTxvevaSi a)-samarTliania; 

3) Tu )()()( xxx BAC μμμ ≤≤ , Xx∈∀ -Tvis, maSin cxa-

dia, rom )()( xx AD μμ =  da )()( xx AK μμ = . amri-

gad am SemTxvevaSi a)-samarTliania; 

4) Tu )()()( xxx ABC μμμ ≤≤ , Xx∈∀ -Tvis, maSin cxa-

dia, rom )()( xx BD μμ =  da )()( xx BK μμ = . amrig-

ad am SemTxvevaSi a)-samarTliania; 
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5) Tu )()()( xxx BCA μμμ ≤≤ , Xx∈∀ -Tvis, maSin cxa-

dia, rom )()( xx AD μμ =  da )()( xx AK μμ = . amrig-

ad, am SemTxvevaSi a)-samarTliania; 

6) Tu )()()( xxx ACB μμμ ≤≤ , Xx∈∀ -Tvis, maSin cxa-

dia, rom )()( xx CD μμ =  da )()( xx CK μμ = . amrig-

ad am SemTxvevaSi a)-samarTliania. 

zemoT ganxiluli SemTxvevebis gaerTianebis safuZvelze 

Cven davaskvniT a)-s samarTlianobas.  

A
~
 da B~  aramkafio simravleebis dekartuli namravli ew-

odeba aramkafio simravles { }BAyxzzzBA BA ×∈=><=× × ),(|/)(~~
μ , 

sadac { })();(min)( yxz BABA μμμ =× . 

magaliTi 2.3.6. vTqvaT mocemulia aramkafio simravleebis 

wyvili { }><><><= cbaA /9,0;/4,0;/2,0
~

 da { }><><= nmB /1,0;/3,0~ , maSin 

aramkafio simravleebis dekartuli namravlis ganmartebis 

safuZvelze Cven iolad SegviZlia CavweroT, rom 

{ ;),/(1,0;),/(2,0~~
><><=× namaBA ;),/(1,0;),/(3,0 ><>< nbmb  

. ;),/(3,0 >< mc }>< ),/(1,0 nc

SevniSnoT, rom Tu { }XxxxA A ∈><= |/)(
~

μ  raime aramkafio si-

mravlea, maSin aramkafio dekartuli namravlisaTvis gveqneba 

AAXXA
~~~

=×=× . 
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Teorema 2.3.2. vTqvaT mocemulia { }XxxxA A ∈><= |/)(
~

μ  da 

{ YyyyB B ∈><= |/)( }~
μ  aramkafio simravleebis raime wyvili, ma-

Sin adgili aqvs tolobas: 

( ) )~()
~

(~~
BYXABA ××=

′
× U . 

damtkiceba. vigulisxmoT, rom 

, sadac ( ) { }YXyxyxyxBAC C ×∈><=
′

×≡ ),(|),/(),(~~~
ι

{ })(  );(min1),( yxyx BAC μμι −= , YXyx ×∈∀ ),( -Tvis. vinaidan Cven Segvi-

Zlia CavweroT, rom 

{ } { }=−=−= )](-[1  )];(1[max)(  );(min1),( yxyxyx BABAC μμμμι  

( ){ ;1 )];(1[minmax xAμ−= ( )})](1[  ;1min yBμ− , amitom miviReT dasamtkiceb-

eli tolobis marjvena mxaris mikuTvnebis funqciis mniSvne-

loba.  

aramkafio simravleebis dinamikuri yofaqceva: vTqvaT 

 wertilovani asaxvaa, xolo YXf →: { }XxxxA A ∈><= |/)(
~

μ  wa-

rmoadgens nebismier aramkafio simravles, maSin 

{ YyyyBAf B ∈><== |/)( }~)
~

( λ  simravles, sadac { })()( sup
)(1

xy A
yfx

B μλ
−∈

= , 

ewodeba A
~
-is -iT anasaxi. f

aRsaniSnavia agreTve, rom Tu mocemulia  asaxva 

da aramkafio 

YXf →:

{ }YyyU U ∈><= |)(~
ν  simravle, maSin U~ -is winare 

saxe -asaxvisas ewodeba f { }XxxxVUf V ∈><==− |/)(~)~(1 η -aramka-
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fio simravles, mikuTvnebis funqciiT: ))(()( xfx UV νη = , Xx∈∀ -

Tvis. 

magaliTi 2.3.7. Tu  asaxva ganmartebulia 

-simravleze da mniSvnelobebs iRebs 

YXf →:

{ dcbaX  ; ; ;= } { }pnmY  ; ;= -Si, 

iseTnairad, rom mdfaf == )()(  da ncfbf == )()( , maSin ara-

mkafio { }><><><><= dcbaA /7,0 ;/3,0 ;/2,0 ;/1,0
~

 simravlis anasaxi 

iqneba { }><><= nmAf /3,0 ;/7,0)
~

( , xolo { }><><= pmU /8,0 ;/1,0~  ara-

mkafio simravlis winare saxe ki ( ) { }><><=− daUf /1,0 ;/1,0~1 . 

Teorema 2.3.3. vTqvaT  wertilovani asaxvaa, 

xolo 

YXf →:

BA ~ ,
~

 warmoadgens Y -universaluri simravlis aramkaf-

io qvesimravleebis nebismier wyvils, maSin 

( ) ( ) ( )BfAfBAf ~~~~ 111 −−− ∪=∪   da ( ) ( ) ( )BfAfBAf ~~~~ 111 −−− ∩=∩ . 

damtkiceba. Tavdapirvelad movaxdinoT BA ~ ,
~

 simravleebis 

formalizeba, anu vigulisxmoT, rom  { }YyyyA A ∈><= |/)(
~

μ  da 

{ YyyyB B ∈><= |/)( }~
μ . Sesabamisi ganmartebis safuZvelze cxa-

dia, rom { }{ }YyyyyBA BA ∈><=∪ |/)( );(max~~
μμ , amitom aramkafio 

simravlis winare saxis zemoT moyvanili ganmartebis safuZv-

elze miviRebT: ( ) { }{ }==∈><=∪− )(  ,|/)( );(max~~1 xfyXxxyyBAf BA μμ  

{ } { } ( ) ( )BfAfxfyXxxyxfyXxxy BA
~~

)(  ,|/)()(  ,|/)( 11 −− ∪==∈><∪=∈><= μμ . 

meore tolobis dasamtkiceblad saWiroa CavweroT 

{ }{ }YyyyyBA BA ∈><=∩ |/)( );(min~~
μμ ⇒ ( )=∩− BAf ~~1  
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{ }{ } { }∩=∈><==∈><= )(  ,|/)()(  ,|/)( );(min xfyXxxyxfyXxxyy ABA μμμ

{ }==∈><∩ )(  ,|/)( xfyXxxyBμ ( ) ( )BfAf ~~ 11 −− ∩ .  

SeniSvna 2.3.1. Teorema 2.3.2 SesaZlebelia ganzogaddes qv-

emoT moyvanili formiT 

   da , sadac ( )UU
Λ∈

−

Λ∈

− =⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

α
α

α
α AfAf

~~ 11 ( )II
Λ∈

−

Λ∈

− =⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

α
α

α
α AfAf

~~ 11 Λ -

indeqsTa raime simravlea. 

Teorema 2.3.4. vTqvaT  da  werti-

lovan asaxvaTa raime wyvilia, xolo 

111 : YXf → 222 : YXf →

{ }111 |/)(~ YyyyB B ∈><= μ  da 

{ }222 |/)(~ YuuuB B ∈><= μ , maSin ( ) )~()~()~~( 2
1

21
1

121
1

21 BfBfBBff −−− ×=×× . 

damtkiceba. Tavdapirvelad aRvniSnoT ( ) =××≡ − )~~(~
21

1
21 BBffK  

= { }21212121 ),(|),/(),( XXxxxxxxK ×∈>< μ , sadac mikuTvnebis funqcia 

ganimarteba { }))((  ));((min),( 22211121 xfxfxx BBK μμμ = -iT. SevniSn-

oT, rom radgan ganmartebiT ( ) { }1111111
1

1 |/))((~ XxxxfBf B ∈><=− μ  da 

( ) { 2222222
1

2 |/))(( }~ XxxxfBf B ∈><=− μ , amitom funqcia ganmartebuli 

{ }))((  ));((min),( 22211121 xfxfxx BBK μμμ = -tolobiT warmoadgens aramk-

afio )~()~( 2
1

21
1

1 BfBf −− × -simravlis mikuTvnebis funqcias.  
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savarjiSoebi 

II.3.1. cnobilia, rom A
~
 da B~  aramkafio gamonaTqvamebis WeSm-

aritebis dozebi akmayofileben pirobebs: 7,0]~~
[ =∧ BA  da 

2]~[]
~

[ BA = . gamoTvaleT ]~~
[ BA∨ . 

II.3.2. Tqveni Sexedulebisamebr CawereT aramkafio simravle, 

romelic gamosaxavs aramkafio gamonaTqvams: ,,Tbili oTaxi” 

(temperaturuli Skalis mixedviT). 

II.3.3. ipoveT ]~[A , Tu 8,0]~~
[ =⇒ BA , ]

~
[9,0]~[ AB −= . 

II.3.4. gamoTvaleT ]
~~~~

[ CCBA ¬⇔∨¬∧ , Tu cnobilia, rom 2,0]
~

[ =A  

9,0]~[ =B  da 6,0]
~

[ =C . 

II.3.5. aramkafio simravleebisaTvis samarTliania Tu ara 

tolobebi: a) ( ) ( ) ( )CBCACBA
~~\

~~~~\
~

∩∩=∩ , b) ( ) ( )BABAA ~\
~~~~

∪∩= , 

g) ( ) )
~~(\)

~~
(

~~\
~

CBCACBA ××=× , d) ( ) =×∪ CBA
~~~

)
~~()

~~
( CBCA ×∪× , 

e) ( ) )
~~()

~~
(

~~~
CBCACBA ×∩×=×∩ . 

II.3.6. rogor simravlur mimarTebaSi arian Semdegi aramkafio 

simravleebi: 
⎭
⎬
⎫

⎩
⎨
⎧ ∩+∞∈><= Zxx

x
A [;1[|/1~  da 

⎭
⎬
⎫

⎩
⎨
⎧

∩+∞∈><= Zxx
x

B [;1[|/1~
2 . 

II.3.7. ipoveT aramkafio 
⎭
⎬
⎫

⎩
⎨
⎧

∩∈>⎟
⎠
⎞

⎜
⎝
⎛ ⋅<= ZxxxA ]2  ;0[|/

6
sin

~
ππ  da 

{ }ZxxeB x ∩∈><= − ]2  ;0[|/~
π  simravleebisaTvis BA ~~

∩ , BA ~~
∪  da 

BA ~\
~

. 
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II.3.8. ganvixiloT { }[;0[|/)(
~

+∞∈><= xxxA kAk μ , 2 ;1=k  aramkafio 

simravleebi,  da . 

ipoveT 

⎩
⎨
⎧

>

≤
=

5 ,1
5   ,2,0

)(1 x
xx

xA
 Tu    

 Tu
μ

⎪⎩

⎪
⎨
⎧

≥⋅

≤−
= − 35,0

5,2   ,4,01
)(2 xe

xx
x xA

 Tu ,

 Tu
μ

21
~~
AA ∩ , 21

~~
AA ∪  da 21

~
\

~
AA  simravleebi da gamosaxeT ma-

Ti mikuTvnebis funqciebi grafikulad. 

II.3.9. vTqvaT  wertilovani asaxvaa, xolo wertilo-

vani  asaxva ganmartebulia 

YXf →:

YXXg ×→: ( ))( ,)( xfxxg = -iT, Xx∈∀ -

Tvis. Tu A
~
 aris X -is, xolo B~  aris Y -is aramkafio qvesi-

mravle, maSin daamtkiceT, rom )
~

(
~~ ~)( 11 AfBAg −− ∩× A= . 

II.3.10. vTqvaT { }321 ,, xxxX =  da { pzvuY ,,, }= , xolo mravalsaxa 

asaxva , ganmartebulia Semdegnairad: YXF →: { }vuxF ,)( 1 = , 

, { }pzuxF ,,)( 2 = { }pvxF ,)( 3 = . ras warmoadgens { }( )vF 1~−
∩ -aramkafio 

simravle, Tu misi elementebis mikuTvnebis funqcia ganimar-

teba tolobebidan 2,0)( 1 =xμ , 3,0)( 2 =xμ  da 6,0)( 3 =xμ . 
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Ubwj!JJJ/ monacemTa siaxlovis topolo-

giuri da metrikuli analizi 
 

$3.1. topologiuri sivrceebi, Ria da Caketili 

simravleebi. interieris da Caketvis operatorebi 

da maTi ZiriTadi Tvisebebi  
 

Tu monacemTa simravleebSi ver xerxdeba algebruli operaciebiT ri-
cxviTi gamoTvlebis Catareba, maSin monacemTa damuSavebis mizniT mimarT-

aven topologiis klasikur meTodebs [2; 5; 16; 23; 24; 27]. am paragraf-

Si Cven ganvixilavT topologiur sivrceebSi simravleTa interieris da 

Caketvis gamoTvlis wesebs, rac aucilebelia $3.3-Si ganxiluli sakiTxe-

bisaTvis. 

 

nebismierad fiqsirebul X  simravles da misi qvesimravl-

eebis τ -klass, formalurad Cawerils ( )τ,X  wyvilis saxiT, 

ewodeba topologiuri sivrce, Tuki is akmayofilebs qvemoT 

CamoTvlil aqsiomaTa sistemas: 

A1) τφ ∈X , ; 

A2) ττ ∈∩⇒∈∀ )( , 2121 OOOO ; 

A3) { } ττ
α

ααα ∈⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⇒∈∀

Λ∈
Λ∈ UOO . 

τ -s elementebs Cveulebriv, Ria simravleebs uwodeben, amas-

Tan Tu τ∈O , maSin OX \ -simravles Caketil simravles uwod-

eben [2]. ( )τ,X  topologiuri sivrcis yvela Caketili qvesim-

ravleebis erTobliobas τco -iT aRvniSnavT. cxadia, rom X ,φ -

erTdroulad Ria da Caketili simravleebia. 
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magaliTi 3.1.1 vTqvaT, rom { }edcbaX ,,,,=  fiqsirebuli sim-

ravlea, xolo { }∪= X,1 φτ { }321 ,, OOO , sadac };,{1 baO =  },{2 dcO =  da 

},,,{3 dcbaO = , maSin A1)-A3) aqsiomebis uSualo SemowmebiT io-

lad vrwmundebiT, rom ( )1,τX  topologiuri sivrcea. sirTu-

les ar warmoadgens am topologiaSi CamovTvaloT Caketili 

simravleebi: ∪= },{1 Xco φτ },,{ 321 FFF , sadac },,{1 edcF = ; },,{2 ebaF = ; 

}{3 eF = . analogiuri msjelobiT Cven SegviZlia avagoT sxva 

topologiac imave X  simravleze: { }∪= X,2 φτ { }4321 ,,, OOOO , sad-

ac Riebad miviCnevT };,,{1 cbaO =  };,,,{2 dcbaO =  },,,{3 ecbaO = ; }{4 eO =  

simravleebs. amrigad, Cven avageT ( )2,τX  topologiuri sivr-

ce. 

amboben, rom ( )ad.τ,X  antidiskretuli topologiuri sivr-

cea, Tu { }X,φτ =ad. . diskretul topologiur sivrces Cven vu-

wodebT iseT ( )d.τ,X -wyvils, rom )(XB=d.τ . cxadia, rom diskr-

etul topologiaSi X -is yoveli qvesimravle aris Ria da 

amitom Caketilic. ioli SesamCnevia, rom antidiskretuli 

topologia ,,uRaribesia”, xolo diskretuli topologia 

,,umdidresia” mocemul simravleze gansaxilvel topologie-

bs Soris (elementebis raodenobis TvalsazrisiT). 

sagulisxmoa, rom Tu ( )τ,X  topologiur sivrceSi fiqsi-

rebulia raime XA⊂  simravle, maSin SesaZlebelia masze ga-
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nimartos τ -s meSveobiT topologia_ ∗
Aτ , e.i. avagoT A -ze e.w. 

inducirebuli topologia. ∗
Aτ -inducirebuli topologiaSi 

Riad saWiroa gamocxaddes yvela is AG ⊂  simravle, romlis-

Tvisac τ∈∃O , iseTi, rom OAG ∩= .  

simravleze topologiuri struqturis aRsawerad an axa-

li topologiebis asagebad, xSirad sasargebloa sivrcis ba-

zis gamoyeneba. vityviT, rom simravleTa B  ojaxi warmoad-

gens ( )τ,X  topologiuri sivrcis Ria bazas, Tu τ∈∀O -Tvis 

B∈∃A , iseTi, rom OA⊂ . sagulisxmoa, rom B  ojaxi ( )τ,X  

topologiuri sivrcis bazaa⇔ τ∈∀O  simravle SeiZleba Caiw-

eros B -s elementebis gaerTianebis (sasruli an usasrulo) 

saxiT. aRniSnulis sailustraciod ganvixiloT namdvil ri-

cxvTa simravle masze bunebrivi (intervaluri) topologiiT: 

R-ze simravleTa { }nmnm <=   |  [,]B  ojaxi warmoadgens Cv.τ -topo-

logiis bazas.  

magaliTi 3.1.2. ganvixiloT { }edcbaX ;;;;=  simravle, masze 

Semdegnairad gansazRvruli { } { }},,{};{};,{; cbacbaX ∪= φτ -topologi-

iT. Tu Cven ganvixilavT },,,{ edcaA =  qvesimravles ( )τ,X -Si, ma-

Sin masze inducirebuli topologiaa { } { }},{};{};{; cacaAA ∪=∗ φτ , 

radgan },{}{ baAa ∩= , }{}{ cAc ∩=  da =},{ ca ∩A },,{ cba . cxadia, rom 

( )τ,X  sivrcis bazaa { } { }}{};,{; cbaX ∪= φB -ojaxoba, xolo ( )*, AA τ  

qvesivrcisaTvis ki_ { } { }}{};{; caAA ∪= φB . 
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kompiuterul grafikaSi mniSvnelovan rols asrulebs e. 

xalimskis topologia, romelic Z-simravleze ganimarteba 

Semdegi saxis Ria baziT { } { }ZkkkkkZ ∈+−+∪= |)}12( ;2 );12{(  };12{;φB . 

Oori fiqsirebuli topologiuri sivrcis mixedviT SesaZ-

lebelia axali sivrcis ageba maTi e.w. dekartuli namravlis 

meSveobiT: vTqvaT ( )τ,X  da ( )γ,Y  topologiuri sivrceebis 

raime wyvilia, maSin ( )γτ ×× ,YX -iT Cven aRvniSnavT topolo-

giur sivrces, Ria baziT { } { }γτφ ∈∈×∪×= VUVUYX   ,|;B . 

interieris da Caketvis operatorebi da maTi ZiriTadi 

Tvisebebi: Tu ( )τ,X  raime topologiuri sivrcea da XA⊂ , 

maSin amboben, rom Xx ∈0  aris A -simravlis interieris wer-

tili, Tuki }{\)( 0 φτ∈∃ xO , iseTi, rom )( 00 xOx ∈  da AxO ⊂)( 0 . am 

SemTxvevaSi weren, rom Ax int0 ∈ . Xx ∈0  wertils ewodeba A -s 

Sexebis wertili, Tu }{\)( 0 φτ∈∀ xU -Tvis, iseTi, rom )( 00 xUx ∈  

adgili aqvs φ≠∩ AxU )( 0  damokidebulebas. imis aRsaniSnad, 

rom 0x  aris A -s Sexebis wertili gamoiyeneba aRniSvna 

clAx ∈0 . Cveulebriv, wertilis momcvel Ria (an Caketil) si-

mravles mis Ria (an Caketil) midamos uwodeben. vinaidan, ne-

bismier simravles SesaZlebelia SevusabamoT am simravlis 

interieri da Caketva, amitom azri aqvs terminis interieris 

da Caketvis operatorebis gamoyenebas. ( )τ,X  topologiur si-
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vrceSi Xx ∈0  wertilis momcveli Ria midamoebis klass 

∑X xτ )( 0 -iT aRvniSnavT. 

Teorema 3.1.1 nebismierad fiqsirebul ( )τ,X  topologi-

ur sivrceSi interieris operators gaaCnia Semdegi ZiriTadi 

Tvisebebi:  

i1) XX == int   ,int φφ ; 

i2) AA⊆int , XA⊂∀ -Tvis; 

i3) BABA intint)int( ∩=∩ , XBA ⊂∀ ; -Tvis; 

i4) )int(intint BABA ∪⊂∪ , XBA ⊂∀ ; -Tvis; 

i5) Tu BABA intint ⊂⇒⊂ , XBA ⊂∀ ; -Tvis. 

damtkiceba. i1)-i2) Tvisebebis samarTlianoba aris pirdap-

iri Sedegi interieris operatoris ganmartebisa. 

i3)-is dasamtkiceblad ganvixiloT, )int( BAx ∩∈∀ ∈∃⇔ )(xO  

∑∈ X xτ )(  iseTi, rom )()( BAxO ∩⊂ . aqedan cxadia, rom 

)(xO BxOA ⊂∧⊂ )( , maSasadame Cven gvaqvs ⇔∈∧∈ BxAx intint  

)int(int BAx ∩∈ . amrigad BABA intint)int( ∩⊂∩ . 

Sebrunebuli CarTvis saCveneblad, saWiroa aviRoT 

⇔∩∈∀ )int(int BAx ⇔∈∧∈ BxAx intint )(),( xVxU∃ ∑∈ X xτ )(  iseTebi, rom 

∧⊂ AxU )( BxV ⊂)( ⇒ ( )⊂∩ )()( xVxU BA∩ . cxadia, rom ∈∩ )()( xVxU  

∑∈ X xτ )( ⇒ )int( BAx ∩∈ , e.i. ⊃∩ )int( BA ∩Aint Bint . amrigad, sabol-

ood Cven davamtkiceT i3)-tolobis samarTlianoba. 
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i4)-is dasamtkiceblad aviRoT ⇔∪∈∀ BAx intint ∨∈ Ax int  

)(int xUBx ∃⇔∈∨ ∨∈∑X xτ )( ∈∃ )(xV ∑X xτ )(  iseTi, rom 

BxVAxU ⊂∨⊂ )()( . aqedan cxadia, rom BAxVxU ∪⊂∪ )()( , magram 

radgan )()( xVxU ∪ )int()( BAxxX ∪∈⇒∈∑τ . maSasadame, damtkicda 

i4)-CarTvis samarTlianoba. 

i5)-is saCveneblad ganvixiloT ∈⇒∈∀ AAx intint ∑X xτ )( . i2)-is 

gaTvaliswinebiT BAAx ⊂⊆∈ int , e.i. Bx int∈ . maSasadame, i5)-Car-

Tvis samarTlianoba damtkicebulia.  

Teorema 3.1.2 yovel ( )τ,X  topologiur sivrceSi Cake-

tvis operators gaaCnia Semdegi ZiriTadi Tvisebebi: 

c1) XclXcl ==   ,φφ ; 

c2) clAA⊆ , XA⊂∀ -Tvis; 

c3) clBclABAcl ∪=∪ )( , XBA ⊂∀ ; -Tvis; 

c4) clBclABAcl ∩⊂∩ )( , XBA ⊂∀ ; -Tvis; 

c5) Tu clBclABA ⊂⇒⊂ , XBA ⊂∀ ; -Tvis.  

damtkiceba. c1)-c2) Tvisebebis samarTlianoba trivialur-

ad gamodinareobs Caketvis operatoris ganmartebidan. 

c3)-Tvisebis misaRebad aviRoT ⇔∪∈∀ )( BAclx )(xU∀ ∑∈ X xτ )( -

Tvis =∪∩≠ )()( BAxUφ ( ) ( )BxUAxU ∩∪∩ )()( , e.i. 

∨≠∩ φAxU )( φ≠∩ BxU )( , anu clBxclAx ∈∨∈ . maSasadame, clBclAx ∪∈ , 

rac niSnavs, rom adgili aqvs CarTvas ⊂∪ )( BAcl clBclA∪ . 



 85

piriqiT, ⇔∈∨∈⇔∪∈∀ clBxclAxclBclAx )(xU∀ ∑∈ X xτ )( -Tvis 

∨≠∩ φAxU )(  )(xV∀ ∑∈ X xτ )( -Tvis φ≠∩ BxV )( . maSasadame 

φφ ≠∪∩∨≠∪∩ )()()()( BAxVBAxU . sabolood miviReT, rom adgili 

aqvs c3)-tolobas. 

c4)-is dasamtkiceblad ganvixiloT ⇔∩∈∀ )( BAclx ∈∀ )(xU  

∑∈ X xτ )( -Tvis )(xU≠φ )( BA∩∩ φφ ≠∩∧≠∩⇒ BxUAxU )()( . am ukanask-

nelidan cxadia, rom clBclAx ∩∈ , e.i. miviReT rezultatis sa-

marTlianoba.  

c5)-is dasamtkiceblad aviRoT elementi ⇔∈∀ clAx  

∈∀⇔ )(xU ∑X xτ )( -Tvis AxU ∩≠ )(φ . vinaidan ⇒∩⊂∩≠ BxUAxU )()(φ  

clBx∈⇒ , amitom dasamtkicebeli CarTva samarTliania.  

Teorema 3.1.3 nebismierad fiqsirebul ( )τ,X  topologi-

ur sivrceSi U
AO
OA

⊂
=int , xolo I

FA
FclA

⊂
= , sadac τ∈O  da 

τcoF ∈ . 

damtkiceba. marTlac, Tu ∈∃⇔∈∀ )(int ξξ OA ∑X
τ ξ )(  iseTi, 

rom AO ⊂)(ξ . aqedan cxadia, rom U
AO
OO

⊂
⊂)(ξ , amitom U

AO
O

⊂
∈ξ . 

amrigad Cven vaCveneT, rom samarTliania CarTva: U
AO
OA

⊂
⊂int . 

piriqiT, vTqvaT OxAOOx
AO

ˆ:ˆ ∈⊂∃⇔∈∀
⊂
U , iseTi, rom τ∈Ô . am 

ukanasknelidan gamomdinareobs, rom ∈Ô ∑X xτ )(  da amitom 
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Ax int∈ . maSasadame Cven vaCveneT U
AO
OA

⊂
⊃int  CarTvis samarTli-

anoba, e.i. pirveli toloba damtkicebulia.  

meore tolobis dasamtkiceblad saWiroa ganvixiloT 

clFaclAa ∈⇒∈∀ , F∀ τco∈ -Tvis iseTi, rom FA⊂ . davuSvaT, rom 

⇔∉Fa )\( FXa∈ , magram imis gamo, rom τcoF∈  gveqneba 

)\( FX ∑∈ X aτ )( . vinaidan ⇒∈clAa φ≠∩ AFX )\( . meore mxriv, gveq-

neba φ=∩⊂∩ FFXAFX )\()\( , anu φ=∩ AFX )\( . miviReT winaaRm-

degoba, e.i. samarTliania CarTva I
FA
FclA

⊂
⊂ . 

Sebrunebuli CarTvis dasamtkiceblad, unda aviRoT 

∈∀ξ ⇔
⊂
I
FA
F F∈ξ , sadac F  aris A -s momcveli nebismieri Cake-

tili simravle. Tu vigulisxmebT clA∉ξ , maSin ∃ ∈)(ξO ∑X
τ ξ )(  

iseTi, rom ⇔=∩ φξ AO )( AOX ⊃))(\( ξ , aqedan ki Tavis mxriv gve-

qneba ∈∉ ))(\( ξξ OX τco . ⊂∈
⊂
I
FA
Fξ ⇒))(\( ξOX ))(\( ξξ OX∈ , mivediT 

winaaRmdegobamde. amrigad, samarTliania CarTva: I
FA
FclA

⊂
⊃ , 

e.i. Cven davamtkiceT meore tolobis samarTlianoba.  

SeniSvna 3.1.1 nebismier topologiur sivrceSi simravlis 

interieri warmoadgens mis udides Ria qvesimravles, xolo 

Caketva_am simravlis momcvel umcires Caketil simravles.  
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Teorema 3.1.4 yovel ( )τ,X  topologiur sivrceSi int-

erieris da Caketvis operatorebs Soris arsebobs Semdegi 

saxis kavSiri:  

)\int(\
);\(\int

AXXclA
AXclXA

=
=

 

damtkiceba. aviRoT )(int ξξ UA ∃⇔∈∀ ∑∈ X
τ ξ )(  iseTi, rom 

AU ⊂)(ξ . maSasadame φξ =∩ )\()( AXU ⇔ )\( AXcl∉ξ  )\(\ AXclX∈⇔ξ . 

amrigad Cven miviReT, rom adgili aqvs )\(\int AXclXA⊂  CarT-

vas. 

piriqiT, ∉⇔∈∀ ξξ )\(\ AXclX )\( AXcl , maSin cxadia ∈∃ )(ξV  

∑∈ X
τ ξ )( , iseTi rom AVAXV ⊂⇔=∩ )()\()( ξφξ . amrigad, Aint∈ξ . 

maSasadame, pirveli toloba samarTliania. 

meore toloba analogiurad mowmdeba, ris gamoc mas Cven 

savarjiSos saxiT vandobT mkiTxvels dasamtkiceblad.  

Teorema 3.1.5 aRsaniSnavia, rom ( )τ,X  topologiur 

sivrceSi adgili aqvs ekvivalenciebs: 

clFFcoF
OOO

=⇔∈
=⇔∈

τ
τ ;int

 

damtkiceba. roca OO int= , maSin zemoT gakeTebuli SeniS-

vnis safuZvelze: τ∈Oint  davaskvniT, rom τ∈O . 

vinaidan OO ⊂int , amitom saCvenebelia mxolod OO int⊂  Ca-

rTva. rodesac τ∈O , aviRoT ⇒∈∀ Oξ ∈O ∑X
τ ξ )( , maSin cxadia, 
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rom Oint∈ξ , e.i. samarTliania CarTva OO int⊂ . amrigad pirve-

li ekvivalencia damtkicebulia. 

Tuki clFF = , maSin cxadia, rom τcoclF ∈ . maSasadame, am Sem-

TxvevaSi τcoF∈ . 

piriqiT, davuSvaT ( ) ⇔∈⇔∈ ττ FXcoF \ ( )FXFX \int\ =  (pirve-

li ekvivalenciis Tanaxmad). vinaidan ( ) ( ) == )\(\\\int FXXclXFX  

= clFX \ , amitom gveqneba, rom clFFclFXFX =⇔= \\ .  

SeniSvna 3.1.2 zemoT damtkicebuli ekvivalenciebis gaTva-

liswinebiT Cven interieris da Caketvis operatorebisaTvis 

damatebiT davaskvniT, rom ( )τ,X  sivrceSi XA⊂∀ -Tvis srul-

deba tolobebi: 

i6) AA int)int(int = ; 

c6) clAclAcl =)( . 

damtkiceba. i6)-is dasamtkiceblad sakmarisia vaCvenoT sa-

marTlianoba AA int)int(int ⊃  CarTvisa. am mizniT ganvixiloT 

⇔∈∀ Aintξ ∈∃ )(ξU ∑X
τ ξ )(  iseTi, rom sruldeba piroba AU ⊂)(ξ . 

wina ekvivalenciebis da i5)-is gamo Cven gveqneba: 

AUU int)(int)( ⊂= ξξ , anu )int(int A∈ξ . maSasadame, sasurveli Car-

Tvis samarTlianoba damtkicebulia, amitom adgili aqvs i6)-

tolobas. 

c6)-is dasamtkiceblad gamoviyenoT i6) da zemodan cnobi-

li damokidebuleba interieris da Caketvis operatorebs So-
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ris. cxadia, rom adgili aqvs tolobas == )\int(\)( clAXXclAcl  

= ( )[ ]=)\int(\\int\ AXXXX =)\int(\ AXX clA .  

am paragrafis bolos ganvixiloT simravlis interieris 

da Caketvis gamoTvlis erTi magaliTi.  

magaliTi 3.1.2 ganvixiloT mag. 3.1.1-Si agebuli ( )1,τX  to-

pologiuri sivrce, anu simravle { }edcbaX ,,,,= , masze iseTi 

topologiiT, rom Ria simravleebad gamovacxadoT };,{1 baO =  

},{2 dcO =  da },,,{3 dcbaO = . davadginoT, Tu ras warmoadgens 

},,{ ebaA = ; },,{ dcaB =  simravleebis interieri da Caketva. Se-

niSvna 3.1.1-is gaTvaliswinebiT: interieri aris simravlis 

udidesi Ria qvesimravle, xolo Caketva am simravlis mom-

cveli umciresi Caketili simravle. aRniSnulis gamo cxadia, 

rom udidesi Ria qvesimravle A  da B -Tvis Sesabamisad iq-

neba },{int baA =  da },{int dcB = . Caketvebis gansasazRvrad saWir-

oa visargebloT mag. 3.1.1-Si miTiTebuli Caketili simravle-

ebis pirveli klasiT, maSin umciresi Caketili simravleebi 

romlebic A  da B -s moicaven Sesabamisad iqnebian },,{ ebaclA =  

da XclB =  simravleebi. 
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savarjiSoebi 

III.1.1 vTqvaT };;;{ dcbaX =  da { } { }},,{};,,{};{, dbacbaaX ∪= φτ , ra simr-

avle unda daematos τ -klass, rom is gadaiqces topologi-

ad? 

III.1.2. vTqvaT }8;5;3;2{=X , { } { }}8;5;2{};8;2{};5;2{};2{, ∪= Xφτ . ipoveT 

( )τ,X  topologiuri sivrcis minimaluri Ria baza. 

III.1.3. ]1  ;0[=I  segmentze aris Tu ara topologia erTobli-

oba ]1;0(}{};{ ∈∪= ααφτ OI , sadac [;0[ αα ≡O . 

III.1.4. Tu X  usasrulo simravlea da ganvixilavT erTobli-

obas: ∪= };{ Xφτ })\(|{ 0ℵ<⊂ OXcardXO , maSin daadgineT aris Tu 

ara ( )τ,X  topologiuri sivrce. 

III.1.5. { }qpnmX  ; ; ;= , { } { }},,{};,{};,{};{};{; pnmpmnmnmX ∪= φτ . ipoveT 

( )τ,X -topologiur sivrceSi { }qnmA ,,= -simravlisTvis Aint  da 

clA . 

III.1.6. darwmundiT, rom e.w. serpinskis topologia SesaZleb-

elia ganimartos ,,WeSmariti” da ,,mcdari” gamonaTqvamebis 

simravleze { }}1;0{  };1{  ;φτ =S  ojaxiT.   

III.1.7. Tu X  sasruli simravlea, masze raime τ -topologi-

iT, maSin aris Tu ara X -ze topologia }|\{ τω ∈= AAX  kla-

si? 

III.1.8. daamtkiceT, rom ( )τ,X  topologiuri sivrcis yovel 

XA⊂  qvesimravleze inducirebul *
Aτ -topologiaSi AM ⊂∀ -
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Tvis adgili aqvs tolobas: clMAclMA ττ ∩=*  (miaqcieT yurad-

Reba, rom analogiur damokidebulebas interierisTvis adgi-

li ar aqvs!).  

III.1.9. daamtkiceT, rom ( )τ,X  topologiur sivrceSi τ∈∀O  

da XA⊂∀ -Tvis samarTliania CarTva: ( )AOclclAO ∩⊂∩  (r. siko-

rskis lema). 

III.1.10. daamtkiceT, rom ( )τ,X  topologiur sivrceSi adgili 

aqvs CarTvas: ( ) clBclABAcl ∩⊂∩  XBA ⊂∀ ; -Tvis. 

 

$3.2. topologiuri sivrceebis klasifikacia 

gancalebis aqsiomebiT. uwyveti asaxvebi da 

homeomorfizmebi  
 

monacemTa topologiuri struqturebis formirebisas mniSvnelovania 

sivrceebis klasifikacia movaxdinoT gancalebadobis da sivrceTa homeo-

morfulobis mixedviT.   

  

vinaidan topologiuri sivrcis ganmarteba aris erTob 

zogadi, amitom xelsayrelia sivrceebis klasifikacia e.w. ga-

ncalebis aqsiomebis meSveobiT (anu, imis mixedviT Tu rog-

or gancalkevdebian wertilebi da Caketili simravleebi). 

topologiaSi cnobilia mravali gansxvavebuli arsis gancal-

ebis aqsioma, magram Cven klasikur literaturaSi [2] gavrc-

elebul mxolod pirvel xuTeulze SevCerdebiT (dabali gan-

calebis aqsiomebi).  
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amboben, rom ),( τX  topologiuri sivrce akmayofilebs ga-

ncalebis: 

T0-aqsiomas, Tu 21 xx ≠∀  wertilebisaTvis Xxx ∈21, -dan, 

∈∃ )( 1xU ∑X xτ )( 1 ∈∨ )( 2xV ∑X xτ )( 2 , iseTi, rom ∨∉ )( 21 xVx )( 12 xUx ∉ (a. 

kolmogorovis aqsioma). 

SevniSnoT, rom nebismieri antidiskretuli topologiuri 

sivrce ar akmayofilebs T0-aqsiomas.  

T1-aqsiomas, Tu 21 xx ≠∀  wertilebisaTvis Xxx ∈21, -dan, 

∈∃ )( 1xU ∑X xτ )( 1 ∈∧ )( 2xV ∑X xτ )( 2 , iseTi, rom ∧∉ )( 21 xVx )( 12 xUx ∉  (f. 

risis aqsioma). 

magaliTi 3.2.1. topologiuri sivrce, romelic aris T0-

tipis magram araa T1-tipis: Tu };{ baX = , xolo { } { }}{; bX ∪= φτ , 

maSin ),( τX  topologiuri sivrce swored aseTia.  

 T2-aqsiomas, Tu 21 xx ≠∀  wertilebisaTvis ,1x  Xx ∈2 -dan 

⇒ )( 1xU∃ ∧∈∑X xτ )( 1 )( 2xV ∑∈ X xτ )( 2 , iseTi, rom φ=∩ )()( 21 xVxU . (f. 

hausdorfis aqsioma) 

T3-aqsiomas, Tu Xx∈∀  da τcoF∈  simravlisaTvis Fx∉ ⇒  

∈∃ )(xO ∑X xτ )(  da τ∈⊂ )(FUF  iseTi, rom φ=∩ )()( FUxO  da siv-

rce T1-tipisaa (regularobis aqsioma). 

T4-aqsiomas, Tu τcoFF ∈∀ 21, -Tvis iseTi, rom ⇒=∩ φ21 FF  

11)( FFO ⊃∃⇒  da 22)( FFV ⊃  Ria simravleebi, romlebic akmayo-
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fileben φ=∩ )()( 21 FVFO  da sivrce T1-tipisaa (normalurobis 

aqsioma). 

aRsaniSnavia, rom zemoT ganmartebuli gancalebis aqsiome-

bisTvis samarTliania implikaciebis Semdegi jaWvi  

T4⇒ T3⇒ T2⇒ T1⇒ T0. 

zogjer mosaxerxebelia T1-aqsiomis eqvivalenturi for-

miT sargebloba:  

Teorema 3.2.1 ),( τX  topologiuri sivrce T1-tipisaa 

⇔ Xx∈∀ -Tvis { } τcox ∈ . 

damtkiceba.BganvixiloT SemTxveva, roca ),( τX  topologi-

uri sivrce akmayofilebs T1-aqsiomas. am SemTxvevaSi cxadia, 

rom saCvenebelia mxolod }{}{ xxcl ⊂  CarTva. davuSvaT sawina-

aRmdego, e.i. vigulisxmoT, rom }{}{ xxcl ⊄ . maSasadame, Tu 

}{xcly∈∃  da xy ≠ , maSin ∈∀ )(yV ∑X yτ )( -Tvis φ≠∩ }{)( xyV . amrig-

ad, Cven gveqneba, rom )(yVx∈ , ∈∀ )(yV ∑X yτ )( -Tvis, sadac xy ≠ . 

es ukanaskneli ki SeuZlebelia imis gamo, rom ),( τX  aris T1-

tipis. miRebuli winaaRmdegoba asrulebs am nawilis damtki-

cebas. 

piriqiT, vTqvaT, rom { } τcox ∈ , Xx∈∀ -Tvis. aviRoT iseTi 

Xy∈  wertili, rom yx ≠ . aqedan cxadia ( ) τ∈∈ }{\ xXy . amrigad, 

( )∈}{\ xX ∑X yτ )(  da radgan τcoy ∈}{ , amitom ( )∈}{\ yX ∑X xτ )( . maSa-

sadame ),( τX  akmayofilebs gancalebis T1-aqsiomas.  
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uwyveti asaxvebi da homeomorfizmebi: uwyveti asaxvebis 

Seswavlas mniSvnelovani adgili ukavia maTematikur analiz-

Si, sadac mimdevrobebis zRvrebis terminebSi (“ δε − -enaze”) 

xorcieldeba uwyvetobis gansazRvra. am klasis funqciebis 

Seswavlam SesaZlebeli gaxada eqvivalenturi gziT asaxvis 

uwyvetobis topologiuri ganmartebis Semotana. sazogadod 

amboben, rom asaxva :f ),(),( γτ YX →  uwyvetia Xx ∈0  wertilSi, 

rodesac )( 00 xfy =  wertilis ∈∀ )( 0yU ∑Y yγ )( 0 -Tvis ∈∃ )( 0xV  

∑∈ X xτ )( 0  iseTi, rom ( )⊂)( 0xVf )( 0yU . f -asaxvas ewodeba uw-

yveti, Tuki is aris uwyveti Xx ∈∀ 0  wertilSi. 

samarTliania Semdegi  

Teorema 3.2.2. :f ),(),( γτ YX →  asaxva uwyvetia ⇔  

τ∈− )(1 Of , γ∈∀O -Tvis. 

damtkiceba. Tavdapirvelad vigulisxmoT, rom f -asaxva 

uwyvetia, maSin )(1 Of −∈∀ξ -Tvis cxadia, rom adgili aqvs Se-

mdegi saxis ekvivalencias Of ∈)(ξ ∈∃⇔ ))(( ξfW ∑Y fγ ξ ))((  midamo 

iseTi, rom OfW ⊂))(( ξ  (radgan )(ξf -interieris wertilia O -

is). f -is ξ  wertilSi uwyvetobis gamo ∈∃ )(ξG ∑Y
γ ξ )(  iseTi, 

rom ))(())(( ξξ fWGf ⊂ . aqedan gveqneba, rom samarTliania Car-

Tva OGf ⊂))(( ξ , amitom cxadia )()( 1 OfG −⊆ξ . maSasadame, gvaqvs 

)(int 1 Of −∈∀ξ . amrigad, τ∈− )(1 Of . 
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piriqiT, davuSvaT, rom τ∈− )(1 Of , γ∈∀O -Tvis. ganvixiloT 

X∈∀ξ  da Yf ∈= )(ξη  wertilebi, maSin Cveni daSvebis safuZ-

velze ∈∀ )(ηU ∑Y
γ η)( -Tvis gveqneba: ( )∈− )(1 ηUf ∑X

τ ξ )( . am ukanask-

nelidan cxadia, rom ( ))(int 1 ηξ Uf −∈ , maSasadame ∈∃ )(ξV ∑X
τ ξ )(  

iseTi, rom ( ))()( 1 ηξ UfV −⊂ . amrigad, Cven SegviZlia CavweroT, 

rom ( ) )()( ηξ UVf ⊂ .  

zemoaRniSnulidan iolia SevniSnoT, rom :f ),(),( γτ YX →  

asaxva uwyvetia ⇔  τcoFf ∈− )(1 , γcoF ∈∀ -Tvis. 

topologiuri sivrceebis uwyveti asaxvebis dasaxasiaTeb-

lad sasargebloa, agreTve Semdegi kriteriumi 

Teorema 3.2.3 :f ),(),( γτ YX →  asaxva uwyvetia ⇔  

)()( AclfclAf ⊂ , XA⊂∀ -Tvis. 

damtkiceba. Tavdapirvelad vigulisxmoT, rom f -uwyvetia. 

ganvixiloT )(clAf∈∀ξ , amitom clAx ∈∃ 0 , rom )( 0xf=ξ . aviRoT 

∑∈∀ YU γ ξξ )()(  da uwyvetobis gamo SevniSnoT, rom samarTli-

ania ( ) ∑∈− X xUf τξ )()( 0
1 . amrigad ( ) φξ ≠∩− AUf )(1  da amitom 

( )( ) )()()(1 AfUAUff ∩⊂∩≠ − ξξφ . maSasadame, )(Aclf∈ξ , anu adgili 

aqvs CarTvas )()( AclfclAf ⊂ . 

piriqiT, vigulisxmoT, rom XA⊂∀  qvesimravlisaTvis adg-

ili aqvs CarTvas )()( AclfclAf ⊂ . vaCvenoT :f ),(),( γτ YX →  asaxvis 

uwyvetoba. am mizniT nebismieri γcoF ∈ -Tvis ganvixiloT 
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( )Ff 1−  simravle. sakmarisobis pirobidan gveqneba, Semdegi Ca-

rTva: ( ) ( ))()( 11 FfclfFclff −− ⊂ . vinaidan ( ) FFff ⊂− )(1 , amitom 

( ) FFclff ⊂− )(1 . amrigad, miviRebT, rom )()( 11 FfFclf −− ⊂ . meores 

mxriv cxadia )()( 11 FclfFf −− ⊂ , anu adgili aqvs tolobas 

)()( 11 FfFclf −− = . maSasadame, ( ) γcoFf ∈−1  da f -uwyvetia.  

uwyvet bieqcias :f ),(),( γτ YX →  ewodeba homeomorfizmi 

Tuki uwyvetia Sebrunebuli :invf ),(),( τγ XY →  asaxvac. 

magaliTi 3.2.1. homeomorfizmis magaliTebia 12)( += kxxf  sa-

xis (kenti xarisxis xarisxovani) funqciebi, sadac ∈k N da 

:f  R→ R.  

magaliTi 3.2.2. Tu },,,{ dcbaX = -ze ganmartebulia topolo-

gia { }},,{};,,{};{};,{},{ dbacbacbaX ∪= φτ , xolo },,,{ qpnmY =  simravle, 

aRWurvilia topologiiT { }},,{};,,{};{};,{},{ qnmpnmpnmY ∪= φγ , maS-

in :f ),(),( γτ YX →  asaxva, sadac  ;)( naf =  ;)( mbf = qdfpcf == )( ;)( , 

warmoadgens homeomorfizms. 

 

savarjiSoebi 

III.2.1. daamtkiceT, rom ),( τX  sivrce akmayofilebs gancalebis 

T2 -aqsiomas⇔ ( )ττ ×× ,XX -Si { } )(|);()( ττ ×∈=×∈=Δ coyxXXyxX .  
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III.2.2. daamtkiceT, rom T1-tipis ),( τX  topologiuri sivrce 

T3-tipisaa⇔ Xx∈∀ -Tvis da ∈∀ )(xU ∑X xτ )( -Tvis )(xV∃ ∑∈ X xτ )(  

midamo iseTi, rom )()( xUxclV ⊂ . 

III.2.3. daamtkiceT, rom T1-tipis ),( τX  topologiuri sivrce 

T4-tipisaa⇔ τcoF ∈∀ -Tvis da τ∈⊂ )(FUF -Tvis τ∈∃ )(FV  iseTi, 

rom adgili aqvs CarTvas ⊂⊂ )(FVF )()( FUFclV ⊂ . 

III.2.4. daamtkiceT, rom Tu ncardX = , maSin ),( τX  topologi-

uri sivrce T1-tipisaa⇔ τ -diskretuli topologiaa. 

III.2.5. vTqvaT { }dcbaX ;;;=  da { }wvuY ;;= , amasTan YXf →:  asaxva 

iseTia, rom wdfvcfbfuaf ==== )( ;)()( ;)( . rogori unda iyos τ -

topologia X -ze, rom ),(),(: γτ YXf →  iyos uwyveti asaxva, 

roca { } { }},{};,{};{; wvwuwY ∪= φγ  

III.2.6. ]1;0[=I  segmentze ganvixiloT ]1;0(1 }{};{ ∈∪= ααφτ OI  topo-

logia, sadac [;0[ αα ≡O . Tu ganvixilavT R-is Cveulebrivi 

topologiidan I -ze inducirebul 2τ -topologias, maSin 

rogor unda SeirCes }2;1{, ∈jk -indeqsebi, rom funqcia 

),(),(: jk IIf ττ →  ganmartebuli tolobiT xxf =)( , iyos uwyveti. 

darwmundiT, rom f -araa homeomorfizmi.  

III.2.7. vTqvaT { }dcbaX ;;;=  da { } { }}{};,{};,,{; cdccbaX ∪= φτ , xolo 

{ }qpnmY ;;;= . Tu YXf →:  asaxva iseTia, rom  ;)( ;)( mbfnaf ==  

qdfpcf == )( ;)( , maSin rogori unda aviRoT γ -topologia Y -

ze, rom ),(),(: γτ YXf →  asaxva iyos homeomorfizmi. 
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III.2.8. daamtkiceT, rom proeqciebi ( ) ( )τγτ ,,: XYXPX →××  da 

( ) ( )γγτ ,,: YYXPY →××  arian uwyveti asaxvebi. 

III.2.9. CawereT erTi mainc uwyveti funqcia [ ]→8  ;2:f R iseTi, 

rom 3)2( −=f , 5)4( =f , 7)6( =f  da 1)8( =f . 

III.2.10. ganvixiloT { }dcbaX  ; ; ;= -ze { } { }},,{ };{ };,{; cbacbaX ∪= φτ -to-

pologia. rogori unda iyos γ -topologia X -simravleze, 

rom ),(),(: γτ XXf →  asaxva ganmartebuli pirobebiT caf =)( ; 

abf =)( ; bcf =)(  da ddf =)(  iyos homeomorfizmi. 

 

$3.3. kompaqturi topologiuri sivrceebi da 

monacemTa simravleebis topologiuri siaxlove 
     

sasruli simravleebis Tvisebebis analogiebis Ziebam usasrulo simZ-

lavris topologiur sivrceebSi, warmoSva maTematikisaTvis erT-erTi 

umniSvnelovanesi cneba-kompaqturoba. Tanamedrove etapze kompaqturi to-

pologiuri sivrceebi mniSvnelovan rols asruleben kompiuteruli mecn-

ierebis rig mimarTulebebSic [5; 10; 23; 24]. monacemTa simravleebis ur-

TierTsiaxlovis dasadgenad metad efeqturia e.w. maxloobis topologi-

uri meTodebis gamoyeneba [18]. am paragrafSi Cven ganvixilavT normalur 

topologiur sivrceebSi simravleTa siaxlovis gansasazRvrad saWiro 

erT konkretul meTods, romelic kompaqtur hausdorfis sivrceebSic 

aris samarTliani.  

 

),( τX  topologiuri sivrcis qvesimravleTa ojaxs 

{ } Λ∈⊂= αα XOG  ewodeba X -is dafarva, Tu U
Λ∈

=
α

αOX . im SemT-

xvevaSi, roca G -dafarva Sedgenilia ),( τX  topologiuri si-
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vrcis Ria qvesimravleebisagan, maSin G -s X -is Ria dafarva 

ewodeba. 

),( τX  topologiur sivrces ewodeba kompaqturi, Tu misi 

nebismieri Ria dafarvidan SeiZleba amoirCes sasruli raod-

enoba damfaravi simravleebisa. amrigad, ),( τX  sivrcis kompaq-

turoba logikuri simboloebis gamoyenebiT eqvivalenturi 

gziT Semdegnairad Caiwereba: Λ∈∈=∀ αα τ}{OG -Tvis iseTi, rom 

U
Λ∈

=
α

αOX , ;{ 1 G∈∃ αO ;...;2 G∈αO }G∈nOα , romelsac gaaCnia Tviseba 

U
n

k
kOX

1=
= α . 

zogjer xelsayrelia raime topologiuri sivrcis qvesim-

ravlis kompaqturobaze saubari, rac TavsiTavad gulisxmobs, 

rom am simravleze inducirebuli topologia aris kompaq-

turi. amrigad, ),( τX  topologiuri sivrcis kompaqturi qve-

simravlis cneba Semdegnairad formulirdeba: XK ⊂  simravl-

es ewodeba kompaqturi Tuki nebismieri { } Λ∈∈=ℑ αα τO  ojaxi 

iseTi, rom U
Λ∈

⊂
α

αOK , Seicavs sasrul qveojaxs { }
nkkO

;1=
ℑ∈α , 

romelsac gaaCnia Tviseba U
n

k
kOK

1=
⊂ α . 

kompaqturobis ganmartebidan trivialurad davsakvniT: Tu 

),( τX  topologiuri sivrce iseTia, rom 0ℵ<cardX , maSin is 

kompaqturi sivrcea. aRsaniSnavia, rom namdvil ricxvTa Rer-
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Zze (bunebrivi topologiiT) Caketili segmenti warmoadgens 

kompaqturi simravlis magaliTs [2]. 

ganvixiloT nebismieri ] ;[ ba -segmentisaTvis iseTi ojaxi 

{ }Cv.τα ∈=ℑ U , rom U
Λ∈

⊂
α

αUba ] ;[ . davuSvaT, rom ] ;[ ba -araa kompaq-

turi qvesimravle (R, Cv.τ )-Si. gavyoT 
21
abc +

= -wertiliT ] ;[ ba  

-segmenti Suaze da ganvixiloT ] ;[ 1ca  da ] ;[ 1 bc  segmentebisa-

Tvis ℑ -s is elementebi, romlebic faraven maT. Tuki arseb-

obs aseT simravleebi ℑ -Si sasruli raodenobiT (erTdrou-

lad orive segmentisaTvis), maSin cxadia maTi gaerTianeba 

dafaravs mTels ] ;[ ba -segmentsac da amitom kompaqturoba da-

mtkicebuli iqneba.  

davuSvaT, rom erT-erTi simravle ] ;[ 1ca  da ] ;[ 1 bc  Soris 

ar ifareba ℑ -s Semadgeneli elementebis sasruli raoden-

obiT. zogadobis SeuzRudavad vigulisxmoT, rom aseTia 

] ;[ 1ca -segmenti. aRvniSnoT ≡1I ] ;[ 1ca . gavyoT kvlav 1I -segmenti 

2
1

2
acc +

= -wertiliT Suaze, anu 22
2

3abc +
= . Catarebulis anal-

ogiurad, procesis gagrZelebiT, Cven mivalT 1I -Tvis 12 II ⊂  

segmentis ganxilvis aucileblobamde, da msgavsi msjelobeb-

iT ki sabolood miviRebT mimdevrobas erTmaneTSi Calagebu-

li segmentebisa: ......] ;[ 21 ⊃⊃⊃⊃⊃ nIIIba . amasTan nI -is sigrZe 
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toli iqneba n
ab

2
− . amasTan 0

2
lim =⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −

∞→ nn

ab . axla Tu gaTvalis-

winebT cnobil Teoremas erTmaneTSi Calagebuli Caketili 

segmentebis Sesaxeb (Tu { } N∈nnI  Caketili segmentebis mimdev-

roba iseTia, rom ......21 ⊃⊃⊃⊃ nIII , maSin I
∞

=
∈∃

1n
nIc  wertili, 

ix. [2; 13]) Cven davaskvniT, rom 0c∃ -wertili TvisebiT: 

{ }0
1

] ;[ cIba
n

n =∩
∞

=
I . maSasadame, ℑ∈∃ 0αU  elementi iseTi, rom 

00 αUc ∈ . vinaidan 0αU  Ria simravlea, amitom 00 >∃ cδ  ricxvi 

iseTi, rom 00000   )[(  );]( αδδ Ucc cc ⊂+− . cxadia, rom rodesac 

)[(  );](  0000 ccn ccI δδ +−⊂ , maSin 02
2

cn
ab δ⋅<

−  da amitom yvela is 

nI -segmenti, romlis indeqsi (nomeri) akmayofilebs pirobas 

∩
⎢
⎢

⎣

⎡

⎥
⎥

⎦

⎤
∞+

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⋅
−

∈   ;
2

log
0

2
c

abn
δ

N, aris qvesimravle   )[(  );]( 0000 cc cc δδ +− -is. 

SevniSnoT, rom roca ∩
⎢
⎢

⎣

⎡

⎥
⎥

⎦

⎤
∞+

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⋅
−

∈   ;
2

log
0

2
c

abn
δ

N, maSin yoveli 

ℑ∈⊂ 0αUIn . amrigad Cven davskvniT, rom yoveli nI -segmenti, 

romlis nomeri ∩
⎢
⎢

⎣

⎡

⎥
⎥

⎦

⎤
∞+

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⋅
−

∈   ;
2

log
0

2
c

abn
δ

N, ifareba erTaderTi 

0αU -iT. miRebuli daskvna ki ewinaaRmdegeba daSvebas: nI -Tvis 

ℑ -s elementebiT sasruli dafarvis ar arsebobis Sesaxeb. 
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Teorema 3.3.1. Tu ),( τX  kompaqturi topologiuri siv-

rcea, xolo τcoF ∈ , maSin F  kompaqturi qvesimravlea X -Si. 

damtkiceba. ganvixiloT F -is nebismieri Λ∈∈= αα τ}{OT  da-

farva, maSin cxadia, rom Λ∈∈≡∈= αα ττ })\(  ,{ FXOOH  simravle-

Ta ojaxic X -is dafarvaa. ),( τX -s kompaqturobidan gamomdi-

nareobs, rom H -dan SesaZlebelia amoirCes sasruli raoden-

oba X -is damfaravi elementebisa. am ukanasknelidan ki iol-

ad davaskvniT arsebobas sasruli raodenoba Ria simravle-

ebisa T -dafarvaSi, romlebic Tavis mxriv faraven F -s.  

momdevno paragrafSi gadmocemuli masalis aRsaqmelad mn-

iSvnelovania Semdegi rezultatis codna 

Teorema 3.3.2. Tu ),( τX  topologiuri sivrce akamayo-

filebs gancalebis T2-aqsiomas, xolo XK ⊂  kompaqturi qve-

simravlea, maSin τcoK ∈ . 

damtkiceba. cxadia, Tu Cven vaCvenebT ( ) τ∈KX \ , anu, rom 

( )⇒∈∀ KX \ξ ( )KX \int∈ξ , maSin rezultati damtkicebuli iqne-

ba. amisaTvis aviRoT Ka∈∀  wertili da SevniSnoT, rom 

),( τX -s hausdorfobidan garantirebulia arseboba iseTi 

∑∈ X
aU τ ξξ )()(  da ∑∈ X aaV τξ )()( , rom φξ ξ =∩ )()( aVUa . aqedan 

cxadia, rom )(\)( ξξ aUXaV ⊂ . vinaidan { } KaaV
∈

)(ξ  ojaxi aris K -

is Ria dafarva, xolo K -kompqaturia, amitom  
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⊂∃ )}();...;();({ 21 naVaVaV ξξξ { } KaaV
∈

)(ξ  iseTi, rom U
n

t
taVK

1
)(

=
⊂ ξ . zemoT 

gakeTebuli SeniSvnis gamo, cxadia, rom ⊂⊂
=
U
n

t
taVK

1
)(ξ  

( )U
n

t
taUX

1
)(\

=
=⊂ ξ ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

=
I
n

t
taUX

1
)(\ ξ . ganvixiloT axla simravle 

∑∈≡
=

Xn

t
taUU τ ξξξ )()()(

1
I  da ukanaskneli CarTvis safuZvelze Se-

vniSnoT, rom )\()( KXU ⊂ξ , e.i. )\int( KX∈ξ .  

Teorema 3.3.3. yoveli kompaqturi hausdorfis ),( τX  

topologiuri sivrce aris normaluri. 

damtkiceba. ganvixiloT τcoFF ∈∀ 21,  simravleebis iseTi wy-

vili, rom φ=∩ 21 FF . vTqvaT 2Fx∈  nebismierad fiqsirebuli 

wertilia, xolo 1F∈ξ , maSin ),( τX -s hausdorfobidan⇒  

∑∈∃⇒ X
xU τ ξξ )()(  da ∑∈ X xxG τξ )()(  iseTi, rom φξ ξ =∩ )()( xGUx . 

cxadia, rom { }
1

}{\)( FxU ∈∈ ξφτξ -ojaxi warmoadgens 1F -kompqatu-

ri simravlis dafarvas, amitom { } 121 ,...,, Fn ⊂∃ ξξξ  iseTi, rom 

U
n

k
kxUF

1
1 )(

=
⊂ ξ . aRvniSnoT ≡U U

n

k
kxU

1
)(

=
ξ ∈ ∑X Fτ )( 1  da I

n

k
k xGG

1
)(

=
≡ ξ ∈  

∑∈ X xτ )( , maSin cxadia, rom adgili aqvs Tanafardobas: 

=∩GU U
n

k
kxU

1
)(

=
ξ ∩ I

n

k
k xG

1
)(

=
ξ =⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
∩=

= =
U I
n

k

n

k
kkx xGU

1 1
)()( ξξ
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( ) φξ ξ =∩=
= =
U I
n

k

n

k
kkx xGU

1 1
)()( . amrigad, Cven davamtkiceT, rom ),( τX  

topologiuri sivrce regularulia, magram dasamtkicebelia 

sivrcis normaluroba. 

SevniSnoT, rom ),( τX  topologiuri sivrcis regularo-

bis gamo da τcoFF ∈21,  simravleebis TanaukveTobidan⇒ 2Fx∈∀ -

Tvis ∈∃ )(xV ∑X xτ )(  da ∈)( 1FUx ∑X Fτ )( 1  iseTi, rom  φ=∩ )()( 1FUxV x . 

vinaidan 2F -kompaqturia, amitom { } 221   ,...,  , Fxxx n ⊂∃  iseTi, rom 

U
n

k
kxVF

1
2 )(

=
⊂ . aRvniSnoT U

n

k
kxVV

1
)(

=
≡  da 1

1
1)( FFUU

n

k
kx ⊃≡

=
I , maSin 

cxadia, rom φ=∩VU , e.i. ),( τX  aris normaluri.  

Teorema 3.3.4. vTqvaT, rom ),( τX  kompaqturi topolo-

giuri sivrcea, xolo ),(),(: γτ YXf →  uwyveti sureqciuli as-

axvaa, maSin ),( γY -kompaqturi topologiuri sivrcea. 

damtkiceba. ganvixiloT ),( γY -s raime { } Λ∈∈= αα γUH  dafar-

va, e.i. U
Λ∈

=
α

αUY . f -is uwyvetobis gamo cxadia, rom 

( ) τα ∈− Uf 1 , Λ∈∀α -Tvis. SevniSnoT, rom adgili aqvs 

== − )(1 YfX =⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

Λ∈

− U
α

αUf 1 ( )U
Λ∈

−

α
αUf 1  tolobas, anu simravleTa 

ojaxi ( ){ } Λ∈
− ∈ αα τUf 1  warmoadgens X -is erT-erT SesaZlo 

Ria dafarvas. maSasadame, ),( τX -s kompaqturobis gamo, arse-
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bobs sasruli raodenoba simravleebisa ( ){ } nkkUf ;1
1

=
−

α , iseTi, 

rom ( )U
n

k
kUfX

1

1

=

−= α . f -is sureqciulobis gamo Cven gvaqvs: 

( ) =⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
==

=

−U
n

k
kUffXfY

1

1)( α ( )( )U
n

k
kUff

1

1

=

− =α U
n

k
kU

1=
α , e.i. ),( γY -kompaqtu-

ri topologiuri sivrcea.  

amboben, rom X  simravleze gansazRvrulia maxloobis mi-

marTeba δ  Tu: 

P1. Xδφ ; 

P2. ABBA δδ ⇔ ; 

P3. yxyx =⇔}{}{ δ ; 

P4. CABACBA δδδ ∨⇔∪ )( ; 

P5. XDCBA ⊂∃⇒ ,δ  iseTebi, rom φ=∩DC , 

DCX ∪=  da DBCA δδ ∧ . 

SevniSnoT, rom adgili aqvs Semdeg mniSvnelovan rezul-

tats 

Teorema 3.3.5. Tu ),( τX  topologiuri sivrce normal-

uria (anu T4-tipisaa), maSin simravleebs Soris maxloobis 

mimarTeba SesaZlebelia ganimartos φδτ ≠∩⇔ clBclABA  ekviva-

lenciiT. 

damtkiceba. φδτ ≠∩⇔ clBclABA  ekvivalentobidan pirdapir 

davaskvniT, rom P1 da P2-aqsiomebi dakmayofilebulia. P3-
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aqsiomasTan Tavsebadoba aris Sedegi ),( τX  topologiuri siv-

rcis normalurobisa (rameTu igi aris ganmartebiT T1-tipis 

sivrcec da amitom, masSi yoveli erTwertilovani simravle 

Caketilia). P4-Tan Tavsebadobis Sesamowmeblad saWiroa gan-

vixiloT )()()()( clCclAclBclACBclclACBA ∩∪∩=∪∩≠⇔∪ φδτ ⇔  

∨∩≠ )( clBclAφ φ≠∩ )( clCclA )()( CABA ττ δδ ∨⇔ . dasasrul SevniSnoT, 

rom P5-aqsiomasTan Tavsebadoba gamomdinareobs ),( τX  topo-

logiuri sivrcis normalurobis moTxovnidan. marTlac, 

Tuki ∃⇒=∩⇔ φδτ clBclABA ∈1O ∑X clAτ )(  da ∈2O  ∑∈ X clBτ )( , iseTi, 

rom φ=∩ 21 OO . Tanaxmad savarjiSo III.2.3-sa Cven SegviZlia 

SevarCioT iseTi ∈D ∑X clAτ )( , rom 1OclD ⊂ . aqedan cxadia 

φ=∩ clBclD , anu DB τδ . meore mxriv, Tu ganvixilavT 

( ) τcoDXC ∈= \ , maSin clCC =  da φ=∩=∩ clAclCclAC , e.i. CA τδ .  

Teorema 3.3.6. Tu ),( τX  da ( )γ,Y  normaluri topolo-

giuri sivrceebia, xolo ( ) ( )γτ ,,: YXf →  uwyveti, maSin ⇒BA τδ  

)()( BfAf γδ⇒ , XBA ⊂∀ , -Tvis. 

damtkiceba. Teorema 3.3.5-is safuZvelze cxadia, rom Ses-

aZlebelia τδ  da γδ -tipis maxloobis struqturebis gansaz-

Rvra ),( τX  da ( )γ,Y  topologiur sivrceebze, Sesabamisad. Te-

orema 1.4.1 da Teorema 3.2.3-is ZaliT gveqneba ⊂∩≠ )( clBclAfφ  

)()()()( BclfAclfclBfclAf ∩⊂∩⊂ , anu )()( BfAfBA γτ δδ ⇒ .  
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dasasrul SevniSnoT, rom yovel kompaqtur hausdorfis 

sivrceSi SeiZleba zemoaRniSnuli gziT ganimartos maxloob-

is mimarTeba, rameTu igi Teorema 3.3.3-is gamo aris normal-

uri sivrce. 

 

savarjiSoebi 

III.3.1. simravleTa { } Λ∈ααA  ojaxs ewodeba centrirebuli, Tu-

ki mis yovel sasrul qveojaxs gaaCnia Tviseba: I
n

k
kA

1=
≠ φα . da-

amtkiceT, rom ),( τX  topologiuri sivrce kompaqturia ⇔  

Caketili simravleebis yovel centrirebul { } Λ∈∈ αα τcoF  oja-

xobas gaaCnia Tviseba: φ
α

α ≠
Λ∈
IF . 

III.3.2. kompaqturaia Tu ara (N*,τ ) topologiuri sivrce, 

sadac N* = N { }∞∪  da { } { }N  ,N]  ;]|N ; ∈∩∞=∪= ∗ nnOO nφτ . 

III.3.3. Tu 1K  da 2K  arian ),( τX  topologiuri sivrcis kom-

paqturi qvesimravleebi, maSin kompaqturia Tu ara 21 KK ∪  da 

21 KK ∩  simravleebi?  

III.3.4. kompaqturia Tu ara [  ;[]  ;] ∞+∪∞−= βαA  simravle R-ze 

ganmartebul bunebriv topologiaSi? 

III.3.5. wrewiri aris Tu ara sibrtyis kompaqturi qvesimra-

vle? 
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III.3.6. daadgineT urTierTmaxlobelia Tu ara [10  ;6]}4;3{ ∪=A  

da [5  ;2]−=B  simravleebi R-ze ganmartebul bunebriv topol-

ogiaSi. 

III.3.7. ganvixiloT R2 masze ganmartebuli namravlis bunebr-

ivi topologiT. Tu 4] ;0[]4 ;1[ ×=A -ze SemovtanT inducirebul 

topologias, maSin daadgineT maxlobelia Tu ara simravle-

ebi [2 ;0[]4 ;3[ ×=B  da 4] ]2;3] ;1[ ×=C ? 

III.3.8. vTqvaT ( )γ,Y  normaluri sivrcea. ( ) ( )γτ ,,:; YXgf →  asax-

vebs vuwodoT maxlobeli Tuki )()( gGfG δ . maxlobelia Tu ara 

⎩
⎨
⎧

<≤

<≤
=

2   ,5
1,3

)(
x
xx

xf
1 Tu

0 Tu 
 da ( ) ( ) 15417156221528)( 2 +++−+= xxxg  funqc-

iebi? 

III.3.9. mravalsaxa asaxva :F N P→ (R2) mocemulia Semdegi fo-

rmuliT: 
⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛ +

⎭
⎬
⎫

⎩
⎨
⎧ =+−= 0  ;

2
12\

2
1)(|),()( 22 nynxyxnF . aCveneT, rom 

1)()( +=⇔ kllFkF δ , sadac ∈lk, N. 

III.3.10. Tu ),( τX  normaluri sivrcea, xolo BAδ  da CAδ , ma-

Sin amboben, rom B -simravle aris A -Tan metad maxlobeli, 

vidre C -simravle, Tu ( ) ( )clCclAcardclBclAcard ∩>∩ . ganvixiloT 

Semdegi simravleebis wyvili { } { })0  ;2(\1)3(|),( 22 =+−= yxyxB  da 
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{ }
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=+−=  )

2
7-  ;5,1(  ;

2
7  ;5,1\4)3(|),( 22 yxyxC . gansazRvreT romel-

ia metad maxlobeli { }
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=+= )
2
7-  ;5,1(\4|),( 22 yxyxA -Tan. 

 

$3.4. monacemTa siaxlovis metrikuli analizi  
 

ricxviT monacemebian bazebSi Zebnis, saxeTa kompiuteruli analizis 

da mravali sxva praqtikuli amocanebisaTvis optimaluri algoriTmebis 

da maT safuZvelze programebis Casawerad metad mniSvnelovania metriku-

li saoptimizacio funqciebis ganxilva [24; 25]. am tipis funqciebis Ca-

weras axorcieleben nebismier monacemTa simravleebs Soris manZilebis 

ganmsazRvreli gamosaxulebebis SedgeniT. 
    

amboben, rom X  simravleze gansazRvrulia metrika (anu, 

Semotanilia manZilis struqtura), Tuki mocemulia 

[;0[: +∞→× XXd  

funqcia, romelic akmayofilebs aqsiomaTa Semdeg sistemas: 

M1) 0);( ≥yxd , amasTan yxyxd =⇔= 0);( ; 

M2) );();( xydyxd = , Xyx ∈∀ ; -Tvis; 

M3) );();();( yzdzxdyxd +≤ , Xzyx ∈∀ ;; -Tvis. 

Cveulebriv, ),( dX  wyvils metrikul sivrces uwodeben.  

SevniSnoT, rom yovel aracariel X  simravleze SesaZle-

belia ganimartos trivialuri metrika: 
⎩
⎨
⎧

≠

=
=

yx
yx

yxt
  Tu

 Tu

  ,1
   ,0

),( . me-

trikuli sivrceebis umniSvnelovanesi magaliTebia: (R, 1d ), 

sadac metrika ganisazRvreba tolobiT ||),(1 yxyxd −= , ∈∀ yx, R-
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Tvis; (R2, 2d )-namdvili sibrtye e.w. 2-ganzomilebiani evklid-

uri metrikiT 2
22

2
112 )()(),( yxyxyxd −+−= , ( )  ,; 21 xxx =∀ ∈= );( 21 yyy  

∈R2-Tvis. 

metrikuli funqciebis sxva specialuri magaliTebis ganx-

ilvamde mizanSewonilia wrfivi algebris kursidan gavixsen-

oT zogierTi mniSvnelovani ganmarteba. 

 amboben, rom mocemulia namdvili L -wrfivi (afinuri) 

sivrce, Tu L -simravleSi gansazRvrulia misi elementebis 

Sekrebis da namdvil ricxvze gamravlebis operaciebi, roml-

ebic qvemoT CamoTvlil aqsiomebs akmayofileben: 

L1) xyyx +=+ , Lyx ∈∀ , -Tvis;  

L2) )()( zyxzyx ++=++ , Lzyx ∈∀ ,, -Tvis;  

L3) Lo∈∃ -nulovani elementi iseTi, rom xxo =+ , 

Lx∈∀ -Tvis; 

L4) Lx∈∀ -Tvis Lx ∈−∃ )(  (mopirdapire elementi) 

iseTi, rom oxx =−+ )( ; 

L5) xx =⋅1 , Lx∈∀ -Tvis (aq ∈1 R); 

L6) ( ) xx ⋅=⋅⋅ αββα , ∈∀ βα , R da Lx∈∀ -Tvis; 

L7) ( ) xxx ⋅+⋅=⋅+ βαβα , ∈∀ βα , R da Lx∈∀ -Tvis; 

L8) ( ) yxyx ⋅+⋅=+⋅ ααα , ∈∀α R da Lyx ∈∀ , -Tvis. 



 111

vTqvaT, dafiqsirebulia raime L -wrfivi sivrce. vityviT, 

rom L -Si gansazRvrulia skalaruli namravlis operacia 

→×>< LL:  .,. R Tu Sesrulebulia Semdegi aqsiomebi: 

S1) ><=>< xyyx ,  , , Lyx ∈∀ , -Tvis; 

S2) ><⋅>=⋅< yxyx ,, λλ , Lyx ∈∀ , -Tvis da ∈∀λ R-Tvis; 

S3)  ><+><=>+< zyzxzyx ,,  , , Lzyx ∈∀ ,, -Tvis. 

aqve SevniSnoT, rom >< xx, -sidides ewodeba x -veqtoris mo-

duli (sigrZe) da mas Cveulebriv, x -iT aRniSnaven. 

wrfiv sivrces, romelSiac ganmartebulia damatebiT ska-

laruli namravlis operacia ewodeba evkliduri sivrce. am 

ukanasknelidan cxadia, rom Rn-Si nebismieri ori 

( )nxxxx ,...,, 21=  da ( )nyyyy ,...,, 21=  veqtorebis skalaruli namrav-

li SesaZlebelia vuwodoT sidides, romelic gamoiTvleba 

analizuri geometriis kursidan cnobili formuliT 

∑
=

>=<
n

k
kk yxyx

1
, . amrigad Rn-evkliduri sivrcea.  

aRsaniSnavia l. Svarcis Semdegi 

lema 3.4.1 nebismier evklidur sivrceSi adgili aqvs 

utolobas:  

( )   ,,   , 2 ><⋅><≤>< yyxxyx  

damtkiceba. vinaidan ∈∀ μλ, R-Tvis skalaruli namravli 

0  )(),( ≥>⋅+⋅⋅+⋅< yxyx μλμλ , amitom 0 ||,2|| 2222 ≥⋅+><⋅+⋅ yyxx μλμλ . 
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Tu kerZod ganvixilavT mniSvnelobebs 2|| y=λ  da ><−= yx,μ , 

maSin Cven pirdapiri CasmiT miviRebT: 

0||),(),(||2|||| 222224 ≥><+><⋅− yyxyxyxy , e.i. ( ) 0||),(|||| 2222 ≥⋅><− yyxyx . 

maSasadame, Tu oy ≠  cxadia 0|| >y , e.i. 0),(|||| 222 ≥><− yxyx . das-

amtkicebeli utoloba trivialurad samarTliania maSinac, 

roca oy =  (nulovani veqtoria).  

n-ganzomilebian namdvil sivrceSi Rn evkliduri metrika 

ganimarteba ∑
=

−=
n

k
kkn yxyxd

1

2)(),(  tolobiT, sadac 2≥n  da 

( )  ,;...;; 21 nxxxx =∀  ∈= );...;;( 21 nyyyy Rn. marTlac, is rom funqcia 

nd  akmayofilebs M1)-M2) aqsiomebs aris cxadi. M3) aqsio-

masTan Tavsebadoba ki mowmdeba Semdegnairad: saWiroa vaCven-

oT utoloba ∑∑∑
===

−+−≤−
n

k
kk

n

k
kk

n

k
kk yzzxyx

1

2

1

2

1

2 )()()( , sadac 

( )  ,;...;; 21 nxxxx =  );...;;( 21 nyyyy = , );...;;( 21 nzzzz =  ∈Rn
  veqtorTa neb-

ismieri sameulia. aRvniSnoT kkk zxm −≡  da kkk yzp −≡ , maSin 

dasamtkicebeli utoloba gadaiwereba Semdegnairad: 

∑∑∑
===

+≤+
n

k
k

n

k
k

n

k
kk pmpm

1

2

1

2

1

2)( . lema 3.4.1-is safuZvelze gveqne-

ba ∑∑∑
===

⋅≤⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛ n

k
k

n

k
k

n

k
kk pmpm

1

2

1

2
2

1
)( . axla ganvixiloT 
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∑∑∑∑∑∑∑
=======

⋅+≤+⋅+=+
n

k
k

n

k
k

n

k
k

n

k
k

n

k
kk

n

k
k

n

k
kk pmmppmmpm

1

2

1

2

1

2

1

2

11

2

1

2 22)(  + 

+

2

1

2

1

2

1

2
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
+= ∑∑∑

===

n

k
k

n

k
k

n

k
k pmp , e.i. miviReT dasamtkicebeli uto-

lobis samarTlianoba. 

kompiuterul grafikaSi saxeTa analizisas xSirad gamoi-

yeneba Rn-Tvis cnobili Semdegi ori metrika, e.w. manhetenis 

∑
=

−=
n

k
kknM yxyxd

1
, ||),(  da Saxmatis dafis |,max{|),( 11, yxyxd nCh −=  

|,| 22 yx − |}|..., nn yx − , ( )  ,;...;; 21 nxxxx =∀  ∈= );...;;( 21 nyyyy Rn.  

cnobilia, rom kompiuteris monitori (displei) dayofi-

lia mcire zomis (milionobiT raodenobis) kvadratul ujr-

edebad, rac erTianobaSi warmoadgens erTgvar sasrul-ujr-

edebian bades. TiToeul ujreds teqnikur enaze piqseli ew-

odeba da igi aris monitoris sibrtyis umciresi nawili. Se-

darebisaTvis SevniSnoT, rom Tu namdvil sibrtyeze (R2-Si) 

wertili warmoadgens umciresi zomis obieqts, aseve piqseli 

aris wertilis analogi monitorze. amrigad, monitoris sib-

rtyeze yoveli piqselis mdebareoba SeiZleba daxasiaTdes 

mxolod mTelricxva koordinatebiT. maSasadame, Cven saqme 

gvaqvs 2-ganzmilebian (sasrul) mTelricxva sibrtyesTan, anu 

rogorc maTematikurad Caweren xolme Z2=ZXZ-is sasrul na-
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wilTan. cxadia, rom 2,Md  da 2,Chd  metrikebi iZleva SesaZ-

leblobas piqselebs Soris mTelricxva manZilebis gamoTv-

lisa da mravali geometriuli figuris cifruli gamosax-

visa. nax.3.4.1, 3.4.2., 3.4.3-ze TvalsaCinoebis mizniT warmodg-

enilia 3-radiusis mqone wrewiris gamosaxulebebi Sesabamis 

metrikebSi 

                      
    nax.3.4.1              nax.3.4.2              nax.3.4.3 
 
wrewiri evklidur metrikaSi   wrewiri 2,Md -metrikaSi     wrewiri 2,Chd -metrikaSi 

 

aRsaniSnavia, rom ];[ ba -segmentze gansazRvruli uwyveti 

funqciebis ];[ baC -simravleze metrika (manZili or uwyvet 

funqcias Soris) SesaZlebelia ganisazRvros Semdegi formu-

liT: 

[ ]∫ −=
b

a
dxxgxfgfd 2)()(),(  

→∀ ];[:, bagf R uwyveti funqciebisaTvis. cxadia, rom roca 

)()( xgxf = , ];[ bax∈∀ -Tvis, maSin 0),( =gfd . M2)-aqsiomasTan Tavs-

ebadoba trivialuria.  
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),( gfd -funqcia akmayofilebs M1)-aqsiomis im nawilsac, 

sadac saubaria, rom nulovani manZiliT daSorebuli werti-

lebi erTmaneTs emTxvevian. amrigad unda SevamowmoT piroba 

=),( gfd [ ] ⇒=−∫ 0)()( 2
b

a

dxxgxf =)(xf )( xg , ];[ bax∈∀ -Tvis. es ki Tav-

is mxriv eyrdnoba gansazRvruli integralis Sesaxeb cnobil 

rezultats [ix. 13, gv. 360]: Tu namdvili cvladis namdvil 

mniSvnelobebiani funqcia 0)( ≥xf , ];[ bax∈∀ -Tvis da )(xf -uwyv-

etia, amasTan ];[0 bax ∈∃  iseTi, rom 0)( 0 >xf , maSin 0)( >∫
b

a

dxxf . 

vigulisxmoT, rom )()( xgxf ≠ , ];[ bax∈∀ -Tvis, e.i. davuSvaT, rom 

];[ ba∈∃ξ  iseTi, rom )()( ξξ gf ≠ . maSasadame, ( ) 0)()( 2 >− ξξ gf . vina-

idan ( ) 0)()( 2 ≥− xgxf , ];[ bax∈∀ -Tvis da ( )2)()( xgxf − -uwyvetia, ami-

tom gansazRvruli integralis dadebiTobis zemoaRniSnuli 

Tvisebis gamo Cven gveqneba 0)]()([ 2 >−∫
b

a

dxxgxf , magram 

[ ] 0)()(),( 2 =−= ∫
b

a

dxxgxfgfd . miRebuli winaaRmdegoba adasturebs 

d -Tvis M1)-aqsiomis samarTlianobas. d -Tvis M3)-aqsiomis Se-

samowmeblad saWirod migvaCnia Semdegi ganmartebebis gakeTe-

ba: 
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Tu ganvixilavT fiqsirebul ];[ ba -segmentze uwyveti funq-

ciebis simravles ];[ baC , maSin Cven SegviZlia SevniSnoT, rom 

Tu ];[, baCgf ∈∀ -Tvis ];[)()())(( baCtgtftgf ∈+=+  da )())(( tftf ⋅=⋅ λλ , 

∈∀λ R, ];[ bat∈ -Tvis, maSin aseTi operaciebiT ];[ baC  simravle 

gadaiqceva wrfiv sivrced (rac niSnavs, rom aseTi struqtu-

ra akmayofilebs L1)-L8) aqsiomebs). metic, Tu ];[, baCgf ∈∀ -

funqciebisaTvis skalarul namravls ganvmartavT Semdegnair-

ad: ∫ ⋅>=<
b

a

dttgtfgf )()(, , maSin ];[ baC  gadaiqceva evklidur sivr-

ced (ase ganmartebuli skalaruli namravli akmayofilebs 

S1)-S3) aqsiomebs). vinaidan Cven zemoT vaCveneT l.Svarcis 

utolobis samarTlianoba nebismier evklidur sivrceSi, cxa-

dia am kerZo SemTxvevaSic ( ];[ baC -Tvis) adgili eqneba utol-

obas: 

∫∫∫ ⋅≤⋅
b

a

b

a

b

a

dttgdttfdttgtf )()()()( 22 . 

M3-aqsioma (samkuTxedis) gamomdinareobs l. Svarcis ut-

olobidan, ];[)(),(),( baCxwxvxu ∈∀  funqciebisaTvis gveqneba: 

≤−+−−+−=

=−+−=−=

∫∫∫

∫∫

b

a

b

a

b

a

b

a

b

a

dxxvxwdxxvxwxwxudxxwxu

dxxvxwxwxudxxvxuvud

22

22

)]()([)]()()][()([2)]()([

)]()()()([)]()([),(
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=−+−⋅−+−≤ ∫∫∫∫
b

a

b

a

b

a

b

a

dxxvxwdxxvxwdxxwxudxxwxu 2222 )]()([)]()([)]()([2)]()([  

=−+−=
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−+−= ∫∫∫∫ dxxvxwdxxwxudxxvxwdxxwxu

b

a

b

a

b

a

b

a

22

2

22 )]()([)]()([)]()([)]()([

).,(),( vwdwud +=  

),( dX  metrikul sivrceebSi mniSvnelovania Semdegi simrav-

leebi: 

r  radiusiani sfero centriT Xa∈  wertilSi ewodeba 

simravles { }raxdXxS ra =∈= ),(|, ; 

r -radiusiani Ria birTvi centriT Xa∈  wertilSi ewo-

deba simravles { }raxdXxB ra <∈= ),(|,o ; 

r -radiusiani Caketili birTvi centriT Xa∈  wertilSi 

ewodeba simravles { }raxdXxB ra ≤∈=• ),(|, . 

zemoT moyvanili ganmartebebidan cxadia rarara BSB ,,, \ o=• . 

sagulisxmoa, rom yoveli ),( dX  metrikuli sivrce warmo-

Sobs topologiur sivrces ( ))(, dX τ , amasTan )(dτ -topologia-

Si Ria simravleebad moiazreba yvela is XU ⊂  simravle, ro-

mlis Ua∈∀  wertilisaTvis 0>∃ε , iseTi, rom UBa ⊂o
ε, .  

),( dX  metrikul sivrceSi mis qvesimravleebs Soris man-

Zilis gansasazRvrad sargebloben gamosaxulebiT:  

( ) { }
⎩
⎨
⎧

=∨=

≠≠∈∧∈
=Θ

.  ,1
  ,|),(inf

,
φφ

φ
BA

BABbAabad
BA

 Tu

 Tu  
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aRsaniSnavia, rom Θ -ar warmoadgens metrikas, miuxedavad 

imisa, rom is ,,axlosaa’’ masTan. marTlac, trivialuria is 

faqti, rom funqcia Θ  akmayofilebs  M2)-aqsiomas. araca-

rieli simravleebis SemTxvevaSi Cveulebriv CcBbAa ∈∈∈∀ ,, -

Tvis ZalaSia samkuTxedis utoloba ),(),(),( bcdcadbad +≤ , sai-

danac infimumze gadasvliT pirdapir miviRebT utolobas:  

{ }≤∈∈ BbAabad ,|),(inf { }=∈∈∈+ CcBbAabcdcad ,,|),(),(inf  

= { }CcAacad ∈∈ ,|),(inf + { }BbCcbcd ∈∈ ,|),(inf . 

amrigad, Cven davamtkiceT, rom ( ) ≤Θ BA, ( ) ( )BCCA ,, Θ+Θ . Tuki 

φ=A , maSinac adgili aqvs ),(),(11),( BCCB Θ+Θ=≤=Θ φφ . Θ -s M1)-

aqsiomasTan Tavsebadobis Semowmebisas Cven davaskvniT, rom 

( ) 0, =Θ BA  pirobidan ar gamomdinareobs BA =  toloba. swored 

am ukanasknelis gamo Cven ver movixseniebT Θ -s metrikad. 

sagulisxmoa, rom ),( dX  metrikul sivrceSi raime a  wer-

tilidan φ≠B  simravlemde manZilis gamosaTvlelad sargeb-

loben { }BbbadBaBa ∈=Θ=Θ |),(inf),()},({ -iT. amasTan, cxadia rom 

Tu Ba∈ , maSin 0),( =Θ Ba . 

vaCvenoT, rom Tu 0ℵ<kcardA , sadac }2;1{∈k , maSin manZili 

1A  da 2A  simravleebs Soris ganimarteba Semdegi funqciiT: 

)\()\(),(ˆ
122121 AAcardAAcardAAd += . 
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marTlac, cxadia 0),(ˆ 21 ≥AAd , amasTan Tu 21 AA = , maSin ad-

gili aqvs 0),(ˆ
21 =AAd . Tuki 

⎩
⎨
⎧

=
=

⇔=
0)\(
0)\(

0),(ˆ
12

21
21 AAcard

AAcard
AAd , e.i. 

)()( 1221 AAAA ⊆∧⊆ . maSasadame, 21 AA =  da d̂ -funqcia akmayofi-

lebs M1)-aqsiomas. uSualod vxedavT, rom d̂  akmayofilebs 

M2)-aqsiomasac. rac Seexeba M3)-aqsiomas, saWiroa gamoviyen-

oT )\()\(\ BCCABA ∪=  da )\()\(\ ACCBAB ∪=  warmodgenebi. vina-

idan kardinaluri ricxvebisaTvis Cven SegviZlia CavweroT 

tolobebi: 

( )
( )

),,(ˆ),(ˆ)\(

)\()\()\()\()\(
)\()\()\()\(

)\()\()\()\(),(ˆ

BCdCAdCBcard

BCcardACcardCAcardACCBcard
ACcardCBcardBCCAcard

BCcardCAcardABcardBAcardBAd

+=+

+++≤∩−
−++∩−

−+=+=

 

amitom davaskvniT, rom d̂ -funqcia akmayofilebs  M3)-aqsiom-

as. 

umaRlesi maTematikis tradiciul kursebSi did adgili 

ukavia ricxviTi mimdevrobebis krebadobis sakiTxebis Seswav-

las. zRvrebis gamoTvlis ricxviTi meTodebis floba SesaZ-

leblobas iZleva ganvixiloT sxvadasxva tipis metrikul si-

vrceebSi mimdevrobebis ganzogadebuli krebadobis sakiTxebi. 

amboben, rom ),( dX  metrikul sivrceSi wertilTa mimdevroba 

{ } N∈∈ nn Xx  aris krebadi Xx ∈0  wertilisaken, Tuki 0>∀ε -Tv-

is ∈∃ 0n N, rom roca 0nn ≥ , Sesruldeba utoloba ε≤);( 0xxd n . 
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am ukanasknelisTvis gamoiyeneba { } 0xx d
nn ⎯→⎯∈N  Canaweri. koSis 

(anu e.w. fundamenturi) mimdevrobis cneba metrikuli sivrc-

eebis SemTxvevaSi Semdegnairad modificirdeba: ),( dX  metrik-

ul sivrceSi wertilTa { } N∈∈ nn Xx  mimdevrobas ewodeba koS-

is (anu fundamenturi), Tu 0>∀ε -Tvis ∈∃ 0n N, rom roca 

0np ≥  da 0nq ≥ , Sesruldeba ε≤);( qp xxd . 

( )dX ,  metrikul sivrceSi Xx ∈0  wertils ewodeba XA ⊂  

simravlis zRvariTi wertili, Tu arsebobs iseTi { } N∈∈ nn Ax -

mimdevroba, rom { } 0xx d
nn ⎯→⎯∈N . amasTan, X∈ξ  wertils ewo-

deba XA ⊂  simravlis izolirebuli wertili, Tuki 0>∃ε  

iseTi, rom { }ξεξ =∩ AB ,o . 

Sexebis wertilis da Caketili simravlis ganmartebebis 

safuZvelze ioli Sesamowmebelia, rom ( )dX ,  metrikul siv-

rceSi )(dcoF τ∈ ⇔  nebismieri F∈ξ  wertili aris misi zRva-

riTi an izolirebuli wertili. amrigad, Cven davaskvniT, 

rom Tu F∉η , maSin ( ) { } 0|),(inf, >∈=Θ FdF υυηη . 

Teorema 3.4.1. yoveli ( )dX ,  metrikuli sivrce X -ze 

inducirebs normalur )(dτ  topologias. 

damtkiceba. ganvixiloT { }φτ \)(, dcoMK ∈∀  TanaukveTi simra-

vleebi, maSin yoveli Xp∈ -Tvis manZili p -dan K -simravlem-

de ganisazRvreba { }KaapdKp ∈=Θ |),(inf),( -iT. ganvixiloT simra-
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vleebi: { }),(),(| MxKxxG Θ<Θ=  da { }),(),(| MxKxxH Θ>Θ= . cxadia, 

rom samarTliania φ=∩HG . 

vaCvenoT, rom { }φτ \)(, dHG ∈ . am mizniT aviRoT Gx∈∀  wer-

tili da ganvixiloT { }),(),(
2
1 KxMx Θ−Θ=ε  ricxvi. davamtkic-

oT, rom GB x ⊆ε,o , anu ∈∀ξ ε,xBo -Tvis vaCvenoT, rom G∈ξ  (e.i. 

),(),( MK ξξ Θ<Θ ). vinaidan ∈ξ ε,xBo =<⇒ εξ ),(xd { }),(),(
2
1 KxMx Θ−Θ . 

gadavweroT ukanaskneli utoloba ),(
2
1),(

2
1),( MxKxxd Θ<Θ+ξ -sax-

eSi. samkuTxedis aqsiomis gaTvaliswinebiT Cven gveqneba: 

( ) ),(
2
1),(),(

2
1),(

2
1),(

2
1),(

2
1 MxKxxdxdKxd Θ<Θ++≤Θ+ ξξξξ , anu +),(

2
1 ξxd  

),(
2
1),(

2
1 MxK Θ<Θ+ ξ , aq samkuTxedis aqsiomis kidev erTxel ga-

moyenebiT ( )),(),(
2
1),(

2
1),(

2
1),(

2
1 MxdMxKxd ξξξξ Θ+≤Θ<Θ+ , e.i. miviR-

eT ),(),( MK ξξ Θ<Θ . amrigad, Cven davamtkiceT { }φτ \∈G . analog-

iuri msjelobiT mtkicdeba, rom ∈H { }φτ \ . 

vaCvenoT, rom GK ⊂ . amisaTvis, aviRoT Ka∈∀  wertili, 

maSin cxadia 0),( =Θ Ka . radgan Ma∉ , amitom is araa M -is 

zRvariTi wertili. maSasadame, 0),( >Θ Ma , da amitom 

0),( =Θ Ka < ),( MaΘ ⇔ Ga∈ , anu GK ⊂ . analogiurad mowmdeba 

HM ⊂  CarTvis samarTlianobac. 
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iolia darwmuneba imaSiac, rom ( ))(, dX τ  akmayofilebs gan-

calebis T1-aqsiomas, ris gamoc Cven sabolood davsakvniT 

( ))(, dX τ -s normalurobas.  

Teorema 3.4.1-is safuZvelze cxadia, rom Tu ),( dX  metri-

kuli sivrcea, maSin simravleTa maxloobis struqtura SeiZ-

leba ganimartos Semdegi ekvivalenciiT: 0),( =Θ⇔ BABA dδ , sad-

ac ∈BA, )(XB . 

),( dX  metrikuli sivrcis XA ⊂  simravles ewodeba Semos-

azRvruli, Tuki moiZebneba iseTi Ria birTvi, romelic moi-

cavs A -s. ),( dX -s yvela SemosazRvruli qvesimravleebis oja-

xs aRniSnaven )(Bd X -iT. 

metrikul sivrceebSi kompaqturobis dasaxasiaTeblad sa-

sargebloa 

Teorema 3.4.2. Tu ( )dX ,  metrikuli sivrcea, xolo 

XK ⊂  kompaqturi qvesimravlea, maSin )(Bd)( XdcoK ∩∈ τ . 

damtkiceba. Tavdapirvelad vaCvenoT K -s SemosazRvrulo-

ba. am mizniT ganvixiloT Kk ∈∀  wertili da K -s Semdegi 

tipis Ria birTvebisagan Sedgenili dafarva { } N, ∈nnkB
o , maSin 

cxadia, rom { }ooo
mnknknk BBB ,2,1,  ...; ;  ;∃  sasruli erToblioba, sadac 

mnnn <<< ...21 , iseTi, rom U o
m

p
pnkBK

1
,

=
⊂ . vinaidan adgili aqvs 
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ooo
mnknknk BBB ,2,1,  ...   ⊂⊂⊂ , amitom ooU mnk

m

p
pnk BBK ,

1
, =⊂

=
 da maSasadame 

)(Bd XK ∈ . 

vaCvenoT, rom )(dcoK τ∈ . vTqvaT, rom clKdx −∈ )(τ  da Kx∉ , 

maSin K∈∀ξ -Tvis cxadia 0
2

),()( >=
ξξ xdr . ganvixiloT { }

KrB
∈ξξξ

o
)(,  

ojaxi da SevniSnoT, rom igi aris K -s Ria dafarva. K -s 

kompaqturobidan Cven davaskvniT, rom { }
niiiri KB

;1)(, |
=

∈∃ ξξξ
o  

erToblioba U o
n

i
iriBK

1
)(,

=
⊂ ξξ -TvisebiT. SevniSnoT, rom 

simravleebs ∑∈ X
dirx xB )()(, )(τξ

o , sadac ni ;1=  gaaCniaT Tviseba: 

φξ ≠∩ KB irx
o

)(, . am ukanasknelze dayrdnobiT davaskvniT, rom 

∩⊂∩≠ oo
)(,)(, irxirx BKB ξξφ U o

n

i
iriB

1
)(,

=
ξξ ( )U oo

n

i
iriirx BB

1
)(,)(,

=
∩= ξξξ , anu 

( ) φξξξ ≠∩
=
U oo
n

i
iriirx BB

1
)(,)(, . meores mxriv, radgan adgili aqvs 

φξξξ =∩ oo
)(,)(, iriirx BB , cxadia ( ) φξξξ =∩

=
U oo
n

i
iriirx BB

1
)(,)(, . miRebuli wina-

aRmdegobidan gamomdinareobs, rom Kx∈ , amitom )(dcoK τ∈ .  

Teorema 3.4.3. Tu ( )τ,X  kompaqturi topologiuri siv-

rcea, xolo ( )→τ,: Xf (R, Cv.τ ) uwyvetia, maSin Xxx ∈∃ 21,  werti-

lebi, iseTi, rom { }Xxxfxf ∈= |)(min)( 1  da { }Xxxfxf ∈= |)(max)( 2 . 
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damtkiceba. Teorema 3.3.4-is ZaliT ⊂)(Xf R kompaqturi 

qvesimravlea, amitom Teorema 3.4.2-is gamo )(Xf -Caketili da 

SemosazRvrulia R-Si. maSasadame, 21 yy <∃  wertilebi )(Xf -Si 

iseTi, rom 21 yyy ≤≤ , )(Xfy∈∀ -Tvis. es ukanaskneli ki niS-

navs, rom Xxx ∈∃ 21,  wertilebi, rom 11)( yxf =  da 22)( yxf = .  

aRsaniSnavia, rom Teorema 3.4.3-dan trivialurad gamomdi-

nareobs Sedegi: Tu f  aris ] ;[ ba -segmentze uwyveti funqcia, 

maSin arsebobs ];[; 21 baxx ∈  wertilebi, rom { }
];[

1 )(min)(
bax
xfxf

∈
= , 

{ }
];[

2 )(max)(
bax
xfxf

∈
= . es ukanaskneli SesaZlebels xdis ];[ baC -Si 

metrika ganimartos tolobiT |)()(|max),(
];[

xgxfgf
bax

−=
∈

ρ . cxadia, 

rom Tu )()( xgxf = , ];[ bax∈∀ -Tvis, maSin 0),( =gfρ . piriqiT, Tu-

ki 0|)()(|max
];[

=−
∈

xgxf
bax

, maSin maqsimumis da modulis ganmarte-

bis safuZvelze ];[  ,0|)()(|0 baxxgxf ∈∀≤−≤ -Tvis⇔ 0|)()(| =− xgxf , 

];[ bax∈∀ -Tvis, anu )()( xgxf = , ];[ bax∈∀ -Tvis. amrigad, M1)-aqs-

iomis samarTlianoba Semowmebulia. M2)-aqsiomis WeSmariteba 

),(),( fggf ρρ =  trivialurad cxadia. samkuTxedis M3)-aqsiomis 

Sesamowmeblad saWiroa ganvixiloT Semdegi utoloba 

=− |)()(| xgxf ≤−+− |)()()()(| xgxpxpxf +− |)()(| xpxf −)(| xp |)(xg , romlis 

safuZvelzec Cven advilad davaskvniT, rom adgili aqvs 
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≤−=
∈

|)()(|max),(
];[

xgxfgf
bax

ρ ( ) ≤−+−
∈

|)()(||)()(|max
];[

xgxpxpxf
bax

 

≤ +−
∈

|)()(|max
];[

xpxf
bax

),(),(|)()(|max
];[

gppfxgxp
bax

ρρ +=−
∈

. 

amrigad, Cven miviReT, rom |)()(|max),(
];[

xgxfgf
bax

−=
∈

ρ -metrikaa 

];[ baC -Si. 

romeli winadadebaa WeSmariti qvemoT moyvanilTagan: 

1. R-ze metrika SeiZleba ganimartos Semdegnairad 

)1)(1(

||arcsin),(
22 ++

−
=

ba

babaS , ∈∀ ba, R-Tvis? ),( baS -warmoadgens 

umciresi sigrZis AB rkals nax.3.4.1-ze. 

 

                             

 

                                          nax. 3.4.1 

 

2. 1≥∀p -Tvis Rn-Si ganimarteba ),( yxdn  metrikis ganzoga-

deba 

p

n

k

p
kkpn yxyxd ∑

=

−=

1

, ||),( , sadac 

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

nx

x
x

x
...

2

1

, 

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

ny

y
y

y
...

2

1

∈Rn 

3. 1≥∀p -Tvis ];[ baC -Si SeiZleba ganimartos ganzogadebu-

li metrika 
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p

b

a

p
p dttgtfgfd ∫ −= |)()(|),( , ∈∀ gf , ];[ baC -Tvis? 

4. hausdorfis metrika ganimarteba ( )dX ,  metrikuli siv-

rcis yvela Caketili, SemosazRvruli qvesimravleebis 

klasze 

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=
∈∈ BbAa

H AbdBadBAD   );;(sup  );;(supmax);( . 

 

savarjiSoebi 

III.4.1. gamoTvaleT ),( gfd  manZili xxf 2sin)( =  da xxg 6sin)( =  

funqciebs Soris, sadac ⎥⎦

⎤
⎢⎣

⎡∈
3

;0 πx . 

III.4.2. Tu ),( σX  da ),( ωY  raime metrikuli sivrceebia, da-

adgineT aris Tu ara YX ×  dekartul namravlze Semdegi fu-

nqcia ( ) ),(),(),();,( 21
2

21
2

2211 yyxxyxyx ωσϑ += -metrika. 

III.4.3. SeadareT ( )gf ,ρ  da ),( gfd , Tu cnobilia, rom 2)( xxf =  

da 65)( −= xxg  funqciebi erTidaimave simravlezea gansazRvru-

li: a) ]5 ;4[− ;   b) ]5 ;7,2[ . 

III.4.4. gamoTvaleT );( ApΘ  manZili Xp∈  wertilsa da XA⊂  

simravles Soris fiqsirebul ),( dX  metrikul sivrceSi, Tu 

cnobilia, rom { } N321 ;... ;...; ; ; ∈= nnaaaaA  da 
n
napd n

12);( +
= , ∈∀n N-

Tvis. 
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III.4.5. cnobilia, rom ),( 1sX  da ),( 2sX  metrikuli sivrceebia. 

aris Tu ara metrika ),(),(),( 21 basbasbas += , sadac Xba ∈∀ ; . 

III.4.6. daamtkiceT, rom Tu mocemulia ( ){ } ∞= ;1, nnX θ  metrikul 

sivrceTa ojaxi, maSin ∑
∞

=
⋅=

1
),(

2
1),(

n
nn yxyx θθ -metrikaa dekartul 

namravlze ∏
∞

=1n
nX .  

III.4.7. daamtkiceT, rom 
2/1

])()([)]()([),( ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−⋅−= ∫ dttgtftgtfgfm

b

a
c  to-

loba gamosaxavs ⊂] ;[ ba R segmentze gansazRvruli uwyveti, 

kompleqsuri (C-Si mniSvnelobebiani) gf ,  funqciebs Soris  

manZils. vTqvaT funqciebi tittf sin)( 2 +=  da tietg t cos)( +=  gansa-

zRvrulia segmentze ⎥⎦
⎤

⎢⎣
⎡∈

2
 ;

4
ππt , maSin ras udris ),( gfmc ? 

III.4.8. aCveneT, rom metrika nm× -zomis matricebis M( nm× ;R) 

simravleSi SesaZlebelia ganisazRvros Semdegi saxis funq-

ciiT ∑∑
= =

−=
m

i

n

j
ijij yxYX

1 1

2][);(χ , ∀ ][ ijxX = ; ][ ijyY = ∈M( nm× ;R). 

III.4.9. daamtkiceT, rom Tu ),( dX  metrikuli sivrcea, maSin 

funqcia 
),(1

),(),(
bad
badbaw

+
=  warmoadgens metrikas X -ze.  

III.4.10. ipoveT ),(ˆ BAd  manZili { }rqpnmA ,,,,=  da { }vuronmB ,,,,,=  

simravleebs Soris. 
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$3.5. zogierTi tipis araklasikuri topologiuri 

struqturebi 
 

am paragrafSi Cven ganvixilavT sami konkretuli tipis modificire-

bul topologiur struqturebs, romlebic mniSvnelovania monacemTa ana-

lizisas. asimetriuli bunebis obieqtebis topologiuri Seswavla moiTx-

ovs bitopologiuri sivrceebis Teoriis meTodebis gamoyenebas [12; 31-

35]. aramkafio simravleebis ganxilva ki SesaZlebels xdis topologi-

uris msgavsi struqturebis gansazRvrisa [30]. dasasrul cifruli geom-
etriisaTvis saWiro umcires-midamoiani topologiebis agebis p. aleqsan-

drovis konstruqcias ganvixilavT.  

 

asimetriebi topologiaSi: asimetriuli topologia simr-

avluri topologiis SedarebiT axali mimarTulebaa, romel-

ic miznad isaxavs arasimetriuli bunebis mqone obieqtebis 

maTematikur Seswavlas. centraluri adgili asimetriul 

topologiaSi uWiravs bitopologiur sivrceebs, romelTa 

ganxilvis aucilebloba 1963 wels iqna inicirebuli j. ke-

lis mier. Cveulebriv, bitopologiuri sivrceebis qveS moia-

zreba dalagebuli sameulebi ( )21,, ττX , sadac 1τ  da 2τ  arian 

fiqsirebul X -simravleze gansxvavebuli topologiebi. aq 

Cven mokled mimovixilavT bitopologiuri struqturebis 

warmoSobis zogierT klasikur konstruqcias. 

j. kelis (J.C. Kelly [34]) konstruqcia: vTqvaT X  simra-

vleze gansazRvrulia iseTi funqcia [;0[: +∞→× XXp , romelic 

akmayofilebs aqsiomaTa Semdeg wyvils: 

QPM1) 0);( =xxp , Xx∈∀ -Tvis; 

QPM2) );();();( yzpzxpyxp +≤ , Xzyx ∈∀ ;; -Tvis. 
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maSin, p -s ewodeba kvazi-fsevdo-metrika, xolo ),( pX  wyvi-

ls_kvazi-fsevdo-metrikuli sivrce. rogorc ganmartebidan 

Cans p -s, metrikuli funqciebisagan gansxvavebiT, ar moeTxo-

veba yxyxp =⇒= 0),(  da simetriis aqsiomis pirobebis dakmayo-

fileba. simetriulobis ugulebelyofiT j. kelim pirvelma 

SeniSna, rom SesaZlebelia X  simravleze ganisazRvros ori 

sxvadasxva topologia. kerZod, Tu ganvixilavT ),(),( xypyxp =∗  

funqcias (e.w. p -s SeuRlebuls), Xyx ∈∀ , -Tvis, maSin buneb-

rivad Cndeba ori tipis Ria birTvebi: { }raxpXxB ra <∈= ),(|,o  da 

{ }raxpXxB ra <∈= ∗∗ ),(|,o . aRniSnuli tipis Ria simravleebis kl-

asebis ganxilvas bitopologiuri sivrceebis Seswavlis auc-

ileblobamde mivyavarT.  

magaliTi 3.5.1 namdvil ricxvTa R simravleze kvazi-fsev-

do-metrikas warmoadgens funqcia: 

{ }
⎩
⎨
⎧

≥

<−
=

.,0
,  ;1min

);(
yx

yxxy
yxp

 Tu 

 Tu 
 

aRsaniSnavia, agreTve isic, rom Tuki metrikis ganmart-

ebaSi mxolod simetriulobis aqsiomas ugulebelvyofT (e.i. 

saqme gvaqvs e.w. kvazi-metrikebTan), maSinac Cven bitopolog-

iuri struqturebis agebis SesaZlebloba gveZleva. 

u. pervinis (W. Pervin [35]) konstruqcia: fiqsirebuli X  

simravlisaTvis )(XB -bulianze gansazRvrul θ -mimarTebas ew-
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odeba kvazi-maxloobis, Tuki is akmayofilebs Semdeg aqsiom-

ebs: 

1. φθ   X  da X   θφ ; 

2. 
( )

( )⎩
⎨
⎧

⇔∪
⇔∪

;   
,   
CBCACBA
BCACBAC
θθθ
θθθ

 an

 an
 

3. { } { }xx θ , Xx∈∀ -Tvis; 

4. Tu BAθ , maSin ∈∃C )(XB  iseTi, rom CAθ  da 

( ) BCX θ\ . 

( )θ,X  wyvils ewodeba kvazi-maxloobis sivrce. aRsaniSna-

via, rom ABBA 1−⇔ θθ  ekvivalenciiT ganmartebuli 1−θ  mimar-

Teba iwodeba θ -s SeuRlebul kvazi-maxloobad.  

yovel ∈A )(XB  simravlesTan ( )θ,X -kvazi-maxloobis sivrc-

eSi asocirdeba simravle: { }AxxACL θθ }{|=  wodebuli A -s Cake-

tvad ( )θ,X -Si. am gziT X -simravleze ganimarteba ( )θτ  topo-

logia, romelSiac Caketilebad gamocxadebulia ACLA θ=  sax-

is simravleebi. analogiuri konstruqcia SeuRlebuli 1−θ -

kvazi maxloobisaTvis ganmartavs X -ze ( )1−θτ  topologias, 

rasac am SemTxvevaSic ( ) ( )( )1,, −θτθτX  bitopologiuri sivrcis 

ganxilvamde mivyavarT. 

aramkafio topologiebi: $2.3-Si Cven ganvixileT aramkaf-

io maTematikuri logikis zogierTi fundamenturi sakiTxi 

da aramkafio simravleebis Tvisebebi. III-TavSi gadmocemuli 
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simravluri topologiis sakiTxebi bunebrivad warmoSobs Se-

kiTxvas: SesaZlebelia, Tu ara aramkafio simravleebis gamoy-

enebiT fiqsirebul simravleze topologiuris msgavsi stru-

qturis Semotana?. am kiTxvaze dadebiTi pasuxi pirvelad q. 

Cangis mier iqna gacemuli 1968 w. [30]. 

vTqvaT X -fiqsirebuli simravlea, maSin Tu X -is raime 

{ }XxxxA ∈><= |/)(
~

λ  aramkafio qvesimravles gavaigivebT misi 

elementebis mikuTvnebis funqciasTan, cxadia A
~
-aramkafio si-

mravle SeiZleba ewodos 1] ;0[: ≡→ IXλ  asaxvas. aRvniSnoT 

XI -iT X -is yvela aramkafio qvesimravleebis klasi. 

amboben, rom X -simravleze gansazRvrulia Xτ~ -aramkafio 

topologia, Tu XIX ⊂τ~  aramkafio simravleebis iseTi oja-

xia, rom 

Ft1) Xτ~1 ;0 ∈  (0 da 1_Sesabamisad aRniSnavs igivurad nu-

lovan da igivurad erTeulovan funqciebs); 

Ft2) Xτλλ ~, 21 ∈∀ -Tvis ⇒ ( ) Xτλλ ~
21 ∈∩ ; 

Ft3)  { } Λ∈∈∀ αα τλ X~ -Tvis⇒ Xτλ
α

α
~∈⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

Λ∈
U . 

( )XX τ~, -wyvils aramkafio topologiuri sivrce ewodeba. 

aRsaniSnavia, rom Xτ~ -is elementebs ewodebaT aramkafiod Ria 

simravleebi, xolo maT damatebebs ki aramkafiod Caketili 

simravleebi. SevTanxmdeT, rom Tu λ -aramkafiod Ria simrav-



 132

lea CavweroT Xτλ ~∈ , xolo Tu μ -aramkafiod Caketilia, ma-

Sin )~( Xco τμ ∈ . 

magaliTi 3.5.2. vTqvaT { }cbaX  ; ;= -universaluri simravlea, 

xolo 
⎪
⎩

⎪
⎨

⎧

=

=

=

=

cx
bx
ax

x
 Tu

 Tu 

 Tu

  9,0
3,0
  2,0

)(1λ ; 
⎩
⎨
⎧

=

=
=

cx
ax

x
 Tu   

 Tu

1
   1,0

)(2λ ; 
⎩
⎨
⎧

=

=
=

cx
ax

x
 Tu  ,9

 Tu

0
    1,0

)(3λ  

da 
⎪
⎩

⎪
⎨

⎧

=

=

=

=

cx
bx
ax

x
 Tu

 Tu  ,3

 Tu

       1
0

    2,0
)(4λ , maSin { }4321  ; ; ; 1; ;0~ λλλλτ =X -ojaxi warmo-

adgens aramkafio topologias. 

magaliTi 3.5.3. vTqvaT [ ;0[ ∞+=X -universaluri simravlea, 

xolo  

⎪⎩

⎪
⎨
⎧

≥

≤≤
=

61

6    
6)(1

x

xx
x

 Tu   

0 Tu
λ ; 

6
1)(2
xx −=λ , roca 60 ≤≤ x ; 

⎪
⎪
⎩

⎪⎪
⎨

⎧

≤≤−

≤≤
=

6
6

1

3           
6)(3

xx

xx

x
3  Tu   

0  Tu

λ  da 

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

≥

≤≤

≤≤−

=

    6         1

6
6

3    
6

1

)(4

x

xx

xx

x

  Tu

3  Tu    

0  Tu

λ .  

cxadia, rom { }4321  ; ; ; 1; ;0~ λλλλτ =X -ojaxi warmoadgens aramkafio 

topologias X -ze. 

Tu ( )XX τ~,  aramkafio topologiuri sivrceSi XI∈μ  raime 

aramkafio qvesimravlea, maSin misTvis aramkafio interieri 

da aramkafio Caketva ganimarteba Semdegnairad: 

{ }Xτ~   ,|supInt ∈≤= ημηημ ;    { }Xτ~)-(1  ,|infCl ∈≥= ψμψψμ . 
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magaliTi 3.5.4. Tu magaliTi 3.5.2-is pirobebSi ganvixi-

lavT aramkafio simravles 
⎩
⎨
⎧

=

=
=

cx
ax

 1
3,0

Tu    

 Tu  
μ , maSin cxadia, rom 

2Int λμ = . μ -Tvis aramkafio Caketvis gansasazRvrad Tavdapirv-

elad saWiroa amovweroT aramkafiod Caketili simravleebi 

{ }′′′′= 4321   ;  ;  ;  ;1  ;0)~( λλλλτXco , sadac  

⎪
⎩

⎪
⎨

⎧

=

=

=

=′

cx
bx
ax

x
 Tu

 Tu 

 Tu

  1,0
7,0
  8,0

)(1λ ; 
⎩
⎨
⎧

=

=
=′

bx
ax

x
 Tu   

 Tu

1
  9,0

)(2λ ; 
⎪
⎩

⎪
⎨

⎧

=

=

=

=′

cx
bx
ax

x
 Tu

 Tu   

 Tu

   1,0
1

  9,0
)(3λ  da 

⎩
⎨
⎧

=

=
=′

bx
ax

x
 Tu  ,7

 Tu

0
    8,0

)(4λ , aqedan ki cxadia, rom 1Cl =μ . 

Xτ~ -is B~ -qveojaxs ewodeba aramkafio topologiis baza, 

Tuki Xτ~ -is yoveli elementi aris B~ -is raime elementebis 

gaerTianeba. 

Teorema 3.5.1. aramkafio ( )XX τ~,  topologiur sivrceSi 

aramkafio interieris operators gaaCnia Tvisebebi: 

1) 0Int0 = ; 1Int1= ; 

2) λλ ≤Int , XI∈∀λ -Tvis; 

3) Tu XI∈μλ,  da ⇒≤ μλ μλ IntInt ≤ ; 

4) μλμλ IntInt)Int( ∩=∩ , XI∈∀ μλ, -Tvis; 

5) ( )μλμλ ∪=∪ IntIntInt , XI∈∀ μλ, -Tvis. 

damtkiceba. 1)-is samarTlianoba trivialuria. 
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2)-is dasamtkiceblad aviRoT Xx∈∀  elementi da ara-

mkafio interieris ganmartebis Sesabamisad ganvixiloT 

( ) { }Xxxxx τνλννλ ~  ),()(|)(sup)(Int ∈≤≡ . cxadia, rom samarTliania Sef-

aseba ( ) { } )(~  ),()(|)(sup)(Int xXxxxx λτνλννλ ≤∈≤= , e.i. 2)-Tvisebis WeS-

mariteba Semowmebulia. 

3)-Tvis aviRoT Xx∈∀  elementi, maSin )()( xx μλ ≤ . vinaidan 

adgili aqvs: { } { }XxxxXxxx τνμνντνλνν ~  ),()(|)(~  ),()(|)( ∈≤⊆∈≤ , amitom 

( ) { } { } ( ) )(Int~  ),()(|)(sup~  ),()(|)(sup)(Int xXxxxXxxxx μτνμνντνλννλ ≡∈≤≤∈≤≡ . 

4)-Tvis aviRoT Xx∈∀  elementi da SevniSnoT, rom rad-

gan yovelTvis )()( xx μλ ≤  an )()( xx μλ ≥ , amitom  

( ) { }{ } ( )
( )⎩
⎨
⎧

≤

≤
=∈≤≡∩

)()( ),(Int
)()( ),(Int~  ,)(),(min)(|)(sup)()Int(
xxx
xxx

Xxxxxx
λμμ
μλλ

τνμλννμλ
 Tu

 Tu
. 

3)-is gaTvaliswinebiT ki Cven davsakvniT:  

( ) ( )
( ) =
⎩
⎨
⎧

≤

≤
=∩

)()( ),(Int
)()( ),(Int

)()Int(
xxx
xxx

x
λμμ
μλλ

μλ
 Tu

 Tu

( ) ( ){ } ( ) ( ) )(Int )(Int)(Int  );(Intmin xxxx μλμλ ∩== . 

5)-is dasamtkiceblad saWiroa aviRoT Xx∈∀  elementi da 

3)-is gaTvaliswinebiT ganvixiloT  

( ) ( )
( ) ( ) ( ){ }

( ) ).(IntInt                                                                      

)(Int  );(Intmax
)()(),(Int
)()(),(Int

)(Int

x

xx
xxx
xxx

x

μλ

μλ
μλμ
λμλ

μλ

∪=

==
⎩
⎨
⎧

≤

≤
=∪

 Tu  

 Tu  

 

amrigad, Cven vaCveneT 5)-is samarTlianoba.  

Teorema 3.5.2. Tu ( )XX τ~,  aramkafio topologiur siv-

rceSi XI∈λ , maSin )-Cl(1-1Int λλ =  da )-Int(1-1Cl λλ = . 



 135

damtkiceba. saWiroa SevniSnoT, rom adgili aqvs tolobas 

( ) { } { }=∈−≥−−−=∈≤= XxxxXxxxx τνλνντνλννλ ~  ),(1)(1|))(1(inf1~  ),()(|)(sup)(Int

( ) )(-1Cl1 xλ−= . 

meore tolobis misaRebad sakmarisia pirvel tolobaSi 

λ -s nacvlad aviRoT aramkafio simravle λ−1 .  

Teorema 3.5.1 da Teorema 3.5.2-is safuZvelze iolad dava-

skvniT, rom aramkafio Caketvis operators gaaCnia Semdegi 

Tvisebebi 

Teorema 3.5.3. Tu ( )XX τ~,  aramkafio topologiur sivr-

ceSi XI∈λ , maSin  

1) 0Cl0 = ; 1Cl1 = ; 

2) λλ Cl≤ , XI∈∀λ -Tvis; 

3) Tu XI∈μλ,  da ⇒≤ μλ μλ ClCl ≤ ; 

4) μλμλ ClCl)Cl( ∩=∩ , XI∈∀ μλ, -Tvis; 

5) ( )μλμλ ∪=∪ ClClCl , XI∈∀ μλ, -Tvis. 

Teorema 3.4.3-is safuZvelze Cven davaskvniT, rom Tuki 

( ) ),(,:, Cv.
∗→ ττμλ IX  uwyveti tipis aramkafio simravleebia (mik-

uTvnebis funqciebi uwyvetia), xolo ( )τ,X  kompaqturi topo-

logiuri sivrcea, maSin manZili λ  da μ  simravleebs Soris 

SeiZleba ganisazRvros formuliT: |)()(|max),(~ xx
Xx

μλμλρ −=
∈

. aqve 

SevniSnoT, rom rodesac 0ℵ<= ncardX , xolo λ  da μ  ineqc-

iurebia, maSin ( ) ),(,:, Cv.
∗→ ττμλ IX  uwyvetoba⇔ dττ = . 
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p. aleqsandrovis topologia: Tu T0-tipis topologiuri 

sivrceebisaTvis damatebiT moviTxovT, rom Ria simravleebis 

usasrulo TanakveTac iyos Ria, maSin aseTnairad warmoqmnil 

struqturas ewodeba umcires-midamoiani, (anu p. aleqsandro-

vis) sivrce. aRsaniSnavia, rom roca umcires-midamoiani sivr-

ce akmayofilebs gancalebis T1 an T2 aqsiomas, maSin is war-

moadges diskretul topologiur sivrces. ioli SesamCnevia, 

rom aleqsandrovis sivrceebi arian savsebiT simetriulni 

Ria da Caketili simravleebis mimarT. amasTanave, am tipis 

struqturebSi ),( τXp∈∀ -Tvis yovelTvis SegviZlia movZebn-

oT p -wertilis umciresi Ria midamo: I
∑∈

=
X pU

UpO

τ )(

)( . maSasad-

ame, simetriulobis gamo arsebobs p -is umciresi Caketili 

midamoc: I
τcoV

Vp
VpF

∈
∈

=)( . 

 

savarjiSoebi 

III.5.1. darwmundiT, rom { })(  ;0max);( xyyxp −=  funqcia warmoadg-

ens R-ze kvazi-fsevdo-metrikas. 

III.5.2. aCveneT, rom [0; 1]-ze kvazi-metrikaa Semdegi saxis fu-

nqcia: 

⎩
⎨
⎧

>

≤−
=

.,1
,

);(
yx
yxxy

yxp
 Tu    

 Tu 
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III.5.3. vTqvaT ),( yxp  da ),(* yxp  urTierTSeuRlebuli kvazi-me-

trikebia X -simravleze, maSin max),( =Ψ yx { );,( yxp ),( yxp∗ } fun-

qcia warmoadgens Tu ara X -ze metrikas?  

III.5.4. vTqvaT, { }qpnmX ;;;= , xolo { } { }}{};,{ };{ };{;1 m,p,qqmqmX ∪= φτ  

da { } { }},,{};,{};{;2 qnmqnmX ∪= φτ . ganvixiloT ( )21,, ττX  bitopolog-

iuri sivrcis { }nqmA ,,=  qvesimravle, maSin ras udris 

)int( 21 Acl ττ , Tu Aint2τ -aRniSnavs A -s interiers 2τ -topologi-

is mimarT, xolo )(1 ⋅clτ - warmoadgens 1τ  topologiaSi Caket-

vis operators. 

III.5.5. ( )21,, ττX  bitopologiur sivrceSi 21 AAA ∩= -qvesimravl-

es ewodeba p -Ria Tu 11 τ∈A  da 22 τ∈A . warmoqmnis Tu ara 

−p Ria simravleebis erToblioba topologias X -ze? 

III.5.6. daamtkiceT, rom ( )XX τ~,  aramkafio topologiur sivr-

ceSi adgili aqvs λλτλ Int~ =⇔∈ X  da μμτμ =⇔∈′ Cl~X . 

III.5.7. Tu { }cbaX  ; ;=  universaluri simravlea, xolo aramkaf-

io topologia { }921  ;... ; ; ;1 ;0~ λλλτ =X , sadac 
⎪
⎩

⎪
⎨

⎧

=

=

=

=

        4,0

    2,0
)(1

cx
bx
ax

x
  Tu

  Tu  0,7

  Tu

λ ; 

⎩
⎨
⎧

=

=
=

 
    1,0

)(2 cx
ax

x
  Tu  0,6

  Tu
λ ; 

⎪
⎩

⎪
⎨

⎧

=

=

=

=

     5,0

    9,0
)(3

cx
bx
ax

x
  Tu

  Tu  0,2

  Tu

λ ; 
⎪
⎩

⎪
⎨

⎧

=

=

=

=

     6,0

    2,0
)(4

cx
bx
ax

x
  Tu

  Tu  0,7

  Tu

λ ; 

⎪
⎩

⎪
⎨

⎧

=

=

=

=

cx
bx
ax

x
  Tu

  Tu  0,7

  Tu

    5,0

    9,0
)(5λ ; 

⎪
⎩

⎪
⎨

⎧

=

=

=

=

     6,0

    9,0
)(6

cx
bx
ax

x
  Tu

  Tu  0,2

  Tu

λ ; 
⎩
⎨
⎧

=

=
=

cx
ax

x
  Tu  0,4

  Tu    1,0
)(7λ ; 
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⎪
⎩

⎪
⎨

⎧

=

=

=

=

     4,0

    2,0
)(8

cx
bx
ax

x
  Tu

  Tu  0,2

  Tu

λ ; 
⎩
⎨
⎧

=

=
=

 
    1,0

)(9 cx
ax

x
  Tu  0,5

  Tu
λ . ipoveT μInt  da μCl , 

Tu 
⎪
⎩

⎪
⎨

⎧

=

=

=

=

     45,0

    1
)(

cx
bx

ax
x

  Tu

  Tu  0,2

  Tu

μ . 

III.5.8. vTqvaT { }dcbaX ;;;= , xolo aramkafio simravleebi ganm-

artebulia funqciebiT Semdegnairad: 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=

=

=

=

=

     8,0
    5,0

    1,0

)(

dx
cx
bx
ax

x

  Tu

  Tu

  Tu  0,4

  Tu

λ  da 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=

=

=

=

=

     5,0
    7,0

    3,0

)(

dx
cx
bx
ax

x

  Tu

  Tu

  Tu  0,2

  Tu

μ . gamoTvaleT ),(~ μλρ -manZili. 

III.5.9. aCveneT, rom Tu =X Z, xolo { }00 |)( nnZnnO ≥∈= -saxis 

simravleebs gamovacxadebT Riad, maSin miRebuli struqtura 

( )τ,X -warmoadgens umcires-midamoian sivrces. 

III.5.10. daamtkiceT, rom Tu ( )τ,X  aris umcires-midamoiani 

sivrce, xolo Xba ∈∀ ;  gansxvavebuli wertilebia, maSin 

a) )()( aObbOa ∉⇒∈  da )()( aFbbFa ∉⇒∈ ; 

b) )()( aObbFa ∈⇔∈ ; 

g) )()()()( aObObFaF ⊆⇔⊆ . 
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