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wigni warmoadgens analizuri meqanikis saxelmZRvanelos umaRlesi teqnikuri saswavleblebis sainJinro specialobebis studentebisaTvis. igi Seicavs analizuri meqanikis ZiriTad sakiTxebs. Teoriul masalis garda, MmasSi mocemulia magaliTebi, amocanebi da maTi amoxsnebi, romelTa aTviseba aucilebelia kursis Sesaswavlad.









            recenzenti sruli profesori zurab gasitaSvili

                         


                        Sesavali



   winamdebare saxelmZRvanelo gankuTvnilia pirvel rigSi saqarTve​los teqnikuri universitetis sainJinro specialobebis stude​nte​bisaTvis. amgvari saxelmZRvanelos seqmnis aucilebloba ganapiroba analizuri meqanikis meTodebis farTo gamoyenebam mecnierebasa da teq​ni​kis sxvadasxva sferoSi.

   ase magaliTad, ganuzomlad didia analizuri meqanikis mnisvneloba Tanamedrove teqnikis mraval dargSi, rogoricaa samSeneblo meqanika, meqanizmebis Teoria, moZraobaTa marTvis Teoria, kosmosuri meqanika, avtomaturi sistemebis marTva, dabolos analizuri meqanikis aparati far​Tod gamoiyeneba Tanamedrove Teoriul fizikaSi – fardobiTobis Teo​riaSi da qvantur meqanikaSi. 

   analizuri meqanika iZleva zogad meTodebs, romelTa daxmarebiTac SesaZlebelia diferencialuri gantolebebis Sedgena sxvadasxva sis​te​me​bisaTvis da am meTodebis daxmarebiT srulad amovxsnaT amocanebi am sistemebis moZrao0baze an wonasworobaze. aqve aRvniSavT, rom meqa​nikis yvelaze rTuli da zogadi amocanebi gamoikvleva  da amoixsneba ana​li​zuri meqanikis meTodebiT.

   avtorebis winaSe idga metad rTuli amocana. auarebeli sakiTxe​bidan unda SerCeuliyo mxolod iseTi sakiTxebi, romlebic am sagnis  pirvelad gacnobisaTvis marTlac iqneboda auciulebeli da ar​​​se​bi​​Ti. amas garda Tu rogor unda dalagebuliyo Teoriuli masala, ra mimdevrobiT, esac samsjelo da safiqrali iyo, radgan TviT gadmocemis wesi mravalgvaria da mravalnairia.

   wignSi moyvanili saiulistracio amocanebic da magaliTebic isea SerCeuli, rom maTi amoxsna moiTxovs mxolod teqstSi naTqvamis uSualo gamoyenebas.  maTi daniSnulebaa – damtkicebuli debulebebis da formulebis Sinaarsis konkretuli gaSuqeba.

                Tavi I. analizuri meqanikis ZiriTadi cnebebi

§1. nivTier wertilTa moZraobis diferencialuri gantolebebi

nivTier wertilTa erTobliobas ewodeba sis​tema, Tu masSi Semavali yvela wertili urTier​Tdamokidebulia, e.i. yoveli wertilis mdebareobis Secvla aisaxeba yvela danarCen wertilze. sistemis wertilTa Soris arsebobs urTierTqmedebis Zalebi. 

vTqvaT, nivTier wertilTa sistema Sedgeba n wertilisagan. dekar​tes sakoordinato sistemaSi ne​bis​​mieri i-uri werti​​lis koor​di​natebi iqneba Mi(xi,yi,zi). sistemaze moqmedi Zalebi iyofa gare da Sida Zalebad. sistemis wertilebze moqmed Zalebs ewodeba gare Zalebi, Tu isini gamowveulia mocemul sistemaze sxva sistemis moqmedebiT. sistemis wer​tilTa urTierTqmedebis Zalebs ewodeba Sida Zale​bi. aRiniSneba gare Zalebi 
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(g) da Sida Zalebi 
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wertilTa sistemis moZraobis gantolebebi veqtoruli formiT iqneba

                               mi
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(S),    (i=1,2,...,n)                  (1.1)

sadac mi aris Mi wertilis masa, xolo 
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 Zalis gegmilebs sakoordinato RerZebze aRvniSnavT 
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 da (1.1) gantolebebs CavwerT gegmilebSi, miviRebT sistemis moZraobis diferencialur gantolebebs:

                                  mi 
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i = Yi(g) +Yi(S)  ,                                  (1.2)
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i  = Zi(g) + Zi(S) , (i=1,2,...,n)                                                 

sadac 
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i wertilis koordinatebis meore rigis warmoebulebia droiT da warmoadgenen aCqarebis veqtoris gegmilebs sakoordinato RerZebze.

Tu sistema Sedgeba n wertilisagan, misi moZraoba aRiwereba 3n raodenobis meore rigis diferencialur gantolebebiT.

§2. Tavisufali da araTavisufali sistemebi. bmebi da maTi klasifikacia

pirobebs, romelic zRudavs sistemis gadaadgi​lebebsa da siCqare​ebs, bmebi ewodeba. bma SeiZleba gamosaxos ZaliT, romelsac reaqciis Zala ewodeba. sistemaze moqmedi Zalebi SeiZleba davyoT aqtiur da reaqciis Zalebad. maSin sistemis moZraobis gantolebebi ase Caiwereba:

                                       mi
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i sistemis Mi wertilze moqmedi aqtiuri Zalebis tolqmedia, xolo 
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i  _ reaqciis Zalebis. (2.1.) gantolebebi gegmilebSi ase Caiwereba:
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Tu nivTier wertilTa sistema emorCileba erT bmas, maSin analizurad es SeiZleba ase Caiweros: 
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i-iT aRiniSneba koordinatebis droiT warmoebulebi, anu siCqaris gegmilebi sakoordinato RerZebze.

Tu bma gamoisaxeba tolobiT, maSin mas ewodeba damWeri, anu ormxrivi. Tu bma utolobiTaa gamo​saxu​li, mas ewodeba calmxrivi anu aradamWeri. Semdgom​Si ganvixilavT mxolod ormxriv bmebs.

Tu bmis gantolebaSi dro cxadad ar monawi​leobs, maSin aseT bmas ewodeba stacionaruli.
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(xi , yi , zi)=0 (i=1,2,...,n)                                 (2.4)

bmas, romlis gantolebaSic t dro cxadad monawile​obs, ewodeba arastacio​naru​li, anu reonormuli.
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aseT bmas ewodeba agreTve kinematikuri.

Tu bmis gantoleba ar Seicavs koordinatebis warmoebulebs dro​iT, anu siCqareebs, maSin mas ewodeba geometriuli, anu holonomuri.
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(xi ,yi ,zi  ;t) = 0                                 (2.6)

Tu kinematikuri bmis gantoleba (2.5) integrebiT ar daiyvaneba (2.6) gantolebaze, romelic ar Seicavs koor​dinatebis warmoebulebs, maSin aseT bmebs ewo​de​ba araholonomuri, anu araintegrebadi. davuSvaT, bmis gantolebas aqvs saxe:
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sadac c nebismieri mudmivia. e.i. bma geometriulia.

Tu nivTier wertilTa sistema emorCileba holonomur bmebs, maSin mas ewodeba holonomuri. sistemas ewodeba araholonomuri, Tu is emorCileba araholonomur bmebs.

magaliTebi:

M1 wertili moZraobs vertikalur sibrtyeSi R-radiusian wrewirze. am wertilze xisti ReroTi mimagrebulia M2 wertili(nax.1). aRvniSnoT M1 wertilis koordi​natebi x1,y1,z1-iT, xolo M2-s x2  ,  y2  , z2-iT, maSin bmis gantolebebi iqneba 

[image: image45.jpg]



                                 z1= 0 ,
                                 x1² + y1² + z1² -– R² = 0 ,
                                (x2 - x1)²  + (y2 - y1)² + (z2 - z1)² -
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² = 0 .
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B 2 naxazze naCvenebi mrudmxara-barbaca meqanizmis M1 da M2, wertilebi​saT​vis bmebis gantoleba iqneba 

                              z1=0,  z2=0, y2=0 ;
                              x1² + y1² + z1² - R²=0 ,
                              (x2 - x1)² + (y2 - y1)² + (z2 - z1)² -
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Rero brunavs vertikaluri z RerZis irgvliv mudmivi 
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kuTxuri siCqariT. Re​ros gaswvriv Tavisu​flad gadaadgildeba erTmaneTTan zamba​riT dakavSi​re​​buli ori  nivTieri wertili M1 da M2 (nax. 3). . am Se​mTxve​vaSi bme​bi iqneba reonomu​li, anu ara​sta​​cionaruli, vinaidan bmebis gantole​baSi monawi​leobs 
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 dro.
                          z1=0,  z2=0,

                          x1 sinωt- y1cosωt=0 ,
                          x2sinωt- y2cosωt=0.
§3. sistemis Tavisuflebis xarisxi. ganzogadebuli koordinatebi

damoukidebeli parametrebis raodenobas, rome​lic gansazRvravs sistemis mdebareobas drois yo​vel momentSi, ewodeba sistemis Tavi​suf​lebis xaris​xi. magaliTad, Tu wertili moZraobs sivrceSi, misi mdebareoba drois yovel momentSi SeiZleba ganisazRvros am werti​lis x,y,z koordinatebiT. Aami​tom Tavisuf​ebis xarisxi am SemTxvevaSi iqneba samis toli. Tu myari sxeuli brunavs uZravi RerZis gar​Semo, maSin mis mdebareobas gansazRvravs mobrunebis kuTxe da Tavisuf​lebis xarisxi iqneba erTis toli. Tu myari sxeuli brunavs uZravi centris garSemo, maSin misi mdebareobis gansazRvrisaTvis ganixil​aven eileris kuTxeebs, romelTa ricxvic samis tolia. amitom am SemTxvevaSi Tavi​suf​lebis xarisxi samis tolia. Tu sistema emorCi​leba bmebs, maSin yoveli bma erTiT amci​rebs Tavi​suf​​le​bis xarisxs.

vTqvaT, n nivTier wertilTa sistema emor​Cileba k geometriul bmas, maSin cxadia, siste​mis 3n koor​dina​tidan damoukidebeli iqneba S=3n-k koordinati. am koordinatebs SeuZliaT miiRon nebismieri mniS​vne​loba. es ricxvi tolia siste​mis Tavisuflebis xarisxisa.

ganzogadebuli koordinatebi ewodeba ne​bis​mieri ganzomilebis da​mo​u​ki​de​bel paramet​rebs, ro​mel​Ta ricxvi tolia sistemis Tavisuflebis xarisxisa. gan​zogadebuli koordinatebi avRniSnoT q-Ti. sistemis mdebareoba ganisaz​Rvreba ganzogadebuli koordinatebiT

q1, q2,…,qs

sistemis moZraobisas ganzogadebuli koordi​natebi icvleba drois mixedviT. moZraobis kanoni ganisaz​Rvreba gantolebebiT

                  q1 = 
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1(t),  q2 = 
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2(t), …,  qs= 
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s(t), 

es gantolebebi warmoadgens sistemis moZraobis kinematikur gantole​bebs ganzogadebul koordi​natebSi.

ganzogadebuli kordinatebis droiT warmoebu​lebs ewodeba ganzogadebuli siCqareebi da aRiniSneba ase:
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ganzogadebuli siCqaris ganzomileba damokide​bulia ganzogadebuli koordinatis ganzomile​baze. Tu q wrfivi sididea, maSin 
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 wrfivi siCqarea. Tu q warmoadgens kuTxes, maSin 
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 kuTxuri siCqarea. Tu q aris farTobi, maSin 
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 farTobuli siCqarea da a.S.

§4. koordinatebis variacia

vTqvaT, meqanikur sistemas aqvs erTi Tavisuf​lebis xarisxi da sistemis mdebareoba ganisazRvreba koordinatebiT
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am tolobis diferencirebiT miviRebT
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t

f

dq

)

(

'

=


ganzogadebuli koordinatis diferenciali 
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 Seesabameba am koordina​tis cvlilebas, rome​lic gamowveulia t drois cvlilebiT, e.i. Seesa​ba​meba sistemis namdvil gadaadgilebas.
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mivaniWoT 
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 funqcias t argumentis fiqsi​rebuli mniSvnelo​bis​Tvis nebismieri nazrdi, romelic aRvniSnoT δ
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sadac ε nebismieri mcire ricxvia, xolo φ(t) _ nebismieri warmoebadi funqcia. MmiviRebT funqciaTa ojaxs
q1
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grafikulad q1 warmoadgens q wiridan usasru​lod mcired daSorebul wirs. q1(t)-q(t) sxvaobas erTi da imave argumentebisaTvis ewodeba funqciis izoqro​nuli, anu sinqronuli variacia da aRiniSneba δ
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=.q1(t)-q(t)=εφ(t)                                              (4.1)

Tu funqciis mniSvnelobis cvlileba damokide​bu​lia, rogorc argumentis cvlilebaze, aseve TviT funqciis cvlilebazec, maSin aseT vari​acias srul anda asinqronul variacias uwodeben. aRvniSnoT sruli variacia 
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sruli variaciisaTvis miviRebT
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funqciis cvlileba 
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izoqronuli variacia da gawarmoeba aris komutaturi (gadasmadi), e.i. adgili aqvs Semdeg tolobas
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anu diferencirebis da varirebis operaciebis Tanmimdevroba SeiZleba Seicvalos wesiT 
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izoqronuli variaciis (4.1.) gansazRvridan gamomdi​nareobs
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vaCvenoT, rom sruli variacia ar aris komutaturi
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(4.2.)-is gawarmoebiT miviRebT
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(4.1.)-is Tanaxmad 
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 funqciis variacia iqneba
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aqedan gamomdinareobs, rom sazogadod 
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 tolobas SeiZleba hqondes adgili, rodesac 
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§5. namdvili, SesaZlo da virtualuri gadaadgilebebi. virtualuri muSaoba. idealuri bmebi

vTqvaT, nivTieri wertili emorCileba bmas, romlis gantolebac ase Caiwereba:
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 EMBED Equation.3 [image: image107.wmf])
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vTqvaT, wertilze moqmdi ZalebiT gamowveuli moZraobis gantolebebia

                            x=x(t),  y=y(t),  z=z(t)                                  (5.2)

(5.2)-is (5.1.)-Si CasmiT miviRebT igiveobas
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Tu am igiveobas gavawarmoebT droiT, miviRebT
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aRvniSnoT wertilis siCqare 
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-Ti. nivTieri werti​lis namdvili gadaadgileba ewodeba veqtors
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am veqtoris koordinatebi dx=
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romelic miiReba (5.3)-dan dt-ze gamravlebiT. magram (5.5) gantoleba SeiZleba daakma​yofi​los dx,dy,dz sidideebis sxva erTobliobamac nebis​mieri 
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 veqtors, romlis kompo​nen​tebic akmayofileben (5.5) ganto​le​bas, ewodeba SesaZlo gadaadgilebis veqtori. SesaZlo gadaadgileba ewo​de​ba drois usas​rulod mcire dt SualedSi Sesru​le​bul 
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 gadaadgilebas, romelic Tavsebadia bmasTan. namdvili gadaadgileba warmoadgens erTerT SesaZlo gada​adgilebas, romelic ganxor​ciele​bu​lia mocemuli ZalebiT da mocemuli sawyisi piro​bebiT.

sistemis wertilTa SesaZlo gadaadgileba ewodeba veqtors
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ganvixiloT drois igive momentisaTvis da sistemis imave mdebareobisaTvis sxva SesaZlo gadaadgileba

          
[image: image130.wmf]r

d

r

i=d’xi
[image: image131.wmf]i

r

+d’yi
[image: image132.wmf]j

r

+d’zi
[image: image133.wmf]k

r

.                                           (5.9)


[image: image134.wmf]r

d

r

i gadaadgilebis komponentebi daakmayo​file​ben gantolebebs

                   
[image: image135.wmf]0

1

=

¶

¶

+

÷

÷

ø

ö

ç

ç

è

æ

¢

¶

¶

+

¢

¶

¶

+

¢

¶

¶

å

=

dt

t

f

z

d

z

f

y

d

y

f

x

d

x

f

n

i

i

i

i

i

i

i

a

a

a

a

,            (5.10)
maSin 
[image: image136.wmf]r

d

r

i=
[image: image137.wmf]d

¢



 EMBED Equation.3 [image: image138.wmf]r

r

i-d
[image: image139.wmf]r

r

i=( 
[image: image140.wmf]d

¢

xi-dx1, 
[image: image141.wmf]d

¢

yi-dy
[image: image142.wmf]1

,
[image: image143.wmf]d

¢

zi-dz
[image: image144.wmf]1

) daakmayofilebs gantolebas, rome​lic miiReba (5.10)-dan (5.8)-s gamoklebiT

       
[image: image145.wmf]0

1

=

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

+

¶

¶

+

¶

¶

å

=

n

i

i

i

i

i

i

i

z

z

f

y

y

f

x

x

f

d

d

d

a

a

a

, (
[image: image146.wmf])

,...,

2

,

1

k

=

a

.               (5.11)

sxvaobas 
[image: image147.wmf]i

i

i

r

d

r

d

z

r

r

r

-

¢

=

d

 ewodeba virtualuri gada​adgilebis veqtori. virtualuri gadaadgilebis δxi ,δyi ,δzi komponentebi akmayofilebs (5.11) siste​mas. es sistema ar Seicavs 
[image: image148.wmf]dt

t

f

¶

¶

a

 Sesakrebebs. δ
[image: image149.wmf]r

r

 warmoad​gens usasrulod mcire veqtors, rome​lic bmis daur​Rvev​lad gadaiyvans wertils erTi mdebareobidan usasrulod mcired daSorebul meore mdebareobaSi drois imave momentisaTvis. δ
[image: image150.wmf]r

r

 veqtors ewodeba 
[image: image151.wmf]r

r

 veqtoris variacia, xolo δxi ,δyi ,δzi gegmilebs _ koordinatebis variacia. (5.8) gantolebis Tanaxmad, stacionaruli bmebis SemTxvevaSi namdvili gadaad​gilebis komponentebi daakma​yofileben gantolebas 

   
[image: image152.wmf]0

1

=

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

+

¶

¶

+

¶

¶

å

=

n

i

i

i

i

i

i

i

dz

z

f

dy

y

f

dx

x

f

a

a

a

,  (
[image: image153.wmf])

,...,

2

,

1

k

=

a

.                (5.12)

Tu SevadarebT (5.11) da (5.12) sistemebs, davaskvniT, rom stacionaruli bmebis SemTxvevaSi SesaZlo gadaadgileba emTxveva erTerT virtualur gadaad​gilebas.
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gamovakloT (2.16)-s (2.17), miviRebT


[image: image172.wmf]0

1

1

1

1

=

ú

û

ù

ê

ë

é

¶

¶

-

+

¶

¶

-

+

¶

¶

-

å

å

å

å

=

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

è

æ

=

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

è

æ

=

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

è

æ

=

n

i

k

i

i

i

k

i

i

i

k

i

i

i

z

f

Rz

z

y

f

Ry

y

x

f

Rx

x

a

a

a

a

a

a

a

a

a

l

d

l

d

l

d

.      (5.18)

sistema emorCileba k bmas. damoukidebel variaciaTa raodenoba S=3n-k lagranJis mamravlebi λ1, λ2,... λk ise SevarCioT, rom k variaciebTan mdgomi koeficientebi iyos nulis toli. darCenili S=3n-k varicia da​mo​uki​debelia, amitom maTi koeficientebic unda iyos nulis toli. miviRebT
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§6. ganzogadebuli Zalebi

vinaidan ganzogadebuli koordinatebi da​mo​u​ki​debeli cvladebia, maTi geometriuli nazrdebi, anu variaciebic iqneba damoukidebeli.
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sadac   (i=1,2,...,n).
(6.2)-is gaTvaliswinebiT (6.1)-dan miviRebT
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ganzogadebuli Zala Qj sazogadod ar warmo​adgens Zalas Cveulebrivi gagebiT. Mmisi ganzo​mileba damo​ki​de​bulia ganzogadebuli ko​or​di​​na​tis ganzomile​baze. ganzogadebuli Zalis ganzomileba muSaobis gan​zo​mi​le​bisa da ganzo​gadebuli koordinatis gan​zomi​lebis Sefardebaa
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Tu ganzogadebuli koordinati wrfivi sididea, ma​Sin Q warmoadgens Zalas Cveulebrivi gagebiT. Tu gan​zoga​debuli koordinati warmoad​gens kuT​xes, maSin ganzogadebuli Zalis ganzomileba emTxveva momen​tis ganzomilebas. Tu q moculo​baa, maSin Q-s ganzomileba emTxveva wnevis ganzomilebas.


Tavi II. meqanikis principebi. dinamikis zogadi gantoleba.
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mocemuli sistemis Tavisuflebis xarisxi erTis tolia. vipovoT damo​ki​de​buleba 
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§8. wonasworobis pirobebi ganzogadebul koordinatebSi

sistemis wonasworobisaTvis aucilebeli da sakmarisia aqtiuri Zalebis virtualuri muSaoba iyos nulis toli  
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vinaidan ganzogadebuli koordinatebi damouki​debe​li sidideebia, maTi variaciebic iqneba damoukide-beli. ganvixiloT gadaadgileba, sadac    
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idealuri, holonomiuri, stacionaruli bmebis Sem​TxvevaSi sistemis wonasworobisaTvis auci​le​beli da sakmarisia yvela ganzogadebuli Zala iyos nu​lis toli.

§9. dalamberis principi

dinamikis zogadi gantoleba sistemis nebismi​eri wertilisaTvis ase Caiwereba
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drois yovel momentSi sistemaze moqmedi aqtiuri Zalebis, reaqciis Zalebisa da inerciis Zalebis nakrebi veqtorebis jami nulis tolia.

avirCioT nebismierad 0 polusi da SevaerToT es wertili sistemis yovel Mi wertlTan 
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pirveli jami warmoadgens aqtiuri Zalebis nakreb moments  centris mimarT, meore _ reaqciis Zalebis nakreb moments da mesame inerciis Zalebis nakreb moments.

                                  
[image: image271.wmf]0

FR

Ф

ooo

MMM

++=

rrr

.                         (9.6)

drois yovel momentSi moZrav sistemaze moqmedi aqtiuri, reaqciis da inerciis Zalebis nakrebi momentebis jami nulis tolia.

magaliTi. R radiusian erTgvarovan Skivze moqmedebs mabrunebeli momenti MM. tvirTebis masebia m1 da m2,  Skivis masa m3.  ganvsazRvroT Skivis kuTxuri aCqa​reba. tvirTebis aCqarebebi tolia (nax. 6).

amocana amovxsnaT dalamberis principis gamoyenebiT. tvirTebze movdoT aCqarebis sawinaaRmdegod mimarTuli inerciis Zalebi 
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§10. dinamikis zogadi gantoleba

vTqvaT, n nivTier wertilTa sistema emorCileba idealur, holo​no​miur bmebs. sistemis nebismieri wertilis moZraobis gantoleba 
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(10.2) gantolebas ewodeba dinamikis zogadi gantoleba.

nivTier wertilTa sistemis moZraobisas idealuri, damWeri bmebis SemTxvevaSi am sistemaze moqmedi aqtiuri da inerciis Zalebis muSaobis jami nebismier virtualur gadaadgilebaze nulis tolia. Tu bmebi staci​onarulia, maSin dinamikis zogadi ganto​leba warmoadgens SesaZlo gadaad​gilebaTa prin​cipisa da dalamberis principis Sedegs. dinamikis zogadi gantoleba (10.2) gegmilebSi ase Caiwereba
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magaliTi. amwe meqanizmis kbilana  2-ze, romlis wonaa PP2  da iner​ciis radiusi 
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Tavi III meqanikuri sistemis moZraobis gantolebebi

§11. sistemis kinetikuri energiis gamosaxva ganzogadebuli siCqareebiTa da koordinatebiT

nivTier wertilTa sistemis kinetikuri energia ganisazRvreba to​lo​biT     
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amitom kinetikuri energiis (11.1) gamosaxuleba iqneba
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§12. lagranJis meore gvaris gantolebebi

gamoviyvanoT meqanikuri sistemis moZraobis gantolebebi ganzoga​debul koordinatebSi. meqanikis zogadi gantolebis Tanaxmad ganzo​gade​buli aqtiu​ri da inerciis Zalebis mier Sesrulebul muSaobaTa jami nebismier virtualur gadaadgilebaze nulis to​lia.
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Tu (12.6) da (12.7) SevitanT (12.5) gamosaxulebaSi, miviRebT
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(12.8) gamosaxuleba CavsvaT (12.4)-Si, miviRebT
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SevitanoT (12.10) moZraobis (12.3) gantolebebSi
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miRebul gantolebaTa sistema warmoadgens niv​Tier wertilTa siste​mis moZraobis diferen​cialur gan​to​le​bebs ganzogadebul koordina​tebSi. am gantole​bebs ewodeba lagranJis meore gvaris gantolebebi. gantolebaTa raodenoba tolia sistemis Tavisuf​lebis xarisxisa. es sistema warmoadgens ganzogade​buli koor​di​natebis mimarT meore rigis Cveulebriv diferen​cialur gantolebaTa sistemas. Tu sistemaze moqmedi Zalebi potencialuria, maSin
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es aris lagranJis meore gvaris gantolebebi ZalTa funqciis arsebo​bis SemTxvevaSi. es Ggantolebebi war​mo​ad​gens ganzogadebuli koor​dina​tebis mimarT meore rigis Cveulebriv erTgvarovan diferencialur gantolebaTa sistemas.

amocana. OA mili Tanabrad brunavs ω kuTxis siCqariT horizontalur sibrtyeSi. vipovoT milSiBB burTulas moZraobis kanoni, Tu sawyis momentSi is daSorebuli O wertilidan 
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milSi B wertilis mdebareoba ganisazRvreba х koor​di​natiT, amitom B  wertilis moZraoba ganisazRvre​ba erTi gantolebiT.
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amocana. mM masisa da R radiusis mqone erTgvarovani disko brunavs horizontaluri o RerZis irgvliv. blokze gadadebulia uWimadi Toki, zromlis A bolo mimagrebulia c sixistis mqone zambarasTan, xolo boloze mimagrebulia m1 masis tvirTi. ganvsazRvroT tvirTis moZraobis kanoni, Tu sawyis momentSi mas mieniWeba vertikalurad qveviT mimarTuli v0 siCqare.
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miviRoT sistemis ganzogadebul koordinatad tvirTis vertikaluri gadaadgileba x. lagranJis meore gvaris gantoleba ase Caiwereba

                 
[image: image365.wmf]d

ТТП

dt

ххх

¶¶¶

-=-

¶¶¶

&

. 

G Zala muSaobas ar Seasrulebs. sistemaze moqmedebs potencialuri Zalebi: tvirTis simZimis Zala da zambaris drekadi Zala. simZimis ZalisaTvis 
[image: image366.wmf]11

ПGх

=-

. zambaris wagrZeleba tolia fst + х. zambaris potencialuri energia iqneba

            
[image: image367.wmf](

)

22

2

2

222

ссfсх

Пfхcfх

=+-=+


potencialuri energia

             
[image: image368.wmf]2

121

2

сх

ПППGхсfх

=+=-++


vinaidan wonasworobisasGG1=cfst, miviRebT 
[image: image369.wmf]2

2

сх

П

=

da 
[image: image370.wmf]П

сх

х

¶

=

¶

. sistemis kinetikuri energia warmoadgens ga​da​ta​niT moZravi tvirTisa da mbrunavi diskos kine​ti​kuri energiebis jams

                     
[image: image371.wmf]12

,

TTT

=+


     
[image: image372.wmf]2

1

1

v

2

m

T

=

,
[image: image373.wmf]2

0

2

j

T

w

=

,
[image: image374.wmf]2

0

2

mR

j

=

,
[image: image375.wmf]v

R

w

=

,
[image: image376.wmf]2

2

1

v

4

Tm

=


           
[image: image377.wmf]222

11

111

vv

2422

m

Tmmmõ

æö

=+=+

ç÷

èø

&

,

      
[image: image378.wmf]1

2

Тm

m

х

х

¶

æö

=+

ç÷

¶

èø

&

&

,       
[image: image379.wmf]1

2

dTm

m

х

dt

х

¶

æö

=+

ç÷

¶

èø

&&

&


lagranJis meore gvaris gantolebidan miviRebT, rom

                   
[image: image380.wmf]1

0

2

с

хх

m

m

+=

+

&&

.

aRvniSnoT

                      
[image: image381.wmf]2

1

2

c

k

m

m

=

+


da

                      
[image: image382.wmf]2

0

хкх

+=

&&

,

romlis zogadi amonaxsnia


[image: image383.wmf]12

cossin

хCktCkt

=+

.

Tu gaviTvaliswinebT sawyisi pirobebs: roca t=0, maSin  х0 = 0;
[image: image384.wmf]00

v

õ

=

&

 da 

                   
[image: image385.wmf]0

12

v

0,

CC

k

==

.

aqedan 
[image: image386.wmf]0

v

sin

õkt

k

=

.

§13. energiis ganzogadebuli integrali
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Tu lagranJis funqcia droze cxadad ar aris damokidebuli, e.i. 
[image: image397.wmf]0

L

t

¶

=

¶

,maSin (13.4)-dan vRebulobT

                 
[image: image398.wmf]1

0

s

j

j

j

dL

qL

dtq

=

æö

¶

-=

ç÷

ç÷

¶

èø

å

&

&


saidanac 

                   
[image: image399.wmf]1

s

j

j

j

L

qLh

q

=

¶

-=

¶

å

&

&

               (13.5)
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§14. cikluri koordinatebi
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Tavi IV kanonikuri gantolebebi da maTi integrebis meTodebi

§17. kanonikuri cvladebi

vTqvaT, bmebi cxadad ar aris damokidebuli droze. maSin lagran​Jis funqcia anu kinetikuri potenciali iqneba 
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SemovitanoT axali cvladebi _ ganzogadebuli ko​or​dina​tebi 
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CavweroT es tolobebi gaSlili saxiT.
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es gantolebebi SeiZleba amoixsnas ganzogadebuli siC​qa​re​ebis mimarT, Tu sistemis determinanti gansxva​vebulia nulisagan

                 
[image: image589.wmf]111

1

s

sss

aa

aa

æö

ç÷

D=

ç÷

ç÷

èø

K

MOM

L

.

es determinanti nulis toli rom yofiliyo, maSin erTgvarovan ganto​lebaTa sistemas

                  
[image: image590.wmf]112

0,0,...,0,

s

TTT

qqq

¶¶¶

===

¶¶¶

&&&


eqneboda nulisagan gansxvavebuli amonaxsni. ganvixiloT gamosaxuleba 

                
[image: image591.wmf]12

12

s

s

TTT

qqq

qqq

¶¶¶

++×××+

¶¶¶

&&&

&&&

,

romelic erTgvarovani funqciebis Sesaxeb eileris Teoremis Tanaxmad 2T-s tolia. e.i.

              
[image: image592.wmf]12

12

2

s

s

TTT

qqqT

qqq

¶¶¶

++×××+=

¶¶¶

&&&

&&&


am tolobis Tanaxmad kinetikuri energia iqne​boda nulis toli maSin, rodesac ganzogadebuli siCqareebidan zogi nulisagan gan​sxva​vebulia. es ki SeuZlebelia, radgan T kinetikuri energia aris ganzoga​debuli siCqareebis dadebiTad gansazRvruli kvadratuli forma da nulis toli iqneba mxolod maSin, rodesac yvela ganzogadebuli siCqare nulis tolia. amrigad,U ganzogadebul siCqareebs gamov​saxavT ganzogadebuli impulsebiT, maSin lagranJis funqcia iqneba ganzoga​debuli koordinatebis, gan​zoga​debuli impulsebis da drois funqcia.

            
[image: image593.wmf](

)

1212

,,...,;,,...,;

ss

LLqqqpppt

=

         (17.4)

§18. hamiltonis funqcia. hamiltonis kanonikuri gantolebebi

 s Tavisuflebis xarisxis mqone holonomuri sistemisaTvis, romelzec moqmedeben konservatiuli Zalebi, lagranJis meore gvaris gantolebebs aqvs saxe
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gavamravloT (18.1) sistemis TiToeuli gantoleba Sesabamis ganzoga​debul 
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Tu lagranJis funqcia cxadad ar aris droze damokidebuli, maSin am funqciis droiT warmoebuli iqneba
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Tu kvadratul frCxilebSi moTavsebul gamosaxulebas aRvniSnavT HH-iT, miviRebT
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H  funqcia ewodeba hamiltonis funqcia. es funqcia agreTve SeiZleba Caiweros kanonikur cvladebSi
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sabolood miviReT (18.8) da (18.9) gantolebaTa sistema
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Tu SemovitanT lagranJis funqcias, miviRebT
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$20. hamiltonis funqciis Tvisebebi

gamovaTvaloT (18.7) hamiltonis funqciis sruli warmoebuli droiT
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e.i. stacionaruli bmebis pirobebSi hamiltonis funqcia tolia sis​temis sruli meqanikuri energiisa.
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SevadginoT wertilis moZraobis kanonikuri gantolebebi.
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$21. puasonis frCxilebi

vTqvaT φ da  ψ funqciebi damokidebulia p, q kanonikur cvladebze da t droze
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ewodeba puasonis frCxilebi.

puasonis frCxilebis am ganmartebidan advilad mii​Reba misi zogierTi Tviseba, romelsac Semdeg gamo​vi​yenebT
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$22. iakobis igiveoba

ganvixiloT p,q kanonikur cvladebze da t droze damokidebuli sami funqcia f ,φ ,ψ. vaCvenoT, rom
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am igiveobas ewodeba iakobis igiveoba

SevamowmoT es igiveoba erTi Tavisuflebis xarisxis mqone sistemi​saT​vis, e.i. rodesac f ,φ ,ψ. funqciebi damokidebulia erT q ganzogadebul koordinatze da erT p ganzogadebul impulsze.
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Tu CavsvamT (22.3) da (22.4)-s (22.2)-Si, miviRebT
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Semdegi ori frCxili SeiZleba miviRoT f ,φ ,ψ funqciebis cikluri gada-adgilebiT.
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advili Sesamowmebelia, rom (22.5), (22.6) da (22.7) tolobebis SekrebiT miviRebT (22.1) igiveobas.

$23. puasonis Teorema

ganvixiloT dinamikis kanonikuri gantolebebi
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SevitanoT (23.2) igiveobaSi (23.1) sistemidan gansaz​Rvruli 
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Tu visargeblebT puasonis frCxilebis gamosaxu​lebiT, (23.3)-dan miviRebT
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(23.4) warmoadgens aucilebel da sakmaris pirobas imisaTvis, rom f=c iyos  (23.1) kanonikuri sistemis integrali.
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amrigad, f warmoadgens sistemis pirvel integrals.

$24. hamiltonis dinamikuri gantolebebis integrebis meTodi

(iakobis meTodi)

1. ZiriTadi cnebebi

meTodis ZiriTadi azri mdgomareobs SemdegSi: imi​saT​vis, rom vipovoT hamiltonis kanonikuri ganto​le​bebis yvela pirveli integrali, sakmarisia vain​teg​riroT garkveuli pirveli rigis kerZowar​moebuliani diferencialuri gantoleba, e.i. ganvsaz​RvroT am gantolebis sruli integrali. maSin kano​nikur gantolebaTa sistemis pirveli integralebi mi​i​Reba aRniSnuli sruli integralis damou​kide​beli qj cvladebiTa da am integralSi Semavali nebismieri mudmivebiT gawarmoebiT.
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(24.1) d (24.2) sistema Seicavs s+2 gantolebas, am sistemidan gamovricxoT 
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meore SemTxvevaSi SeiZleba miviRoT ramdenime damokidebuleba. aseT SemTxvevaSi ar arsebobs erTi diferencialuri gantoleba, romlis​Tvisac S iqneba sruli integrali.

pirvel SemTxvevaSi (24.3) damokidebuleba warmoadgens pirveli rigis kerZowarmoebulian di​fe​ren​cialur gantolebas S funqciis mimarT. am SemTxvevaSi (24.1) tolobiT gansazRvruli S funqcia warmoadgens (24.3) diferencialuri gantolebis srul integrals.

2. hamilton-iakobis Teorema

hamilton-ikobis meTodi iZleva saSualebas kanoni​kuri gantolebebis 2S pirveli integ​ralis moZebna daviyvanoT pirveli rigis kerZowar​moebuliani dife​rencialuri ganto​lebis sruli integralis povnis amocanaze.

hamiltonisHH funqciis gamosaxulebaSi ganzoga​de​buli impulsebi Sev​cvaloT ucnobi s fun​qciis war​mo​ebu​lebiT da SevadginoT Semdegi saxis kerZowar​moebulebiani diferencialuri gantoleba. 
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am gantolebas ewodeba hamilton-iakobis ganto​leba. es aris pirveli rigis kerZowarmoe​bulebiani dife​ren​cialuri gantoleba s funqciis mimarT. es fun​qcia damokidebulia s+1 cvladze, vinaidan S funqcia cxadad ar Sedis gantolebaSi, amitom srul integrals eqneba saxe
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sadac a warmoadgens aditiur mudmivs.

hamilton-iakobis Teorema

Tu cnobilia (24.4) gantolebis sruli integrali, maSin kanonikuri sistemis
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yvela pirvel integrals eqneba saxe
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sadac 
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Tu miviRebT mxedvelobaSi (24.6) kanonikur gantole​bebs, (24.9)-is marcxena mxare miiRebs saxes
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miRebuli gamosaxuleba warmoadgens (24.4)-is warmoebuls 
[image: image756.wmf]j

a

-Ti da igivurad nulis tolia.

        
[image: image757.wmf]12

12

;,,...,;,,...,0

s

js

SSSS

Htqqq

atqqq

éù

æö

¶¶¶¶¶

+º

êú

ç÷

¶¶¶¶¶

èø

ëû

%%%%


aqedan gamomdinare (24.2) warmoadgens igiveobas, rd.g.

(24.6) kanonikuri gantolebebis gaTvaliswinebiT (24.10) ase gadaiwereba
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Tu miviRebT mxedvelobaSi (24.4), es gamosaxulebac igivurad nulis tolia, r.d.g.

amocana. m masis nivTieri wertili moZraobs wrfeze centrisaken mizidulobis Zalis gavleniT. vipovoT wertilis moZraobis ganto​leba hamilton-iakobis meTodis gamoyenebiT.

wertilis Tavisuflebis xarisxi erTis tolia. ganzogadebuli koor​dinati q iqneba manZili centridan wertilamde. potencialuri energia iqneba-
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[image: image767.wmf]2

2

1

2

S

mcqh

mq

æö

¶

+=

ç÷

¶

èø

    

aqedan

                 
[image: image768.wmf]2

2

0

2,

2

dS

mhmcq

dq

smhmcqdq

=-

=-

ò


sruli integrali iqneba

                
[image: image769.wmf]2

2

Shtmhmcqdq

=-+-

ò


ganzogadebuli impulsi

                 
[image: image770.wmf]2

2

s

pmhmcq

q

¶

==-

¶

.

moZraobis gantoleba iqneba


[image: image771.wmf]0

2

2

dSmdq

tt

dh

mhmcq

=-+=

-

ò

.

              
[image: image772.wmf]0

arcsin

2

mc

ttq

ch

+=


               
[image: image773.wmf]0

2

2

mdq

tt

mhmcq

=+

-

ò

.

aRvniSnoT 
[image: image774.wmf]2

2

h

A

c

=

,
[image: image775.wmf]2

c

m

w

=

, miviRebT

                 
[image: image776.wmf](

)

0

sin

qAtt

w

=+

.

aRvniSnoT 
[image: image777.wmf]0

t

wb

=

, maSin

                  
[image: image778.wmf](

)

sin

qAt

wb

=+

.

Tavi V. klasikuri meqanikis variaciuli integraluri principebi

$25. hamiltonis umciresi qmedebis principi

vTqvaT, sistema t=t1 momentSi imyofeba konfiguraciuli sivrcis A wertilSi, xolo t=t2 momentSi B–Si, e.i. rodesac t=t1 gvaqvs 
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        [image: image781.jpg]



ganvixiloT dinamikis zogadi gantoleba 

                
[image: image782.wmf](

)

1

0

n

iiii

i

Fmwr

d

=

-=

å

r

rr


anu

               
[image: image783.wmf](

)

11

0

nn

iiiii

ii

Frmwr

dd

==

+-=

åå

r

rrr

.

aq 
[image: image784.wmf]1

n

ii

i

FrA

dd

=

=

å

r

r

 warmoadgens mocemuli Zalebis muSaobas 
[image: image785.wmf]i

r

d

r

 SesaZlo gadaadgilebaze, xolo gadaadgilebis 
[image: image786.wmf]i

r

d

r

 veqtori warmoadgens 
[image: image787.wmf]i

r

r

 ra​di​us-veqtoris sinqronul variacias. gardavqmnaT skalaruli namravli


[image: image788.wmf](

)

iiiiiiiiiii

ddd

mwrmrmvrmvr

dtdtdt

dddd

æö

-=-=-+

ç÷

èø

rrrrrrr


vinaidan variacia sinqronulia 
[image: image789.wmf]i

ii

dr

d

rv

dtdt

ddd

==

r

rr

,

amitom am tolobebis gaTvaliswinebiT


[image: image790.wmf](

)

(

)

(

)

(

)

111

2

111

2

nnn

iiiiiiii

iii

nnn

ii

iiiiii

iii

d

mwrmvrmvv

dt

mv

dd

mvrmvrT

dtdt

ddd

dddd

===

===

-=-+=

=-+=-+

ååå

ååå

rrrrrr

rrrr


amrigad, dinamikis zogadi gantoleba SeiZleba ase Caiweros
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SesaZlo traeqtoriebi ikveTeba AA da BB wertilebSi drois t=t1 da t=t2 momentebSi, e.i. 
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Tu Zalebi konservatulia 
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amrigad, konservatuli sistemisTvis (25.2)-dan vRebulobT
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or mocemul konfiguracias Soris sistemis nam​dvili moZraoba imiT gansxvavdeba imave konfigu​raciebs Soris drois imave SualedSi kine​matikurad dasaSvebi moZraobebisagan, rom namdvili moZraobi​saTvis hamil​tonis qmedebis variacia nulis tolia, anu namdvili moZra​obi​saTvis hamiltonis qmedebas aqvs stacionaruli mniSvneloba.

$26. moZraobis gantolebebis gamoyvana hamiltonis principidan

hamiltonis principis Tanaxmad

               
[image: image799.wmf]22

11

0

tt

tt

SLdtLdt

ddd

===

òò

            (26.1)

lagranJis funqcia 
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gamoviyenoT meore jamis wevrebis mimarT nawilo​biTi integrebis wesi da visargebloT izoqronuli variaciebiosaTvis komutaturobis pirobiT,amasTan erTad, gaviTvaliswinoT, rom  
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(26.3) CavsvaT (26.2) gantolebaSi. miviRebT
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vinaidan integrebis intervali nebismieria, xolo 
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 variaciebi damo​u​kidebelia, amitom am integ​ra​lis nulTan tolobidan gamomdinareobs integral​qveSa funqciis nulTan toloba, miviRebT
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(26.5) warmoadgens lagranJis meore gvaris gantole​baTa sistemas.

hamiltonis principidan aseTive wesiT SeiZleba mivi​RoT meqanikis kanonikuri gantolebebi. hamiltonis qmedebis funqcias aqvs saxe
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vinaidan hamiltonis funqcia  
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CavsvaT es gamosaxuleba (26.6)-Si
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miviRoT mxedvelobaSi, rom ganzogadebuli siCqare​ebi da ganzoga​de​buli impulsebi damoukidebeli cvla​de​bia, 
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(26.7)-is meore integralis variacia iqneba 
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Tu SevitanT (26.8) da (26.9)-s (26.7)-Si, miviRebT
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vinaidan 
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 damoukidebeli variaciebia, in​teg​ra​lis nulTan tolobidan gamomdinareobs maTi koeficientebis nulTan toloba. aqedan vRebulobT
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miRebuli gantolebebi warmoadgens meqanikis kanoni​kur gantolebebs.

$27. mopertui-lagranJis umciresi qmedebebis principi

funqcias 
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vinaidan konservatuli sistemisaTvisTT+H=h, xolo lagranJis fun​qcia L=T-П,Lgveqneba

                                             L=2T-П                                        (27.2)

stacionaruli qmedebis principis dasadgenad visargebloT lagranJis meore gvaris gantolebebiT
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gavamravloT TiToeuli gantoleba Δqj–ze da SevkriboT.
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(27.2)-is Tanaxmad 
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gamoviyenoT eileris Teorema erTgvarovani funqciebisaTvis
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Tu (27.5) da (27.6) SevitanT (27.4)-Si, miviRebT            
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gardavqmnaT (27.3)-is meore jami
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(27.7) da (27.8) CavsvaT (27.3)-Si    
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gavamravloT (27.9) gantolebis orive mxare dt -ze da vaintegroT 0-dan t-mde.
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integralis sruli variaciisTvis gvaqvs formula
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SesaZlo traeqtoriebis boloebSi ganzoga​debuli ko​or​di​natebis sru​li variacia udris nuls, saida​nac
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amitom (27.11)-dan vRebulobT
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e.i. namdvili moZraobisaTvis qmedebas lagranJis mixedviT aqvs staci​onaruli mniSvneloba.

amasTan qmedeba lagranJis mixedviT
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