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winasityvaoba

Tanamedrove albaTobis Teoria da maTematikuri statistika war-
moadgens maTematikis saintereso da metad mniSvnelovan nawils, ro-
melsac aqvs didi miRwevebi da mWidro kavSirebi rogorc maTematikis
klasikur nawilebTan (geometria, maTematikuri analizi, funqciona-
luri analizi), aseve mis sxvadasxva ganStoebebTan (SemTxveviT pro-
cesTa Teoria, ergodulobis Teoria, dinamiur sistemaTa Teoria,
da sxva). am mimarTulebaTa ganviTareba ZiriTadad ukavSirdeba ro-
gorc statistikuri meqanikis, statistikuri fizikis, statistikuri
radioteqnikis, aseve rTuli sistemebis amocanebs, romlebic iTval-
iswineben SemTxveviT zemoqmedebasa da qaosur zegavlenas. albaTo-
bis Teoriisa da maTematikuri statistikis sawyisebTan idgnen gamoCe-
nili maTematikosebi: i.bernuli, a.muavri, p.laplasi, s.puasoni, a.koSi,
g.kantori, v.buniakovski, f.boreli, a.lebegi, k.krameri, r.fiSeri da
sxvebi. mecnierebs Soris didi xnis ganmavlobaSi arsebuli polemikis
sakiTxi, romelic Seexeboda albaTobis Teoriis maTematikasTan mi-
marTebis dadgenas da romelic Sesuli iyo daviT hilbertis mier
1900 wels dasmuli maTematikis umniSvnelovanes gadauWrel prob-
lemaTa siaSi, gadawyvetil iqna rusi mecnieris a.kolmogorovis mier
1933 wels, romelmac mogvca albaTobis Teoriis mkacri aqsiomatiku-
ri dafuZvneba.

aRniSnuli saxelmZRvanelo Sedgeba ori nawilisagan: albaTobis
Teoria da maTematikuri statistika.

pirveli nawilis Tematikis Sedgenisas gamoyenebulia albaTobis
Teoriis aqsiomatikuri dafuZvnebis kolmogoroviseuli koncefcia,
romlis Tanaxmadac aqsiomebis saxiT daxasiaTebulia zogadi alba-
Turi sivrceebi da maTi Semadgeneli komponentebi.

pirveli nawilis ZiriTadi mizania dainteresebul mkiTxvels daex-
maros im ZiriTadi unar-Cvevebis SeZenaSi, romelic saWiroa sxvadas-
xva(socialuri, ekonomikuri, biologiuri, meqanikuri, fizikuri, sam-
To-geologiuri da a.S.) SemTxveviTi procesebis aRmweri maTematikuri
modelebis ( e.i. albaTuri sivrceebis) asagebad da maTi maxasiaTe-
beli Tvisebebis Sesaswavlad. am mimarTulebiT sayuradReboa pirve-
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li Tavis bolo paragrafebi, kerZod § 1.12 − § 1.15 , sadac ganxilu-
lia iseTi maTematikuri modelebis gamoyeneba, rogoricaa markovis
jaWvebi, brounis moZraobis procesi da sxva.

pirveli nawili Sedgeba TxuTmeti paragrafisagan. yovel para-
grafs Tan axlavs savarjiSoebi testebis saxiT, romelTa amoxsna
daexmareba students albaTobis Teoriis warmodgenili elemente-
bis Rrma gaazrebasa da aTvisebaSi.

meore nawilSi gadmocemulia maTematikuri statistikis elemen-
tebi da maTi zogierTi gamoyeneba mecnierebis iseT sxvadasxva dar-
gSi, rogoricaa ekonomika, samTo-geologia, kavSirgabmuloba, ener-
getika da sxva. gansakuTrebuli yuradReba eTmoba statistikuri me-
Todebis gamoyenebas hidrogeologiasa da sainJinro geologiaSi,rac
gamowveulia geoqimiuri, paleontologiuri da petrografiuli ga-
mokvlevebis intensivobis gazrdiT. maTematikuri statistikis meTo-
debi saSualebas iZleva amdagvari kvlevebisas miRebuli statisti-
kuri monacemebis sistematizaciisa da maTi damuSavebis SesaZleblo-
bas, rac gulisxmobs am monacemebidan maqsimaluri informaciisa da
raime azriT optimaluri gadawyvetilebis miRebas.

kompiuteruli sistemebis farTo gamoyenebam SesaZlebeli gaxada
statistikuri amocanebis dasma da gadaWra praqtikulad geologiis
yvela dargisaTvis. am mimarTulebiT metad did SenaZens warmoadgens
profesor m.SaorSaZis mier 1980 wels geologiuri fakultetis stu-
dentebisaTvis qarTul enaze gamocemuli saxelmZRvanelo -" maTem-
atikuri statistika geologiaSi"(profesor gvanji manias redaqto-
robiT). aRniSnuli saxelmZRvaneloc miznad isaxavs imave amocanebs-
SeumuSaos samTo-geologiuri fakultetis studentebs maTsave dar-
gSi Catarebuli kvlevebisas miRebuli monacemebis statistikuri da-
muSavebis unar-Cvevebi. saxelmZRvaneloSi ganxilulia Excel-is statis-
tikuri funqciebi monacemTa statistikuri damuSavebis proceduris
Casatareblad.

meore nawili Sedgeba aTi paragrafisagan. masSi gadmocemuli
meTodebi saSualebas iZleva SeviswavloT statistikuri amocanebis
xuTi tipi, romlebsac xSirad vxvdebiT samTo-geologiuri kvlevisas:

1) erTobliobaSi gasazomi niSnebis saSualo mniSvnelobebis Se-
faseba (magaliTad, plaJis qviSis saSualo zomis Sefaseba, kvarcis
saSualo Semcvelobis Sefaseba granitul sxeulSi, fToris saSu-
alo Semcvelobis Sefaseba miwisqveSa wylebSi da a.S.);

2) gasazomi niSnebis cvalebadobis maxasiaTeblebis Sefaseba (ma-
galiTad, plaJis zedapiris daxris kuTxis damokidebuleba talRis
simaRleze da periodze, marcvlebis diametrze, qaris mimarTule-
basa da Zalaze da a.S.);

3) gasazom niSnebs Soris geologiurad mniSvnelovani gansxvave-
bebis gamovlena ( magaliTad,rogor SevadaroT ori Sesaswavli ub-
nis sainJinro-geologiuri pirobebi);

4) gasazom niSnebs Soris statistikuri korelaciis Sefaseba da
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erTi niSnis mixedviT meoris winaswarmetyveleba(magaliTad, madnis
wylebSi iSviaTi elementebis asociaciis Seswavla, roca maT Soris
raime kavSiris Sesaxeb araferia cnobili) ;

5) gasazomi niSnis cvalebadobis sistematuri Semadgenelis gamo-
Tvla (trendi) erTobliobis maxasiaTeblis agegmvisas ( magaliTad,
niSnis cvalebadobis Seswavla farTze, romelic kompiuteruli sis-
temebis gamoyenebasTan erTad sul ufro da ufro did gamoyenebas
poulobs geologiuri rukebis analizisas).

amgvarad, meore nawilis ZiriTadi amocanaa mkiTxvels Seaswav-
los zogierTi statistikuri meTodi da EXCEL-is paketis im Ziri-
Tadi programebis gamoyeneba, romlebiTac aRWurvilia Tanamedrove
Taobis kompiuterebi da romlebic uciloblad did rols TamaSoben
sxvadasxva SemTxveviTi procesebis maTematikur modelirebaSi.



6 nawili I. albaTobis Teoria

nawili I.
albaTobis Teoria

§ 1.1 kolmogorovis aqsiomatika

vTqvaT, Ω aracarieli simravlea, xolo P(Ω) - ki Ω -s yvela qve-
simravleTa klasi.

gansazRvreba 1. vTqvaT, Ak ∈ P(Ω) (1 ≤ k ≤ n). (Ak)1≤k≤n sim-
ravleTa sasruli ojaxis gaerTianeba aRiniSneba ∪n

k=1Ak simboloTi
da ganisazRvreba Semdegi tolobiT

∪n
k=1Ak = {x|x ∈ A1

∨
· · ·

∨
x ∈ An},

sadac
∨

aRniSnavs diziunqciis simbolos.

gansazRvreba 2. vTqvaT, Ak ∈ P(Ω) (k ∈ N). simravleTa usas-
rulo (Ak)k∈N ojaxis gaerTianeba aRiniSneba ∪k∈NAk simboloTi
da ganisazRvreba Semdegi tolobiT

∪k∈NAk = {x|x ∈ A1

∨
x ∈ A2

∨
· · ·}.

gansazRvreba 3. vTqvaT, Ak ∈ P(Ω) (1 ≤ k ≤ n). simravleTa sasruli
(Ak)1≤k≤n ojaxis TanakveTa aRiniSneba ∩n

k=1Ak simboloTi da gan-
isazRvreba Semdegi tolobiT

∩n
k=1Ak = {x|x ∈ A1

∧
· · ·

∧
x ∈ An},

sadac
∧

aRniSnavs koniunqciis simbolos.

gansazRvreba 4. vTqvaT, Ak ∈ P(Ω) (k ∈ N). simravleTa usas-
rulo (Ak)k∈N ojaxis TanakveTa aRiniSneba ∩k∈NAk simboloTi da
ganisazRvreba Semdegi tolobiT

∩k∈NAk = {x|x ∈ A1

∧
x ∈ A2

∧
· · ·}.

gansazRvreba 5. vTqvaT, A,B ∈ P(Ω). A da B simravleebis sxvaoba
aRiniSneba A \B simboloTi da ganisazRvreba Semdegi tolobiT

A \B = {x|x ∈ A
∧

x /∈ B}.

SeniSvna 1.marTebulia de morganis oradulobis Semdegi for-
mulebi:
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1) Ω \ ∪n
k=1Ak = ∩n

k=1(Ω \Ak);
2) Ω \ ∪k∈NAk = ∩k∈N (Ω \Ak);
3) Ω \ ∩n

k=1Ak = ∪n
k=1(Ω \Ak);

4) Ω \ ∩k∈NAk = ∪k∈N (Ω \Ak).

gansazRvreba 6. Ω -simravlis qvesimravleTa A klass ewodeba
algebra, Tu misTvis sruldeba Semdegi pirobebi:

1) Ω ∈ A ;
2) Tu A,B ∈ A, maSin A ∪B ∈ A da A ∩B ∈ A;
3) Tu A ∈ A, maSin Ω \A ∈ Ω.

SeniSvna 2. 2) pirobaSi sakmarisia moviTxovoT A ∪ B ∈ A da
A ∩ B ∈ A pirobebidan mxolod erT-erTis marTebuloba, vinaidan,
SeniSvna 1-Si mocemuli 1) da 2) formulebis ZaliT marTebulia Semde-
gi simravlur-Teoriuli tolobebi:

A ∪B = Ω \ ((Ω \A) ∩ (Ω \B)),

A ∩B = Ω \ ((Ω \A) ∪ (Ω \B)).

SeniSvna 3. Ω simravlis qvesimravleTa algebra mis qvesimravle-
Ta iseTi klasia, romelic Seicavs Ω -s da Caketilia sasruli rao-
denoba simravlur-Teoriuli operaciebis " ∩,∪, \ " mimarT.

gansazRvreba 7. Ω-simravlis qvesimravleTa F -klass ewodeba
σ-algebra, Tu misTvis sruldeba Semdegi pirobebi:

1) Ω ∈ F ;
2) Tu Ak ∈ F (k ∈ N) , maSin ∪k∈NAk ∈ F da ∩k∈NAk ∈ F ;
3) Tu A ∈ F , maSin Ω \A ∈ Ω.

SeniSvna 4. Ω simravlis qvesimravleTa σ-algebra mis qvesim-
ravleTa iseTi klasia, romelic Seicavs Ω-s da Caketilia Tvladi
raodenoba simravlur-Teoriuli operaciebis " ∩,∪, \ " mimarT.

gansazRvreba 8. Ω-simravlis qvesimravleTa σ-algebraze gansa-
zRvrul P ricxviT funqcias ewodeba albaToba, Tu misTvis srul-
deba pirobebi:

1) yoveli A ∈ F elementisaTvis P (A) ≥ 0 ( albaTobis arauar-
yofiTobis Tviseba);

2) P (Ω) = 1 ( albaTobis normirebis Tviseba);
3) Tu (Ak)k∈N F -klasis wyvil-wyvilad TanaukveT elementTa mim-

devrobaa, maSin P (∪k∈NAk) =
∑

k∈N P (Ak) ( albaTobis Tvladad adi-
tiurobis Tviseba).

kolmogorovis 1 aqsiomatika. (Ω,F , P ) sameuls, sadac
1kolmogorovi andro nikolozis Ze [12(25).4.1903 tambovi-25.10.1987 moskovi] rusi

maTematikosi, ssrk-is mecnierebaTa akademiis akademikosi (1939), moskovis saxelmwifo
universitetis profesori. 1933 wels pirvelma ganixila albaTobis Teoriis aq-
siomatikuri dafuZvnebis maTematikuri koncefcia.



8 nawili I. albaTobis Teoria

1) Ω -aracarieli simravlea,
2) F - Ω simravlis qvesimravleTa σ -algebraa,
3) P aris F klasze gansazRvruli albaToba,

ewodeba albaTuri sivrce.
amasTan, Ω simravles ewodeba elementarul xdomilebaTa sivrce;

yovel ω ∈ Ω wertils ewodeba elementaruli xdomiloba; F kla-
sis yovel elements ewodeba xdomiloba; ∅ -simravles ewodeba Seu-
Zlebeli xdomiloba; Ω simravles ewodeba aucilebeli xdomiloba;
yoveli A xdomilobisaTvis A = Ω\A xdomilobas ewodeba misi sa-
winaaRmdego xdomiloba; A da B xdomilobebis namravli AB ewode-
ba xdomilobas A∩B; A da B xdomilobebs ewodeba araTavsebadi,
Tu xdomiloba AB aris SeuZlebeli xdomiloba; araTavsebadi A da
B xdomilobebis jami A + B ewodeba A ∪ B xdomilobas; yoveli
A xdomilobisTvis P (A) ricxvs ewodeba A xdomilobis albaToba.

gansazRvreba 9. wyvil-wyvilad araTavsebad (Ak)k∈N xdomilo-
baTa ojaxis jami aRiniSneba

∑
k∈N Ak simboloTi da ganisazRvreba

tolobiT ∑

k∈N

Ak = ∪k∈NAk.

SeniSvna 5. jamisa da namravlis simravlur-Teoriuloperaciebs,
msgavsad jamisa da namravlis ricxviTi operaciebisa, gaaCniaT Semde-
gi Tvisebebi:

1) A+B = B+A, AB = BA (jamisa da namravlis komutaciurobis
Tvisebebi );

2) (A+B)+C = A+(B+C), (AB)C = A(BC) (jamisa da namravlis
asociaciurobis Tvisebebi );

3) (A + B)C = AC + BC, C(A + B) = CA + CB, C(
∑

k∈N Ak) =∑
k∈N CAk, (

∑
k∈N Ak)C =

∑
k∈N AkC (distribuciulobis Tviseba jami-

sa namravlis mimarT ).
lema 1.vTqvaT, (Ak)1≤k≤n aris sasruli Ω sivrcis qvesimravleTa

sasruli ojaxi da #(·) aRniSnavs simravlis elementTa raodenobas.
maSin

#(∪1≤k≤nAk) =
∑

i

#(Ai)−
∑

i,j

#(Ai ∩Aj)+

∑

i,j,k

#(Ai ∩Aj ∩Ak) + · · ·+ (−1)n−1A1 ∩ · · · ∩An,

sadac indeqsebi i, j, k, · · · arian gansxvavebulebi.
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testebi

1.1.1. vTqvaT, Ak = [k+1
k+2 , 1] (k ∈ N). maSin

1) ∩4≤k≤10Ak simravles aqvs saxe
a) [ 12 , 1], b) ] 1112 , 1], g) [ 1112 , 1], d) [ 12 , 1];

2) ∪3≤k≤10Ak simravles aqvs saxe
a) [ 45 , 1], b) [ 34 , 1], g) [ 23 , 1], d) [ 56 , 1];

3) ∪2≤k≤10Ak \ ∩1≤k≤10Ak simravles aqvs saxe
a) [ 34 , 11

12 [, b) [ 45 , 12
13 [, g) [ 45 , 1[, d) [ 56 , 1[;

4) ∩k∈NAk simravles aqvs saxe
a) {1}, b) {0}, g) {∅}, d) [0, 1];

5) ∪k∈NAk simravles aqvs saxe
a) [ 45 , 1], b) [ 34 , 1], g) [ 23 , 1], d) [ 56 , 1];

6) ∪k∈NAk \ ∩k∈NAk simravles aqvs saxe
a) [ 34 , 1[, b) [ 23 , 1[, g) [ 45 , 1[, d) [ 56 , 1[.

1.1.2. vTqvaT, Ak = [k−3
3k , 2k+3

3k ] (k ∈ N). maSin
1) ∩5≤k≤10Ak simravles aqvs saxe

a) [ 8
33 , 25

33 ], b) [ 7
30 , 23

30 ], g) [ 2
15 , 13

15 ], d) [ 1
12 , 11

12 ];
2) ∪10≤k≤20Ak simravles aqvs saxe

a) [ 8
33 , 25

33 ], b) [ 7
30 , 23

30 ], g) [ 2
15 , 13

15 ], d) [ 1
12 , 11

12 ];
3) ∩k∈NAk simravles aqvs saxe

a) [ 8
33 , 25

33 ], b) [ 13 , 3
4 ], g) [ 13 , 2

3 ], d) [ 1
12 , 11

12 ];
4) [0, 1] \ ∩k∈NAk simravles aqvs saxe
a) [0, 1] \ [0, 1

3 ]∪] 34 ; 1[, b) [0, 1
3 [∪] 23 ; 1], g) [ 13 , 2

3 ], d) [ 1
12 , 11

12 ].

1.1.3∗. vTqvaT, θ dadebiTi ricxvia, amasTan θ da π ar arian racionalu-
rad Tanazomadebi, e.i. ar arseboben iseTi naturaluri ricxvebi k
da m, rom Sesruldes toloba θ = k

mπ. vTqvaT, ∆ simravle gansazR-
vrulia Semdegi pirobiT

∆ = {(x, y)| − 1 < x < 1, − 1 < y < 1}.
An-iT aRvniSnoT ∆ simravlis sakoordinato sibrtyis saTavis

garSemo saaTis isris sawinaaRmdego mimarTulebiT nθ kuTxiT Se-
mobrunebis Sedegad miRebuli simravle. maSin

1) ∩k∈NAk simravles aqvs saxe
a) {(x, y)|x2 + y2 ≤ 1}, b) {(x, y)|x2 + y2 ≤ 2},
g) {(x, y)|x2 + y2 < 1}, d) {(x, y)|x2 + y2 < 2};

2) ∪k∈NAk simravles aqvs saxe
a) {(x, y)|x2 + y2 ≤ 1}, b) {(x, y)|x2 + y2 ≤ 2},
g) {(x, y)|x2 + y2 < 1}, d) {(x, y)|x2 + y2 < 2}.

1.1.4. vTqvaT, Ω = {0; 1}. Ω simravlis qvesimravleTa
1) algebra aris

a) {{0}, {0; 1}}, b) {{0}; {0; 1}; ∅},
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g) {{0}; {1}; {0; 1}; ∅}; d) {{1}, {0; 1}};
2) σ-algebra aris

a) {{0}, {0; 1}}, b) {{0}; {0; 1}; ∅},
g) {{0}; {1}; {0; 1}; ∅}; d) {{1}, {0; 1}}.

1.1.5. vTqvaT, Ω = [0, 1[.
1) mis qvesimravleTa algebras warmoadgens

a) {X|X ⊂ [0, 1[, X warmoidgineba marcxnidan Ria da marjvnidan
Caketili TanaukveTi intervalebis sasruli ojaxis gaerTianebiT },

b) {X|X ⊂ [0, 1[, X warmoidgineba marcxnidan Caketili da mar-
jvnidan Ria TanaukveTi intervalebis sasruli ojaxis gaerTiane-
biT },

g) {X|X ⊂ [0, 1[, X warmoidgineba orive mxridan Caketili Tanaukve-
Ti intervalebis sasruli ojaxis gaerTianebiT },

d) {X|X ⊂ [0, 1[, X warmoidgineba orive mxridan Ria TanaukveTi
intervalebis sasruli ojaxis gaerTianebiT };

2) vTqvaT, A = {X|X ⊂ [0, 1[, X warmoidgineba marcxnidan
Caketili da marjvnidan Ria TanaukveTi intervalebis sasruli ojaxis
gaerTianebiT }.

maSin A
a) ar aris algebra, b) aris σ-algebra, g) aris σ-algebra,

magram ar aris algebra, d) aris algebra, magram ar aris σ-algebra.
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§ 1.2. albaTobis Tvisebebi
vTqvaT, (Ω,F , P ) aris albaTuri sivrce. P albaTobas gaaCnia Sem-
degi Tvisebebi.

Tviseba 1. P (∅) = 0.

damtkiceba. ∅ = ∅ ∪ ∅ ∪ · · · warmodgenis marTebulobisa da P
albaTobis Tvladad-aditiurobis Tvisebis gamo vRebulobT

P (∅) = lim
n→∞

nP (∅).

P funqciis sasrulobis gamo P (∅) ∈ R. amitom zemoT moyvanili to-
loba SesaZlebelia mxolod maSin, roca P (∅) = 0.

Tviseba 2 (sasrulad-aditiurobis Tviseba). Tu (Ak)1≤k≤n

aris wyvil-wyvilad TanaukveTi xdomilobebis sasruli mimdevroba,
maSin

P (∪n
k=1Ak) =

n∑

k=1

P (Ak).

damtkiceba. yoveli k > n naturaluri ricxvisaTvis dauSvaT
Ak = ∅. maSin Tviseba 1-isa da P albaTobis Tvladad-aditiurobis
Tvisebis gamo vRebulobT

P (∪n
k=1Ak) = P (∪∞k=1Ak) =

∞∑

k=1

P (Ak) =
n∑

k=1

P (Ak)+
∞∑

k=n+1

P (Ak) =
n∑

k=1

P (Ak).

Tviseba 3. yoveli A ∈ F elementisaTvis marTebulia toloba

P (A) = 1− P (A).

damtkiceba. Ω = A + A warmodgenis marTebulobis, P albaTobis
normirebisa da sasrulad-aditiurobis Tvisebebidan vRebulobT

1 = P (Ω) = P (A) + P (A),

saidanac vRebulobT
P (A) = 1− P (A).

Tviseba 4. vTqvaT, A,B ∈ F da A ⊆ B, maSin P (B) = P (A) + P (B \A).

damtkiceba. B = A + (B \ A) warmodgenis marTebulobisa da P
albaTobis sasrulad-aditiurobis Tvisebidan vRebulobT P (B) =
P (A) + P (B \A).

Tviseba 5. vTqvaT, A,B ∈ F da A ⊆ B, maSin P (A) ≤ P (B).
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damtkiceba. me-4 Tvisebis gamo vRebulobT P (B) = P (A)+P (B\A).
aqedan P (A) = P (B)− P (B \A) ≤ P (B).

Tviseba 6. vTqvaT, A,B ∈ F , maSin

P (A ∪B) = P (A) + P (B)− P (AB).

damtkiceba. A ∪ B = (A \ B) + AB + (B \ A) warmodgenis marTebu-
lobidan da P albaTobis sasrulad-aditiurobis Tvisebidan vRebu-
lobT

P (A ∪B) = P (A) + P (B)− P (AB).

Tviseba 7. vTqvaT, A,B ∈ F , maSin

P (A ∪B) ≤ P (A) + P (B).

damtkiceba. me-6 Tvisebis gamo gvaqvs

P (A ∪B) = P (A) + P (B)− P (AB).

aqedan vRebulobT

P (A ∪B) = P (A) + P (B)− P (AB) ≤ P (A) + P (B).

Tviseba 8 (uwyvetoba zemodan). vTqvaT, (An)n∈N aris xdomi-
lobaTa klebadi mimdevroba, e.i.

(∀n)(n ∈ N → An+1 ⊆ An).

maSin marTebulia Semdegi toloba

P (∩n∈NAn) = lim
n→∞

P (An).

damtkiceba. yoveli naturaluri n ∈ N ricxvisaTvis marTebulia
Semdegi warmodgena

An = ∩k∈NAk + (An \An+1) + (An+1 \An+2) + · · · .
amitom, albaTobis Tvladad aditiurobis Tvisebis gamo vRebulobT:

P (An)− P (∩k∈NAk) =
∞∑

p=1

P (An+p \An+p+1).

SevniSnoT, rom jami
∑∞

p=1 P (An+p \ An+p+1) warmoadgens absolutu-
rad krebadi

∑∞
n=1 P (An \ An+1) mwkrivis n-ur naSTs. mwkrivis kre-

badobis aucilebeli da sakmarisi pirobis ZaliT vRebulobT

lim
n→∞

∞∑
p=1

P (An+p \An+p+1) = 0.
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am pirobis gaTvaliswinebiT vRebulobT

lim
n→∞

(P (An)− P (∩k∈NAk)) = lim
n→∞

P (An)− P (∩k∈NAk) = 0,

e.i.
lim

n→∞
P (An) = P (∩k∈NAk).

Tviseba 9 (uwyvetoba qvemodan). vTqvaT, (Bn)n∈N aris xdomilo-
baTa zrdadi mimdevroba, e.i.

(∀n)(n ∈ N → Bn ⊆ Bn+1).

maSin marTebulia Semdegi toloba

P (∪n∈NBn) = lim
n→∞

P (Bn).

damtkiceba. ∪n∈NBn xdomilobisaTvis marTebulia warmodgena

∪n∈NBn = B1 + (B2 \B1) + · · ·+ (Bk+1 \Bk) + · · · .

albaTobis Tvladad-aditiurobis Tvisebidan vRebulobT

P (∪n∈NBn) = P (B1) + P (B2 \B1) + · · ·+ P (Bk+1 \Bk) + · · · .

me-4 Tvisebis gamo vRebulobT

P (Bk+1) = P (Bk) + P (Bk+1 \Bk).

Tu am tolobidan ganvsazRvravT P (Bk+1 \Bk)-s da mis mniSvnelo-
bas SevitanT wina tolobaSi, miviRebT

P (∪n∈NBn) = P (B1) + (P (B2)− P (B1)) + · · ·+ (P (Bk+1)− P (Bk)) + · · · .

tolobis marjvniv mdgomi mwkrivi krebadia. amasTan misi pirveli n
wevris Sn jamisaTvis marTebulia toloba

Sn = P (Bn).

amitom, mwkrivis jamis gansazRvridan vRebulobT

P (∪n∈NBn) = lim
n→∞

Sn = lim
n→∞

P (Bn).
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testebi

vTqvaT, (Ω,F , P ) albaTuri sivrcea.
1.2.1. Tu A xdomilebis albaToba tolia 0, 95, maSin P (A) tolia

a) 0, 56, b) 0, 55, g) 0, 05, d) 0, 03.

1.2.2. vTqvaT, A,B ∈ F , A ⊂ B, P (A) = 0, 65 da P (B) = 0, 68. maSin
P (B \A) tolia

a) 0, 02, b) 0, 03, g) 0, 04, d) 0, 05.

1.2.3. vTqvaT, A,B ∈ F , P (A) = 0, 35, P (B) = 0, 45 da P (A ∪ B) = 0, 75.
maSin P (A ∩B) tolia

a) 0, 02, b) 0, 03, g) 0, 04, d) 0, 05.

1.2.4. vTqvaT, (An)n∈N aris xdomilobaTa klebadi mimdevroba da
P (∩n∈NAn) = 0, 89. maSin limn→∞ P (An) tolia

a) 0, 11, b) 0, 12, g) 0, 13, d) 0, 14.

1.2.5. vTqvaT, (An)n∈N aris xdomilobaTa klebadi mimdevroba da
P (An) = n+1

3n . maSin P (∩n∈NAn) tolia
a) 1

2 , b) 1
3 , g) 1

4 , d) 1
5 .

1.2.6. vTqvaT, (An)n∈N aris xdomilobaTa zrdadi mimdevroba da
P (∪n∈NAn) = 0, 89. maSin limn→∞ P (An) tolia

a) 0, 11, b) 0, 12, g) 0, 13, d) 0, 14.

1.2.7. vTqvaT, (An)n∈N aris xdomilobaTa zrdadi mimdevroba da
P (An) = n−1

3n . maSin P (∪n∈NAn) tolia
a) 1

2 , b) 1
3 , g) 1

4 , d) 1
5 .
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§ 1.3. albaTur sivrceTa magaliTebi

1. klasikuri albaTuri sivrce. vTqvaT, Ω aris n-elementiani
simravle, e.i. Ω = {ω1, · · · , ωn}. F -iT aRvniSnoT Ω simravlis yvela
qvesimravleTa klasi. ganvsazRvroT F klasze P ricxviTi funqcia
Semdegi TanafardobiT

(∀A)(A ∈ F → P (A) =
|A|
|Ω| ),

sadac | · | aRniSnavs simravlis elementTa raodenobas.
advili saCvenebelia, rom sameuli (Ω,F , P ) warmoadgens albaTur

sivrces. mas ewodeba klasikuri albaTuri sivrce, xolo P ricxviT
funqcias ewodeba klasikuri albaToba.

gansazRvreba 1. ω ∈ Ω elementarul xdomilobas ewodeba A
xdomilobis xelSemwyobi, Tu ω ∈ A.

klasikuri albaTobis gansazRvrebidan gamomdinareobs A xdomi-
lobis klasikuri albaTobis gamosaTvleli Semdegi wesi:

A xdomilobis klasikuri albaToba tolia wiladis, romlis mri-
cxvelia A xdomilobis yvela xelSemwyob elementarul xdomilo-
baTa raodenoba, xolo mniSvnelia yvela SesaZlo elementarul xdo-
milobaTa raodenoba.

2. geometriuli albaTuri sivrce. vTqvaT, Ω aris evklides
n-ganzomilebiani Rn sivrcis raime dadebiTi borelis 2 bn zomis
mqone qvesimravle (ix. §1.5.3, magaliTi 3). F iyos Ω simravlis yvela
borelis azriT zomad qvesimravleTa klasi. F klasze P ricxviTi
funqcia ganvsazRvroT Semdegi TanafardobiT:

(∀A)(A ∈ F → P (A) =
bn(A)
bn(Ω)

).

aseTnairad gansazRvrul (Ω,F , P ) albaTur sivrces ewodeba n-
ganzomilebian Ω sivrcesTan asocirebuli geometriuli albaTuri
sivrce, xolo P ricxviT funqcias ewodeba n-ganzomilebiani geomet-
riuli albaToba, gansazRvruli Ω sivrceze.

im SemTxvevaSi, roca wertili vardeba Ω simravleSi da misi am
simravlis borelis azriT zomad nebismier qvesimravleSi Cavardnis
albaToba am simravlis bn-borelis zomis pirdapirproporciulia,

2boreli feliqsi eduardi Jiusten (Borel Felix Eduard Justion Emil)(7.01. 1871 sent-
afrika--3.03.1956. parizi)-frangi maTematikosi, parizis mecnierebaTa akademiis wevri
(1921), parizis universitetis profesori (1909-1941). Cauyara safuZveli Tanamedrove
maTematikuri analizis ramodenime mimdinareobas (ganSladi mwkrivebi, analizuri
funqciis ganzogadeba, simravlis zoma, diofanturi miaxloebebi da sxva.)



16 nawili I. albaTobis Teoria

gamoiyeneba Ω sivrceze gansazRvruli geometriuli albaTobis ga-
mosaTvleli Semdegi wesi:

dadebiTi borelis zomis mqone Ω ⊂ Rn simravlis borelis azriT
zomad A ⊂ Ω qvesimravleSi Cavardnis albaToba tolia wiladis,
romlis mricxvelia A simravlis borelis bn zoma, xolo mniSvnelia
Ω simravlis borelis bn zoma.

ganvixiloT zogierTi magaliTi eqsperimentis aRmweri albaTuri
modelis Sedgenaze.

magaliTi 1.
davuSvaT, rom savele muSaobisas aRebulia 100 kenWi. cxrilSi

mocemulia maTi klasifikacia feris mixedviT

feri raodenoba
yavisferi 852
Savi 93
mwvane 55
sul 1000

geologma Cayara kenWebi zurgCanTaSi da gadawyvita alalbedze
amoiRos kenWi. ras udris albaToba imisa rom amoRebuli kenWi iqneba
yavisferi?

eqsperimenti - zurgCanTidan kenWis SemTxveviTi amoReba
amocana. vipovoT albaToba imisa, rom eqsperimentis Sedegi

iqneba yavisferi kenWi.
eqsperimentis aRmweri albaTuri modelis ageba. vinaidan

eqsperimentis Sedegi elementaruli xdomilobaa, amitom yvela ele-
mentarul xdomilobaTa Ω sivrces eqneba Semdegi saxe:

Ω = {ω1; ω2; · · ·ω1000}.

F σ-algebris rolSi ganvixiloT Ω-s yvela qvesimravleTa kla-
si.

P -Ti aRvniSnoT klasikuri albaToba, gansazRvruli pirobiT

(∀A)(A ∈ F → P (A) =
|A|

1000
).

aseTnairad agebuli sameuli (Ω,F , P ) warmoadgens eqsperimentis
aRmwer albaTur models.

amocanis amoxsna. yavisferi kenWis amoRebas Seesabameba xdomi-
loba B, romlis raodenoba |B| tolia 852-is.

P albaTobis gansazRvridan vRebulobT:

P (B) =
|B|
1000

=
852
1000

= 0, 852;
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daskvna. albaToba imisa, rom eqsperimentis Sedegi iqneba yavis-
feri kenWi, tolia 0, 852.

magaliTi 2.
eqsperimenti - erTi kamaTlis SemTxveviTi gagoreba.

amocana. vipovoT albaToba imisa, rom eqsperimentis Sedegi
iqneba luwi cifri.

eqsperimentis aRmweri albaTuri modelis ageba. vinaidan
eqsperimentis Sedegi elementaruli xdomilobaa, amitom yvela ele-
mentarul xdomilobaTa Ω sivrces eqneba Semdegi saxe:

Ω = {1; 2; 3; 4; 5; 6}.
F σ-algebris rolSi ganvixiloT Ω-s yvela qvesimravleTa kla-

si. cxadia, rom

F = {∅; {1}; · · · {6}; {1; 2}; · · · {1; 2; 3; 4; 5; 6}}.
P -Ti aRvniSnoT klasikuri albaToba, gansazRvruli pirobiT

(∀A)(A ∈ F → P (A) =
|A|
6

).

aseTnairad agebuli sameuli (Ω,F , P ) warmoadgens eqsperimentis
aRmwer albaTur models.

amocanis amoxsna. erTi kamaTlis gagorebisas luwi cifris
mosvlas Seesabameba xdomiloba B, romelsac aqvs Semdegi saxe:

B = {2; 4; 6}.
P albaTobis gansazRvridan vRebulobT:

P (B) =
|B|
6

=
3
6

=
1
2
;

daskvna. albaToba imisa, rom eqsperimentis Sedegi iqneba luwi
cifri, tolia 1

2 .

magaliTi 3.
esperimenti - 36 kartiani dastidan 3 kartis SemTxveviTi amoReba.

amocana. vipovoT albaToba imisa, rom eqsperimentis Sedegi iqne-
ba kartebis iseTi sameuli, romelSic erTi karti iqneba tuzi.

eqsperimentis aRmweri albaTuri modelis ageba. vinaidan
eqsperimentis Sedegi - " 36 kartiani dastidan SemTxveviT amoRebuli
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3 karti " - elementaruli xdomilobaa, amitom Ω sivrce iqneba karte-
bis yvela SesaZlo sameulebis simravle. Ω sivrcis elementTa rao-
denoba tolia 36 elementian simravleSi yvela gansxvavebul 3 ele-
mentian qvesimravleTa raodenobis, e.i.

|Ω| = C3
36.

F σ-algebris rolSi ganvixiloT Ω-s yvela qvesimravleTa klasi.
P -Ti aRvniSnoT klasikuri albaToba, gansazRvruli pirobiT

(∀A)(A ∈ F → P (A) =
|A|
C3

36

).

aseTnairad agebuli sameuli (Ω,F , P ) warmoadgens 36 kartiani
dastidan 3 kartis SemTxveviTi amoRebis eqsperimentis aRmwer al-
baTur models.

amocanis amoxsna. 36 kartiani dastidan 3 kartis SemTxveviTi
amoRebisas mxolod erTi tuzis mosvlas Seesabameba Ω sivrcis iseTi
sameulebis simravle A, romlebic Seicaven mxolod erT tuzs. yove-
li aseTi sameulis miReba SeiZleba Semdegnairad: 1 karts virCevT
tuzebis kompleqtidan, romlis ganxorcielebis C1

4 SesaZleblobaa,
xolo danarCen or karts virCevT danarCeni 32 kartidan, romlis
ganxorcielebis C2

32 SesaZleblobaa. amitom C1
4 ·C2

32 emTxveva A sim-
ravlis elementTa raodenobas.

P albaTobis gansazRvris safuZvelze vRebulobT

P (A) =
|A|
C3

36

=
C1

4 · C2
32

C3
36

.

daskvna. albaToba imisa, rom 36 kartiani dastidan SemTxveviT
amoRebul 3 kartSi 1 karti iqneba tuzi, tolia C1

4 ·C2
32

C3
36

.

magaliTi 4.
eqsperimenti. sibrtyeze gavlebulia paraleluri wrfeebi ise,

rom manZili or mezobel wrfes Soris 2a-s tolia. masze SemTxve-
viTad agdeben 2l sigrZis nemss. amasTan 2l < 2a, rac gamoricxavs
nemsis mier ori paraleluri xazis erTdroulad gadakveTis Sesa-
Zleblobas.

amocana (biufoni 3). vipovoT albaToba imisa, rom sibrtyeze Sem-
TxveviTad dagdebuli nemsi gadakveTs romelime paralelur xazs.

3biufoni georg lui leklerki (Buffon Georges Louis Leclerc) (7.9.1707 monbari-
16.4.1788 parizi) frangi eqsperimentatori, peterburgis mecnierebaTa akademiis sapa-
tio wevri (1776), parizis mecnierebaTa akademiis wevri (1733). pirveli, vinc muSaobda
geometriul albaTobasTan dakavSirebul amocanebze.
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eqsperimentis aRmweri albaTuri modelis ageba. zogado-
bis SeuzRudavad SegviZlia vigulisxmoT, rom sibrtye aRWurvilia
marTkuTxa koordinatTa XOY sistemiT, xolo wrfeebi paraleluria
OX ricxviTi RerZisa. SevniSnoT rom eqsperimentis SesaZlo Sedegi
nemsis garkveuli mdebareobaa sibrtyeze, romelic SeiZleba daxasi-
aTdes calsaxad (romelime paraleluri xazis gadakveTasTan mimar-
TebaSi) ricxviTi sidideebiT x da ϕ, sadac x aris manZili nemsis Sua
wertilidan uaxloes wrfemde, xolo ϕ aris kuTxe nemssa (romelic
ganxilulia rogorc veqtori, mimarTulebiT nemsis yunwidan mis wve-
romde) da OX RerZis dadebiT mimarTulebas Soris.

cxadia, rom x da ϕ akmayofileben pirobebs 0 ≤ x ≤ a, 0 ≤ ϕ ≤ π.
amgvarad

Ω = [0; π]× [0; a] = {(ϕ; x) : 0 ≤ ϕ ≤ π, 0 ≤ x ≤ a}.

F iyos Ω simravlis yvela borelis azriT zomad qvesimravleTa
klasi. F klasze P ricxviTi funqcia ganvsazRvroT Semdegi Tana-
fardobiT:

(∀A)(A ∈ F → P (A) =
b2(A)
b2(Ω)

).

aseTnairad gansazRvruli sameuli (Ω,F , P ) warmoadgens sibrtye-
ze nemsis SemTxveviTi dagdebis eqsperimentis aRmwer albaTur mo-
dels.

amocanis amoxsna. SevniSnoT, rom sibrtyeze nemsis SemTxveviTi
dagdebisas mis mier romelime paraleluri xazis gadakveTas Seesaba-
meba B0 xdomiloba, romelsac aqvs Semdegi saxe:

B0 = {(ϕ, x)| 0 ≤ ϕ ≤ π, 0 ≤ x ≤ l sin ϕ}.

P albaTobis gansazRvris ZaliT, vRebulobT

P (B0) =
b2(B)
a · π =

∫ π

0
l sin ϕdϕ

a · π =
2l

aπ
.

daskvna. albaToba imisa, rom sibrtyeze SemTxveviTad dagde-
buli nemsi gadakveTs romelime paralelur xazs, tolia 2l

aπ .
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testebi

1.3.1. yuTSi aris 5 TeTri da 10 Savi burTula. klasikuri albaTo-
ba imisa, rom SemTxveviTad amoRebuli burTula iqneba Savi, tolia

a) 1
3 , b) 2

3 , g) 1
5 , d) 1

6 .

1.3.2. yuTSi aris 7 TeTri da 13 wiTeli burTula. klasikuri alba-
Toba imisa, rom SemTxveviTad amoRebuli 3 burTulidan 2 burTula
iqneba wiTeli, tolia

a) C2
13·C1

7
C3

20
, b) C1

13·C2
7

C3
20

, g) C2
13·C2

7
C3

20
, d) C1

13·C1
7

C3
20

.

1.3.3. agoreben or kamaTels. klasikuri albaToba imisa, rom ka-
maTlebze mosul cifrTa jami ar aRemateba 8-s, tolia

a) 13
18 , b) 5

6 , g) 1
5 , d) 1

6 .

1.3.4. jgufSi aris 17 studenti. maT Soris 8 vaJia. gaTamaSebulia
7 bileTi. klasikuri albaToba imisa, rom bileTebis mflobelebs
Soris 4 vaJia, tolia

a) C2
13·C2

7
C7

15
, b)C1

8 ·C2
7

C7
17

, g) C4
8 ·C3

9
C7

17
, d) C1

13·C1
7

C7
25

.

1.3.5. kubi, romlis yvela waxnagi SeRebilia, dayofilia aTas Tana-
tol kubad. miRebuli kubebi areulia erTmaneTSi. klasikuri alba-
Toba imisa, rom SemTxveviT aRebul kubs

1) eqneba sami SeRebili waxnagi, tolia
a) 1

1000 , b) 1
125 , g) 1

250 , d) 1
400 ;

2) eqneba ori SeRebili waxnagi, tolia
a) 12

124 , b) 11
120 , g) 12

125 , d)
9

125 ;
3) eqneba erTi SeRebili waxnagi, tolia

a) 54
250 , b) 43

145 , g) 48
125 , d) 243

250 ;
4) ar eqneba SeRebili waxnagi, tolia

a) 8
250 , b) 64

125 , g) 4
165 , d) 23

250 .

1.3.6. 10 qalisa da 10 mamakacisagan Sedgenili jgufi SemTxveviT iy-
ofa or tol nawilad. klasikuri albaToba imisa, rom orive nawilSi
mamakacebi da qalebi iqnebian Tanabari raodenobiT, tolia

a) (C5
10)

2

C10
20

, b) C5
10

C10
20
, g) (C5

10)
3

C10
20

, d) C5
10

C5
20
.

1.3.7. gvaqvs xuTi monakveTi, romelTa sigrZeebia 1, 3, 4, 7 da 9.
klasikuri albaToba imisa, rom SemTxveviT aRebuli sami monakveTi-
sagan SeiZleba samkuTxedis Sedgena, tolia

a) 3
C3

5
, b) 2

C3
5
, g) 4

C3
5
, d) 5

C3
5
.

1.3.8. klasikuri albaToba imisa, rom ori kamaTlis gagorebisas
1) mosuli qulebis jami xuTs ar aRemateba, tolia

a) 7
36 , b) 5

18 , g) 1
4 , d) 3

9 ;
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2) erT-erTze mainc mova xuTi qula, tolia
a) 7

36 , b) 8
36 , g) 11

36 , d) 3
19 ;

3) mxolod erT kamaTelze mova xuTi qula, tolia
a) 7

36 , b) 5
18 , g) 10

36 , d) 12
19 ;

4) mosul qulaTa jami 3-is jeradia, tolia
a) 1

3 , b) 2
5 , g) 1

6 , d) 2
9 ;

5) mosul qulaTa sxvaobis moduli 3-is tolia, tolia
a) 1

6 , b) 2
5 , g) 2

6 , d) 2
5 ;

6) mosul qulaTa namravli martivia, tolia
a) 5

36 , b) 7
36 , g) 11

36 , d) 2
36 .

1.3.9. wertili vardeba kvadratSi, romelSic Caxazulia wre. ge-
ometriuli albaToba imisa, rom wertili ar Cavardeba wreSi, tolia

a) 1− π
3 , b) 1− π

4 , g) 1− π
5 , d) 1− π

6 .

1.3.10. qariSxalma daaziana satelefono xazi 160-e da 290-e kilo-
metrebs Soris. albaToba imisa, rom dazianeba moxda satelefono
xazis me-200-edan me-240-e km-s Soris, tolia

a) 1
13 , b) 2

13 , g) 4
13 , d) 5

13 .

1.3.11. R radiusiani wris centridan d manZilze (d > R) aRebulia
A wertili. albaToba imisa, rom A wertilze SemTxveviT gavlebuli

1) wrfe wres gadakveTs, tolia
a) 2 arcsin( R

d )

π , b) 3 arcsin( R
d )

π , g) arcsin( R
d )

π , d) 2 arcsin( 2R
d )

π ;
2) sxivi wres gadakveTs, tolia

a) 2arcsin( R
d )

π , b) 3arcsin( R
d )

π , g) arcsin( R
d )

π , d) 2arcsin( 2R
d )

π .

1.3.12. SemTxveviT irCeven wertils kubidan, romelSic Caxazulia
birTvi. geometriuli albaToba imisa, rom wertili ar aris SerCeuli
birTvidan, tolia

a) 1− π
3 , b) 1− π

4 , g) 1− π
5 , d) 1− π

6 .

1.3.13. SemTxveviT irCeven wertils birTvidan, romelSic Caxazu-
lia kubi. geometriuli albaToba imisa, rom wertili ar aris SerCeuli
kubidan, tolia

a) 1− 2
√

3
3π , b) 1−

√
3

4π , g) 1−
√

3
5π , d) 1−

√
3

6π .

1.3.14. SemTxveviT irCeven wertils tetraedridan, romelSic Caxazu-
lia birTvi. geometriuli albaToba imisa, rom wertili ar aris
SerCeuli birTvidan, tolia

a) 1− 5π
√

2
48 , b) 5π

√
2

45 , g) 1− π
6
√

3
, d) 1− 5π

√
2

80 .

1.3.15. SemTxveviT irCeven wertils birTvidan, romelSic Caxazu-
lia tetraedri. geometriuli albaToba imisa, rom wertili ar aris
SerCeuli tetraedridan, tolia

a) 1− 12
√

3
45π , b) 1− 2

√
3

9π , g) 1− 12
√

3
47π , d) 1− 12

√
3

43π .
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1.3.16. SemTxveviT irCeven M wertils ∆ kvadratidan, romelic
sakoordinato XOY sibrtyeze ganisazRvreba Semdegnairad:

∆ = {(x, y) : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1}.

geometriuli albaToba imisa, rom M wertilis (x, y) koordinatebi
daakmayofileben pirobas

x + y ≥ 1
2
,

tolia
a) 3

6 , b) 3
4 , g) 3

5 , d) 5
6 .

1.3.17. SemTxveviT irCeven M wertils ∆ kvadratidan, romelic
sakoordinato OXY sibrtyeze ganisazRvreba Semdegnairad:

∆ = {(x, y) : 0 ≤ x ≤ π

2
, 0 ≤ y ≤ π

2
}.

geometriuli albaToba imisa, rom M wertilis (x, y) koordi-
natebi daakmayofileben pirobas

sin(x) ≤ y ≤ x,

tolia
a) 1− 1

4π2 , b) 1
2 − 4

π2 , g) 1− 1
5π2 , d) 1− 1

6π2 .

1.3.18. SemTxveviT irCeven M wertils ∆ kubidan, romelic sakoor-
dinato OXY Z sivrceSi ganisazRvreba Semdegnairad:

∆ = {(x, y, z) : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, 0 ≤ z ≤ 1}.

geometriuli albaToba imisa, rom M wertilis (x, y, z) koordi-
natebi daakmayofileben pirobebs

x2 + y2 + z2 ≤ 1
4
, x + y + z ≥ 1

2
,

tolia
a) π−1

48 , b) 4π−1
24 , g) π−2

50 , d) π+2
50 .

1.3.19. ori studenti unda Sexvdes erTmaneTs daTqmul adgilas
12sT.-dan 13 sT.-mde. Sexvedris adgilze pirvelad misuli elodeba
meores ara umetes 20 wuTisa. albaToba imisa, rom studentebi Sexvde-
bian erTmaneTs drois aRniSnul intervalSi, tolia

a) 5
9 , b) 5

8 , g) 5
7 , d) 6

7 .

1.3.20. students dagegmili aqvs bankidan fulis gamotana. mosa-
lodnelia, rom igi bankSi miva 14 sT. 15 wT-idan 14 sT. 25 wT-mde. cno-
bilia isic, rom mZarcvelebs dagegmili aqvT bankze Tavdasxma drois
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imave SualedSi. cnobilia, rom fulis gamosatanad students sWird-
eba 4 wT da igive droa saWiro yaCaRebisTvis. albaToba imisa, rom
studenti aRmoCndeba bankSi gaZarcvis momentSi, tolia

a) 1
10 , b) 1

11 , g) 16
25 , d) 1

6 .

1.3.21. R radiusian wrewirze SemTxveviTad irCeven A,B da C wer-
tilebs. albaToba imisa, rom samkuTxedi ABC maxvilkuTxaa, tolia

a) 1
3 , b) 1

4 , g) 1
5 , d) 1

6 .

1.3.22. l sigrZis AB monakveTze aRebulia ori wertili C da D. al-
baToba imisa rom miRebuli sami monakveTisagan samkuTxedi aigeba,
tolia

a) 1
4 , b) 1

5 , g) 1
6 , d) 1

7 .

1.3.23. SemTxveviT irCeven M wertils ∆ kvadratidan, romelic
sakoordinato OPQ sibrtyeze ganisazRvreba Semdegnairad:

∆ = {(p, q) : 0 ≤ p ≤ 1, 0 ≤ q ≤ 1}.
geometriuli albaToba imisa, rom x2 + px + q = 0 gantolebis fes-
vebi namdvili ricxvebi iqneba, sadac (p, q) warmoadgens M wertilis
koordinatebs, tolia

a) 1
12 , b) 1

13 , g) 1
5 , d) 1

6 .

1.3.24. M wertils SemTxveviT irCeven R radiusiani birTvidan. al-
baToba imisa, rom M wertilis ρ daSoreba birTvis centridan daak-
mayofilebs pirobas R

2 < ρ < 2R
3 , tolia

a) 7
27 , b) 1

4 , g) 37
216 , d) 8

29 .

§ 1.4. sruli albaTobisa da baiesis
formulebi

vTqvaT, mocemulia (Ω,F , P ) albaTuri sivrce.
ganvixiloT dadebiTi albaTobis mqone raime B xdomiloba.
ganvsazRvroT P (· | B) ricxviTi funqcia F σ-algebraze Semdegi

TanafardobiT:

(∀X)(X ∈ F → P (X|B) =
P (X ∩B)

P (B)
).

aseTnairad gansazRvrulricxviT funqcias ewodeba pirobiTi al-
baToba B-s pirobiT, xolo ricxvs P (X|B) ewodeba X xdomilobis
pirobiTi albaToba B-s pirobiT.



24 nawili I. albaTobis Teoria

Teorema 1. Tu B ∈ F da P (B) > 0, maSin pirobiTi albaToba
P (· | B) warmoadgens albaTobas.

damtkiceba. albaTobis gansazRvris ZaliT, P (· | B) ricxviTi
funqciisaTvis unda sruldebodes Semdegi pirobebi:

1) yoveli A ∈ F elementisaTvis P (A|B) ≥ 0;
2) P (Ω|B) = 1;
3) Tu (Ak)k∈N F -klasis wyvil-wyvilad TanaukveT elementTa mimde-

vrobaa, maSin

P (∪k∈NAk|B) =
∑

k∈N

P (Ak|B).

1) pirobis marTebuloba gamomdinareobs P ( · | B) funqciis gansa-
zRvridan da P albaTobis arauaryofiTobidan. marTlac,

P (A|B) =
P (A ∩B)

P (B)
≥ 0.

2) pirobis marTebuloba gamomdinareobs Semdegi Tanafardobidan

P (Ω|B) =
P (Ω ∩B)

P (B)
=

P (B)
P (B)

= 1.

3) pirobis marTebuloba gamomdinareobs P albaTobis Tvladad
aditiurobis Tvisebidan da im elementaruli faqtidan, rom Tu (An)n∈N

xdomilobebi araTavsebadia, maSin (An∩B)n∈N xdomilobebic araTav-
sebadia. marTlac,

P (∪n∈NAn|B) =
P ((∪n∈NAn) ∩B)

P (B)
=

P (∪n∈N (An ∩B))
P (B)

=

=
∑

n∈N P (An ∩B)
P (B)

=
∑

n∈N

P (An ∩B)
P (B)

=
∑

n∈N

P (An | B)

amiT Teorema damtkicebulia.

Teorema 2. Tu P (B) > 0, maSin P (B|B) = 0.

damtkiceba.

P (B|B) =
P (B ∩B)

P (B)
=

P (∅)
P (B)

= 0.

gansazRvreba 1. A da B xdomilobebs ewodeba damoukidebeli,
Tu maTTvis sruldeba piroba

P (A ∩B) = P (A) · P (B).
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magaliTi 1. vTqvaT, Ω = {(x, y) : x ∈ [0; 1], y ∈ [0; 1]}.
F klasis rolSi ganvixiloT erTeulovani Ω kvadratis yvela

borelis azriT zomad qvesimravleTa klasi (ix.§1.5.3, magaliTi 3). P
albaTobis rolSi ganvixiloT borelis klasikuri zoma b2. maSin
xdomilobebi

A = {(x, y) : x ∈ [0;
1
2
], y ∈ [0; 1]},

B = {(x, y) : x ∈ [0; 1], y ∈ [
1
2
;
3
4
]}

damoukidebeli xdomilobebia.
marTlac,

P (A ∩B) = b2(A ∩B) = b2({(x, y) : x ∈ [0;
1
2
], y ∈ [

1
2
;
3
4
]} =

1
2
· 1
4

=
1
8
.

meores mxriv,

P (A) · P (B) = b2(A) · b2(B) =
1
2
· 1
4

=
1
8
.

amgvarad, miviReT
P (A ∩B) = P (A) · P (B),

rac A da B xdomilobebis damoukideblobas niSnavs.

Teorema 3. Tu A da B damoukidebeli xdomilobebia da
P (B) > 0, maSin P (A|B) = P (A).

damtkiceba. pirobiTi albaTobis gansazRvris gamo gvaqvs

P (A|B) =
P (A ∩B)

P (B)
.

A da B xdomilobaTa damoukideblobis gamo P (A∩B) = P (A)·P (B). ami-
tom, sabolood vRebulobT

P (A|B) =
P (A ∩B)

P (B)
=

P (A) · P (B)
P (B)

= P (A).

Teorema damtkicebulia.

SeniSvna 1. Teorema 3 unda gavigoT Semdegnairad: Tu A da
B xdomi- lobebi damoukidebelia da P (B) > 0, maSin B xdomilobis
moxdena an ar moxdena araviTar gavlenas ar axdens A xdomilobis
albaTobaze.

Teorema 4. Tu A da B damoukidebeli xdomilobebia, maSin
damoukidebelia agreTve A da B xdomilobebic.
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damtkiceba.

P (A ∩B) = P ((Ω \A) ∩B) = P ((Ω ∩B) \ (A ∩B)) =

= P (B \ (A ∩B)) = P (B)− P (A ∩B) = P (B)− P (A) · P (B) =

= P (B)(1− P (A)) = P (B) · P (A).

Teorema damtkicebulia.

magaliTi 2.
eqsperimenti - ori kamaTlis SemTxveviTi gagoreba.

amocana. vipovoT albaToba imisa, rom ori kamaTlis gagore-
bisas mosuli cifrebis jami udris 8-s, Tu cnobilia, rom kamaTle-
bze mosuli cifrebis jami luwia.

eqsperimentis aRmweri albaTuri sivrcis ageba. imis gamo,
rom eqsperimentis yoveli SesaZlo Sedegi elementaruli xdomilo-
baa, amitom elementarul xdomilobaTa Ω sivrces eqneba Semdegi saxe

Ω = {(x, y) : x ∈ N, y ∈ N, 1 ≤ x ≤ 6, 1 ≤ y ≤ 6},
sadac x da y aRniSnavs Sesabamisad, pirvel da meore kamaTelze mo-
sul qulas.

F -iT aRvniSnoT Ω-s yvela qvesimravleTa klasi, xolo P -s rolSi
ganvixiloT klasikuri albaToba. amiT eqsperimentis aRmweri alba-
Turi sivrce (Ω,F , P ) agebulia.

amocanis amoxsna. A-Ti aRvniSnoT Ω sivrcis is qvesimravle,
romelsac Seesabameba xdomiloba:

" ori kamaTlis gagorebisas mosul cifrTa jami udris 8-s ".
maSin, A simravle SegviZlia CavweroT Semdegnairad:

A = { (6; 2); (5; 3); (4; 4); (3; 5); (2; 6) }.
B-Ti aRvniSnoT Ω sivrcis is qvesimravle, romelic Seesabameba

xdomilobas:
" ori kamaTlis gagorebisas mosul cifrTa jami luwia ".

marTebulia Semdegi warmodgena

B = {(1; 1); (1; 3); (2; 2); (3; 1); (1; 5); (2; 4); (3; 3); (4; 4); (5; 1);

(6; 2); (5; 3); (4; 4); (3; 5); (2; 6); (6; 4); (5; 5); (4; 6); (6; 6) }
SevniSnoT, rom A∩B = A. aqedan, klasikuri albaTobisa da piro-

biTi albaTobis gansazRvris gamo vRebulobT:

P (A|B) =
P (A ∩B)

P (B)
=

5
36

:
18
36

=
5
18

.
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daskvna. albaToba imisa, rom ori kamaTlis gagorebisas kamaT-
mosul cifrTa jami udris 8-s, im pirobiT, rom ori kamaTlis gagore-
bisas mosul cifrTa jami luwia, udris 5

18 .

gansazRvreba 2. vTqvaT, J ⊆ N . (Ai)i∈J xdomilobaTa mimdev-
robas ewodeba xdomilobaTa sruli sistema, Tu misTvis sruldeba
pirobebi:

1) Ai ∩Aj = ∅, i, j ∈ J, i 6= j,
2) (∀j)(j ∈ J → P (Aj) > 0),
3) ∪j∈J Aj = Ω.

Teorema 5. vTqvaT, J ⊆ N da (Aj)j∈J xdomilobaTa sruli sis-
temaa. Ω sivrcis yoveli B xdomilobisaTvis marTebulia formula

P (B) =
∑

j∈J

P (B|Aj) · P (Aj),

romelsac sruli albaTobis formula ewodeba.

damtkiceba. marTebulia Semdegi warmodgena

B = ∪j∈J(B ∩Aj),

sadac (B∩Aj)j∈J wyvil-wyvilad araTavsebad xdomilobaTa mimde-
vrobaa .

marTlac,

B = B ∩ Ω = B ∩ (∪j∈JAj) = ∪j∈J (B ∩Aj).

amitom, albaTobis Tvladad aditiurobis Tvisebis gamo vRebulobT

P (B) =
∑

j∈J

P (B ∩Aj).

SevniSnoT, rom yoveli j (j ∈ J) naturaluri ricxvisaTvis marTebu-
lia toloba

P (B|Aj) =
P (B ∩Aj)

P (Aj)
,

saidanac
P (B ∩Aj) = P (Aj) · P (B|Aj).

am tolobis gamoyenebiT sabolood vRebulobT

P (B) =
∑

j∈J

P (B ∩Aj) =
∑

j∈J

P (Aj) · P (B|Aj).

Teorema damtkicebulia.
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magaliTi 3.
eqsperimenti. I yuTSi aris 3 TeTri da 3 Savi, II yuTSi -3 TeTri da

4 Savi, xolo III yuTSi 4 TeTri da 1 Savi burTula. eqsperimenti mdgo-
mareobs yuTis SemTxveviT arCevasa da am yuTidan burTis SemTxveviT
amoRebaSi.

amocana. vipovoT TeTri burTulis amoRebis albaToba, Tu yuTe-
bis SerCevis albaTobebi tolia.

eqsperimentis aRmweri albaTuri sivrcis ageba. imis gamo,
rom eqsperimentis Sedegi warmoadgens SemTxveviT SerCeul burTu-
las, amitom Ω warmoadgens 18 elementaruli xdomilobis erTobli-
obas. Ai-Ti aRvniSnoT i-ur yuTSi moTavsebul burTulaTa erTo-
blioba. amocanis pirobis Tanaxmad, (Ai)1≤i≤3 xdomilobebi tolal-
baTurebia.

ganvsazRvroT P albaToba Semdegi TanafardobiT:

(∀A)(A ⊆ Ω → P (A) =
1
3
(
|A ∩A1|
|A1| +

|A ∩A2|
|A2| +

|A ∩A3|
|A3| )).

amiT eqsperimentis aRmweri albaTuri modeli (Ω,F , P ) agebulia, Tu
davuSvebT F = {A : A ⊆ Ω}.

amocanis amoxsna. Tu B-Ti aRvniSnavT TeTri burTulebis er-
Tobliobas, maSin

P (B) =
1
3
· 2
5

+
1
3
· 3
7

+
1
3
· 4
5

=
57
105

.

daskvna 2. ganxilul eqsperimentSi TeTri burTulas SerCevis
albaToba tolia 57

105 .

SeniSvna. SevniSnoT, rom P (A1) = P (A2) = P (A3) = 1
3 da

P (B|Ai) =
P (B ∩Ai)

P (Ai)
=
|B ∩Ai|
|Ai| (1 ≤ i ≤ 3).

amitom, B xdomilobis albaTobis gamosaTvleli formula warmoad-
gens sruli albaTobis formulas.

magaliTi 4.
esperimenti. k-cali (k ∈ N) baqteriis warmoqmnis albaTobaa

λk

k! e
−λ (λ > 0). warmoqmnili baqteriis garemos pirobebTan adaptaciis

albaToba p-s (0 < p < 1) tolia.

amocana. vipovoT albaToba imisa, rom zustad n cali (n ∈
N) baqteria gaivlis adaptaciis process.
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amoxsna. Ak-Ti aRvniSnoT xdomiloba imisa, rom warmoiqmneba k
cali baqteria (k ∈ N). SevniSnoT, rom (Ak)k∈N warmoadgens xdomilo-
baTa srul sistemas. Bn-iT aRvniSnoT xdomiloba, romelic Seesaba-
meba n cali baqteriis mier adaptaciis procesis gavlas (n ∈ N) .
SevniSnoT, rom P (Bn|Ak) = 0, roca k ≤ n − 1. Tu k ≥ n, maSin
P (Bn|Ak) = Cn

k pn(1− p)k−n. am faqtebis gaTvaliswinebiT vRebulobT

P (Bn) =
∑

k∈N

P (Ak)P (Bn|Ak) =
∑

k=n

λk

k!
e−λCn

k pn(1− p)k−n =

=
∑

k=n

λk

k!
e−λ k!

n! · (k − n)!
pn(1− p)k−n =

=
(pλ)n

n!
e−λ

∑

k=n

λk−n

·(k − n)!
(1− p)k−n =

(pλ)n

n!
e−λ

∑

k=n

(λ · (1− p))k−n

·(k − n)!
=

= (pλ)n

n! e−λeλ·(1−p) = (pλ)n

n! e−p·λ.

daskvna. albaToba imisa, rom zustad n cali baqteria gaivlis
adaptaciis process (n ∈ N), tolia (pλ)n

n! e−p·λ.

Teorema 6. vTqvaT, J ⊆ N da (Aj)j∈J xdomilobaTa sruli sis-
temaa. dadebiTi albaTobis mqone yoveli B xdomilobisaTvis marTe-
bulia toloba

P (Ai|B) =
P (Ai)P (B|Ai)∑

j∈J P (Aj)P (B|Aj)
(i ∈ J),

romelsac baiesis 4formula ewodeba.

damtkiceba. sruli albaTobis formulisa da pirobiTi alba-
Tobis gansazRvris safuZvelze vRebulobT

P (Ai|B) =
P (Ai ∩B)

P (B)
=

P (Ai)P (B|Ai)∑
j∈J P (Aj)P (B|Aj)

(i ∈ J).

Teorema damtkicebulia.

magaliTi 5. magaliTi 3-Si ganxiluli eqsperimentis SemTxvevaSi
aRmoCnda, rom SemTxveviT SerCeuli burTula TeTria. vipovoT al-
baToba imisa, rom es burTula SerCeulia pirveli yuTidan.

amoxsna.

P (A1|B) =
P (A1) · P (B|A1)

P (A1) · P (B|A1) + P (A2) · P (B|A2)
=

1
3
· 2
5

:
57
105

=
2
9
.

4baiesi Tomasi (Bayes Thomas)(1702, londoni-4.4.1761, tanbriji)-ingliseli maTe-
matikosi, londonis samefo sazogadoebis wevri (1742), ZiriTadi Sromebi albaTobis
TeoriaSi (baiesis Teorema, gamoqv.1763).
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magaliTi 6. (amocana moTamaSis gakotrebis Sesaxeb). ganvixiloT
monetis agdebasTan dakavSirebuli TamaSi, roca moTamaSe irCevs an
"gerbs" an "safasurs", ris Semdegac xdeba monetis agdeba. Tu mova
monetis is mxare, romelic airCia moTamaSem, maSin is igebs 1 lars,
winaaRmdeg SemTxvevaSi agebs fulis igive raodenobas. vigulisxmoT,
rom moTamaSis sawyisi kapitali Seadgens x lars da is miznad isaxavs
fulis arsebuli kapitalis a erTeulamde miyvanas (x < a). TamaSi
grZeldeba manam, sanam is ar daagrovebs a lars an sanam srulad
ar gakotrdeba. ras udris albaToba imisa, rom moTamaSe sabolood
gakotrdeba ise, rom ver daagrovebs misTvis sasurvel kapitals?

amoxsna.
aRvniSnoT p(x)-iT albaToba moTamaSis gakotrebisa, roca mas

gaaCnia x lari. maSin erTi nabijis Semdgom mogebis SemTxvevaSi moTa-
maSis gakotrebis albaToba iqneba p(x+1), xolo wagebis SemTxvevaSi
erTi nabijis Semdgom gakotrebis albaToba iqneba p(x − 1). aRvniS-
noT B1-iT xdomiloba, romelic mdgomareobs moTamaSis mier pirvel
nabijze TamaSis mogebaSi, xolo B2-iT xdomiloba, romelic Seesaba-
meba im SemTxvevas, roca moTamaSe agebs TamaSs pirvel nabijze. A
iyos xdomiloba, romelic Seesabameba moTamaSis gakotrebas. maSin

P (A|B1) = p(x + 1), P (A|B2) = p(x− 1).

cxadia, rom (B1, B2) xdomilobaTa sruli sistemaa da monetis simet-
riulobis gamo SegviZlia davweroT P (B1) = P (B2) = 1

2 .
sruli albaTobis formulis Tanaxmad vRebulobT gantolebas

p(x) =
1
2
[p(x + 1) + p(x− 1)].

amasTan, p(0) = 1, p(a) = 0. uSualo SemowmebiT vrwmundebiT, rom
miRebuli gantolebis amonaxsnia wrfivi funqcia

p(x) = c1 + c2x,

romlis koeficientebi ganisazRvrebian sasazRvro pirobebidan

p(0) = c1 = 1, p(a) = c1 + c2a = 0,

saidanac sabolood vRebulobT x sawyisi kapitalis SemTxvevaSi mo-
TamaSis gakotrebis p(x) albaTobisaTvis Semdeg gamosaxulebas

p(x) = 1− x

a
, 0 ≤ x ≤ a.

SevniSnoT, rom rac ufro didia a ( e.i. rac ufro didi kapitalis
dagroveba unda moTamaSes), miT ufro didia gakotrebis albaToba.

magaliTi 7 (amocana nadavlis ganawilebis Sesaxeb). Tofidan
erTi gasrolisas nadiris mokvlis albaToba pirveli monadirisaT-
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vis tolia 0,8, xolo meore monadirisaTvis ki - 0,7. orive monadi-
rem gaisrola erTdroulad, ris Sedegac mxolod erTi tyviiT iqna
mokluli nadiri, romlis wonam Seadgina 190 kg. rogor unda moxdes
monadireebs Soris nadavlis ganawileba?

amoxsna. B-Ti aRvniSnoT xdomiloba, romelic Seesabameba SemTx-
vevas, roca gaisrola orive monadirem da nadiri moklul iqna mxo-
lod erT-erTis mier. A1-iT aRvniSnoT pirveli monadiris mier nadi-
ris mokvlis xdomiloba, xolo A2-iT ki meore monadiris mier nadiris
mokvlis xdomiloba. baiesis formulis Tanaxmad vRebulobT

P (A1|B) =
0, 3 · 0, 8

0, 3 · 0, 8 + 0, 2 · 0, 7
=

12
19

,

P (A2|B) =
0, 2 · 0, 7

0, 3 · 0, 8 + 0, 2 · 0, 7
=

7
19

.

amis gamo, pirvel monadires ekuTvnis P (A1|B) · 190 = 120 (kg), xolo
meores ki-P (A2|B) · 190 = 70 (kg).

amocana 8.savele samuSaoebidan dabrunebis Semdeg vaxdenT dana-
leqi qanebis nimuSebis klasifikacias ori niSnis moxedviT- danaleqi
qanebis tipebisa da marcvlovanebis moxedviT. es klasifikacia Caiw-
ereba Semdeg cxrilSi:

qanebi B1 B2 B3 B4 sul
arkozebi 320 150 130 50 650
grauvakebi 50 500 450 100 1100
kvarcidebi 80 100 20 50 250
sul 450 750 600 200 2000

sadac
B1 aRniSnavs uxeS marcvlovanebas, B2 aRniSnavs saSualo marcvlo-

vanebas, B3 aRniSnavs wvrilmarcvlovanebas da B4 aRniSnavs metad
wvrilmarcvlovanebas.

SemTxveviT SeirCa qani, saidanac SemTxveviT amoRebul iqna marc-
vali.

1) vipovoT albaToba imisa, rom qanidan SemTxveviT amoRebuli
marcvali aris uxeSi.

2) marcvali aRmoCnda metad wvrilmarcvlovani . vipovoT alba-
Toba imisa, rom marcvali amoRebulia kvarcitebidan.

amoxsna. cxadia, rom B1, B2, B3, B4 warmomadgenelTa sruli sis-
temaa. marcvlebis gaerTianeba aRvniSnoT B-Ti. cxadia, rom

Ω = B = B1 + B2 + B3 + B4.

arkozebis qanis tipi avRniSnoT A1-iT, grauvakebis qanis tipi avR-
niSnoT A2-iT da kvarcitebis qanis tipi avRniSnoT A3-iT. cxadia, rom
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A1, A2, A3 warmomadgenelTa sruli sistemaa. qanebis tipebis gaer-
Tianeba aRvniSnoT A-Ti. aseve cxadia, rom

Ω = A = A1 + A2 + A3.

marTebulia Semdegi formulebi

P (A1) =
650
2000

= 0, 325; P (A2) =
1100
2000

= 0, 550; P (A3) =
250
2000

= 0, 125;

analogiurad vRebulobT

P (B1) =
450
2000

= 0, 225; P (B2) =
750
2000

= 0, 375;

P (B3) =
600
2000

= 0, 300; P (B4) =
200
2000

= 0, 100;

Tu visargeblebT formuliT P (AiBj) = |AiBj |
|Ω| , sadac 1 ≤ i ≤ 3; 1 ≤

j ≤ 4, miviRebT Semdeg cxrils

Ai & Bj B1 B2 B3 B4 jami
A1 0, 160 0, 073 0, 065 0, 025 0, 325
A2 0, 025 0, 250 0, 225 0, 050 0, 550
A3 0, 040 0, 050 0, 010 0, 025 0, 125
jami 0, 225 0, 375 0, 300 0, 100 1, 000

1) albaToba imisa, rom qanidan SemTxveviT amoRebuli marcvali
aris uxeSi, gamoiTvleba sruli albaTobis formuliT Semdegnairad

P (B1) = P (A1)P (B1|A1) + P (A2)P (B1|A2) + P (A3)P (B1|A3) =

650
2000

× 320
650

+
1100
2000

× 50
1100

+
250
2000

× 80
250

= 0, 225

2) viciT, rom marcvali aRmoCnda metad wvrilmarcvlovani. alba-
Toba imisa, rom marcvali amoRebulia kvarcitebidan, baiesis for-
muliT gamoiTvleba Semdegnairad

P (A3|B4) =
P (B4 ∩A3)

P (B4)
=

P (B4|A3)× P (A3)
P (B4|A1)× P (A1) + P (B4|A2)× P (A2) + P (B4|A3)× P (A3)

=
0, 025
0, 100

= 0, 25.
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testebi

1.4.1. ori msroleli samiznes esvris TiTojer. samiznis dazianebis
albaToba pirveli msrolelisaTvis aris 0, 9, xolo meore msroleli-
saTvis 0, 7. albaToba imisa, rom orive msroleli erTdroulad daa-
zianebs samiznes, tolia

a) 0, 42, b) 0, 63, g) 0, 54, d) 0, 36.

1.4.2. qalaq TbilisisaTvis unaleqo dReebis raodenoba ivnisSi
tolia 25-is. albaToba imisa, rom ivnisis pirveli ori dRe iqneba
unaleqo, tolia

a) 5
87 , b) 20

29 , g) 19
29 , d) 18

29 .

1.4.3. irCeven erTmaneTisagan damoukideblad or A da B wertils
∆ simravlidan, sadac

∆ = {(x, y) : x ∈ [0, 1], y ∈ [0, 1]}.
g, f funqciebi ganisazRvrebian Sesabamisad Semdegi formulebis sa-
SualebiT

g((x, y)) =
{

1, Tu x2 + y2 ≤ 1
4 ,

0, Tu x2 + y2 > 1
4 ,

f((x, y)) =
{

0, Tu x + y ≤ 1
2 ,

1, Tu x + y > 1
2 ,

albaToba imisa, rom g(A) + f(B) = 1, tolia
a) 1

4 − π
8 , b) 1

2 − π
8 , g) 8

9 − π
16 , d) 1− π

8 .

1.4.4. saTamaSo kartis kompleqtidan (36 karti) SemTxveviT SearCies
10 karti. 10 kartiani kompleqtidan SemTxveviT amoRebuli karti aR-
moCnda tuzi. pirvelad amoRebuli karti ukan Caabrunes. albaToba
imisa, rom imave aTi kartidan meored amoRebuli karti tuzi iqneba,
tolia

a)C0
3C9

32
C9

35
· 0, 1 + C1

3C8
32

C9
35

· 0, 2 + C2
3C7

32
C9

35
· 0, 3 + C3

3C6
32

C9
35

· 0, 4,

b) C0
3C9

32
C9

35
· 0, 1 + C1

3C8
32

C9
35

· 0, 2 + C2
3C7

32
C9

35
· 0, 2 + C3

3C6
32

C9
35

· 0, 3.

1.4.5. mocemulia sami yuTi TeTri da Savi burTebis Semdegi Semad-
genlobiT

yuTi Savi burTula TeTri burTula
I 2 3
II 3 2
III 1 4
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SemTxveviT SeirCa yuTi, saidanac SemTxveviT amoRebul iqna bur-
Tula.

1) albaToba imisa, rom burTula TeTria, tolia
a) 0, 4, b) 0, 6, g) 0, 7, d) 0, 8;

2) burTula aRmoCnda TeTri. albaToba imisa, rom burTula amoRe-
bulia I yuTidan, tolia

a) 1
3 , b) 1

4 , g) 1
5 , d) 1

6 .

1.4.6. I qarxanaSi damzadebulia 100 detali, xolo II qarxanaSi
imave tipis 200 detali. I qarxanaSi standartuli detalis damzade-
bis albaToba tolia -0, 9, xolo II qarxanaSi ki - 0, 8.

1) arastandartuli detalebis damzadebiT miyenebulma zaralma
Seadgina 3000 lari. meore qarxnis administraciam arastandartuli
detalebis damzadebis gamo unda gadaixados jarima

a) 2400 lari, b) 2300 lari, g) 2000 lari, d) 1600 lari;
2) standartuli detalebis realizaciiT miRebulma mogebam Sead-

gina 5000 lari. I qarxnis wilma am mogebidan (gamosaxuli larebSi)
Seadgina

a) 1800, b) 1700, g) 1400, d) 3000 .

1.4.7. moTamaSe irCevs an "gerbs" an "safasurs", ris Semdegac xdeba
monetis agdeba. Tu mova monetis is mxare, romelic airCia moTamaSem,
maSin is igebs 1 lars, winaaRmdeg SemTxvevaSi agebs fulis igive rao-
denobas. moTamaSis sawyisi kapitali Seadgens 1000 lars da is miznad
isaxavs fulis arsebuli kapitalis 2000 erTeulamde miyvanas. TamaSi
grZeldeba manam, sanam is ar daagrovebs 2000 lars an sanam srulad
ar gakotrdeba. albaToba imisa, rom moTamaSe daagrovebs misTvis
sasurvel kapitals, tolia

a) 0, 4, b) 0, 5, g) 0, 6, d) 0, 7.

1.4.8. k-wevriani (k ∈ N) baqteriebis ojaxis warmoqmnis albaTo-
baa 0,3k

k! e−0,3 (k ∈ N). warmoqmnili baqteriis garemos pirobebTan adap-
taciis albaToba 0, 1-is tolia.

1) albaToba imisa, rom mxolod 5 baqteria gaivlis adaptaciis
process, tolia

a) 0,035

5! e−0,03, b) 0,045

5! e−0,04, g) 0,055

5! e−0,05, d) 0,065

5! e−0,06;
2) SemTxveviT SerCeul baqteriaze dakvirvebam gviCvena, rom mas

gavlili hqonda adaptaciis procesi. albaToba imisa, rom is aris
gadarCenili 6-wevriani baqteriebis ojaxis warmomadgeneli, tolia

a) 0,036

6! : (
∑∞

k=1
0,03k

k·k! e−0,03), b) 0,036

6·6! : (
∑∞

k=1
0,03k

k·k! e−0,03).
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§ 1.5. albaTur sivrceTa agebis
karaTeodoris 5meTodi

vTqvaT, Ω aris aracarieli simravle da F mis qvesimravleTa
raime klasia. marTebulia Semdegi damxmare debuleba.

lema 1. arsebobs Ω sivrcis qvesimravleTa σ-algebra σ(F ), ro-
melic Seicavs F klass da aris minimaluri CarTvis TvalsazrisiT
im σ -algebrebs Soris, romlebic Seicaven F -s.

damtkiceba. aRvniSnoT (Fj)j∈J -iT Ω-s qvesimravleTa yvela im
σ-algebrebis ojaxi, romlebic Seicaven F klass da klasi σ(F )
ganvsazRvroT Semdegnairad:

σ(F ) = ∩j∈JFj .

vaCvenoT, rom σ(F ) aris σ-algebra. marTlac,
1) Ω ∈ σ(F ), vinaidan yoveli j ∈ J indeqsisaTvis Ω ∈ Fj .
2) vTqvaT, (Ak)k∈N aris σ(F ) klasis elementTa mimdevroba. imis

gamo, rom yoveli j ∈ J indeqsisaTvis is aris agreTve Fj klasis ele-
mentTa mimdevrobac, yoveli j ∈ J indeqsisaTvis vRebulobT ∩k∈NAk ∈
Fj da ∪k∈NAk ∈ Fj , rac niSnavs rom ∩k∈NAk ∈ ∩j∈JFj = σ(F ) da
∪k∈NAk ∈ ∩j∈JFj = σ(F ).

3) Tu A ∈ σ(F ), maSin yoveli j ∈ J indeqsisaTvis A ∈ Fj , rac
niSnavs rom A ∈ ∩j∈JFj = σ(F ).

davuSvaT, rom σ(F ) ar aris F klasis Semcveli CarTvis Tval-
sazrisiT minimaluri σ-algebra. es niSnavs, rom arsebobs σ-algebra
F∗, iseTi, rom sruldeba pirobebi:

1) F ⊂ F∗,
2) F∗ ⊂ σ(F ) da σ(F ) \ F∗ 6= ∅.
(Fj)j∈J ojaxis gansazRvris gamo iarsebebs iseTi indeqsi j0 ∈ J ,

rom Fj0 = F∗. aqedan vRebulobT, rom σ(F ) ⊂ F∗, rac ewinaaR-
mdegeba 2) pirobas. miRebulia winaaRmdegoba, rac gamowveulia Cveni
daSvebiT, rom σ(F ) ar aris F klasis Semcveli CarTvis Tvalsazri-
siT minimaluri σ-algebra.

lema 1 damtkicebulia.

gansazRvreba 1. vTqvaT, mocemulia Ω sivrcis qvesimravleTa
ori klasi S1 da S2. amasTan, S1 ⊂ S2. P1 da P2 iyos Sesabamisad S1 da
S2 klasze gansazRvruli ricxviTi funqciebi. P2 ricxviT funqcias

5karaTeodori konstantine (Caratheodory Constantin) (13.9.1873, berlini-2.2.1950,mi-
unheni)-germaneli maTematikosi. miunhenis universitetis profesori (1924-39),1933 wli-
dan aTenis universitetis leqtoria. ZiriTadi Sromebi zomis TeoriaSi, variaciul
aRricxvaSi, konformul asaxvaTa TeoriaSi. 1909 wels mis mier iqna agebuli Termo-
dinamikis safuZvlebis aqsiomatika.
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ewodeba P1 ricxviTi funqciis gagrZeleba, Tu sruldeba Semdegi
piroba:

(∀X)(X ∈ S1 → P2(X) = P1(X)).

gansazRvreba 2. vTqvaT, A aris aracarieli Ω sivrcis qvesim-
ravleTa algebra. A klasze gansazRvrul P ricxviT funqcias ewo-
deba albaToba, Tu misTvis sruldeba Semdegi pirobebi:

1) yoveli A ∈ A elementisaTvis P (A) ≥ 0,

2) P (Ω) = 1,

3) Tu (Ak)k∈N A-klasis wyvil-wyvilad TanaukveT elementTa iseTi
mimdevrobaa, rom ∪k∈NAk ∈ A, maSin

P (∪k∈NAk) =
∑

k∈N

P (Ak).

albaTuri sivrceebis agebis zogadi meTodi mocemulia Semdeg
TeoremaSi.

Teorema 1 (karaTeodori ). vTqvaT, P arisA algebraze gansazR-
vruli albaToba. maSin arsebobs σ(A) klasze gansazRvruli er-
TaderTi albaToba P , romelic warmoadgens P albaTobis gagrZele-
bas, amasTan P albaToba ganisazRvreba Semdegi formulis saSuale-
biT:

(∀B)(B ∈ σ(A) → P (B) = inf{
∑

k∈N

P (Ak)|(∀k)(k ∈ N → Ak ∈ σ(A))

& B ⊆ ∪k∈NAk }.
SeniSvna 1. Teorema 1 mogvyavs damtkicebis gareSe. dainterese-
bulT SeuZliaT gaecnon mocemuli faqtis damtkicebas [8] naSromSi.

qveviT Cven ganvixilavT Teorema 1-is gamoyenebebs sxvadasxva al-
baTuri sivrceebis asagebad.

§ 1.5.1. borelis klasikuri b1 zomis ageba [0, 1] intervalze
A-Ti aRvniSnoT [0, 1] intervalis yvela iseT qvesimravleTa klasi,

romlic elementebi warmoidginebian TanaukveTi intervalebis ( e.i.
[ak, bk[, [ak, bk], ]ak, bk[, ]ak, bk] saxis simravleebis ) sasruli ojaxis
gaerTianebis saxiT. advili saCvenebelia, rom aRniSnuli klasi war-
moadgens [0, 1] simravlis qvesimravleTa algebras. zemoTaRniSnuli
saxis intervalebze P ricxviTi funqcia ganvsazRvroT Semdegnairad:

P ([ak, bk[) = P ([ak, bk]) = P (]ak, bk[) = P (]ak, bk]) = bk − ak
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da bunebrivi wesiT ganvsazRvroT P ricxviTi funqcia TanaukveTi in-
tervalebis sasruli ojaxis gaerTianebebze. amdagvarad gansazRvru-
li P ricxviTi funqcia warmoadgens albaTobas A klasze da kara-
Teodoris zemoT moyvanili Teoremis Tanaxmad arsebobs σ(A) klas-
ze gansazRvruli erTaderTi albaToba P , romelic warmoadgens
P albaTobis gagrZelebas. σ(A) klass ewodeba [0, 1] intervalis
borelis azriT zomad qvesimravleTa klasi da aRiniSneba B([0, 1])
simboloTi, xolo masze gansazRvrul P ricxviT funqcias ewodeba
[0, 1] intervalze gansazRvruli erT-ganzomilebiani borelis klasi-
kuri zoma da aRiniSneba b1 simboloTi.

sameuls ([0, 1],B([0, 1]), b1)-s ewodeba [0, 1] simravlesTan asocire-
buli borelis klasikuri albaTuri sivrce.

§ 1.5.2. R RerZze borelis albaTuri zomebis gansazRvra
vTqvaT, F : R → [0, 1] aris yovel wertilSi marjvnidan uwyveti

iseTi araklebadi funqcia, romelic akmayofilebs pirobebs:

lim
x→−∞

F (x) = 0 & lim
x→+∞

F (x) = 1.

vigulisxmoT, rom F (−∞) = 0 da F (+∞) = 1.
vTqvaT, Ω = R ∪ {+∞}.
A-Ti aRvniSnoT Ω sivrcis yvela im qvesimravleTa klasi, rom-

lebic warmoidginebian marcxnidan Ria da marjvnidan Caketili Tana-
ukveTi intervalebis sasrulo ojaxis gaerTianebiT, e.i.

A = {A|A =
n∑

i=1

(ai, bi]},

sadac −∞ ≤ ai < bi ≤ ∞ (1 ≤ i ≤ n).
advili saCvenebelia, rom aRniSnuli klasi warmoadgens Ω sim-

ravlis qvesimravleTa algebras. zemoTaRniSnuli saxis intervale-
bze P ricxviTi funqcia ganvsazRvroT Semdegnairad

P (]ai, bi]) = F (bi)− F (ai)

da bunebrivi wesiT ganvsazRvroT P ricxviTi funqcia imave saxis
TanaukveTi intervalebis sasruli ojaxis gaerTianebaze. amdagvarad
gansazRvruli P ricxviTi funqcia warmoadgens albaTobas A klas-
ze da karaTeodoris zemoT moyvanili Teoremis Tanaxmad arsebobs
σ(A) klasze gansazRvruli erTaderTi albaToba P , romelic war-
moadgens P albaTobis gagrZelebas. σ(A)∩R klass ewodeba namdvil
ricxvTa R RerZis borelis azriT zomad qvesimravleTa klasi da
aRiniSneba B(R) simboloTi, xolo PF ricxviT funqcias, gansazRv-
ruls pirobiT

(∀X)(X ∈ B(R) → PF (X) = P (X)),
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ewodeba namdvil ricxvTa R simravleze F funqciiT gansazRvruli
borelis albaTuri zoma.

magaliTi 1. vTqvaT, funqcia F aris gansazRvruli Semdegi piro-
biT

(∀x)(x ∈ R → F (x) =
1√
2π

∫ x

−∞
e−

t2
2 dt ).

vTqvaT, P aris F funqciiT gansazRvruli borelis albaTuri
zoma namdvil ricxvTa R RerZze. maSin (Ω,F , P ) albaTur sivrces
ewodeba 1-ganzomilebian evklides R sivrcesTan asocirebuli
1-ganzomilebiani gausis kanonikuri albaTuri sivrce. P ricxviT
fun- qcias ewodeba 1-ganzomilebian evklides R sivrceze gansazRvru-
li gausis kanonikuri 1-ganzomilebiani albaTuri zoma da aRiniSne-
ba Γ1-iT.

§ 1.5.3. albaTobaTa sasruli ojaxis namravlis gansazRvra
vTqvaT, (Ωi,Fi, Pi) (1 ≤ i ≤ n) warmoadgens albaTur sivrceTa sas-

rul ojaxs.
SemovitanoT zogierTi aRniSvna.

n∏

i=1

Ωi = {(ω1, · · · , ωn) | ω1 ∈ Ω1, · · · , ωn ∈ Ωn}.

A ⊆ ∏n
i=1 Ωi simravles vuwodoT cilindruli simravle, Tu mis-

Tvis marTebulia warmodgena

B =
n∏

i=1

Bi,

sadac Bi ∈ Fi (1 ≤ i ≤ n).
A-iT aRvniSnoT klasi

∏n
i=1 Ωi sivrcis iseTi qvesimravleebisa,

romlebic warmoidginebian TanaukveTi cilindruli simravleebis
sasruli ojaxis gaerTianebiT. SevniSnoT, rom A warmoadgens

∏n
i=1 Ωi

sivrcis qvesimravleTa algebras.
zemoTaRniSnuli saxis cilindrul simravleebze P ricxviTi

funqcia ganvsazRvroT Semdegnairad:

P (
n∏

i=1

Bi) =
n∏

i=1

Pi(Bi)

da bunebrivi wesiT ganvsazRvroT P ricxviTi funqcia TanaukveTi
cilindruli simravleebis sasruli ojaxis gaerTianebebze. amdag-
varad gansazRvruli P ricxviTi funqcia warmoadgens albaTobas A
klasze da karaTeodoris zemoT moyvanili Teoremis Tanaxmad arse-
bobs σ(A) klasze gansazRvruli erTaderTi albaToba P , romelic
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warmoadgens P albaTobis gagrZelebas. σ(A) klass ewodeba σ-al-
gebrebis (Fi)1≤i≤n sasruli ojaxis namravli da aRiniSneba

∏
1≤i≤n Fi-

iT. masze gansazRvrul P ricxviT funqcias ewodeba albaTobaTa
(Pi)1≤i≤n sasruli ojaxis namravli da aRiniSneba

∏n
i=1 Pi-iT.

(
∏n

i=1 Ωi,
∏n

i=1 Fi,
∏n

i=1 Pi) sameuls ewodeba (Ωi,Fi, Pi)1≤i≤n albaTur
sivrceTa ojaxis namravli.

SeniSvna 1. ganvixiloT n-damoukidebeli cda - es cdaTa iseTi
mimdevrobaa, roca yoveli cdis Sedegi gavlebas ar axdens momdevno
cdis Sedegze.

vigulisxmoT, rom i-uri (1 ≤ i ≤ n) cda aRiwereba (Ωi,Fi, Pi) al-
baTuri sivrciT. maSin n damoukidebeli cdis aRmweri albaTuri
sivrce iqneba (

∏n
i=1 Ωi,

∏n
i=1 Fi,

∏n
i=1 Pi).

ganvixiloT zogierTi magaliTi.

magaliTi 1 ( bernulis 6 albaTuri zoma). vTqvaT, yoveli
i (1 ≤ i ≤ n) ricxvisaTvis

Ωi = {0, 1}, Fi = {A|A ⊆ Ωi}, Pi({1}) = p,

sadac 0 < p < 1.
albaTur sivrceTa namravls

(
n∏

i=1

Ωi,

n∏

i=1

Fi,

n∏

i=1

Pi)

ewodeba bernulis n-ganzomilebiani klasikuri albaTuri sivrce,
xolo

∏n
i=1 Pi ricxviT funqcias ewodeba bernulis n-ganzomilebiani

albaTuri zoma.
Tu ganvixilavT Ak simravles, gansazRvruls Semdegnairad

Ak = {(ω1, · · · , ωn)|(ω1, · · · , ωn) ∈
n∏

i=1

Ωi &
n∑

i=1

ωi = k},

maSin albaTur zomaTa konstruqciidan gamomdinare vRebulobT

(∀(ω1, · · · , ωn))((ω1, · · · , ωn) ∈ Ak →
n∏

i=1

Pi((ω1, · · · , ωn)) = pk(1− p)n−k).

amitom
∏n

i=1 Pi(Ak) = |Ak|pk(1 − p)n−k, sadac | · | aRniSnavs sim-
ravlis elementTa raodenobas. advili dasamtkicebelia, rom |Ak| =
Ck

n, sadac Ck
n aRniSnavs n-elementian simravleSi yvela gansxvave-

bul k-elementian qvesimravleTa raodenobas.
6iakob bernuli (27.12.1654, bazeli-16.8.1705iqve)-Sveicareli maTematikosi, bazelis

universitetis profesori (1687 wlidan). naSromSi "Arsconjectandi”(Basileqe, 1713) da-
amtkica e.w. bernulis Teorema - did ricxvTa kanonis mniSvnelovani kerZo SemTxveva.
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literaturaSi
∏n

i=1 Pi(Ak) sidides aRniSnaven Pn(k) simboloTi,
romelic aRniSnavs n-damoukidebel or {0, 1}-mniSvnelobian cdaSi
{1} xdomilobis k-jer moxdenis albaTobas, im pirobiT, rom calke-
ul cdaSi {1} xdomilobis moxdenis albaToba p-s tolia. Tu
{0} xdomilobis moxdenis albaTobas aRvniSnavT q-Ti, maSin mivi-
RebT

Pn(k) = Ck
npkqn−k (1 ≤ k ≤ n),

romelsac bernulis formula ewodeba.
k0 naturalur ricxvs [0, n] Sualedidan ewodeba ualbaTesi ricxvi,

Tu sruldeba piroba

P (k0) = max
0≤k≤n

Pn(k).

is gamoiTvleba Semdegi formuliT

k0 =
{

[(1 + n)p], Tu (1 + n)p /∈ Z;
(1 + n)p da (1 + n)p− 1, Tu (1 + n)p ∈ Z,

sadac [· ] aRniSnavs namdvili ricxvis mTel nawils.

magaliTi 2 ( n-ganzomilebiani polinomialuri albaTuri zoma).
vTqvaT, albaTur sivrceTa (Ωi,Fi, Pi)1≤i≤n ojaxs aqvs Semdegi saxe:
a) Ωi = {x1, · · · , xk} (1 ≤ i ≤ n),
b) Fi warmoadgens Ωi sivrcis yvela qvesimravleTa klass (1 ≤ i ≤

n),
g) Pi({xj}) = pj > 0, 1 ≤ i ≤ n, 1 ≤ j ≤ k,

∑k
j=1 pj = 1.

maSin (
∏n

i=1 Ωi,
∏n

i=1 Fi,
∏n

i=1 Pi) albaTur sivrces ewodeba n-ganzo-
milebiani polinomialuri albaTuri sivrce, xolo

∏n
i=1 Pi ricxviT

funqcias - n-ganzomilebiani polinomialuri albaToba.
Tu ganvixilavT An(n1, · · · , nk) simravles, gansazRvruls Semdeg-

nairad

An(n1, · · · , nk) = {(ω1, · · · , ωn)|(ω1, · · · , ωn) ∈
n∏

i=1

Ωi &

|{i : ωi = xp}| = np, 1 ≤ p ≤ k},
maSin albaTur zomaTa namravlis konstruqciidan gamomdinare

(∀(ω1, · · · , ωn))((ω1, · · · , ωn) ∈ An(n1, · · · , nk) →
n∏

i=1

Pi((ω1, · · · , ωn)) = pn1
1 × · · · × pnk

k ).

amitom
∏n

i=1 Pi(An(n1, · · · , nk)) = |An(n1, · · · , nk)| × pn1
1 × · · · × pnk

k , sadac
| · | aRniSnavs simravlis elementTa raodenobas. advili dasamtkice-
belia, rom |An(n1, · · · , nk)| = n!

n1!×···×nk! .
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∏n
i=1 Pi(An(n1, · · · , nk)) sidides aRniSnaven Pn(n1, · · · , nk)-iT, rome-

lic aRniSnavs n-damoukidebel {x1, · · · , xk}-mniSvnelobian cdaSi x1

xdomilobis n1-jer, · · · , xk xdomilobis nk-jer moxdenis albaTo-
bas, im pirobiT, rom calkeul cdaSi xi xdomilobis moxdenis alba-
Toba pi-s tolia (1 ≤ i ≤ k). amgvarad, Cvens mier miRebulia Semdegi
formula

Pn(n1, · · · , nk) =
n!

n1!× · · · × nk!
× pn1

1 × · · · × pnk

k ,

romelsac n-ganzomilebiani polinomialuri albaTobis gamosaTvle-
li formula ewodeba.

magaliTi 3 ( [0, 1]n-sa da Rn-ze gansazRvruli n-ganzomilebiani
borelis klasikuri zomebi).

vTqvaT, albaTur sivrceTa (Ωi,Fi, Pi)1≤i≤n ojaxs aqvs Semdegi
saxe:

a) Ωi = [0, 1] (1 ≤ i ≤ n),
b) Fi = B([0, 1]) (1 ≤ i ≤ n),
g) Pi = b1, (1 ≤ i ≤ n).

maSin (
∏n

i=1 Ωi,
∏n

i=1 Fi,
∏n

i=1 Pi) albaTur sivrces ewodeba n-ganzo-
milebian [0, 1]n kubTan asocirebuli n-ganzomilebiani borelis
klasikuri albaTuri sivrce.

∏n
i=1 Pi ricxviT funqcias ewodeba n-

ganzomilebian [0, 1]n kubze gansazRvruli borelis klasikuri al-
baTuri zoma.

bn-funqcias, gansazRvruls pirobiT

(∀X)(X ∈ B(Rn) → bn(X) =
∑

h∈Zn

n∏

i=1

Pi([0, 1[n∩(X − h))),

ewodeba n-ganzomilebiani borelis klasikuri zoma, gansazRvruli
Rn-ze.

magaliTi 4. vTqvaT, funqciaTa (Fi)1≤i≤n ojaxi aris gansazRvru-
li Semdegi pirobiT

(∀i)(∀x)(1 ≤ i ≤ n & x ∈ R → Fi(x) =
1√
2π

∫ x

−∞
e−

t2
2 dt ).

vTqvaT, Pi aris Fi funqciiT gansazRvruli borelis albaTuri
zoma namdvil ricxvTa R RerZze. maSin (

∏
1≤i≤n Ωi,

∏
i∈N Fi,

∏
i∈N Pi)

albaTur sivrces ewodeba n-ganzomilebian Rn sivrcesTan asocire-
buli n-ganzomilebiani gausis kanonikuri albaTuri sivrce.∏

1≤i≤n Pi ricxviT funqcias ewodeba n-ganzomilebian evklides
Rn sivrceze gansazRvruli gausis kanonikuri n-ganzomilebiani al-
baTuri zoma da aRiniSneba Γn-iT.



42 nawili I. albaTobis Teoria

§ 1.5.4. albaTobaTa usasruliojaxis namravlis gansazRvra

vTqvaT, (Ωi,Fi, Pi)i∈I albaTur sivrceTa usasrulo ojaxia.
SemovitanoT zogierTi aRniSvna.

∏

i∈I

Ωi = {(ωi)i∈I : ωi ∈ Ωi, i ∈ I}.

A ⊆ ∏
i∈I Ωi simravles vuwodoT cilindruli simravle, Tu mis-

Tvis arsebobs indeqsTa sasruli (ik)1≤k≤n mimdevroba da (Fik
)1≤k≤n σ-

algebrebis iseTi elementebi (Bik
)1≤k≤n, rom marTebulia warmodgena

B = {(ωi)i∈I : (ωi ∈ Ωi, i ∈ I \ ∪n
k=1{ik} ) & (ωi ∈ Bi, i ∈ ∪n

k=1{ik}) }.

A-Ti aRvniSnoT klasi
∏

i∈I Ωi sivrcis iseTi qvesimravleebisa,
romlebic warmoidginebian TanaukveTi cilindruli simravleebis
sasruli ojaxis gaerTianebiT. SevniSnoT, romA warmoadgens

∏
i∈I Ωi

sivrcis qvesimravleTa algebras.
zemoTaRniSnuli saxis cilindrul simravleebze P ricxviTi

funqcia ganvsazRvroT Semdegnairad:

P (B) =
n∏

k=1

Pik
(Bik

)

da bunebrivi wesiT ganvsazRvroT P ricxviTi funqcia TanaukveTi
cilindruli simravleebis sasruli ojaxis gaerTianebebze. amdag-
varad gansazRvruli P ricxviTi funqcia warmoadgens albaTobas A
klasze da karaTeodoris zemoT moyvanili Teoremis Tanaxmad arse-
bobs σ(A) klasze gansazRvruli erTaderTi albaToba P , romelic
warmoadgens P albaTobis gagrZelebas. σ(A) klass ewodeba σ-
algebrebis (Fi)i∈I usasruloojaxis namravli da aRiniSneba

∏
i∈I Fi-

iT. masze gansazRvrul P ricxviT funqcias ewodeba albaTobaTa
(Pi)i∈I usasrulo ojaxis namravli da aRiniSneba

∏
i∈I Pi-iT.

sameuls (
∏

i∈I Ωi,
∏

i∈I Fi,
∏

i∈I Pi) ewodeba (Ωi,Fi, Pi)i∈I albaTur
sivrceTa ojaxis namravli.

SeniSvna 1. ganvixiloTdamoukidebeli cdebis usasrulo mimdev-
roba - es cdaTa iseTi usasrulo mimdevrobaa, roca yoveli cdis
Sedegi gavlebas ar axdens momdevno cdis Sedegze.

vigulisxmoT, rom i-uri (i ∈ I) cda aRiwereba (Ωi,Fi, Pi) alba-
Turi sivrciT. maSin damoukidebeli cdebis aRmweri albaTuri siv-
rce iqneba

(
∏

i∈I

Ωi,
∏

i∈I

Fi,
∏

i∈I

Pi).
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ganvixiloT ramodenime magaliTi.

magaliTi 1. vTqvaT, yoveli i ∈ N naturaluri ricxvisaTvis

Ωi = {0, 1}, Fi = {A|A ⊆ Ωi}, Pi({1}) = p,

sadac 0 < p < 1.
albaTur sivrceTa namravls

(
∏

i∈N

Ωi,
∏

i∈N

Fi,
∏

i∈N

Pi)

ewodeba bernulis usasrulo ganzomilebiani klasikuri albaTuri
sivrce, xolo

∏
i∈N Pi ricxviT funqcias ewodeba bernulis usas-

rulo ganzomilebiani albaTuri zoma.

magaliTi 2 (usasrulo ganzomilebiani polinomialuri alba-
Turi zoma). vTqvaT, albaTur sivrceTa (Ωi,Fi, Pi)i∈N ojaxs aqvs Sem-
degi saxe:

a) Ωi = {x1, · · · , xk} (i ∈ N),
b) Fi warmoadgens Ωi sivrcis yvela qvesimravleTa klass (i ∈ N),
g) Pi({xj}) = pj > 0, i ∈ N, 1 ≤ j ≤ k,

∑k
j=1 pj = 1.

maSin (
∏

i∈N Ωi,
∏

i∈N Fi,
∏

i∈N Pi) albaTur sivrces ewodeba usasru-
lo-ganzomilebiani polinomialuri albaTuri sivrce, xolo

∏
i∈N Pi

ricxviT funqcias usasrulo-ganzomilebiani polinomialuri alba-
Toba.

magaliTi 3 (usasrulo-ganzomilebian [0, 1]N kubze gansazRvru-
li usasrulo-ganzomilebiani borelis klasikuri albaTuri zoma).

vTqvaT, albaTur sivrceTa (Ωi,Fi, Pi)i∈N ojaxs aqvs Semdegi saxe:
a) Ωi = [0, 1] (i ∈ N),
b) Fi = B([0, 1]) (i ∈ N),
g) Pi = b1 (i ∈ N).
maSin, (

∏
i∈N Ωi,

∏
i∈N Fi,

∏
i∈N Pi) albaTur sivrces ewodeba usasru-

lo-ganzomilebian [0, 1]N kubTan asocirebuli usasrulo-ganzomile-
biani borelis klasikuri albaTuri sivrce.

∏
i∈N Pi ricxviT funq-

cias ewodeba usasrulo-ganzomilebian [0, 1]N kubze gansazRvruli
borelis klasikuri albaTuri zoma da aRiniSneba bN -iT.

magaliTi 4. vTqvaT, funqciaTa (Fi)i∈N ojaxi aris gansazRvruli
Semdegi pirobiT

(∀i)(∀x)(i ∈ N & x ∈ R → Fi(x) =
1√
2π

∫ x

−∞
e−

t2
2 dt ).

vTqvaT, Pi aris Fi funqciiT gansazRvruli borelis albaTuri
zoma namdvil ricxvTa R RerZze. maSin (

∏
i∈N Ωi,

∏
i∈N Fi,

∏
i∈N Pi)
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albaTur sivrces ewodeba usasrulo-ganzomilebian RN sivrces-
Tan asocirebuli usasrulo-ganzomilebiani gausis kanonikuri al-
baTuri sivrce.

∏
i∈N Pi ricxviT funqcias ewodeba usasrulo-ganzo-

milebian RN sivrceze gansazRvruli gausis kanonikuri albaTuri
zoma da aRiniSneba ΓN -iT.

testebi

1.5.1. bazris teritoriaze ganlagebulia 10000 jixuri. TiToeuli
jixuris mepatrone yovel kvartalSi 0, 5-is toli albaTobiT naxu-
lobs mogebas 500 laris odenobiT da igive albaTobiT naxulobs
zarals 200 laris odenobiT. jixurebis im mepatroneTa raodenoba,
romlebic wlis bolosaTvis

1) izaraleben 800 laris odenobiT, tolia
a) 625, b) 670, g) 450, d) 700;

2) izaraleben 100 laris odenobiT, tolia
a) 2500, b) 3000, g) 2000, d) 3500;

3) miiReben mogebas 600 laris odenobiT, tolia
a) 3750, b) 3650, g) 3600, d) 3400;

4) miiReben mogebas 1300 laris odenobiT, tolia
a) 2500, b) 2000, g) 3000, d) 1500;

5) miiReben mogebas 2000 laris odenobiT, tolia
a) 625, b) 650, g) 600, d) 550.

1.5.2. sabiTumo baza amaragebs 20 maRazias. yoveli maTganisagan
damoukideblad mosalodnelia Semdegi dRisaTvis ganacxadis miReba
0, 5-is toli albaTobiT.

1) dRis ganmavlobaSi SekveTaTa ualbaTesi ricxvi tolia
a) 10, b) 11, g) 12, d) 13;

2) ualbaTesi mniSvnelobis albaToba tolia
a) C10

20
1

220 , b) C10
20

1
210 , g) C10

20
1

230 , d) C5
20

1
220 .

1.5.3. mocemulia sami ujredi gadanomrili ricxvebiT 1-dan 3-mde.
vigulisxmoT, rom nawilakis pirvel mdgomareobaSi moxvedris alba-
Tobaa 0, 3, xolo meore mdgomareobaSi moxvedris albaTobaa 0, 4. al-
baToba imisa, rom mocemuli eqvsi nawilakidan 3 aRmoCndeba pirvel
ujraSi, 2 aRmoCndeba meore ujraSi, xolo danarCeni nawilakebi aR-
moCndebian mesame ujraSi, tolia

a) 3!
3!2!1!0, 340, 42, b) 4!

3!2!1!0, 340, 42, g) 5!
3!2!1!0, 340, 42, d) 6!

3!2!1!0, 340, 42.



§ 1.6. SemTxveviTi sidideebi 45

§ 1.6. SemTxveviTi sidideebi

vTqvaT, (Ω,F , P ) aris albaTuri sivrce.

gansazRvreba 1. asaxvas ξ : Ω → R ewodeba SemTxveviTi sidide,
Tu sruldeba Semdegi piroba

(∀x)(x ∈ R → {ω : ω ∈ Ω, ξ(ω) < x} ∈ F).

magaliTi 1. yoveli ξ : Ω → R SemTxveviTi sidide SeiZleba gan-
xilul iqnas rogorc erTeulovani wonis mqone raime Ω fxvnilis
R RerZze mimopnevis garkveuli wesi, romlis Tanaxmadac fxvnilis
yoveli ω ∈ Ω nawilaki mimoipneva R RerZis im wertilze, romlis
koordinatia ξ(ω).

gansazRvreba 2. funqcias IA : Ω → R (A ⊂ Ω), gansazRvruls
pirobiT

IA(ω) =
{

1, Tu ω ∈ A
0, Tu ω ∈ A

,

ewodeba A simravlis indikatori.

Teorema 1. vTqvaT, A ⊂ Ω, maSin IA SemTxveviTi sididea maSin
da mxolod maSin, roca A ∈ F .

damtkiceba. Teorema 1-is marTebuloba trivialurad gamomd-
inareobs Semdegi tolobidan

{ω : IA(ω) < x} =





∅, Tu x ≤ 0,
A, Tu 0 < x ≤ 1,
Ω, Tu 1 < x.

gansazRvreba 3. ξ : Ω → R SemTxveviT sidides ewodeba diskre-
tuli SemTxveviTi sidide, Tu moiZebneba iseTi araTavsebadi xdomi-
lobebis (Ak)k∈N ojaxi da namdvil ricxvTa iseTi (xk)k∈N mimde-
vroba, rom Sesruldeba Semdegi pirobebi:

1) (∀k)(k ∈ N → xk ∈ R, Ak ∈ F),
2) ∪k∈NAk = Ω,
3) ξ(ω) =

∑
k∈N xkIAk

(ω), ω ∈ Ω.

gansazRvreba 4. ξ : Ω → R SemTxveviT sidides ewodeba martivi
diskretuli SemTxveviTi sidide, Tu moiZebneba iseTi araTavsebadi
xdomilobebis (Ak)1≤k≤n ojaxi da namdvil ricxvTa iseTi (xk)1≤k≤n

mimdevroba, rom Sesruldeba Semdegi pirobebi:
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1) (∀k)(1 ≤ k ≤ n → xk ∈ R, Ak ∈ F);
2) ∪n

k=1Ak = Ω;
3) ξ(ω) =

∑n
k=1 xkIAk

(ω), ω ∈ Ω.

gansazRvreba 5. SemTxveviT sidideTa (ξk)k∈N mimdevrobas ewodeba
zrdadi, Tu sruldeba piroba

(∀n)(∀ω)(n ∈ N,ω ∈ Ω → ξn(ω) ≤ ξn+1(ω)).

dadebiTi SemTxveviTi sidideebis struqturis Sesaxeb garkveul in-
formacias iZleva Semdegi Teorema.

Teorema 2. yoveli dadebiTi ξ : Ω → R SemTxveviTi sididis-
aTvis moiZebneba dadebiT martiv diskretul SemTxveviT sidideTa
iseTi (ξk)k∈N mimdevroba, rom Sesruldeba toloba

(∀ω)(ω ∈ Ω → ξ(ω) = lim
n→∞

ξn(ω)).

damtkiceba. yoveli naturaluri n ∈ N ricxvisaTvis ganvsazRv-
roT SemTxveviTi sidide Semdegi pirobiT:

ξn(ω) =
n·2n∑

k=1

k − 1
2n

· I{y:y∈Ω, k−1
2n ≤ξ(y)< k

2n }(ω) + n · I{y:y∈Ω,ξ(y)≥n}(ω).

uSualod mowmdeba, rom

(∀n)(n ∈ N → ξn(ω) ≤ ξn+1(ω))

da
(∀ω)(ω ∈ Ω → ξ(ω) = lim

n→∞
ξn(ω)).

Teorema damtkicebulia.

Teorema 3. yoveli η : Ω → R SemTxveviTi sididisaTvis moiZeb-
neba martiv diskretul SemTxveviT sidideTa iseTi (ηk)k∈N mimde-
vroba, rom Sesruldeba toloba

(∀ω)(ω ∈ Ω → η(ω) = lim
n→∞

ηn(ω)).

damtkiceba. yoveli η : Ω → R SemTxveviTi sididisaTvis marTe-
bulia warmodgena η = η+ + η−, sadac

η+(ω) = max{η(ω), 0} da η−(ω) = min{η(ω), 0}.
Teorema 2-is ZaliT, η+ da −η− SemTxveviTi sidideebisaTvis moiZeb-

neba Sesabamisad martiv diskretul SemTxveviT sidideTa iseTi (η+
k )k∈N

da (η−k )k∈N mimdevrobebi, rom

(∀ω)(ω ∈ Ω → lim
k→∞

η+
k (ω) = η+(ω), lim

k→∞
η−k (ω) = −η−(ω)).
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advili saCvenebelia, rom (ηn)n∈N = (η+
n − η−n )n∈N SemTxveviT si-

dideTa mimdevroba warmoadgens martiv diskretul SemTxveviT si-
dideTa mimdevrobas, romlisTvisac sruldeba piroba

(∀ω)(ω ∈ Ω → η(ω) = lim
n→∞

ηn(ω)).

Teorema damtkicebulia.

testebi

1.6.1. vTqvaT, ξ da η arian diskretuli SemTxveviTi sidideebi, romel-
TaTvisac marTebulia warmodgenebi

ξ(ω) =
∑

k∈N

xkIAk
(ω), η(ω) =

∑

m∈N

ymIBm(ω) ( ω ∈ Ω).

maSin

1) ξ + η SemTxveviTi sididisaTvis da ω ∈ Ω-sTvis marTebulia
toloba

a) (ξ + η)(ω) =
∑

k∈N

∑
m∈N (xk + ym)IAk∩Bm(ω),

b) (ξ + η)(ω) =
∑

k∈N

∑
m∈N xkymIAk∩Bm(ω);

2) ξ · η SemTxveviTi sididisaTvis da ω ∈ Ω-sTvis marTebulia
toloba

a) (ξ · η)(ω) =
∑

k∈N

∑
m∈N (xk + ym)IAk∩Bm(ω),

b) (ξ · η)(ω) =
∑

k∈N

∑
m∈N xkymIAk∩Bm(ω);

3) Tu g : R → R aris zomadi funqcia, maSin g(ξ) SemTxveviTi
sididea da

a) g(ξ)(ω) =
∑

k∈N g(xk)IAk
(ω),

b) g(ξ)(ω) =
∑

k∈N g−1(xk)IAk
(ω);

4) marTebulia Semdegi formula

a) sin(ξ)(ω) =
∑

k∈N sin(xk)IAk
(ω),

b) sin(ξ)(ω) =
∑

k∈N arcsin (xk)IAk
(ω).

1.6.2. vTqvaT, (Ak)k∈N aris xdomilobaTa mimdevroba, xolo ξ aris
SemTxveviTi sidide. maSin
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1)
a) ξ−1(∪k∈NAk) = ∪k∈Nξ−1(Ak),

b) ξ−1(∪k∈NAk) = ∩k∈Nξ−1(Ak);

2)
a) ξ−1(∩k∈NAk) = ∩k∈Nξ−1(Ak),

b) ξ−1(∩k∈NAk) = ∪k∈Nξ−1(Ak);

3)
a) Ω \ ξ−1(Ak) = ξ−1(Ω \Ak),

b) Ω \ ξ−1(Ak) = ξ−1(Ak).

1.6.3.
1) Tu |ξ| aris SemTxveviTi sidide, maSin

a) ξ aris SemTxveviTi sidide,

b) ξ SesaZloa ar iyos SemTxveviTi sidide;

2) Tu ξ SemTxveviTi sididea, maSin

a) ξ+ aris SemTxveviTi sidide,

b) ξ+ SesaZloa ar iyos SemTxveviTi sidide;

3) vTqvaT, ξ da η arian SemTxveviTi sidideebi da A aris xdomiloba.
Tu Θ(ω) = ξ(ω)IA(ω) + η(ω)IA(ω) (ω ∈ Ω), maSin

a) Θ aris SemTxveviTi sidide,

b) Θ SesaZloa ar iyos SemTxveviTi sidide.
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§ 1.7. SemTxveviTi sididis ganawilebis
funqcia
vTqvaT, (Ω,F , P ) albaTuri sivrcea.

gansazRvreba 1. ξ : Ω → R SemTxveviTi sididis ganawilebis
funqcia ewodeba Fξ funqcias, gansazRvruls pirobiT

(∀x)(x ∈ R → Fξ(x) = P ({ω : ξ(ω) ≤ x})),

sadac R = {−∞} ∪ R ∪ {+∞}.
gavecnoT SemTxveviTi sididis ganawilebis funqciis zogierT Tvi-

sebas.

Teorema 1. Fξ(+∞) = limx→+∞ Fξ(x) = 1.

damtkiceba. ganvixiloT +∞-sken krebad namdvilricxvTa (xk)k∈N

zrdadi mimdevroba. SevniSnoT, rom erTi mxriv

{ω : ξ(ω) ≤ xk} ⊆ {ω : ξ(ω) ≤ xk+1} (k ∈ N).

meores mxriv, ∪k∈N{ω : ξ(ω) ≤ xk} = Ω. amitom albaTobis qvevidan
uwyvetobis Tvisebis gamo, vRebulobT

lim
k→∞

P ({ω : ξ(ω) ≤ xk}) = P (∪k∈N{ω : ξ(ω) ≤ xk}) = P (Ω) = 1,

e.i. limx→+∞ Fξ(x) = 1.
SevniSnoT, rom Fξ(+∞) = P ({ω : ξ(ω) ≤ +∞}) = P (Ω) = 1. sabolood

vRebulobT:
Fξ(+∞) = lim

x→+∞
Fξ(x) = 1.

Teorema damtkicebulia.

Teorema 2. Fξ(−∞) = limx→−∞ Fξ(x) = 0.

damtkiceba. SevniSnoT, rom

Fξ(−∞) = P ({ω : ξ(ω) ≤ −∞}) = P (∅) = 0.

ganvixiloT−∞-sken krebad namdvilricxvTa klebadi mimdevroba.
advili SesamCnevia, rom sruldeba pirobebi:

1) {ω : ξ(ω) ≤ xk+1} ⊆ {ω : ξ(ω) ≤ xk} (k ∈ N),
2) ∩k∈N {ω : ξ(ω) ≤ xk} = ∅.

amitom, P albaTobis zemodan uwyvetobis Tvisebis gamo, vRebu-
lobT

lim
k→∞

P ({ω : ξ(ω) ≤ xk}) = P (∩k∈N{ω : ξ(ω) ≤ xk}) = P (∅) = 0,
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e.i.
lim

x→−∞
Fξ(x) = Fξ(−∞) = 0.

Teorema damtkicebulia.

Teorema 3. ganawilebis Fξ(x) funqcia zrdadi funqciaa.

damtkiceba. vTqvaT, x1 < x2. vaCvenoT Semdegi aramkacri utolo-
bis Fξ(x1) ≤ Fξ(x2) marTebuloba. marTlac, Semdegi CarTvis

{ω : ξ(ω) ≤ x1} ⊆ {ω : ξ(ω) ≤ x2}
marTebulobisa da albaTobis monotonurobis Tvisebis gamo (ix. § 1.2,
Tviseba 5 ) vRebulobT

P ({ω : ξ(ω) ≤ x1}) ≤ P ({ω : ξ(ω) ≤ x2}),
rac Tavis mxriv Fξ(x1) ≤ Fξ(x2) pirobis eqvivalenturia.

Teorema damtkicebulia.

Teorema 4. ganawilebis Fξ(x) funqcia uwyvetia marjvnidan, e.i.
yoveli (xk)k∈N mimdevrobisaTvis, romlisTvisac sruldeba pirobebi
xk > x (k ∈ N) da limk→∞ xk = x, aseve sruldeba Semdegi piroba

lim
k→∞

Fξ(xk) = Fξ(x).

damtkiceba. zogadobis SeuzRudavad vigulisxmoT, rom (xk)k∈N

klebadi mimdevrobaa. maSin

{ω : ξ(ω) ≤ x} = ∩k∈N{ω : ξ(ω) ≤ xk},
{ω : ξ(ω) ≤ xk+1} ⊆ {ω : ξ(ω) ≤ xk} (k ∈ N).

amitom, P albaTobis zemodan uwyvetobis Tvisebis gamo vRebulobT

lim
k→∞

P ({ω : ξ(ω) ≤ xk}) = P (∩k∈N{ω : ξ(ω) ≤ xk}) = P ({ω : ξ(ω) ≤ x}),

rac Tavis mxriv limk→∞ Fξ(xk) = Fξ(x) pirobis eqvivalenturia.
Teorema damtkicebulia.

vTqvaT, ξ aris diskretuli SemTxveviTi sidide, e.i. misTvis
moiZebneba araTavsebadi xdomilobebis (Ak)k∈N ojaxi da namdvil
ricxvTa mimdevroba (xk)k∈N , rom Sesruldeba Semdegi pirobebi:

1) (∀k)(k ∈ N → xk ∈ R, Ak ∈ F),
2) ∪k∈NAk = Ω,
3) ξ(ω) =

∑
k∈N xkIAk

(ω), ω ∈ Ω.
maSin ξ SemTxveviTi sididis ganawilebis funqcia gamoiTvleba

Semdegi formulis saSualebiT:

Fξ(x) =
∑

xk≤x

P (Ak).
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SevniSnoT, rom diskretuli SemTxveviTi ξ sididis ganawilebis
funqciis asagebad araa aucilebeli imis codna, Tu ra mniSvnelobebs
Rebulobs is Ω sivrcis ω wertilebze. amisaTvis sakmarisia vi-
codeT SesaZlo mniSvnelobaTa albaTobebi, romelic moicema Semde-
gi sqemis saSualebiT

ξ x1 x2 · · ·
P p1 p2 · · · ,

sadac (∀k)(k ∈ N → pk = P (Ak)).

ganvixiloT zogierTi magaliTi.

magaliTi 1 (puasonis 7 ganawileba). ξ : Ω → R diskretul SemTx-
veviT sidides

ξ(ω) =
∑

n∈N

n · IAn(ω) (ω ∈ Ω)

ewodeba λ (λ > 0) parametriani puasonis kanoniT ganawilebuli SemTx-
veviTi sidide, Tu sruldeba piroba

P (An) =
λn

n!
e−λ (n ∈ N),

e.i.

P ({ω : ξ(ω) = n}) =
λn

n!
e−λ (n ∈ N).

λ-parametriani puasonis kanoniT ganawilebuli SemTxveviTi si-
didis ganawilebis F (x, λ) funqcia moicema Semdegi formuliT:

F (x, λ) =
∑

n≤x

λn

n!
e−λ (x ∈ R).

SeniSvna 1. λ-parametriani puasonis wesiT ganawilebuli SemTxve-
viTi sididis SesaZlo mniSvnelobebis albaTobebsa da ganawilebis
funqciis mniSvnelobebs iTvlis EXCEL-is statistikuri funqcia
POISSON (ix.gv.208 an 214).

magaliTi 2 (hipergeometriuli ganawileba).ξ : Ω → R mar-
tiv diskretul SemTxveviT sidides

ξ(ω) =
m∑

k=0

k · IAk
(ω) (ω ∈ Ω),

7puasoni simeon denisi ( Poisson Semion Denis) (21.6.1781, luaris dep, pitivio -
25.4.1840, parizi)-frangi meqanikosi, fizikosi, maTematikosi, peterburgis mecnierebaTa
akademiis sapatio wevri (1826), parizis mecnierebaTa akademiis wevri (1812).
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sadac

P (An) =
Ck

a × Cn−k
A−a

Cn
A

,

0 < n ≤ A, 0 < a < A, 0 ≤ k ≤ min(a, n) = m,

ewodeba (n, a, A)-parametrebiani hipergeometriuli wesiT ganawile-
buli SemTxveviTi sidide.

(n, a,A)-parametrebiani hipergeometriuli wesiT ganawilebuli Se-

mTxveviTi sididis ganawilebis funqcia aRiniSneba F(n,a,A) simbolo-
Ti da gamoiTvleba Semdegi formuliT

F(n,a,A)(x) =
∑

k≤x

Ck
a × Cn−k

A−a

Cn
A

.

SeniSvna 2. (n, a, A)-parametrebiani hipergeometriuli wesiT ganaw-
ilebuli SemTxveviTi sididis ganawilebis funqciis SesaZlo mniSvne-

lobebs iTvlis EXCEL-is statistikuri funqcia

HY PERGEOMDIST (k;n; a; A).

magaliTi 3 (geometriuli ganawileba). ξ : Ω → R diskretul
SemTxveviT sidides

ξ(ω) =
∑

n∈N

n · IAn(ω) (ω ∈ Ω)

ewodeba q (0 < q < 1) parametriani geometriuli kanoniT ganawile-
buli SemTxveviTi sidide, Tu sruldeba piroba:

P (An) = (1− q)qn−1 (n ∈ N),

e.i.
P ({ω : ξ(ω) = n}) = (1− q)qn−1 (n ∈ N).

q-parametriani geometriuli kanoniT ganawilebuli SemTxveviTi
sididis ganawilebis funqcia Fq moicema Semdegi formuliT

Fq(x) =
∑

n≤x

(1− q)qn−1 (x ∈ R).
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magaliTi 4 (leibnicis 8 ganawileba). ξ : Ω → R diskretul
SemTxveviT sidides

ξ(ω) =
∞∑

n=1

n · IAn(ω) (ω ∈ Ω)

ewodeba leibnicis kanoniT ganawilebuli SemTxveviTi sidide, Tu
sruldeba piroba:

P (An) =
1

n · (n + 1)
(n ∈ N),

e.i.

P ({ω : ξ(ω) = n}) =
1

n · (n + 1)
(n ∈ N).

leibnicis kanoniT ganawilebuli SemTxveviTi sididis ganawilebis
F funqcia moicema Semdegi formuliT:

F (x) =
∑

n≤x

1
n · (n + 1)

=

=
{

0, Tu x < 1
1− 1

[x]+1 , Tu x ≥ 1 ,

sadac [x] aRniSnavs x namdvili ricxvis mTel nawils.

magaliTi 5 (binomuri ganawileba). martiv diskretul

ξ(ω) =
n∑

k=1

kIAk
(ω) (ω ∈ Ω).

SemTxveviT sidides ewodeba (n, p)-parametriani binomuri wesiT ganaw-
ilebuli SemTxveviTi sidide, Tu

P (Ak) = Ck
n · pk(1− p)n−k

sadac namdvili ricxvi p akmayofilebs pirobas 0 < p < 1, xolo
mTeli ricxvi k akmayofilebs 0 ≤ k ≤ n pirobas, e.i.

P ({ω : ξ(ω) = k}) = Ck
n · pk(1− p)n−k.

8leibnici gotfrid vilhelm ( Leibniz Gottfried Wilhelm ) (1.7.1646, leipcigi,-
14.11.1716, ganoveri)-germaneli maTematikosi, fizikosi da gamomgonebeli, iuristi,
istorikosi, enaTmecnieri, londonis samefo sazogadoebis wevri (1673), parizis
akademiis wevri (1700), pirvelma SeimuSava racionaluri wiladebis integrireba (1702-
03), daadgina niSancvladi mwkrivis krebadobis zogierTi sakmarisi piroba (1682).
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(n, p) parametriani binomuri wesiT ganawilebuli SemTxveviTi sididis
ganawilebis funqcia aRiniSneba Fn(x, p) simboloTi da gamoiTvleba
Semdegi formuliT:

Fn(x, p) =
∑

k≤x

Ck
n · pk(1− p)n−k.

SeniSvna 1. (1, p)-parametrian binomuri wesiT ganawilebul Sem-
TxveviT sidides uwodeben agreTve p-parametrian bernulis wesiT
ganawilebul SemTxveviT sididesac. mtkicdeba, rom (n, p)-parametri-
ani binomuri wesiT ganawilebuli SemTxveviTi sidide SeiZleba war-
movadginoT n-cali damoukidebeli p- parametriani bernulis wesiT
ganawilebuli SemTxveviTi sididis jamis saxiT .

SeniSvna 3. (n, p)-parametrebiani binomuri wesiT ganawilebuli
SemTxveviTi sididis SesaZlo albaTobebsa da ganawilebis funqciis
SesaZlo mniSvnelobebs iTvlis EXCEL-is statistikuri funqcia
BINOMDIST (ix.gv.209 an 213)).

gansazRvreba 2. SemTxveviT ξ : Ω → R sidides ewodeba abso-
luturad uwyveti 9SemTxveviTi sidide, Tu moiZebneba iseTi arauar-
yofiTi fξ : R → R+ funqcia, rom Sesruldeba piroba

(∀x)(x ∈ R → Fξ(x) =
∫ x

−∞
fξ(x)dx),

sadac R+ = [0, +∞[.
fξ(x) (x ∈ R) funqcias ewodeba ξ SemTxveviTi sididis ganawilebis

simkvrive
Teorema 5. vTqvaT, fξ : R → R aris ξ : Ω → R SemTxveviTi

sididis ganawilebis funqcia. maSin marTebulia Semdegi toloba
∫ +∞

−∞
fξ(x)dx = 1.

damtkiceba. limL→+∞ Fξ(L) = 1, amitom limL→+∞
∫ L

−∞ fξ(x)dx = 1,
rac niSnavs

∫ +∞
−∞ fξ(x)dx = 1 tolobis marTebulobas.

Teorema damtkicebulia.
Teorema 6. vTqvaT, Fξ aris ξ SemTxveviTi sididis ganawilebis

funqcia, maSin yoveli x da y (x < y) namdvili ricxvebisTvis marTe-
bulia toloba

P ({ω : x < ξ(ω) ≤ y}) = Fξ(y)− Fξ(x),
9SevniSnoT, rom absoluturad uwyveti SemTxveviTi sididis ganawilebis simkvrive

ganisazRvreba namdvil ricxvTa R RerZis lebegis azriT nulzomad qvesimravleze
mniSvnelobebamde sizustiT; xolo rac Seexeba lebegis azriT nulzomadobis cnebas,
is mdgomareobs SemdegSi: X ⊂ R qvesimravles ewodeba lebegis azriT nulzomadi Tu
yoveli ε > 0 ricxvisaTvis arsebobs Ria intervalTa iseTi (]ak, bk[)k∈N mimdevroba,
rom X ⊂ ∪k∈N ]ak, bk[ da

∑
k∈N

(bk − ak) < ε.
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amasTan, Tu ξ absoluturad uwyveti SemTxveviTi sididea da fξ misi
ganawilebis simkvrivea, maSin

P ({ω : x < ξ(ω) ≤ y}) =
∫ y

x

fξ(s)ds.

damtkiceba.
P ({ω : x < ξ(ω) ≤ y}) = P ({ω : ξ(ω) ≤ y} \ {ω : ξ(ω) ≤ x}) =

= P ({ω : ξ(ω) ≤ y})− P ({ω : ξ(ω) ≤ x}) = Fξ(y)− Fξ(x).

Tu Fξ(t) =
∫ t

−∞ fξ(s)ds, maSin

Fξ(y)− Fξ(x) =
∫ y

−∞
fξ(s)ds−

∫ x

−∞
fξ(s)ds =

∫ y

x

fξ(s)ds.

Teorema damtkicebulia.

SeniSvna 5. martivi ξ SemTxveviTi sididis raime intervalSi mox-
vedris albaTobas iTvlis EXCEL-is statistikuri funqcia PROB(ix.
gv.210 an 215).

SeniSvna 6. Tu fξ da Fξ arian Sesabamisad uwyveti SemTxveviTi
sididis ganawilebis simkvrive da ganawilebis funqcia, maSin TiTqmis
yvelgan R-ze

dFξ(x)
dx

= fξ(x),

e.i. {x : x ∈ R,
dFξ(x)

dx 6= fξ(x) an dFξ(x)
dx ar arsebobs} aris namdvil

ricxvTa R RerZis lebegis azriT nulzomadi qvesimravle.

magaliTi 6 (normaluri ganawileba). absoluturad uwyvet ξ :
Ω → R SemTxveviT sidides ewodeba (m,σ2) (m ∈ R, σ > 0) parametre-
biani normalurad ganawilebuli SemTxveviTi sidide , Tu marTebu-
lia toloba

fξ(x) =
1√
2πσ

e−
(x−m)2

2σ2 (x ∈ R).

(m,σ2)-parametrebiani normalurad ganawilebuli SemTxveviTi sidi-
dis ganawilebis simkvrive da ganawilebis funqcia aRiniSneba Sesaba-
misad φ(m,σ2) da Φ(m,σ2) simboloebiT, e.i.

φ(m,σ2)(x) =
1√
2πσ

e−
(x−m)2

2σ2 (x ∈ R),

Φ(m,σ2)(x) =
1√
2πσ

∫ x

−∞
e−

(t−m)2

2σ2 dt (t ∈ R).

roca m = 0 da σ = 1, maSin maTTvis miRebulia Sesabamisad aR-
niSvnebi φ da Φ, e.i. φ = φ(0,1) da Φ = Φ(0,1). amasTan, φ-s ewodeba
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standartuli normaluri ganawilebis simkvrive, xolo Φ funqcias
ewodeba standartuli normaluri ganawilebis funqcia.

SeniSvna 7. (m,σ2)-parametrebiani normalurad ganawilebuli Sem-

TxveviTi sididis simkvrivesa da ganawilebis funqciis mniSvnelo-
bebs iTvlis EXCEL-is statistikuri funqcia NORMDIST (ix.gv.209
an 214).

magaliTi 7. (Tanabari ganawileba). absoluturad uwyvet ξ :
Ω → R SemTxveviT sidides ewodeba Tanabrad ganawilebuli [a, b] (a <
b) intervalze , Tu marTebulia toloba

fξ(x) =
{

1
b−a , Tu x ∈ [a, b];
0, Tu x /∈ [a, b].

[a, b] intervalze Tanabrad ganawilebuli SemTxveviTi sididis ganawi-
lebis funqcia moicema Semdegi formuliT

Fξ(x) =





0, Tu x < a;
x−a
b−a , Tu x ∈ [a, b];
1, Tu x > b.

magaliTi 8 (koSis 10 ganawileba). absoluturad uwyvet ξ : Ω →
R SemTxveviT sidides ewodeba ganawilebuli koSis kanoniT, Tu

fξ(x) =
1

π(1 + x2)
(x ∈ R).

misi ganawilebis funqcia moicema Semdegi formuliT

Fξ(x) =
∫ x

−∞

1
π(1 + t2)

dt =
1
2

+
1
π

arctg(x) (x ∈ R).

magaliTi 9 (maCvenebliani ganawileba). absoluturad uwyvet
ξ : Ω → R SemTxveviT sidides ewodeba λ-parametriani maCvenebliani
wesiT ganawilebili SemTxveviTi sidide , Tu

fξ(x) =
{

λe−λx, Tu x ≥ 0;
0, Tu x < 0.

maCvenebliani wesiT ganawilebuli SemTxveviTi sididis ganawile-
bis funqcia Fξ moicema Semdegi formuliT

Fξ(x) =
{

1− e−λx, Tu x ≥ 0;
0, Tu x < 0.

10koSi avgustine lui (Cauch Augustin Louis) (21.8.1789, parizi - 23.5.1857,so) -frangi
maTematikosi, peterburgis mecnierebaTa akademiis sapatio wevri (1831), parizis mec-
nierebaTa akademiis wevri (1816).
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SeniSvna 8. λ-parametrebiani normalurad ganawilebuli SemTxve-
viTi sididis simkvrivesa da ganawilebis funqciis mniSvnelobebs iT-
vlis EXCEL-is statistikuri funqcia EXPONDIST (ix.gv. 209 an
213).

magaliTi 10. vTqvaT, ξ aris (m,σ2)-parametrebiani normaluri
SemTxveviTi sidide. eξ SemTxveviTi sididis ganawilebas ewodeba
lognormaluri ganawileba da aRiniSneba logN(x,m, σ2) (x ∈ R) sim-
boloTi.

cxadia, rom logN(x,m, σ2) = 0, roca x ≤ 0. Roca x > 0, maSin

Feξ(x) = logN(x,m, σ2) = P ({ω : eξ(ω) ≤ x}) = P ({ω : ξ(ω) ≤ ln(x)}) =

P ({ω :
ξ(ω)−m

σ
≤ ln(x)−m

σ
}) = Φ(

ln(x)−m

σ
).

SeniSvna 6-is ZaliT vRebulobT, rom

feξ(x) =
{

1
xσ φ( ln(x)−m

σ ), Tu x ≥ 0
0, Tu x < 0

SeniSvna 9. lognormaluri ganawilebis kanons geologiaSi erT-
erTi umTavresi adgili uWiravs. am kanoniTaa ganawilebuli danaleq
qanebSi marcvlebis zoma, danaleqi qanebis simZlavre, danaleqi qanebis
filtraciis koeficienti, qanebsa da miwisqveSa wylebSi mikroele-
mentebi da sxva. am wesiT arian ganawilebuli iseTi SemTxveviTi si-
dideebi, romelTa mniSvnelobebi miiReba mcire SecdomaTa didi rao-
denobis gamravlebis Sedegad, analogiurad normaluri ganawilebis
kanonisa, romelic miiReba SecdomaTa didi raodenobis Sekrebis Sede-
gad.

SeniSvna 10. (m,σ2)-parametrebiani lognormalurad ganawile-
buli SemTxveviTi sididis ganawilebis funqciis mniSvnelobas iTvlis
EXCEL-is statistikuri funqcia

LOGNORMDIST (x; m,σ2).

magaliTad,LOGNORMDIST (5; 5; 5) = 0, 248850137;
xolo p donis kvantils iTvlis funqcia LOGINV (p; m,σ2); maga-

liTad, LOGINV (0, 248850137; 5, 5) = 5.

magaliTi 11 (veibulis ganawileba). ξ SemTxveviTi sidides
ewodeba ganawilebuli veibulis wesiT (α, β) (α, β > 0) parametrebiT,
Tu misi ganawilebis funqcias aqvs saxe

Fξ(x) =
{

1− e−( x
β )α, Tu x ≥ 0

0, Tu x < 0
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SeniSvna 6-is ZaliT vRebulobT

fξ(x) = F
′
ξ(x) =

{
αβ−αxα−1e−( x

β )α, Tu x ≥ 0
0, Tu x < 0

magaliTi 12 (singularuli ganawileba). ganvixiloT inter-
vali [0, 1] da ganvsazRvroT masze funqcia Semdegi sqemis saSualebiT,
romelic ekuTvnis g.kantors. 11

davyoT intervali [0, 1] sam tol nawilad da ganvsazRvroT fun-
qcia

F1(x) =





1
2 , Tu x ∈] 13 , 2

3 [
0, Tu x = 0
1, Tu x = 1

[0, 1] intervalis sxva wertilebSi wrfivi interpolaciis saSuale-
biT .

Semdgom, yoveli Semdegi [0, 1
3 ] da [ 23 , 1] intervali kvlav davyoT

sam tol nawilad da ganvsazRvroT funqcia

F2(x) =





1
2 , Tu x ∈] 13 , 2

3 [
1
4 , Tu x ∈] 19 , 2

9 [
3
4 , Tu x ∈] 79 , 8

9 [
0, Tu x = 0
1, Tu x = 1

[0, 1] intervalis sxva wertilebSi wrfivi interpolaciis saSuale-
biT .

Tu am process gavagrZelebT, miviRebT (Fn)n∈N funqciaTa mimde-
vrobas, romelic krebadia [0, 1] intervalze gansazRvruli konkre-
tuli uwyveti F funqciisaken, romlis zrdis wertilTa 12 sim-
ravle warmoadgens lebegis azriT nulzomad simravles. marTlac,
rogorc Cans (Fn)n∈N funqciaTa agebis konstruqciidan, lebegis
zoma

]
1
2
,
2
3
[, ]

1
9
,
2
9
[, ]

7
9
,
8
9
[, · · ·

11kantori giorgi (Cantor Georg) (19.2.(3.3).1845 peterburgi-6.1.1918 gale)-germaneli
maTematikosi, gales universitetis profesori (1879-1913). mas ekuTvnis usasrulo sim-
ravleTa da transfinitur ricxvTa Teoriebis damuSaveba. 1874 wels man daamtkica
namdvil ricxvTa simravlis araTvladoba. 1897 wels is wyvets mecnierul Semoqmede-
bas. kantoris ideebma, romelTac TanamedroveTa mxridan Sexvda didi winaaRmdegoba,
kerZod l.kronekeris mxridan, udidesi gavlena moaxdines maTematikis ganviTarebaze.

12 x wertils ewodeba uwyveti F funqciis zrdis wertili, Tu yoveli ε > 0
ricxvisaTvis F (x + ε)− F (x− ε) > 0.
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intervalTa ojaxis gaerTianebisa, romelzedac F funqcia Rebu-
lobs mudmiv mniSvnelobebs, tolia

1
3

+
2
9

+
4
27

+ · · · = 1
3

∞∑
n=0

(2
3
)n = 1.

F funqcias uwodeben kantoris funqcias.
ganvixiloT SemTxveviTi sididis konstruqcia, romlis ganawi-

lebis funqciasac warmoadgens kantoris funqcia F .
vTqvaT,

(Ω,F , P ) = ([0, 1],B([0, 1]), b1).

ganvsazRvroT funqciaTa

(ξ k
2n

)n∈N, 1≤k<2n, k∈2N+1 = (ξi)i∈I

ojaxi Semdegnairad

ξ 1
2
(ω) =

1
3
I{ 1

2}(ω), (ω ∈ Ω),

ξ 1
4
(ω) =

1
9
I{ 1

4
}(ω), (ω ∈ Ω),

ξ 3
4
(ω) =

1
9
I{ 3

4}(ω), (ω ∈ Ω),

ξ 1
8
(ω) =

1
27

I{ 1
8}(ω), (ω ∈ Ω),

ξ 3
8
(ω) =

1
27

I{ 3
8}(ω), (ω ∈ Ω),

ξ 5
8
(ω) =

1
27

I{ 5
8}(ω), (ω ∈ Ω),

ξ 7
8
(ω) =

1
27

I{ 7
8}(ω), (ω ∈ Ω),

da a.S.
ganvsazRvroT ξCantor : Ω → R Semdegnairad

ξCantor(ω) =
∑

i∈I, i≤ω

ξi(ω).

advili saCvenebelia, rom ξcantor SemTxveviTi sididis ganawilebis
funqcia emTxveva kantoris F funqcias.

gansazRvreba 3. yovel uwyvet ganawilebis funqcias, romlis
zrdis wertilTa simravle warmoadgens lebegis azriT nulzomad
simravles, uwodeben singularuli ganawilebis funqcias.
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Teorema 7. yoveli ganawilebis F funqciisaTvis marTebulia
warmodgena

F (x) = p1 · F1(x) + p2 · F2(x) + p3 · F3(x) (x ∈ R),

sadac F1, F2, F3 arian Sesabamisad diskretuli, absoluturad uwyve-
ti da singularuli ganawilebis funqciebi, xolo p1, p2, p3 iseTi
arauaryofiTi namdvili ricxvebia, rom

p1 + p2 + p3 = 1.

Teorema 8. vTqvaT, Fξ aris ξ SemTxveviTi sididis ganawilebis
funqcia da a > 0, b ∈ R. maSin η = aξ + b SemTxveviTi sididis
ganawilebis funqciisaTvis marTebulia toloba

Fη(x) = Fξ(
x− b

a
) (x ∈ R).

damtkiceba. SevniSnoT, rom

Fη(x) = P ({ω : aξ(ω) + b ≤ x}) = P ({ω : ξ(ω) ≤ x− b

a
}) = Fξ(

x− b

a
).

da bolos, ganvixiloT SemdgomisaTvis metad mniSvnelovani
gansazRvreba 4. vTqvaT, F ganawilebis funqciaa da 0 < α < 1.

tα ricxvs ewodeba F -ganawilebis α-donis zeda kvantili, Tu F (tα =
1− α.

testebi

1.7.1. martivi diskretuli ξ(ω) =
∑4

k=1 xkIAk
(ω) (ω ∈ Ω) SemTxveviTi

sididis ganawileba mocemulia Semdegi sqemis saSualebiT

ξ −1 0 4 5
P 0, 2 0, 3 0, 1 0, 4

.

maSin
1) Fξ(−3) tolia

a) 0, 2, b) 0, 3, g) 0, 1, d) 0;
2) Fξ(−1) tolia

a) 0, 2, b) 0, 3, g) 0, 1, d) 0;
3) Fξ(−0, 3) tolia
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a) 0, 2, b) 0, 3, g) 0, 1, d) 0;
4) Fξ(4) tolia

a) 0, 6, b) 0, 4, g) 1, d) 0, 8;
5) Fξ(6) tolia

a) 0, 6, b) 0, 4, g) 1, d) 0, 8.
1.7.2. ξ SemTxveviTi sididis ganawilebis funqcias aqvs saxe

Fξ(x) =





a, x < 0;
bx, 0 ≤ x < 1;
c, x ≥ 1.

maSin
a) a = 1, b = 0, c = 0; b) a = 0, b = 1, c = 1;
g) a = 0, b = 0, c = 1; d) a = 1, b = 1, c = 0;

1.7.3. A xdomilobis moxdenis albaToba calkeul cdaSi 0,3-is to-
lia. maSin sami damoukidebeli cdis dros A xdomilobis moxdenaTa
ξ ricxvis ganawilebis kanons aqvs saxe a)

ξ 0 1 2 3
P 0, 343 0, 441 0, 189 0, 027

,

b)

ξ 0 1 2 3
P 0, 343 0, 441 0, 179 0, 037 .

1.7.4. msrolels mizanSi moxvedrisas ewereba 5 qula, xolo ac-
denisas 2 qula akldeba. amasTan calkeuli gasrolisas mizanSi
moxvedris albaTobaa 0,5. 4 gasrolisas dagrovil qulaTa ξ rao-
denobis ganawilebis kanons aqvs saxe

a)

ξ −8 −1 6 13 20
P 0, 0625 0, 25 0, 375 0, 25 0, 0625 ,

b)

ξ −8 −1 6 13 20
P 0, 0625 0, 225 0, 375 0, 225 0, 0625

.

1.7.5. partiaSi 10 detalia, romelSic 8 standartulia. SemTxve-
viTad irCeven 2 detals. maSin SerCevaSi moxvedril standartul
detalTa ξ raodenobis ganawilebis kanons aqvs saxe

a)

ξ 0 1 2
P 1

45
16
45

28
45

,

b)
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ξ 0 1 2
P 2

45
14
45

29
45

.

1.7.6. drois erTeulSi saqonlis fasis 1 erTeuliT momatebis al-
baTobaa 0,5, xolo igive sididiT fasis daklebis albaTobaa 0,5.
sawyisi fasi Seadgenda 10 erTeuls. maSin drois 4 erTeulis Semdeg
saqonlis ξ fasis ganawilebis kanons eqneba saxe

a)

ξ 6 8 10 12 14
P 0, 0625 0, 25 0, 375 0, 25 0, 0625 ,

b)

ξ 6 8 10 12 14
P 0, 065 0, 25 0, 375 0, 25 0, 065 .

1.7.7. nawilaki imyofeba ricxviTi RerZis saTaveSi. drois erTeulSi
nawilakis marjvniv, iseve rogorc marcxniv, erTi erTeuliT gadaad-
gilebis albaTobaa 0,5. maSin drois oTxi erTeulis Semdeg nawilakis
ξ mdgomareobis ganawilebis kanons eqneba saxe

a)

ξ −4 −2 0 2 4
P 0, 0625 0, 25 0, 375 0, 25 0, 0625 ,

b)

ξ −4 −2 0 2 4
P 0, 0625 0, 245 0, 385 0, 245 0, 0625

.

1.7.8. ξ aris λ = 1 parametriani puasonis kanoniT ganawilebuli
SemTxveviTi sidide. maSin

1) [2,5; 5,5] intervalSi ξ SemTxveviTi sididis moxvedris albaToba
tolia

a) 0, 306760, b) 0, 13455, g) 0, 11213, d) 0, 28111;
2) [6,5; 7,5] intervalSi 3ξ +4 SemTxveviTi sididis moxvedris alba-

Toba tolia
a) 0, 367879, b) 0, 13894, g) 0, 13121, d) 0, 28991.

1.7.9. ξ aris [3, 10] intervalze Tanabrad ganawilebuli SemTxveviTi
sidide. maSin

1) Fξ(4) tolia
a) 1

7 , b)
1
8 , g)

1
9 , d)

1
10 ;

2) [2,5; 5,5] intervalSi ξ SemTxveviTi sididis moxvedris albaToba
tolia

a) 5
7 , b)

5
8 , g)

5
9 , d) 0, 5;

3) [5;10] intervalSi 5ξ + 5 SemTxveviTi sididis moxvedris alba-
Toba tolia

a) 0, b) 1, g) 0, 5, d) 0, 8.
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1.7.10. ξ aris λ(λ > 0)-parametriT maCvenebliani wesiT ganawile-
buli SemTxveviTi sidide.

1) Tu [0, a] intervalSi ξ SemTxveviTi sididis moxvedris alba-
Toba 2

3 -is tolia, maSin
a) a = ln(3)

λ , b) a = ln(4)
λ , g) a = ln(5)

λ , d) a = ln(6)
λ ;

2) [-5;5] intervalSi 3ξ − 4 SemTxveviTi sididis moxvedris alba-
Toba tolia

a) 1− e−3λ, b) 1− e−4λ, g) 1− e−5λ, d) 1− e−6λ.
1.7.11. ξ aris (0, 1)-parametrebiani normalurad ganawilebuli

SemTxveviTi sidide.
1) Tu ξ sididis [−a, a] intervalSi moxvedris albaTobaa 0,99,

maSin
a) a = 2, 37, b) a = 2, 57, g) a = 2, 77, d) a = 2, 97;

2) 3ξ + 8 SemTxveviTi sididis (−5, 5) intervalSi moxvedris al-
baTobaa

a) 0, 8413, b) 0, 7413, g) 0, 6413, d) 0, 5413.

§ 1.8. maTematikuri lodini da dispersia

vTqvaT, (Ω,F , P ) albaTuri sivrcea. vigulisxmoT, rom ξ martivi
diskretuli SemTxveviTi sididea, e.i.

(∀ω)(ω ∈ Ω → ξ(ω) =
n∑

k=1

xk · IAk
(ω)),

sadac xk ∈ R (1 ≤ k ≤ n) da xdomilobaTa (Ak)1≤k≤n ojaxi iseTia,
rom misTvis sruldeba pirobebi:

1) (∀k)(∀m)(1 ≤ k < m ≤ n → Ak ∩Am = ∅),
2) ∪n

k=1 Ak = Ω.

gansazRvreba 1. martivi diskretuli ξ SemTxveviTi sididis
maTematikuri lodini ewodeba jams

∑n
k=1 xk · P (Ak) da aRiniSneba

simboloTi Mξ , e.i.

Mξ =
n∑

k=1

xk · P (Ak).

SeniSvna 1. martivi SemTxveviTi sididis maTematikur lodins
iTvlis EXCEL-is statistikuri funqcia SUMPRODUCT (ix.gv. 209
an 215).
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vigulisxmoT, rom η nebismieri SemTxveviTi sididea. §1.6-Si damt-
kicebuli Teorema 3-is ZaliT moiZebneba martiv diskretul SemTxve-
viT sidideTa iseTi (ηn)n∈N mimdevroba, rom Sesruldeba

(∀ω)(ω ∈ Ω → η(ω) = lim
n→∞

ηn(ω)).

gansazRvreba 2. Tu arsebobs sasruli zRvari limn→∞Mηn, maSin
mas ewodeba η SemTxveviTi sididis maTematikuri lodini da aRiniS-
neba simboloTi Mη (an

∫
Ω

η(ω)dP (ω)).
mtkicdeba, rom Tu arsebobs sidide limn→∞Mηn da is sasrulia

η-sken krebadi martiv diskretul SemTxveviT sidideTa erTi mainc
mimdevrobisaTvis, maSin es zRvari erTi da igivea η-sken krebadi mar-
tiv diskretul SemTxveviT sidideTa nebismieri mimdevrobisaTvis,
rac niSnavs gansazRvreba 2-is koreqtulobas.

SeTanxmeba. momavalSi Cven ganvixilavT mxolod iseT SemTxve-
viT sidideebs, romelTalodini da kvadratislodini sasruli ricx-
vebia.

Teorema 1. Tu absoluturad uwyveti ξ SemTxveviTi sididis
ganawilebis simkvrivea fξ , maSin marTebulia toloba

Mξ =
∫ +∞

−∞
xfξ(x)dx.

gansazRvreba 3. ξ SemTxveviTi sididis dispersia ewodeba si-
dides M(ξ −Mξ)2 da aRiniSneba simboloTi Dξ.

gansazRvreba 4. sidides
√

Dξ ewodeba ξ SemTxveviTi sididis
saSualo kvadratuli gadaxra.

gavecnoT maTematikuri lodinisa da dispersiis zogierT Tvise-
bas.

Teorema 2. vTqvaT ξ(ω) = c (ω ∈ Ω, c = const), maSin Mξ = c,
e.i. Mc = c.

damtkiceba. ξ(ω) = c · IΩ(ω). martivi diskretuli SemTxveviTi
sididis maTematikuri lodinis gansazRvris ZaliT, gveqneba

Mξ = c · P (Ω) = c.

Teorema 3. M(ξ + η) = Mξ + Mη, (e.i., SemTxveviTi sididee-
bis jamis maTematikuri lodini SesakrebTa maTematikuri lodinebis
jamis tolia).

damtkiceba. SemTxveviT sidideTa struqturis Sesaxeb Teoremi-
sa da SemTxveviTi sididis maTematikurilodinis gansazRvris Tanax-
mad, sakmarisia Teorema davamtkicoT martivi diskretuli SemTxve-
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viTi sidideebis SemTxvevaSi. vigulisxmoT, rom ξ da η martivi
diskretuli SemTxveviTi sidideebia, e.i. marTebulia Semdegi tolo-
bebi:

ξ(ω) =
p∑

k=1

xk · IAk
(ω), Ak ∩Am = ∅, 1 ≤ k < m ≤ p,

∪p
k=1 Ak = Ω, xk ∈ R, k, m, p ∈ N,

η(ω) =
q∑

n=1

yn · IBn
(ω), Bk ∩Bm = ∅, 1 ≤ k < m ≤ q,

∪q
n=1 Bn = Ω, yn ∈ R, k,m, q ∈ N,

SevniSnoT, rom

(ξ + η)(ω) =
p∑

k=1

q∑
n=1

(xk + yn) · IAk∩Bn(ω) (ω ∈ Ω),

saidanac vRebulobT

M(ξ + η) =
p∑

k=1

q∑
n=1

(xk + yn) · IAk∩Bn(ω) =
p∑

k=1

q∑
n=1

(xk + yn) · P (Ak ∩Bn)

=
p∑

k=1

xk

q∑
n=1

P (Ak ∩Bn) +
q∑

n=1

yn

p∑

k=1

P (Ak ∩Bn)

=
p∑

k=1

xkP (Ak) +
q∑

n=1

ynP (Bn) = Mξ + Mη.

Teorema damtkicebulia.

gansazRvreba 5. ξ da η martiv diskretul SemTxveviT sidideebs
ewodeba damoukidebeli, Tu sruldeba Semdegi piroba

P ({ω : ξ(ω) = xk, η(ω) = yn}) = P ({ω : ξ(ω) = xk}) · P ({ω : η(ω) = yn}),

sadac 1 ≤ k ≤ p, 1 ≤ n ≤ q.

gansazRvreba 6. ξ da η SemTxveviT sidideebs ewodeba damoukide-
beli, Tu sruldeba Semdegi piroba

P ({ω : ξ(ω) ≤ x, η(ω) ≤ y}) = P ({ω : ξ(ω) ≤ x}) · P ({ω : η(ω) ≤ y}),

sadac x, y ∈ R.

SeniSvna 2. ξ da η martivi diskretuli SemTxveviTi sidideebis
SemTxvevaSi gansazRvrebebi 5 da 6 erTmaneTis eqvivalenturia.

marTebulia Semdegi
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Teorema 4. Tu ξ da η damoukidebeli SemTxveviTi sidideebia,
maSin moiZebneba damoukidebel martiv diskretul SemTxveviT sidi-
deTa iseTi (ξn)n∈N da (ηn)n∈N mimdevrobebi, rom Sesruldeba toloba:

(ξ · η)(ω) = lim
n→∞

ξn(ω) · ηn(ω) (ω ∈ Ω).

Teorema 5. vTqvaT, ξ da η damoukidebeli martivi diskretuli
SemTxveviTi sidideebia, maSin M(ξ · η) = Mξ ·Mη.

damtkiceba. SevniSnoT, rom

(ξ · η)(ω) =
p∑

k=1

q∑
n=1

(xk · yn) · IAk∩Bn(ω) (ω ∈ Ω).

aqedan

M(ξ · η) = M(
p∑

k=1

q∑
n=1

xk · yn · IAk∩Bn) =
p∑

k=1

q∑
n=1

xk · ynP (Ak ∩Bn) =

=
p∑

k=1

q∑
n=1

xk · ynP (Ak) · P (Bn) =
p∑

k=1

xkP (Ak) ·
q∑

n=1

ynP (Bn) = Mξ ·Mη.

Teorema damtkicebulia.

me-4 da me-5 Teoremebis saSualebiT mtkicdeba Semdegi

Teorema 6. Tu ξ da η damoukidebeli SemTxveviTi sidideebia,
maSin

M(ξ · η) = Mξ ·Mη,

e.i. damoukidebel SemTxveviT sidideTa namravlis maTematikuri lo-
dini TanamamravlTa maTematikuri lodinebis namravlis tolia.

damtkiceba. Tu ξ da η damoukidebeli SemTxveviTi sidideebia,
maSin Teorema 4-is ZaliT moiZebneba damoukidebel martiv diskre-
tul SemTxveviT sidideTa iseTi (ξn)n∈N da (ηn)n∈N mimdevrobebi,
rom Sesruldeba toloba

(ξ · η)(ω) = lim
n→∞

ξn(ω) · ηn(ω) (ω ∈ Ω).

maTematikuri lodinis gansazRvrisa da me-5 Teoremis ZaliT vRebu-
lobT

M(ξ · η) = lim
n→∞

Mξn · ηn = lim
n→∞

(
Mξn ·Mηn

)
=

= lim
n→∞

Mξn · lim
n→∞

Mηn = Mξ ·Mη.
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gansazRvreba 7. SemTxveviT sidideTa ξ1, · · · , ξn sasrulo ojaxs
ewodeba damoukidebeli, Tu gafarToebul namdvilricxvTa R RerZis
yoveli (xk)1≤k≤n sasruli ojaxisaTvis sruldeba piroba

P ({ω : ξ1(ω) ≤ x1, · · · , ξn(ω) ≤ xn}) =
n∏

k=1

P ({ω : ξk(ω) ≤ xk}).

gansazRvreba 8. SemTxveviT sidideTa (ξn)n∈N ojaxs ewodeba
damoukidebel SemTxveviT sidideTa mimdevroba, Tu yoveli n ∈ N
naturaluri ricxvisaTvis (ξk)1≤k≤n ojaxi damoukidebelia.

SeniSvna 3. marTebulia Teorema 6-is analogi damoukidebel
SemTxveviT sidideTa nebismieri sasruli ojaxisaTvis, e.i., Tu

(ξk)1≤k≤n

damoukidebel SemTxveviT sidideTa ojaxia, maSin

M(
n∏

k=1

ξk) =
n∏

k=1

Mξk.

Teorema 7. M(cξ) = cMξ, e.i. mudmiva gamodis maTematikuri lo-
dinis niSnis gareT.

damtkiceba. SevniSnoT, rom igivurad c-s toli SemTxveviTi si-
dide da nebismieri SemTxveviTi sidide arian damoukideblebi. amitom,
Teorema 6-is ZaliT, vRebulobT

M(c · ξ) = Mc ·Mξ = cMξ.

Teorema 8 (koSi-buniakovskis 13utoloba). yoveli ξ da η
SemTxveviTi sidideebisaTvis marTebulia utoloba

|M(ξ · η)| ≤
√

Mξ2 ·
√

Mη2.

damtkiceba. ganvixiloT M(ξ + xη)2 sidide. cxadia, rom erTis
mxriv, yoveli x ∈ R-sTvis M(ξ + xη)2 ≥ 0. amitom x-is mimarT

M(ξ + xη)2 = Mξ2 + 2M(ξ · η) · x + Mη2 · x2

13buniakovski viqtor iakobis Ze [4(16).12.1804 bare, podolskis gubernia - 30.11 (12.12).
1889, peterburgi] - rusi maTematikosi, peterburgis mecnierebaTa akademiis akade-
mikosi (1830, adiuqti 1828 wlidan) da misive vice prezidenti (1864 wlidan; 1889 wlis
seqtembridan sapatio vice-prezidenti).
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kvadratuli samwevris determinanti aradadebiTia, e.i.

(2M(ξ · η))2 − 4Mη2 ·Mξ2 ≤ 0,

rac
|M(ξ · η)| ≤

√
Mξ2 ·

√
Mη2

pirobis eqvivalenturia. Teorema damtkicebulia.

Teorema 9. yoveli ξ SemTxveviTi sididisaTvis marTebulia Dξ
dispersiis gamosaTvleli Semdegi formula

Dξ = Mξ2 − (Mξ)2.

damtkiceba. gavixsenoT dispersiis gansazRvra

Dξ = M(ξ −Mξ)2.

Mξ maTematikuri lodinis Tvisebebis gamo vRebulobT

Dξ = M(ξ −Mξ)2 = M(ξ2 − 2ξMξ + (Mξ)2) =

= M ξ2 −M(2ξMξ) + M((Mξ)2) =

= Mξ2 − 2MξMξ + (Mξ)2 = Mξ2 − (Mξ)2.

Teorema damtkicebulia.

SeniSvna 2. martivi SemTxveviTi sididis dispersiis gamoTvla
SesaZlebelia Semdegnairad

D(ξ) = SUMPRODUCT (x21 : x2n, P1 : Pn)−SUMPRODUCT 2(x1 : xn, P1 : Pn).

Teorema 10. yoveli ξ SemTxveviTi sididisaTvis marTebulia
Semdegi toloba

Dξ = min
a∈R

M(ξ − a)2.

damtkiceba. gamovTvaloT M(ξ−a)2 funqciis minimumi. cxadia,
rom

M(ξ − a)2 = M(ξ2 − 2aξ + a2) = Mξ2 − 2Mξa + a2,

e.i. M(ξ−a)2 warmoadgens a parametris mimarT arauaryofiT kvadratul
samwevrs. amitom misi minimumis wertili amin akmayofilebs pirobas

dM(ξ − a)2

da
= −2Mξ + 2a = 0.

aqedan, amin = Mξ, e.i.

min
a∈R

M(ξ − a)2 = M(ξ − amin)2 = M(ξ −Mξ)2 = Dξ.
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Teorema damtkicebulia.

Teorema 11. yoveli ξ SemTxveviTi sididisaTvis sruldeba
Semde- gi pirobebi:

1) Dξ ≥ 0,
2) Dξ = 0 ⇔ (∃c)(c ∈ R → P ({ω : ξ(ω) = c}) = 1).

damtkiceba. vinaidan Dξ = M(ξ − Mξ)2 da (ξ −Mξ)2 ≥ 0, amitom
maTematikuri lodinis gansazRvridan uSualod miiReba Teoremis 1)
nawilis damtkiceba.

davamtkicoT Teoremis 2) nawili.
vTqvaT, P ({ω : ξ(ω) = c}) = 1, maSin Mξ = c da Mξ2 = c2. amitom Teo-

rema 9-is ZaliT, vRebulobT Dξ = Mξ2 − (Mξ)2 = c2 − c2 = 0. piriqiT,
Tu Dξ = 0, maSin M(ξ − Mξ)2 = 0. e.i. P ({ω : ξ(ω) = Mξ}) = 1. amitom
sakmarisia c mudmivas rolSi ganvixiloT Mξ sidide.

Teorema damtkicebulia.

Teorema 12. Tu c mudmivaa da ξ nebismieri SemTxveviTi sididea,
maSin marTebulia Semdegi pirobebi:

1) D(cξ) = c2Dξ,
2) D(c + ξ) = Dξ.

damtkiceba. dispersiis gansazRvrisa da Teorema 7-is ZaliT
vRebulobT

D(cξ) = M(cξ −M(cξ))2 = M(cξ − cMξ)2 = M(c2(ξ −Mξ)2) =

= c2M(ξ −Mξ)2 = c2Dξ.

amiT Teoremis 1) nawili damtkicebulia.
ξ + c SemTxveviTi sididis dispersiis gansazRvris safuZvelze,

vRebulobT

D(c + ξ) = M((c + ξ)−M(c + ξ))2 = M(c + ξ −Mc−Mξ)2 =

= M(c + ξ − c−Mξ)2 = M(ξ −Mξ)2 = Dξ.

Teorema damtkicebulia.

Teorema 13. vTqvaT, ξ da η arian damoukidebeli SemTxveviTi
sidideebi, maSin

D(ξ + η) = Dξ + Dη.

damtkiceba. upirveles yovlisa SevniSnoT, rom SemTxveviTi si-
dideebi ξ − Mξ da η − Mη damoukideblebia. am faqtis gaTvalis-
winebiT vRebulobT

D(ξ + η) = M((ξ + η)−M(ξ + η))2 = M((ξ −Mξ) + (η −Mη))2 =

= M((ξ −Mξ)2 + 2(ξ −Mξ)(η −Mη) + (η −Mη)2) =
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= M(ξ −Mξ)2 + 2M((ξ −Mξ)(η −Mη)) + M(η −Mη)2 =

= Dξ + 2M(ξ −Mξ)M(η −Mη) + Dη =

= Dξ + 2(Mξ −M(Mξ))(Mη −M(Mη)) + Dη =

= Dξ + 2(Mξ −Mξ)(Mη −Mη) + Dη = Dξ + Dη.

Teorema damtkicebulia.

SeniSvna 5. marTebulia Teorema 13-is analogi damoukidebel
SemTxveviT sidideTa nebismieri sasruli (ξk)1≤k≤n ojaxisaTvis, ker-
Zod

D

n∑

k=1

ξk =
n∑

k=1

Dξk.

marTebulia Semdegi

Teorema 14. vTqvaT, Fξ aris absoluturad uwyveti SemTxveviTi
sididis ganawilebis funqcia, maSin dispersiis gamosaTvlel for-
mulas aqvs Semdegi saxe

Dξ =
∫ +∞

−∞
(x−Mξ)2fξ(x)dx.

ganvixiloT SemTxveviT sidideTa maTematikuri lodinisa da dis-
persiis gamoTvlis zogierTi magaliTi.

magaliTi 1 (puasonis ganawileba). vTqvaT,

ξ(ω) =
∑

n∈N

n · IAn(ω) (ω ∈ Ω)

aris λ (λ > 0) parametriani puasonis kanoniT ganawilebuli Sem-
TxveviTi sidide, e.i.

P (An) = P ({ω : ξ(ω) = n}) =
λn

n!
e−λ (n ∈ N).

maSin

Mξ =
∞∑

n=0

n · λn

n!
e−λ =

∞∑
n=1

n · λn

n!
e−λ =

= λ

∞∑
n=1

n · λn−1

n!
e−λ = λe−λ

∞∑
m=0

λm

m!
= λ.

meores mxriv,

Mξ2 =
∞∑

n=0

n2 · λn

n!
e−λ =

∞∑
n=1

n2 · λn

n!
e−λ =
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=
∞∑

n=1

n · λn

(n− 1)!
e−λ =

∞∑
n=1

(n− 1)λn

(n− 1)!
e−λ+

+
∞∑

n=1

λn

(n− 1)!
e−λ = λ

∞∑
m=0

mλm

m!
e−λ+

+λ

∞∑
m=0

λm

m!
e−λ = λ2 + λ = λ(1 + λ).

me-9 Teoremis ZaliT vRebulobT

Dξ = Mξ2 − (Mξ)2 = λ(1 + λ)− λ2 = λ.

magaliTi 2 (hipergeometriuli ganawileba). Tu ξ aris (n, a,A)
parametrebiani hipergeometriuli wesiT ganawilebuli SemTxveviTi
sidide, maSin

M(ξ) = n× a

A
da

D(ξ) = n× a

A
n× (1− a

A
)× (1− n− 1

a− 1
).

magaliTi 3 (geometriuli ganawileba). vTqvaT,

ξ(ω) =
∑

n∈N

n · IAn(ω) (ω ∈ Ω)

q-parametriani geometriuli kanoniT ganawilebuli SemTxveviTi si-
didea (0 < q < 1), e.i.

P (An) = P ({ω : ξ(ω) = n}) = (1− q)qn−1 (n ∈ N).

maSin

Mξ =
∞∑

n=1

n(1−q)qn−1 = (1−q)·
∞∑

n=1

nqn−1 = (1−q)(
∞∑

n=1

qn)
′
= (1−q)(

1
1− q

)
′
=

= (1− q) · 1
(1− q)2

=
1

1− q
.

meores mxriv,

Mξ2 =
∞∑

k=1

k2(1− q)qk−1 = (1− q) ·
∞∑

k=1

(k · kqk−1) = (1− q) ·
∞∑

k=1

(kqk)
′
=

= (1− q) ·
∞∑

k=1

(kqk−1 · q)′ = (1− q) · [(
∞∑

k=1

kqk−1)
′
q +

∞∑

k=1

kqk−1
]

=
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= (1− q)
[ 2q

(1− q)3
+

1
(1− q)2

]
=

2q

(1− q)2
+

1
(1− q)

.

amitom

Dξ = Mξ2 − (Mξ)2 =
2q

(1− q)2
+

1
(1− q)

− 1
(1− q)2

=
q

(1− q)2
.

magaliTi 4. (leibnicis ganawileba). vTqvaT,

ξ(ω) =
∞∑

n=1

n · IAn
(ω) (ω ∈ Ω)

aris leibnicis kanoniT ganawilebuli SemTxveviTi sidide, e.i.

P (An) = P ({ω : ξ(ω) = n}) =
1

n · (n + 1)
(n ∈ N).

maSin ∞∑
n=1

n · 1
n · (n + 1)

=
∞∑

n=1

1
(n + 1)

= +∞.

amgvarad, leibnicis kanoniT ganawilebuli SemTxveviTi sididisaTvis
maTematikuri lodini Mξ (Sesabamisad, maTematikuri dispersia Dξ )
ar aris gansazRvruli.

magaliTi 5 (binomuri ganawileba). vTqvaT,

ξ(ω) =
n∑

k=0

kIAk
(ω) (ω ∈ Ω)

aris (n, p)-parametrebiani binomuri wesiT ganawilebuli SemTxveviTi
sidide, e.i.

P (Ak) = P ({ω : ξ(ω) = k}) = Ck
n · pk(1− p)n−k,

sadac namdvili ricxvi p akmayofilebs pirobas 0 < p < 1, xolo
mTeli ricxvi k akmayofilebs 0 ≤ k ≤ n pirobas.

maSin

Mξ =
n∑

k=0

k · Ck
n · pk(1− p)n−k =

n∑

k=0

k · n!
k!(n− k)!

· pk(1− p)n−k =

= n · p
n∑

k=1

(n− 1)!
(k − 1)!(n− k)!

· pk−1(1− p)(n−1)−(k−1) =

= n · p
n−1∑

k−1=0

(n− 1)!
(k − 1)!(n− k)!

· pk−1(1− p)(n−1)−(k−1) =
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= n · p
n−1∑
s=0

(n− 1)!
s!((n− 1)− s)!

· ps(1− p)(n−1)−s =

= n · p
n−1∑
s=0

Cs
n−1 · ps(1− p)(n−1)−s = n · p.

SeniSvna 5. vTqvaT, η aris p parametriani bernulis wesiT ga-
nawilebuli SemTxveviTi sidide, e.i.

η(ω) = 0 · IA0(ω) + 1 · IA1(ω) (ω ∈ Ω),

sadac

P (A0) = P ({ω : η(ω) = 0}) = 1− p, P (A1) = P ({ω : η(ω) = 1}) = p.

maSin

Mη = 0 · P ({ω : η(ω) = 0}) + 1 · P ({ω : η(ω) = 1}) = 1 · (1− p) + 1 · p = p.

meores mxriv,

P ({ω : η2(ω) = 0}) = 1− p, P ({ω : η2(ω) = 1}) = p,

amitom

M(η2) = 0 ·P ({ω : η2(ω) = 0}) + 1 ·P ({ω : η2(ω) = 1}) = 1 · (1− p) + 1 · p = p.

sabolood vRebulobT

D(η) = Mη2 − (Mη)2 = p− p2 = p(1− p).

imis gamo, rom (n, p)-parametrebiani binomuri wesiT ganawilebuli
SemTx- veviTi sidide ξ warmodgeba n cali damoukidebeli p parame-
triani bernulis wesiT ganawilebuli (ξk)1≤k≤n SemTxveviTi sididis
jamis saxiT da p-parametriani bernulis wesiT ganawilebuli SemTxve-
viTi sididis maTematikuri lodini p-s tolia, Teorema 3-is ZaliT
vRebulobT

Mξ = M(
n∑

k=1

ξk) =
n∑

k=1

Mξk = np.

me-13 Teoremis SeniSvnis ZaliT miviRebT

Dξ = D(
n∑

k=1

ξk) =
n∑

k=1

Dξk = np(1− p).
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magaliTi 5 (normaluri ganawileba). vTqvaT, ξ : Ω → R aris
(m,σ2)-parametrebiani normalurad ganawilebuli SemTxveviTi sidide
(m ∈ R, σ > 0), e.i.

fξ(x) =
1√
2πσ

e−
(x−m)2

2σ2 (x ∈ R).

maSin, Teorema 1-is ZaliT, vRebulobT

Mξ =
∫ +∞

−∞
xfξ(x)dx =

∫ +∞

−∞
x · 1√

2πσ
e−

(x−m)2

2σ2 dx =

=
1√
2πσ

∫ +∞

−∞
(x−m) · e− (x−m)2

2σ2 dx +
m√
2πσ

∫ +∞

−∞
·e− (x−m)2

2σ2 dx =

=
1√
2πσ

∫ +∞

−∞
z · e− z2

2σ2 dz + m = m.

dispersiis gamosaTvleli formulis ZaliT vRebulobT

Dξ =
∫ +∞

−∞
(x−m)2fξ(x)dx =

∫ +∞

−∞
(x−m)2fξ(x)dx =

=
∫ +∞

−∞
(x−m)2 · 1√

2πσ
e−

(x−m)2

2σ2 dx =
∫ +∞

−∞
z2 · 1√

2πσ
e−

z2

2σ2 dz,

sadac z = x−m.
aqedan, t = z

σ Casmis Sedegad miviRebT

Dξ =
σ2

√
2π

∫ +∞

−∞
t2e−

t2

2σ2 dz =
σ2

√
2π

√
2π = σ2,

vinaidan ∫ +∞

−∞
t2e−

t2

2σ2 dz =
√

2π.

magaliTi 6 (Tanabari ganawileba). vTqvaT, ξ : Ω → R aris
[a, b] (a < b) intervalze Tanabrad ganawilebuli SemTxveviTi sidide,
e.i.

fξ(x) =
{

1
b−a , Tu x ∈ [a, b]
0, Tu x /∈ [a, b]

.

maSin

Mξ =
∫ +∞

−∞
xfξ(x)dx =

∫ b

a

x · 1
b− a

dx =
x2

2(b− a)

∣∣b
a

=
b2 − a2

2(b− a)
=

a + b

2
.
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meores mxriv,

Mξ2 =
∫ +∞

−∞
x2fξ(x)dx =

∫ b

a

x2 · 1
b− a

dx =
x3

3(b− a)

∣∣b
a

=
b2 + ab + a2

3
.

aqedan, me-9 Teoremis ZaliT, vRebulobT

Dξ = Mξ2 − (Mξ)2 =
a2 + ab + b2

3
− a2 + 2ab + b2

4
=

(b− a)2

12
.

magaliTi 7 (koSis ganawileba). vTqvaT, ξ : Ω → R aris koSis
kanoniT ganawilebuli SemTxveviT sidide, e.i.

fξ(x) =
1

π(1 + x2)
(x ∈ R).

SevniSnoT, rom arasakuTrivi integrali
∫ +∞

−∞
xfξ(x)dx =

∫ +∞

−∞
x

1
π(1 + x2)

dx

ar arsebobs, saidanac vaskvniT rom koSis kanoniT ganawilebuli
SemTxveviT sidides maTematikuri lodini ar gaaCnia (Tumca ganawi-
lebis simkvrivisluwobidan gamomdinare mosalodneli iyo, rom misi
maTematikuri lodini yofiliyo nulis toli).

magaliTi 8 (maCvenebliani ganawileba). vTqvaT, ξ : Ω → R
aris λ-parametriani maCvenebliani wesiT ganawilebuli SemTxveviTi
sidide, e.i.

fξ(x) =
{

λe−λx, Tu x ≥ 0;
0, Tu x < 0.

maSin

Mξ =
∫ +∞

−∞
xfξ(x)dx =

∫ +∞

0

xλe−λxdx =

= λ
(− 1

λ
xe−λx

∣∣∞
0

+
1
λ

∫ ∞

0

e−λxdx
)

= λ
(− lim

l→∞
1
λ

l

eλl
+

1
λ2

)
=

= λ
(− lim

l→∞
1
λ

1
λeλl

+
1
λ2

)
= λ · 1

λ2
=

1
λ

.

analogiuri gamoTvlebiT miviRebT, rom

Dξ =
∫ +∞

−∞
x2fξ(x)dx− (Mξ)2 = λ

∫ +∞

0

x2e−λxdx− 1
λ2

=
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=
2
λ2
− 1

λ2
=

1
λ2

magaliTi 9(lognormaluri ganawileba). Tu ξ aris (m,σ2) parame-
trebiani lognormalurad ganawilebuli SemTxveviTi sidide, maSin

M(ξ) = em+ σ2
2

da
D(ξ) = e2m+2σ2 − e2m+σ2

.

magaliTi 10(veibulis ganawileba). Tu ξ aris (α, β) parametre-
biani veibulis wesiT ganawilebuli SemTxveviTi sidide, maSin

M(ξ) = βΓ(1 +
1
α

),

da

D(ξ) = β2{Γ(1 +
2
α

)− Γ2(1 +
1
α

)}.

magaliTi 11 (singularuli ganawileba). ganvixiloT SemTxveviTi
sidide ξCantor , gansazRvruli borelis klasikuri zomiT aRWurvil
[0, 1] intervalze.

advili saCvenebelia, rom
∫ 1

0

ξCantor(y)dy +
∫ 1

0

F (x)dx = 1,

sadac F aRniSnavs [0, 1] intervalze gansazRvrul kantoris funq-
cias.

amitom

MξCantor =
∫ 1

0

ξCantor(y)dy = 1−
∫ 1

0

F (x)dx.

SevniSnoT, rom ∆1 = {(x, y) : x ∈ [0, 1], 0 ≤ y ≤ F (x)} simravlis
( 1
2 , 1

2 ) wertilis garSemo saaTis isris moZraobis sawinaaRmdegod π
kuTxiT Semobrunebis Sedegad miRebuli ∆2 simravlisaTvis sruldeba
Semdegi pirobebi:

a) b2(∆1 ∩∆2) = 0,
b) b2(∆1) = b2(∆2),
g) ∆1 ∪∆2 = [0, 1]× [0, 1].

amitom b2(∆1) = b2(∆2) = 1
2 , saidanac vRebulobT

MξCantor = 1−
∫ 1

0

F (x)dx = 1− b2(∆1) = 1− 1
2

=
1
2
.

axla gamoviTvaloT D(ξCantor). SevniSnoT, rom πMξ2
Cantor war-

moadgens 0Y RerZis garSemo ∆2 figuris brunviT miRebuli sxeulis
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moculobas, romelic ricxobrivad tolia [0, 1] × [0, 1] figurisa da
Semdegi

[
1
3
,
2
3
]× [0,

1
2
] ∪ [

1
9
,
2
9
]× [0,

1
4
] ∪ [

7
9
,
8
9
]× [0,

3,

4
] ∪ · · ·

simravlis 0Y RerZis garSemo brunviT miRebuli sxeulebis mocu-
lobaTa sxvaobas. amitom

Mξ2
Cantor = 1− [1

2
(
(2
3
)2 − (1

3
)2) +

1
4
(
(2
9
)2 − (1

9
)2)+

3
4
(
(8
9
)2 − (7

9
)2) + · · · ].

saidanac vRebulobT, rom

Dξ2
Cantor = Mξ2

Cantor−(MξCantor)2 =
3
4
−[1

2
(
(2
3
)2−(1

3
)2)+

1
4
(
(2
9
)2−(1

9
)2)+

3
4
(
(8
9
)2 − (7

9
)2) + · · · ].

SeniSvna 7. (maTematikurilodinisa da dispersiis fizikuri Sina-
arsi). ξ-Ti aRvniSnoT erTeulovani masis mqone fxvnilis R RerZze
mimobnevis raime wesi. bunebrivad ismis Semdegi kiTxva: ra fiziku-
ri Sinaarsia Cadebuli Mξ da Dξ -sidideebSi ?

Teoriuli meqanikis kursidan kargadaa cnobili, rom Tu xk ∈
R wertilSi moTavsebulia pk wonis tvirTi (1 ≤ k ≤ n) da

∑n
k=1 pk =

1, maSin am wertilebisagan Sedgenili sistemis simZimis centri xc

gamoiTvleba Semdegi formuliT:

xc =
n∑

k=1

xk · pk.

Tu erTeulovani masis nivTierebis mimobneva R RerZze diskretuli
sididea da misi ganawileba mocemulia Semdegi cxrilis saxiT

ξ x1 x2 · · · xn

P p1 p2 · · · pn
,

maSin cxadia, rom Mξ = xc, rac imas niSnavs, rom Mξ yofila R RerZze
ξ wesiT mimobneuli erTeulovani masis mqone fxvnilis simZimis cen-
tri.

zogad SemTxvevaSi, ξ SemTxveviTi sididis maTematikuri lodi-
nis gansazRvris gamo Cven SegviZlia davaskvnaT, rom Mξ warmoad-
gens erTeulovani masis nivTierebis R RerZze ξ wesiT mimobneuli
fxvnilis simZimis centrs.
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meores mxriv, Tu ξ aris martivi diskretuli SemTxveviTi sidide,
maSin

Dξ =
n∑

k=1

(xk −Mξ)2pk.

amasTan, sidide Dξ miT ufro didia, rac ufro didia ((xk−Mξ)2)1≤k≤n

mimdevrobis elementebi. es ukanaskneli niSnavs, rom rac ufro Sors
arian (xk)1≤k≤n wertilebi ganlagebuli fxvnilis Mξ simZimis cen-
tridan, miT ufro didia dispersia. piriqiTac, rac ufro axlos ar-
ian (xk)1≤k≤n wertilebi ganlagebuli fxvnilis Mξ simZimis centr-
Tan, miT ufro mcirea dispersia. kerZod, Tu x1 = · · · = xn = Mξ, maSin
Dξ = 0.

amgvarad, Dξ yofila R-RerZze ξ-wesiT mimopneuli erTeulovani
masis mqone fxvnilis gabneulobis garkveuli ricxviTi maxasiaTe-
beli. kerZod, is gviCvenebs, Tu ramdenad mWidrod an meCxrad arian
fxvnilis nawilakebi ganlagebuli misive simZimis centris garSemo.

sailustraciod ganvixiloT ξ1 da ξ2 SemTxveviTi sidideebi, sadac

ξ1 −1 1
P 1

2
1
2

,
ξ2 −2 2
P 1

2
1
2

.

maSin Mξ1 = Mξ2 = 0, e.i. ξ1 da ξ2 wesiT mimobneul fxvnilis masaTa
simZimis centrebi erTmaneTs emTxveva, magram

Dξ1 = 1 · 1
2

+ 1 · 1
2

= 1,

Dξ2 = 4 · 1
2

+ 4 · 1
2

= 4.

amgvarad, R RerZze ξ1 wesiT mimobneuli erTeulovani masis mqone
fxvnilis nawilakebi ufro axlosaa mis simZimis centrTan, vidre
ξ2 wesiT mimopneuli fxvnilis nawilakebi. zogad SemTxvevaSi SemTxve-
viTi sididis dispersiis fizikuri Sinaarsi igivea, rac martivi disk-
retuli SemTxveviTi sidideebis SemTxvevaSi.

testebi
1.8.1. ξ da η damoukidebeli SemTxveviTi sidideebis ganawilebebi mo-
cemulia Semdegi sqemebis saSualebiT

ξ −1 0 1 2
P 0, 3 0, 2 0, 1 0, 4

,
η −1 0 −2
P 0, 5 0, 3 0, 2

.
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maSin
1) M(3ξ − 4η) tolia

a) 5, 3, b) 5, 4, g) 5, 5, d) 5, 6;
2) D(3ξ − 4η) tolia

a) 20, 4, 3, b) 21, 5, g) 22, 6, d) 23, 7;

1.8.2. absoluturad uwyveti ξ SemTxveviTi sididis ganawilebis
funqcias aqvs Semdegi saxe

Fξ(x) =





0, x ≤ 0
x2, 0 < x ≤ 1
1, x > 1

.

maSin
1) M(3ξ − 4) tolia

a) 3, b) −3, g) 4, d) −4;
2) D(

√
18ξ − 4) tolia

a) 0, 3, b) 0, 7, g) 1, d) 1, 3.

1.8.3. ξ1 aris (3, 25)-parametrebiani normalurad ganawilebuli
SemTxveviTi sidide, ξ2 aris (18, 20) intervalze Tanabrad ganawile-
buli SemTxveviTi sidide, ξ3 aris λ = 5 parametriani puasonis kanoniT
ganawilebuli SemTxveviTi sidide. maSin

1) M(1ξ1 + 2ξ2 + 3ξ3) tolia
a) 34, b) 35, g) 36, d) 37;

2) Tu ξ1, ξ2, ξ3 damoukidebeli SemTxveviTi sidideebia, maSin D(1ξ1+
2ξ2 + 3ξ3 + 4) tolia

a) 25 1
3 , b) 261

3 , g) 271
3 , d) 281

3 .

1.8.4. ξ da η damoukidebeli SemTxveviTi sidideebis ganawilebebi
mocemulia Semdegi sqemebis saSualebiT

ξ −1 1 2
P 0, 2 0, 1 0, 7 ,

η 2 3 −1
P 0, 3 0, 3 0, 4 .

maSin
1) ξη SemTxveviTi sididis ganawilebas aqvs saxe
a)

ξη −3 −2 −1 1 2 3 4 6
P 0, 06 0, 34 0, 04 0, 08 0.03 0, 03 0, 21 0, 21

,

b)

ξη −3 −2 −1 1 2 3 4 6
P 0, 05 0, 35 0, 03 0, 09 0.03 0, 02 0, 22 0, 21 .

2) ξ + η SemTxveviTi sididis ganawilebas aqvs saxe
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a)

ξ + η −2 0 1 2 3 4 5
P 0, 08 0, 04 0, 34 0, 06 0.03 0, 24 0, 21 ,

b)

ξ + η −2 0 1 2 3 4 5
P 0, 06 0, 06 0, 34 0, 06 0.02 0, 25 0, 21 .

§ 1.9. ricxviTi maxasiaTeblebi

vTqvaT, (Ω,F , P ) albaTuri sivrcea. ξ da η arian iseTi SemTxveviTi
sidideebi, rom sruldeba pirobebi:

0 < Dξ < ∞ da 0 < Dη < ∞.

gansazRvreba 1. ρ(ξ, η) sidides, gansazRvruls pirobiT

ρ(ξ, η) =
M(ξ −Mξ)(η −Mη)√

Dξ
√

Dη
,

ewodeba korelaciis koeficienti ξ da η SemTxveviT sidideebs Soris.

SeniSvna 1. ξ da η martiv diskretul SemTxveviT sidideebs Soris
korelaciis koeficientis gamosaTvlelad gamoiyeneba EXCEL-is sta-
tistikuri funqcia CORREL(ix.gv.210 an 213).

marTebulia Semdegi

Teorema 1. vTqvaT, ξ da η iseTi SemTxveviTi sidideebia, rom
0 < Dξ < ∞ da 0 < Dη < ∞. maSin |ρ(ξ, η)| ≤ 1.

damtkiceba.

0 ≤ D(
ξ −Mξ√

Dξ
± η −Mη√

Dη
) = M(

ξ −Mξ√
Dξ

± η −Mη√
Dη

)2 = 2± 2ρ(ξ, η),

saidanac vRebulobT |ρ(ξ, η)| ≤ 1.

Teorema 2. Tu ξ da η iseTi damoukidebeli SemTxveviTi si-
dideebia, rom 0 < Dξ < ∞ da 0 < Dη < ∞, maSin |ρ(ξ, η)| = 0.

damtkiceba. ξ da η SemTxveviTi sidideebis damoukideblobidan
gamomdinareobs ξ−Mξ√

Dξ
da η−Mη√

Dη
SemTxveviTi sidideebis damoukideb-



§ 1.9. ricxviTi maxasiaTeblebi 81

lobac. damoukidebel SemTxveviTi sidideebis namravlis lodinis
Tvisebis ZaliT vRebulobT

ρ = M
[(ξ −Mξ√

Dξ

)
·
(η −Mη√

Dη

)]
=

= M
(ξ −Mξ√

Dξ

)
·M

(η −Mη√
Dη

)
= 0.

magaliTi 1. aqve SevniSnoT, rom Teorema 2-is Sebrunebuli de-
buleba sazogadod araa marTebuli, e.i. SesaZlebelia iseTi ξ da
η aradamoukidebeli SemTxveviTi sidideebis ageba, rom 0 < Dξ <
∞, 0 < Dη < ∞ da ρ(ξ, η) = 0. marTlac, vTqvaT

(Ω,F , P ) = ([0; 1],B([0; 1]), b1).

ξ da η SemTxveviTi sidideebi ganvsazRvroT Semdegi Tanafardo-
biT:

ξ(ω) = 4 · I[0, 1
4 [(ω) + 0[ 14 , 1

2 [(ω)− 4[ 12 , 3
4 [(ω) + 0[ 34 ,1](ω),

η(ω) = 0 · I[0, 1
4 [(ω) + 4[ 14 , 1

2 [(ω) + 0[ 12 , 3
4 [(ω)− 4[ 34 ,1](ω).

SevniSnoT, rom
Mξ = Mη = 0, Dξ = Dη = 8

da

ρ(ξ, η) =
M(ξ −Mξ)(η −Mη)√

Dξ
√

Dη
=

=
Mξη

8
=

M0
8

= 0.

axla vaCvenoT, rom ξ da η ar arian damoukidebeli SemTxveviTi si-
dideebi. marTlac,

P ({ω : ξ < 3, η < 3}) =
1
2
,

P ({ω : ξ < 3}) =
3
4
, P ({ω : η < 3}) =

3
4
,

saidanac vaskvniT, rom

P ({ω : ξ < 3, η < 3}) 6= P ({ω : ξ < 3}) · P ({ω : η < 3}).

Teorema 3. Teorema 1-is pirobebSi |ρ(ξ, η)| = 1 maSin da mxolod
maSin, roca arsebobs iseTi namdvili ricxvebi a 6= 0 da b, rom

P ({ω : η(ω) = aξ(ω) + b}) = 1.
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damtkiceba.
sakmarisoba. vTqvaT,

P ({ω : η(ω) = aξ(ω) + b}) = 1.

aRvniSnoT Mξ = α da
√

Dξ = β. maSin

ρ(ξ, η) = M
ξ − α

β
· aξ + b− aα− b

|a|β = sign(a).

aucilebloba. davuSvaT, rom
∣∣∣ρ(ξ, η)

∣∣∣ = 1. ganvixiloT SemTxveva,
roca ρ(ξ, η) = 1. maSin

D
(ξ −Mξ√

Dξ
− η −Mη√

Dη

)
= 2(1− ρ(ξ, η)) = 0.

dispersiis Tvisebis ZaliT konkretuli c ∈ R ricxvisaTvis vRebu-
lobT

P
(
{ω :

ξ −Mξ√
Dξ

− η −Mη√
Dη

= c}
)

= 1,

saidanac

P
(
{ω : ξ(ω) =

√
Dξ√
Dη

· η(ω)−
√

Dξ
( Mη√

Dη
− c

)
+ Mξ}

)
= 1.

im SemTxvevaSi, roca ρ(ξ, η) = −1, vRebulobT

D
(ξ −Mξ√

Dξ
+

η −Mη√
Dη

)
= 2(1 + ρ(ξ, η)) = 0.

analogiurad, dispersiis Tvisebis ZaliT vaskvniT iseTi d ∈ R
ricxvis arsebobas, rom

P
(
{ω :

ξ −Mξ√
Dξ

+
η −Mη√

Dη
= d}

)
= 1,

e.i.

P
(
{ω : ξ(ω) = −

√
Dξ√
Dη

· η(ω) +
√

Dξ
Mη√
Dη

+ d
√

Dξ + Mξ}
)

= 1.

SeniSvna 2. korelaciis koeficienti or SemTxveviT sidides So-
ris damokidebulebis xarisxis raodenobrivi maxasiaTebelia. sasar-
gebloa misi, rogorc or SemTxveviT sidides Soris "kuTxis" kosi-
nusad warmodgena. marTlac, vinaidan |ρ(ξ, η)| ≤ 1, amitom [0, π] in-
tervalidan moiZebneba erTaderTi ricxvi φ, iseTi, rom cos φ =
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ρ(ξ, η). swored am φ ricxvs uwodeben kuTxes ξ da η SemTxve-
viT sidideebs Soris da aRniSnaven (ξ̂, η) simboloTi. e.i. (ξ̂, η) =
arccos(ρ(ξ, η)). am terminebSi sainteresoa Teorema 2-isa da Teorema
3-is Semdegi interpretaciebi: Tu ξ da η iseTi damoukidebeli
SemTxveviTi sidideebia, rom 0 < Dξ < ∞ da 0 < Dη < ∞, maSin isini
orTogonalurebia, e.i. (ξ̂, η) = π

2 .
Tu (ξ̂, η) tolia 0-is an π-si, maSin η SemTxveviTi sidide P -

TiTqmis yvela ω wertilisaTvis warmoadgens ξ SemTxveviTi sididisa
da mudmivi erTeulovani funqciis wrfiv kombinacias.

magaliTi 2. ganvixiloT gadamcemi mowyobiloba. ξ-Ti aRvniS-
noT gadasacemi signali. xarvezebis gamo mimRebi Rebulobs sidides
η(ω) = αξ(ω) + ∆(ω), sadac α gaZlierebis koeficientia, xolo ∆(ω)
aris xarvezi. vigulisxmoT, rom SemTxveviTi sidideebi ∆ da ξ arian
damoukideblebi. amasTan Mξ = a,Dξ = 1, xolo M∆ = 0, D∆ = σ2. Tu
daviTvliT korelaciis koeficients ξ da η SemTxveviT sidideebs
Soris, miviRebT

ρ(ξ, η) = M
(
(ξ − a) · αξ + ∆− aα√

α2 + σ2

)
=

α√
α2 + σ2

.

Tu σ aris mcire α sididesTan mimarTebiT, maSin ρ(ξ, η) axlosaa 1-
Tan da Teorema 3-is ZaliT, SesaZlebelia η-s saSualebiT ξ SemTxve-
viTi sididis aRdgena.

ganvixiloT SemTxveviT sidideTa sxva ricxviTi maxasiaTeblebi.

gansazRvreba 2. ξ SemTxveviTi sididis k-uri rigis (k ∈ N) mo-
menti ewodeba sidides Mξk da aRiniSneba αk simboloTi, e.i.

αk = Mξk (k ∈ N).

gansazRvreba 3. sidides M(ξ−Mξ)k (k ∈ N) ewodeba ξ SemTxvevi-
Ti sididis k-uri rigis centraluri momenti da aRiniSneba µk sim-
boloTi, e.i.

µk = M(ξ −Mξ)k (k ∈ N).

SeniSvna 3. SevniSnoT, rom dispersia Dξ aris meore rigis cen-
traluri momenti.

vTqvaT, mocemulia SemTxveviT sidideTa sasruli ojaxi {ξ1, · · · , ξn}.
gansazRvreba 4. sidides

Mξk1
1 · · · ξkn

n
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ewodeba k1 + · · ·+ kn rigis Sereuli momenti da aRiniSneba α(k1,···,kn)

simboloTi, e.i.

α(k1,···,kn) = Mξk1
1 · · · ξkn

n (k1, · · · , kn ∈ N).

gansazRvreba 5. sidides

M(ξ1 −Mξ1)k1 · · · (ξn −Mξn)kn

ewodeba k1+· · ·+kn rigis centraluri momenti da aRiniSneba µ(k1,···,kn)

simboloTi, e.i.

µ(k1,···,kn) = M(ξ1 −Mξ1)k1 · · · (ξn −Mξn)kn (k1, · · · , kn ∈ N).

gansazRvreba 6. ξ SemTxveviTi sididis asimetriis koeficienti
ewodeba µ3

σ3 ricxvs da aRiniSneba As simboloTi, e.i.

As =
µ3

σ3
.

SeniSvna 4. martivi diskretuli ξ SemTxveviTi sididis asimetriis
koeficientis gamosaTvlelad gamoiyeneba EXCEL-is statistikuri
funqcia KURT . Tu gvaqvs ξ semTxveviT sidideze dakvirvebis Sedegebi
x1, · · · , xn, maSin EXCEL-is statistikuri funqcia KURT (x1 : xn) iZl-
eva ξ SemTxveviTi sididis asimetriis koeficientis garkveul miaxloe-
bas. magaliTad, KURT ({−1;−3;−80;−80}) = −5, 990143738.

gansazRvreba 7. ξ SemTxveviTi sididis eqscesi ewodeba µ4
σ4 − 3

ricxvs da aRiniSneba Ex simboloTi, e.i.

Ex =
µ4

σ4
− 3.

SeniSvna 5.martivi diskretuli ξ SemTxveviTi sididis eqscesis
gamosaTvlelad gamoiyeneba EXCEL-is statistikuri funqcia SKEW .
Tu gvaqvs ξ semTxveviT sidideze dakvirvebis Sedegebi x1, · · · , xn, maSin
EXCEL-is statistikuri funqcia SKEW (x1 : xn) iZleva ξ SemTxveviTi
sididis eqscesis garkveul miaxloebas. magaliTad,

SKEW ({−1;−1; 3;−3}) = −0, 17456105.

gansazRvreba 8. Tu Fξ aris ξ SemTxveviTi sididis ganawilebis
funqcia, maSin ξ SemTxveviTi sididis mediana ewodeba iseT γ ricxvs,
romlisTvisac sruldeba pirobebi:

Fξ(γ − 0) ≤ 1
2

, Fξ(γ + 0) ≥ 1
2
,
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sadac Fξ(γ − 0) da Fξ(γ + 0) aRniSnaven Sesabamisad Fξ funqciis mar-
cxena da marjvena zRvrebs γ wertilSi.

SeniSvna 6 martivi diskretuli ξ SemTxveviTi sididis medianas
iTvlis EXCEL-is statistikuri funqcia MEDIAN . Tu ξ SemTxve-
viT sidideze dakvirvebis Sedegebi x1, · · · , xn dalagebulia zrdis mixed-
viT, maSin mediana aris xk+1, roca n = 2k+1, da = xk+xk+1

2 , roca n = 2k.
magaliTad, MEDIAN{6; 7; 100} = 7.

gansazRvreba 9. diskretuli tipis ξ SemTxveviTi sididis
moda ewodeba mis im SesaZlo mniSvnelobas, romlis Sesabamisi alba-
Toba aris udidesi.

gansazRvreba 10. absoluturad uwyveti ξ SemTxveviTi sididis
moda ewodeba misi ganawilebis simkvrivis lokaluri maqsimumis wer-
tils.

SeniSvna 7. martivi diskretuli ξ SemTxveviTi sididis modis
gamosaTvlelad gamoiyeneba EXCEL-is statistikuri funqcia MODE.
is iZleva ξ semTxveviTi sididis umciresi modis garkveul miaxloe-
bas. magaliTad, MODE{7; 11; 6; 11; 18; 18} = 7.

gansazRvreba 11. SemTxveviT sidides ewodeba unimodaluri,
Tu mas gaaCnia erTaderTi moda. winaaRmdeg SemTxvevaSi SemTxveviT
sidides ewodeba polimodaluri.

testebi

1.9.1. vTqvaT, (Ω,F , P ) = ([0, 1],B([0, 1]), b1). ξ da η SemTxveviTi sidideebi
gansazRvrulia Semdegi wesiT

ξ(ω) =





0, ω ∈ [ 12 , 3
4 [

1, ω ∈ [0, 1
2 [

2, ω ∈ [ 34 , 1]
,

η(ω) =
{

2, ω ∈ [0, 1
2 [,

−1, ω ∈ [ 12 , 0] .

maSin korelaciis koeficienti ρ(ξ, η) tolia
a) −0, 2, b) −0, 1, g) 0, d) 0, 1.

1.9.2. mocemulia ξ SemTxveviTi sididis ganawileba

ξ −1 0 −1
P 0, 6 0, 1 0, 3

.
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maSin
1) M(ξ3) tolia

a) −0, 1, b) −0, 2, g) −0, 3, d) −0, 4;
2) M(ξ −Mξ)4 tolia

a) 1, 948, b) 0, 9481, g) 0, 8481, d) 0, 7481.

1.9.3. ξ aris (0, 1)-parametrebiani normalurad ganawilebuli SemTxve-
viTi sidide. maSin

1) kenti rigis momenti α2k+1 tolia
a) 1, b) 0, g) 2k + 1, d) 2k;

2) meore rigis centraluri momenti µ2 tolia
a) 0, b) 1, g) 2, d) 3;

3) mediana γ tolia
a) 0, b) 1, g) 2, d) 3;

4) moda tolia
a) 0, b) 1, g) 2, d) 3.

1.9.4. ξ aris (0, 4) intervalze Tanabrad ganawilebuli SemTxve-
viTi sidide. maSin

1) meore rigis centraluri momenti µ2 tolia
a) 6, b) 7, g) 8, d) 9;

3) mediana γ tolia
a) 1, b) 2, g) 3, d) 4;

4) moda tolia
a) [0, 4], b) [0, 3], g) [0, 2], d) [0, 1].

1.9.5. mocemulia ξ SemTxveviTi sididis ganawileba

ξ −1 2 3
P 0, 3 0, 4 0, 3

.

maSin
1) mediana γ tolia

a) 1, b) 2, g) 3, d) 4;
2) moda tolia

a) −1, b) 2, g) 3, d) 4.

1.9.6. absoluturad uwyveti ξ SemTxveviTi sididis ganawilebis
funqcias aqvs Semdegi saxe

Fξ(x) =





0, x ≤ 0,
x2, 0 < x ≤ 1,
1, x > 1.

maSin
1) mediana γ tolia

a)
√

2
2 , b)

√
3

3 , g)
√

5
5 , d)

√
7

7 ;
2) moda tolia
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a) 1, b) 2, g) 3, d) 4.

§ 1.10. SemTxveviTi veqtoris ganawilebis
funqcia

ganvixiloT (Ω, F, P ) albaTur sivrceze gansazRvrul SemTxveviT si-
dideTa (ξk)1≤k≤n mimdevroba.

gansazRvreba 1. asaxvas (ξ1, · · · , ξn) : Ω → Rn, gansazRvruls
pirobiT

(∀ω)(ω ∈ Ω → (ξ1, · · · , ξn)(ω) = (ξ1(ω), · · · , ξn(ω))),

ewodeba n-ganzomilebiani SemTxveviTi veqtori, anu n-ganzomilebiani
SemTxveviTi sidide.

gansazRvreba 2. asaxvas Fξ1,···,ξn : Rn → R, gansazRvruls piro-
biT

(∀(x1, · · · , xn))((x1, · · · , xn) ∈ Rn → Fξ1,···,ξn((x1, · · · , xn)) =

= P ({ω : ξ1 < x1, · · · , ξn < xn})),
ewodeba n-ganzomilebiani SemTxveviTi (ξ1, · · · , ξn) veqtoris erTo-
blivi ganawilebis funqcia.

gansazRvreba 3. SemTxveviT (ξ1, · · · , ξn) veqtors ewodeba diskre-
tuli tipis, Tu yoveli i-uri mdgeneli ξi diskretuli SemTxveviTi
sididea (1 ≤ i ≤ n).

analogiurad ganisazRvreba absoluturad uwyveti tipis SemTx-
veviTi veqtori.

erToblivi ganawilebis Fξ1,···,ξn funqcias gaaCnia Semdegi Tvise-
bebi:

1. lim
xi→∞, 1≤i≤n

Fξ1,···,ξn((x1, · · · , xn)) = 1,

2. lim
xi→−∞, 1≤i≤n

Fξ1,···,ξn((x1, · · · , xn)) = 0.

ganvixiloT n = 2 SemTxvevaSi sakoordinato marTkuTxedSi SemTx-
veviTi veqtoris Cavardnis albaTobis gamoTvlis sakiTxi.

marTebulia Semdegi debuleba.

Teorema 1. marTebulia Semdegi formula

(∀k)(∀xk)(∀yk)(1 ≤ k ≤ 2 & xk ∈ R & yk ∈ R & x1 < x2 & y1 < y2 →
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P ({ω : (ξ1, ξ2)(ω) ∈ [x1;x2[×[y1; y2[}) = Fξ1,ξ2((x2, y2))− Fξ1,ξ2((x1, y2))+

+Fξ1,ξ2((x1, y1))− Fξ1,ξ2((x2, y1)),

sadac
[x1;x2[×[y1; y2[= {(x, y)|x1 ≤ x < x2, y1 ≤ y < y2}.

damtkiceba. Tu SemoviRebT aRniSvnas

A(a,b) = {ω : (ξ1, ξ2)(ω) ∈]−∞; a[×]−∞; b[} (a ∈ R, b ∈ R),

maSin

{ω : (ξ1, ξ2)(ω) ∈]x1; x2[×]y1; y2[} = (A(x2,y2) \A(x2,y1)) \ (A(x1,y2) \A(x1,y1)).

amitom

P ({ω : (ξ1, ξ2)(ω) ∈]x1; x2[×]y1; y2[}) = P ((A(x2,y2) \A(x2,y1)))−

P ((A(x1,y2) \A(x1,y1))) = (P (A(x2,y2))− P (A(x2,y1)))− (P (A(x1,y2))−
P (A(x1,y1))) = P (A(x2,y2))− P (A(x2,y1))− P (A(x1,y2)) + P (A(x1,y1)) =

Fξ1,ξ2((x2, y2))− Fξ1,ξ2((x2, y1))− Fξ1,ξ2((x1, y2)) + Fξ1,ξ2((x1, y1)).

Teorema damtkicebulia.

ganvixiloT R2 sivrcis raime (x, y) wertili. Tu arsebobs ormagi
zRvari

lim
∆x,∆y→0

P ({ω : (ξ1, ξ2)(ω) ∈ [x−∆x; x + ∆x[×]y −∆y; y + ∆y[})
4∆x∆y

,

maSin Cven vityviT, rom organzomilebiani (ξ1, ξ2) SemTxveviTi veq-
toris ganawilebis Fξ1,ξ2 funqcias (x, y) wertilSi gaaCnia simkvrive
fξ1,ξ2(x, y), romelic ricxobrivad zemoTxsenebuli ormagi zRvris to-
lia.

marTebulia Semdegi

Teorema 2. Tu Fξ1,ξ2 funqcias gaaCnia meore rigamde CaTvliT
uwyveti kerZo warmoebulebi (x0, y0) wertilis raime midamoSi, maSin
organzomilebiani SemTxveviT veqtors (x0, y0) wertilSi gaaCnia gana-
wilebis simkvrive fξ1,ξ2(x0, y0), romelic gamoiTvleba Semdegi for-
muliT

fξ1,ξ2(x0, y0) =
∂2Fξ1,ξ2(x0, y0)

∂x∂y
=

∂2Fξ1,ξ2(x0, y0)
∂y∂x

.

damtkiceba. Teorema 1-is ZaliT vRebulobT

P ({ω : (ξ1, ξ2)(ω) ∈ [x−∆x; x + ∆x[×]y −∆y; y + ∆y[}) =
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= Fξ1,ξ2((x0 + ∆x, y0))− Fξ1,ξ2((x0 + ∆x, y0 −∆y))−

Fξ1,ξ2((x0 −∆x, y2)) + Fξ1,ξ2((x0 −∆x, y0 −∆y)).

zogadobis SeuzRudavad ∆x-isa da ∆y -is simciris gamo SegviZlia
vigulisxmoT, rom wertilebi (x0−∆x, y0), (x0−∆x, y0 + ∆y), (x0, y0−
∆y), (x0, y0 + ∆y) ekuTvnian (x0, y0) wertilis iseT midamos, romelSic
Fξ1,ξ2 funqcias gaaCnia meore rigamde CaTvliT uwyveti kerZo warmoe-
bulebi. lagranJis 14 Teoremis ZaliT iarsebebs iseTi θ1 ∈]0; 1[, rom
Sesruldeba toloba

[Fξ1,ξ2((x0 + ∆x, y0))− Fξ1,ξ2((x0 + ∆x, y0 −∆y))]−

[Fξ1,ξ2((x0 −∆x, y2))− Fξ1,ξ2((x0 −∆x, y0 −∆y))] =

= 2∆x · ∂Fξ1ξ2

∂x
(x0 −∆x + 2θ1∆x, y0 −∆y).

lagranJis Teoremis meored gamoyenebiT Cven vaskvniT iseTi θ2 ∈]0; 1[
ricxvis arsebobas, rom

P ({ω : (ξ1, ξ2)(ω) ∈ [x−∆x;x + ∆x[×]y −∆y; y + ∆y[}) =

= 4 ·∆x ·∆y
∂2Fξ1,ξ2

∂y∂x
(x0 −∆x + 2θ1∆x, y0 −∆y + 2θ2).

cxadia, rom

lim
∆x,∆y→0

P ({ω : (ξ1, ξ2)(ω) ∈ [x−; x + ∆x[×]y −∆y; y + [})
4∆x∆y

=

= lim
∆x,∆y→0

4 ·∆x ·∆y
∂2Fξ1,ξ2

∂y∂x (x0 −∆x + 2θ1∆x, y0 −∆y + 2θ2)

4∆x∆y
=

=
∂2Fξ1,ξ2(x0, y0)

∂y∂x
.

Svarcis 15 Teoremis gamoyeneba asrulebs Teoremis damtkicebas.

14lagranJi Jozef lui (Lagrange Joseph Louis) 25.1.1736, turini - 10.4.1813, parizi) -
frangi maTematikosi da meqanikosi, peterburgis mecnierebaTa akademiis ucxoeli sa-
patio wevri (1776), parizis mecnierebaTa akademiis wevri (1772). mas ekuTvnis analizis
Seqmna xarisxovani mwkrivebis bazaze, sasruli nazrdis formula-lagranJis for-
mula, pirobiTi eqstremumebis TeoriaSi mamravlTa meTodis Seqmna da sxva.

15Svarci karl germani (Schwarz Karl Hermann Amandus) (25.1.1843, xesmdorfi, --
30.11.1921, berlini) -- germaneli maTematikosi, peterburgis mecnierebaTa akademiis ucx-
oeli wevr-korespondenti (1897), berlinis mecnierebaTa akademiis wevri (1893). Ziri-
Tadi Sromebi geometriasa (swavlobda minimalur zedapirebs) da konformul asax-
vaTa TeoriaSi.
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magaliTi 1. organzomilebian SemTxveviT (ξ1, ξ2) veqtors ewodeba
organzomilebiani gausis SemTxveviTi veqtori, Tu misi ganawilebis
fξ1,ξ2 simkvrives aqvs Semdegi saxe

fξ1,ξ2(x1, x2) =
1

2πσ1σ2
e
− (x1−a1)2

2σ2
1

− (x2−a2)2

2σ2
2 (x1, x2 ∈ R),

sadac a1, a2 ∈ R, σ1 > 0, σ2 > 0.

daumtkiceblad moviyvanoT zogierTi Teorema.

Teorema 3. vTqvaT, D ⊆ R2 aris sakoordinato sibrtyeze
ganlagebuli raime are. amasTan fξ1,ξ2 aris organzomilebiani (ξ1, ξ2)
SemTxveviTi veqtoris ganawilebis simkvrive. maSin marTebulia Semde-
gi formula

P ({ω : (ξ1, ξ2)(ω) ∈ D}) =
∫ ∫

D

fξ1,ξ2(x, y)dxdy.

gansazRvreba 4. asaxvas g : Rn → R ewodeba zomadi asaxva, Tu
sruldeba Semdegi piroba

(∀x)(x ∈ R → {(x1, · · · , xn) : g(x1, · · · , xn) < x} ∈ B(Rn)).

advili saCvenebelia, rom asaxva g : Rn → R aris zomadi maSin da
mxolod maSin, roca

(∀B)(B ∈ B(R) → g−1(B) ∈ B(Rn)),

sadac g−1(B) = {(x1, · · · , xn) : g(x1, · · · , xn) ∈ B}.
Teorema 4. vTqvaT, (ξ1, · · · , ξn) SemTxveviTi veqtoris ganawilebis

funqciis simkvrivea fξ1,···,ξn . maSin nebismieri zomadi g : Rn → R
asaxvisa da B ∈ B(R) zomadi simravlisaTvis marTebulia formula

P ({ω : g((ξ1, · · · , ξn)(ω)) ∈ B}) =
∫
· · ·

∫

g−1(B)

fξ1,···,ξn(x1, · · · , xn)dx1 · · · dxn.

Teorema 5. Tu (ξk)1≤k≤n aris damoukidebel SemTxveviT si-
dideTa ojaxi, fξ1,···,ξn aris SemTxveviTi (ξ1, · · · , ξn) veqtoris gana-
wilebis funqciis simkvrive, fξi (1 ≤ i ≤ n) aris ξi SemTxveviTi si-
didis ganawilebis simkvrive, maSin

fξ1,···,ξn(x1, · · · , xn) =
∏

1≤i≤n

fξi(xi) ((x1, · · · , xn) ∈ Rn).

gansazRvreba 5. vTqvaT, (ξk)1≤k≤n aris damoukidebel SemTxve-
viT sidideTa ojaxi, amasTan yoveli ξk (1 ≤ k ≤ n) aris (ak, σ2

k)-
parametrebiani normalurad ganawilebuli SemTxveviTi sidide. maSin
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(ξ1, · · · , ξn) SemTxveviT veqtors ewodeba n-ganzomilebiani gausis veq-
tori da misi ganawilebis simkvrives, Teorema 5-is ZaliT, aqvs Semdegi
saxe

fξ1,···,ξn
(x1, · · · , xn) =

1
(
√

2π)n
∏n

k=1 σk

e
−

∑n

k=1

(xk−ak)2

2σ2
k ,

sadac (x1, · · · , xn) ∈ Rn, a1, · · · , an ∈ R, σ1 > 0, · · · , σn > 0.
n-ganzomilebiani gausis (ξ1, · · · , ξn) veqtors ewodeba n-ganzomile-

biani gausis standartuli veqtori, Tu

fξ1,···,ξn
(x1, · · · , xn) =

1
(
√

2π)n
e−

∑n

k=1

x2
k
2 ((x1, · · · , xn) ∈ Rn).

gansazRvreba 6. vTqvaT, (ξ1, · · · , ξn) aris gausis SemTxveviTi ve-
qtori. Pξ1,···,ξn funqcias, gansazRvruls pirobiT

(∀B)(B ∈ B(Rn) → Pξ1,···,ξn(B) = P ({ω : (ξ1(ω), · · · , ξn(ω)) ∈ B}),

ewodeba n-ganzomilebiani gausis albaTuri zoma.

SevniSnoT, rom Teorema 3-is ZaliT, marTebulia Semdegi formula

Pξ1,···,ξn(B) =

n︷ ︸︸ ︷∫
· · ·

∫

B

1
(
√

2π)n
∏n

k=1 σk

e
−

∑n

k=1

(xk−ak)2

2σ2
k dx1 · · · dxn.

ganvixiloT zogierTi magaliTi

magaliTi 3. vTqvaT,
∏n

k=1[ak, bk] aris Rn sivrcis n-ganzomilebi-
ani paralelepipedi da Γn aris gausis n-ganzomilebiani standar-
tuli albaTuri zoma. maSin

Γn(
n∏

k=1

[ak, bk]) =
n∏

k=1

[Φ(bk)− Φ(ak)].

magaliTi 4. vTqvaT, V n
ρ aris n-ganzomilebiani ρ-radiusiani

birTvi centriT O(0, · · · , 0) ∈ Rn wertilSi. maSin

Γn(V n
ρ ) =

n︷ ︸︸ ︷∫
· · ·

∫

Vρ

1
(
√

2π)n
e−

∑n

k=1

x2
k
2 dx1 · · · dxn =

=
1

2
n
2−1Γ(n

2 )
×

∫ ρ

0

rn−1 · e− r2
2 dr,

sadac Γ(·) meore gvaris eileris integralia.
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vTqvaT, (ξ1, · · · , ξn) aris gausis n-ganzomilebiani standartuli Sem-

TxveviTi veqtori.
χ2

n = ξ2
1 + · · · + ξ2

n SemTxveviTi sididis ganawilebis Fχ2
n
funqcias

ewodeba χ2
n -ganawileba, romelsac aqvs Semdegi saxe:

Fχ2
n
(x) =

{
0, Tu x ≤ 0,

1

2
n
2 −1Γ( n

2 )
× ∫√x

0
rn−1 · e− r2

2 dr, Tu x > 0.

aqedan

fχ2
n
(x) =

{
0, Tu x ≤ 0,

1

2
n
2 −1Γ( n

2 )
× x

n−1
2 · e− x

2 1
2
√

x
, Tu x > 0 =

=

{
0, Tu x ≤ 0,

1

2
n
2 Γ( n

2 )
× x

n
2−1 · e− x

2 , Tu x > 0.

SeniSvna 1. Cvens mier gamoyenebuli iyo Semdegi faqti integralu-
ri Teoriidan

n︷ ︸︸ ︷∫
· · ·

∫

Vρ

f(

√√√√
n∑

k=1

x2
k)dx1 · · · dxn = 2 · π

n
2

Γ(n
2 )
·
∫ ρ

0

rn−1f(r)dr,

sadac f aris Vρ-ze gansazRvruli uwyveti funqcia.

SeniSvna 2. EXCEL-is statistikuri finqciis CHIDIST -is saSu-
alebiT SesaZlebelia χ2

n SemTxveviTi sidis ganawilebis mniSvnelo-
bebisa da Γn(V n

ρ ) mniSvnelobebis gamoTvla(ix.gv. 211 an 213).
magaliTi 5. vTqvaT, (ek)1≤k≤m (m ≤ n) aris damoukidebel normi-

rebul veqtorTa ojaxi Rn-Si, xolo ξ1, · · · , ξm aris damoukidebel
gausis standartul erT-ganzomilebian SemTxveviT sidideTa mimde-
vroba gansazRvruli (Ω,F , P ) albaTur sivrceze. maSin µ zoma,
gansazRvruli pirobiT

(∀X)(X ∈ B(Rn) → µ(X) = P ({ω :
m∑

k=1

ξk(ω)ek ∈ X})),

warmoadgens Rn sivrceze gansazRvrul gausis zomas. SevniSnoT,
rom zemoT aRniSnuli warmodgena marTebulia nebismieri gausis zo-
misaTvis Rn-Si.
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magaliTi 6 (tn - stiudentis ganawileba). vTqvaT, (ξi)1≤i≤n+1 aris
gausis standartul SemTxveviT sidideTa damoukidebeli ojaxi, xo-
lo g : Rn+1 → R aris zomadi funqcia, gansazRvruli pirobiT:

g(x1, · · · , xn+1) =
xn+1√∑n

i=1
x2

i

n

.

X(n+1)(ω) = g(ξ1(ω), · · · , ξn+1(ω))

SemTxveviT sidides ewodeba stiudentis wesiT ganawilebuli SemTx-
veviTi sidide n Tavisuflebis xarisxiT.

Teorema 4-is ZaliT, fiSeris ganawilebis funqciisaTvis, vRebu-
lobT

tn(x) ≡ FX(n+1)(x) =

=
∫

g−1([−∞,x))

fiSeris ganawilebis simkvrive moicema formuliT

ftn(x) =

{
0, Tu x ≤ 0,

1√
nπ

Γ( n+1
2 )

Γ( n
2 ) × (1 + x2

n )−
n+1

2 , Tu x > 0.

sasargebloa SevniSnoT, rom M(X(n+1)) = 0, roca n > 1. dispersi-
isaTvis samarTliania Semdegi formula

D(X(n+1)) =
{

n
n−1 , Tu n > 2
∞, Tu 0 < n ≤ 2

SeniSvna 4. EXCEL-is statistikuri funqcia TDIST iTvlis
stiudentis tn ganawilebis funqciis mniSvnelobebs(ix. gv. 211 an 215).

magaliTi 7(fiSeris ganawileba). vTqvaT, (ξi)1≤i≤k1+k2 aris gau-
sis standartul SemTxveviT sidideTa damoukidebeli ojaxi, xolo
g : Rk1+k2 → R aris zomadi funqcia, gansazRvruli pirobiT:

g(x1, · · · , xk1+k2) =
k2

∑k
i=1 1x

2
i

k1

∑k1+k2
i=k1+1 x2

i

.

X(k1,k2)(ω) = g(ξ1(ω), · · · , ξk1+k2(ω))

SemTxveviT sidides ewodeba fiSeris wesiT ganawilebuli SemTxveviTi
sidide k1 da k2 Tavisuflebis xarisxebiT.

Teorema 4-is ZaliT, fiSeris ganawilebis funqciisaTvis, vRebu-
lobT

F (k1, k2)(x) ≡ FX (k1,k2)(x) =
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=
∫

g−1([−∞,x)

1
(
√

2π)k1+k2
e−sumk=1k1+k2

x2
k
2 dx1 · · · dxk1+k2 .

fiSeris ganawilebis simkvrive moicema formuliT

fX(k1,k2)(x) =





0, Tu x ≤ 0,

2(k1
k2

)
k1
2

Γ(
k1+k2

2 )

Γ(
k1
2 )×Γ(

k2
2 )

xk1−1(1+
k1
k2

x2)−
k1+k2

2 ,

Tu x > 0.

SeniSvna 5. EXCEL-is statistikuri funqcia FDIST iTvlis
fiSeris ganawilebis funqciis mniSvnelobebs(ix.FDIST , gv.211 an 213).

marTebulia Semdegi

Teorema 6. vTqvaT, ξ1 da ξ2 arian damoukidebeli SemTxveviTi
sidideebi, fξ1 da fξ2 arian Sesabamisad ξ1 da ξ2 SemTxveviTi sididee-
bis ganawilebis simkvriveebi. maSin SemTxveviT sidideTa ξ1 +ξ2 jamis
ganawilebis Fξ1+ξ2 funqciisa da ganawilebis fξ1+ξ2 simkvrivisaTvis
marTebulia Semdegi formulebi:

Fξ1+ξ2(x) =
∫ x

−∞
dx2

∫ +∞

−∞
fξ1(x1)fξ2(x2 − x1)dx1,

fξ1+ξ2(x) =
∫ +∞

−∞
fξ1(x1)fξ2(x− x1)dx1 =

∫ +∞

−∞
fξ1(x− x2)fξ2(x2)dx2.

damtkiceba. jami ξ1 + ξ2 SegviZlia warmovadginoT, rogorc (ξ1, ξ2)
SemTxveviTi veqtoris uwyveti g anasaxi, sadac g(x1, x2) = x1 + x2. B
simravlis rolSi ganvixiloT (−∞, x) simravle. me-4 da me-5 Teore-
mebis ZaliT vRebulobT

Fξ1+ξ2(x) = P ({ω : ξ1(ω) + ξ2(ω) < x}) = P ({ω : g(ξ1, ξ2)(ω) < x}) =

=
∫ ∫

g−1((−∞;x))

fξ1(x1)fξ2(x2)dx1dx2.

SevniSnoT, rom

g−1((−∞; x)) = {(x1, x2)|x1 + x2 < x},

amitom

Fξ1+ξ2(x) =
∫ ∫

{(x1,x2)|x1+x2<x}
fξ1(x1)fξ2(x2)dx1dx2 =

=
∫ +∞

−∞
dx1

∫ x−x1

∞
dx2fξ1(x1)fξ2(x2) =

∫ +∞

−∞
dx1

∫ x−x1

−∞
d(x1+x2)fξ1(x1)fξ2(x2)
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=
∫ +∞

−∞
dx1

∫ x

−∞
dτfξ1(x1)fξ2(τ − x1) =

∫ x

−∞
dτ

∫ +∞

−∞
fξ1(x1)fξ2(τ − x1)dx1,

sadac τ = x1 + x2.
cxadia, rom R RerZis `1-TiTqmis yvela x wertilisaTvis

fξ1+ξ2(x) =
dFξ1+ξ2(x)

dx
=

∫ +∞

−∞
fξ1(x1)fξ2(x− x1)dx1.

am tolobis marjvena mxareSi mdgom integrals ewodeba f1 da f2

funqciaTa naxvevi da aRiniSneba simboloTi fξ1 ∗ fξ2 .
advili saCvenebelia, rom fξ1 ∗ fξ2 = fξ2 ∗ fξ1 , e.i.

∫ +∞

−∞
fξ1(x1)fξ2(x− x1)dx1 =

∫ +∞

−∞
fξ1(x− x1)fξ2(x1)dx1.

testebi

1.10.1. mocemulia diskretuli organzomilebiani (ξ1, ξ2) SemTxveviTi
sididis ganawileba

(ξ1, ξ2) (4, 3) (4, 10) (4, 12) (5, 3) (5, 12)
P 0, 17 0, 13 0, 25 0, 2 0, 25 .

maSin
1) ξ1 SemTxveviTi sididis ganawilebas aqvs saxe
a)

ξ1 4 5
P 0, 55 0, 45

,

b)
ξ1 4 5
P 0, 55 0, 45

;

2) ξ2 SemTxveviTi sididis ganawilebas aqvs saxe
a)

ξ2 3 10 12
P 0, 37 0, 13 0, 5

,

b)
ξ2 3 10 12
P 0, 35 0, 15 0, 5 ;

3) Fξ1,ξ2(4, 5; 10, 5) tolia
a) 0, 36, b) 0, 34, g) 0, 32, d) 0, 3;
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4) P ({ω : (ξ1(ω), ξ2(ω)) ∈ [1, 5]× [5, 8]}) tolia
a) 0, 39, b) 0, 38, g) 0, 37, d) 0, 36.

1.10.2. mocemulia ori damoukidebeli ξ1 da ξ2 SemTxveviTi sididis
ganawilebebi

ξ1 2 3
P 0, 7 0, 3 ,

ξ2 −2 2
P 0, 3 0, 7 .

maSin ξ1 · ξ2 SemTxveviTi sididis ganawilebas aqvs saxe
a)

ξ1 · ξ2 −6 −4 4 6
P 0, 08 0, 22 0, 48 0, 22 ,

b)
ξ1 · ξ2 −6 −4 4 6
P 0, 09 0, 21 0, 49 0, 21

.

1.10.3. mocemulia organzomilebiani (ξ1, ξ2) veqtoris ganawilebis
funqcia

Fξ1,ξ2(x1, x2) =
{

(1− e−4x1)(1− e−2x2), x1 ≥ 0, x2 ≥ 0,
0, x1 < 0 an x2 < 0.

maSin
a)

fξ1,ξ2(x1, x2) =
{

6e−4x1−2x2 , x1 ≥ 0, x2 ≥ 0,
0, x1 < 0 an x2 < 0,

b)

fξ1,ξ2(x1, x2) =
{

8e−4x1−2x2 , x1 ≥ 0, x2 ≥ 0,
0, x1 < 0 an x2 < 0.

1.10.4. mocemulia (ξ1, ξ2) SemTxveviTi veqtoris ganawilebis simkvrive

fξ1,ξ2(x1, x2) =
20

π2(16 + x2
1)(25 + x2

2)
((x1, x2) ∈ R2).

maSin
a)

Fξ1,ξ2(x1, x2) = (
1
2

+
1
π

arctg(
x1

8
))((

1
2

+
1
π

arctg(
x2

10
)),

b)
Fξ1,ξ2(x1, x2) = (

1
2

+
1
π

arctg(
x1

4
))((

1
2

+
1
π

arctg(
x2

5
)).

1.10.5. cnobilia, rom y
′′
+5y

′
+6y = 0 diferencialuri gantolebis

zogadi amonaxsnis Tavisufali koeficientebi arian (0, 1) interval-
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ze Tanabrad ganawilebuli damoukidebeli SemTxveviTi sidideebi.
albaToba imisa, rom diferencialuri gantolebis zogadi amonaxsni
x = 0 wertilSi miiRebs sididiT 0, 5-ze met mniSvnelobas, tolia

a) 0, 5, b) 0, 75, g) 0, 6, d) 0, 85.

1.10.6. cnobilia, rom y
′′

+ y = 0 diferencialuri gantolebis zo-
gadi amonaxsnis Tavisufali koeficientebi arian (0, 1)-parametrebi-
ani normalurad ganawilebuli damoukidebeli SemTxveviTi sidide-
ebi. albaToba imisa, rom diferencialuri gantolebis zogadi amo-
naxsni x = 0 wertilSi miiRebs mniSvnelobebs (0, 2) intervalidan,
xolo x = π

2 wertilSi miiRebs mniSvnelobebs (−2, 1) intervalidan,
tolia

a) 0, 2245785, b) 0, 7767678, g) 0, 3665582, d) 0, 8598760.

1.10.5. cnobilia, rom y
′′ − ln 6y

′
+ ln 2 ln 3y = 0 diferencialuri gan-

tolebis zogadi amonaxsnis Tavisufali koeficientebi arian (0, 1)
intervalze Tanabrad ganawilebuli damoukidebeli SemTxveviTi si-
dideebi. albaToba imisa, rom diferencialuri gantolebis zogadi
amonaxsni x = 0 wertilSi miiRebs sididiT 1-ze nakleb mniSvnelobas,
xolo x = 1 wertilSi miiRebs sididiT 2-ze nakleb mniSvnelobas,
tolia

a) 1
2 , b) 1

3 , g) 1
4 , d) 1

5 .

§ 1.11. CebiSevis utoloba. sami sigmas wesi

vTqvaT, (Ω, F, P ) albaTuri sivrcea. marTebulia Semdegi

Teorema 1 (CebiSevis 16 I utoloba). yoveli dadebiTi ξ SemTxvevi-
Ti sididisa da yoveli dadebiTi ε ricxvisaTvis adgili aqvs Semdeg
utolobas

P ({ω : ξ(ω) ≥ ε}) ≤ Mε

ε
.

damtkiceba. cxadia, rom sruldeba Semdegi piroba

Mξ = M(ξ · IΩ) = M(ξ · I{ω:ξ(ω)≥ε} + ξ · I{ω:ξ(ω)<ε}) ≥

≥ M(ξ · I{ω:ξ(ω)≥ε}) ≥ ε · P ({ω : ξ(ω) ≥ ε}).
16CebiSevi paftuni levis Ze [4(16).5.1821. kalugis olqis sof.okatovo- 26.11.(8.12)1894, pe-

terburgi] - rusi maTematikosi da meqanikosi, peterburgis mecnierebaTa akademiis
akademikosi (1856), berlinis mecnierebaTa akademiis (1871), boloniis mecnierebaTa
akademiis (1873), parizis mecnierebaTa akademiis (1874)(1860-wevr.kor.) da londonis
samefo mecnierebaTa akademiis (1893) sapatio wevri.
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aqedan vRebulobT

P ({ω : ξ(ω) ≥ ε}) ≤ Mε

ε
.

Teorema 2 (CebiSevis II utoloba). yoveli η SemTxveviTi si-
didisa da yoveli σ > 0 ricxvisaTvis marTebulia Semdegi utoloba

P ({ω : |η(ω)−Mη| ≥ σ}) ≤ Dη

σ2
.

damtkiceba. SemoviRoT aRniSvnebi: ξ(ω) = (η(ω) − Mη)2, ε =
σ2. CebiSevis I utolobis ZaliT vRebulobT

P ({ω : (η(ω)−Mη)2 ≥ σ2}) ≤ M(η −Mη)2

σ2
.

SevniSnoT, rom

{ω : (η(ω)−Mη)2 ≥ σ2} = {ω : |η(ω)−Mη| ≥ σ}.

aqedan, wina utolobis gamoyenebiT, vRebulobT

P ({ω : |η(ω)−Mη| ≥ σ}) ≤ Dη

σ2
.

magaliTi 1. vTqvaT, mTvaris fotogadaRebis saSualebiT vawar-
moebT mTvaris diametris gazomvas. atmosferuli pirobebis cvale-
badobis gamo, drois gansxvavebuli momentebisaTvis gadaRebul sura-
TebSi miviRebT mTvaris diametris sxvadasxva mniSvnelobebs ξ1, · · · , ξn.
vTqvaT, a aris mTvaris diametris mniSvneloba, maSin |ξk(ω)−a| iqneba
k-ur cdaSi miRebuli gazomvis Sedegis gadaxra mTvaris diametris
WeSmariti mniSvnelobidan (1 ≤ k ≤ n), xolo

√
M(ξk − a)2 =

√
Dξk iq-

neba saSualo kvadratuli gadaxra. vigulisxmoT, rom yoveli k-uri
cdisaTvis (1 ≤ k ≤ n) sruldeba pirobebi:

a) Mξk = a,
b)
√

Dξk = 1,
g) (ξk)1≤k≤n SemTxveviTi sidideebi damoukideblebia.
bunebrivia, rom sidide Jn = 1

n (ξ1 + · · · + ξn) miiReba a parametris
Sefasebad. ismis Semdegi kiTxva:

ramdeni gazomva unda vawarmooT, rom Sesruldes piroba

P ({ω : |Jn(ω)− a| ≤ 0, 1}) ≥ 0, 95,

e.i. gadaxra |Jn(ω) − a| iyos 0, 1 -ze naklebi an toli 0, 95-ze meti
albaTobiT.
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cxadia, rom erTis mxriv unda Sesruldes piroba

P ({ω : |Jn(ω)− a| > 0, 1}) ≤ 0, 05.

meores mxriv, CebiSevis II utolobis ZaliT vRebulobT

P ({ω : |Jn(ω)− a| > 0, 1}) ≤ D(Jn)
(0, 1)2

=

=
1

n2

∑n
k=1 Dξk

0, 01
=

1
n2 n

0, 01
=

100
n

.

Tu SevarCevT iseT umcires n = nC naturalur ricxvs, romlisTvisac
sruldeba utoloba 100

nC
≤ 0, 05, is aRmoCndeba 2000-is toli.

amgvarad, miviReT Semdegi utoloba

P ({ω : |J2000(ω)− a| ≤ 0, 1}) ≥ 0, 95.

amgvarad, saWiroa 2000 gazomvis Catareba imisaTvis, rom 0, 95-ze meti
albaTobiT viyoT darwmunebuli imaSi, rom gazomvis Sedegad miRe-
buli sidideebisagan Sedgenili saSualo ariTmetikuli iyos gadax-
rili mTvaris diametris WeSmariti mniSvnelobisagan araumetes 0, 1-
is toli sididisa.

Teorema 3 (sami sigmas wesi). yoveli ξ SemTxveviTi sididisaT-
vis marTebulia Semdegi utoloba

P ({ω : |ξ(ω)−Mξ| ≥ 3σ}) ≤ 1
9
.

damtkiceba. marTlac, CebiSevis II utolobis ZaliT vRebulobT

P ({ω : |ξ(ω)−Mξ| ≥ 3σ}) ≤ Dξ

9σ2
=

1
9
.

testebi

1.11.1. cnobilia, rom Dξ = 0, 001. CebiSevis utolobis gamoyenebiT
{ω : |ξ(ω)−Mξ| < 0, 1} xdomilobis albaToba fasdeba qvevidan ricxviT,
romelic tolia

a) 0, 8, b) 0, 9, g) 0, 98, d) 0, 89.
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1.11.2. cnobilia, rom Dξ = 0, 004. CebiSevis utolobis gamoyenebiT
dadgenilia, rom P ({ω : |ξ(ω)−Mξ| < ε}) ≥ 0, 9; maSin ε tolia

a) 0, 1, b) 0, 2, g) 0, 3, d) 0, 4.

1.11.3. mocemulia diskretuli ξ SemTxveviTi sididis ganawileba

ξ 0, 3 0, 6
P 0, 2 0, 8

.

CebiSevis utolobis gamoyenebiT SeafaseT qvemodan {ω : |ξ(ω)−Mξ| <
ε} xdomilobis albaToba.

a) 0, 86, b) 0, 87, g) 0, 88, d) 0, 89.

1.11.4.erTi dRis ganmavlobaSi wylis saSualo danaxarji dasaxle-
bul punqtSi Seadgens 50000 litrs. CebiSevis utolobis gamoyenebiT
SeafaseT qvevidan albaToba imisa, rom punqtSi mocemul dRes wylis
danaxarji ar aRemateba 150 000 litrs.

a) 1
3 , b) 2

3 , g) 1
4 , d) 1

2 .

1.11.5. A xdomilobis moxdenis albaToba calkeul cdaSi tolia
0, 7. νn-iT aRvniSnoT n-damoukidebel cdaSi A xdomilobis moxde-
naTa ricxvis fardoba n ricxvTan. CebiSevis utolobis gamoyenebiT
SeafaseT damoukidebelcdaTa minimaluri raodenoba n, romlisTvi-
sac 0, 78-ze meti albaTobiT Sesruldeba utoloba |νn − p| < 0, 06 .

a) 327, b) 427, g) 527, d) 627.

1.11.6. kamaTlis 1200-jer damoukidebeli gagorebisas erTianis mos-
vlis raodenoba aRvniSnoT ξ-Ti. CebiSevis utolobis gamoyenebiT
SeafaseT qvemodan {ω : ξ(ω) ≤ 800} xdomilobis albaToba.

a) 0, 74, b) 0, 75, g) 0, 76, d) 0, 77.

1.11.7. CebiSevis utolobis gamoyenebiT SeafaseT qvemodan kamaTlis
10 000-jer damoukidebeli gagorebisas eqvsianis fardobiTi sixSiris
1
6 -dan araumetes 0, 01 sididiT gadaxris albaToba.

a) 0, 84, b) 0, 85, g) 0, 86, d) 0, 87.

1.11.8. CebiSevis utolobis gamoyenebiT SeafaseT qvemodan qvemex-
idan 600 gasrolisas samiznis dazianebaTa ricxvis 360 ricxvidan
araumetes 20-iT gadaxris albaToba, Tu cnobilia rom qvemexidan
erTi gasrolisas samiznis dazianebis albaTobaa 0, 6.

a) 0, 63, b) 0, 64, g) 0, 65, d) 0, 66.

1.11.9. CebiSevis utolobis gamoyenebiT SeafaseT qvemodan alba-
Toba imisa, rom SemTxveviT SerCeuli funTuSis wona ar gadaaWar-
bebs 90 grams, Tu cnobilia rom funTuSis saSualo wona 50 gramis
tolia.

a) 1
3 , b) 4

9 , g) 5
9 , d) 2

3 .

1.11.10. CebiSevis utolobis gamoyenebiT SeafaseT qvemodan alba-
Toba imisa, rom qvemexidan SemTxveviTi gasrolisas Wurvis sawyisi
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siCqare ar gadaaWarbebs 800 m/wm, Tu cnobilia rom Wurvis sawyisi
siCqaris saSualo 500 m/wm -is tolia.

a) 3
7 , b) 3

8 , g) 1
3 , d) 3

10 .

§ 1.12. zRvariTi Teoremebi

vTqvaT, (Ω,F , P ) aris albaTuri sivrcea, xolo (Xk)k∈N aris amave
sivrceze gansazRvrul SemTxveviT sidideTa mimdevroba.

gansazRvreba 1. SemTxveviT sidideTa (Xk)k∈N mimdevrobas
ewodeba albaTurad krebadi raime a ∈ R ricxvisaken, Tu yoveli
ε > 0 ricxvisaTvis sruldeba piroba:

lim
k→∞

P ({ω : |Xk(ω)− a| < ε}) = 1.

(Xk)k∈N SemTxveviT sidideTa albaTuri krebadoba a ricxvisa-
ken aRiniSneba simboloTi limk→∞Xk

p
= a.

marTebulia Semdegi

Teorema 1 (CebiSevis Teorema). vTqvaT, damoukidebel SemTxve-
viT (Xk)k∈N sidideTa dispersiebi erTobliv SemosazRvrulia, e.i.

(∃c)(c ∈ R → (∀k)(k ∈ N → DXk < c)).

maSin

lim
n→∞

1
n

(
n∑

k=1

Xk −
n∑

k=1

MXk)
p
= 0.

damtkiceba. SemTxveviT sidideTa a = 0 ricxvisaken albaTurad
krebadobis gansazRvris ZaliT, aucilebelia da sakmarisi vaCvenoT
Semdegi pirobis marTebuloba

(∀ε)(ε > 0 → lim
n→∞

P ({ω : | 1
n

(
n∑

k=1

Xk(ω)−
n∑

k=1

MXk)− 0| < ε}) = 1).

SevniSnoT, rom Tu SemoviRebT aRniSvnas

Yn(ω) =
1
n

(
n∑

k=1

Xk(ω)−
n∑

k=1

MXk),
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maSin

MYn = M
1
n

(
n∑

k=1

Xk −
n∑

k=1

MXk) =
1
n

n∑

k=1

MXk − 1
n

n∑

k=1

MXk = 0,

DYn = D(
1
n

(
n∑

k=1

Xk −
n∑

k=1

MXk)) = D(
1
n

n∑

k=1

Xk) =
1
n2

D(
n∑

k=1

Xk) ≤ nc

n2
=

c

n
.

CebiSevis utolobis ZaliT gvaqvs

P ({ω : |Yn(ω)−MYn| < ε}) ≥ 1− DYn

ε2
≥ 1− c

nε2
.

Tu gadavalT zRvarze, maSin miviRebT

P ({ω : |Yn(ω)−MYn| < ε}) ≥ 1,

e.i.

lim
n→∞

1
n

(
n∑

k=1

Xk −
n∑

k=1

MXk)
p
= 0.

Teorema damtkicebulia.

ganvixiloT Teorema 1-is Semdegi Sedegi

Teorema 2 (bernulis Teorema). vTqvaT, (Zk)k∈N aris p-
parametrian bernulis wesiT ganawilebuldamoukidebel SemTxveviT
sidideTa mimdevroba. maSin

lim
n→∞

(
1
n

n∑

k=1

Zk)
p
= p.

damtkiceba. damoukidebel SemTxveviT sidideTa (Zk)k∈N mimdev-
roba akmayofilebs Teorema 1-is pirobebs. amitom

lim
n→∞

1
n

(
n∑

k=1

Zk −
n∑

k=1

MZk)
p
= 0.

vinaidan
n∑

k=1

MZk = np,

amitom

lim
n→∞

(
1
n

n∑

k=1

Zk − p)
p
= 0,

rac Tavis mxriv Semdegi pirobis eqvivalenturia
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lim
n→∞

1
n

n∑

k=1

Zk
p
= p.

Teorema damtkicebulia.

Teorema 3. Tu f aris [0, 1] intervalze gansazRvruli uwyveti
funqcia, maSin funqciaTa (Mf( 1

n (
∑n

k=1 Zk)))n∈N mimdevroba Tanabrad
krebadia [0, 1] intervalze f(p) funqciisaken, sadac (Zk)k∈N aris p-
parametrian bernulis wesiT ganawilebuldamoukidebel SemTxveviT
sidideTa mimdevroba.

damtkiceba. yoveli ε > 0 ricxvisaTvis marTebulia Semdeg
utolobaTa jaWvi

M |f(
1
n

(
n∑

k=1

Zk))−f(p)| ≤ M(|f(
1
n

n∑

k=1

Zk)−f(p)| ·I{ω:|f( 1
n

∑n

k=1
Zk)−f(p)|≤ε})+

+M(|f(
1
n

n∑

k=1

Zk)−f(p)|·I{ω:|f( 1
n

∑n

k=1
Zk)−f(p)|>ε}) ≤ sup

|x|≤ε

|f(p+x)−f(p)|+o(n),

rac naTlad gviCvenebs dasamtkicebeli debulebis marTebulobas.

SeniSvna 1. Tu f aris [0, 1] intervalze gansazRvruli uwyveti
funqcia, maSin

lim
n→∞

(
n∑

k=0

f(
k

n
)Ck

nxk(1− x)n−k) = f(x)

yoveli x ∈ [0, 1] ricxvisaTvis; Tanac es krebadoba aris Tanabari
[0, 1] intervalze. ukanaskneli Tanafardoba aris funqciaTa

(Mf(
1
n

(
n∑

k=1

Zk)))n∈N = (
n∑

k=0

f(
k

n
)Ck

npk(1− p)n−k)n∈N

mimdevrobis f funqciisaken p-s mimarT [0, 1] intervalze Tanabari
krebadobis sxvanairi Cawera. am faqtidan gamomdinareobs veierStra-
sis 17cnobili Teorema uwyveti funqciis polinomebiT miaxloebis
Sesaxeb. amasTan saWiro polinomebi agebulia cxadi saxiT da maT
aqvT Semdegi saxe

n∑

k=0

f(
k

n
)Ck

nxk(1− x)n−k (n ∈ N).

17veierStrasi karl Teodori (Weierstras Karl Theodor Wilhelm) (31.10.1815, osten-
filde - 19.2.1897, berlini) - germaneli maTematikosi, peterburgis mecnierebaTa aka-
demiis ucxoeli wevr-korespondenti (1864) da ucxoeli sapatio wevri (1895). 1856 wli-
dan berlinis universitetis profesori. Sromebi maTematikur analizSi, funqciaTa
TeoriaSi, variaciul aRricxvaSi, diferencialur geometriasa da wrfiv algebraSi.
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es berSteinis 18 polinomebia. Teorema 1-is Sedegs warmoadgens Semdegi
Teorema.

Teorema 4 (did ricxvTa kanoni). vTqvaT, (Xk)k∈N aris
erTnairad ganawilebul damoukidebel SemTxveviT sidideTa mimde-
vroba. amasTan MXk = a da DXk = σ2 < ∞; maSin SemTxveviT sidideTa
saSualo ariTmetikuli albaTobiT krebadia a ricxvisaken, e.i.

lim
n→∞

1
n

n∑

k=1

Xk
p
= a.

damtkiceba. SemTxveviT sidideTa (Xk)k∈N mimdevroba akmayofi-
lebs Teorema 1-is pirobebs, amitom

lim
n→∞

1
n

(
n∑

k=1

Xk −
n∑

k=1

MXk)
p
= 0.

magram 1
n

∑n
k=1 MXk = na

n = a. SevniSnoT, rom

lim
n→∞

1
n

(
n∑

k=1

Xk −
n∑

k=1

MXk)
p
= lim

n→∞
(
1
n

n∑

k=1

Xk − a)
p
= 0.

ukanaskneli toloba eqvivalenturia Semdegi tolobis

lim
n→∞

1
n

n∑

k=1

Xk
p
= a.

Teorema damtkicebulia.

SeniSvna 2. Tu (Xk)k∈N aris (0, σ2)- parametrebiani normalurad
ganawilebul damoukidebel SemTxveviT sidideTa mimdevroba, maSin

lim
n→∞

1
n

n∑

k=1

X2
k

p
= σ2.

SeniSvna 3. vTqvaT, yovel cdaSi A xdomilobis moxdenis al-
baTobaa p. νn-iT aRvniSnoT n damoukidebel cdaSi A xdomilobis
moxdenaTa ricxvis fardoba n ricxvTan (mas ewodeba A xdomilo-
bis fardobiTi sixSire n cdaSi). did ricxvTa kanonis gamoyenebiT
advilia imis Cveneba, rom yoveli dadebiTi ε ricxvisaTvis sruldeba
piroba

lim
n→∞

P ({ω : |νn(ω)− p| < ε}) = 1,

18berSteini sergo natanis Ze (22.2(5,3).1880, odesa - 26.10.1968 moskovi) - rusi maTemati-
kosi, ssrk mecnierebaTa akademiis (1929) da ukrainis ssr mecnierebaTa akademiis (1925)
akademikosi, germanel maTematikosTa kavSiris wevri (1929), franguli maTematikuri
sazogadoebis wevri (1944), alJiris universitetis (1945) sapatio doqtori, bulga-
reTis mecnierebaTa akademiis wevri (1945), parizis mecnierebaTa akademiis wevri (1955).
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e.i.
lim
n→n

νn
p
= p.

testebi

1.12.1. vTqvaT, (ξk)k∈N aris (a, b) intervalze Tanabrad ganawilebul
damoukidebel SemTxveviT sidideTa mimdevroba.

1) maSin

lim
n→∞

1
n

n∑

k=1

ξk
p
= A,

sadac A tolia
a) a+b

2 , b) b−a
2 , g) a+b

3 , d) b−a
3 .

2) maSin

lim
n→∞

1
n

n∑

k=1

ξ2
k

p
= B,

sadac B tolia
a) (a+b)2

2 , b) a2+ab+b2

3 , g) (a+b)3

3 , d) (b−a)
12 .

1.12.2. vTqvaT, (ξk)k∈N aris λ = 5 parametriani puasonis kanoniT
ganawilebul damoukidebel SemTxveviT sidideTa mimdevroba.

1) maSin

lim
n→∞

1
n

n∑

k=1

ξk
p
= A,

sadac A tolia
a) 3, b) 4, g) 5, d) 6;

2) maSin

lim
n→∞

1
n

n∑

k=1

ξ2
k

p
= B,

sadac B tolia
a) 28, b) 29, g) 30, d) 31.

1.12.3. vTqvaT, (ξk)k∈N aris p parametriani bernulis wesiT ga-
nawilebul damoukidebel SemTxveviT sidideTa mimdevroba. maSin
yoveli mTeli aranulovani s ricxvisaTvis

lim
n→∞

1
n

n∑

k=1

ξs
k

p
= A,
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sadac A tolia
a) p, b) pq, g) ps, d) qs.

1.12.4. vTqvaT, (ξk)k∈N aris kantoris wesiT ganawilebuldamoukide-
bel SemTxveviT sidideTa mimdevroba. maSin

lim
n→∞

1
n

n∑

k=1

ξk
p
= A,

sadac A tolia
a) 0, 3, b) 0, 5, g) 0, 6, d) 0, 7.

1.12.5. vTqvaT, (ξk)k∈N aris q = 0, 3 parametriani geometriuli
wesiT ganawilebul damoukidebel SemTxveviT sidideTa mimdevroba.
maSin

lim
n→∞

1
n

n∑

k=1

ξk
p
= A,

sadac A tolia
a) 29

49 , b) 30
49 , g) 31

49 , d) 32
49 .

1.12.6. funqciaTa (
∑n

k=0(
k
n )3Ck

nxk(1 − x)n−k)n∈N mimdevroba Tanab-
rad krebadia [0, 1] intervalze f funqciisaken, sadac f(x) tolia

a) x2; b) x3; g) x4; d) x5;

1.12.7. funqciaTa (
∑n

k=0 sin(( k
n )2)Ck

nxk(1 − x)n−k)n∈N mimdevroba
Tanabrad krebadia [0, 1] intervalze f funqciisaken, sadac yoveli
x ∈ [0, 1]-sTvis f(x) tolia

a) sin(x2), b) sin(x3), g) sin(x4), d) sin(x4).

1.12.8. mocemulia damoukidebel SemTxveviT sidideTa (ξn)n∈N mimdev-
roba. ξn SemTxveviTi sididis ganawilebis kanoni mocemulia cxri-
lis saSualebiT

ξn −√n + 1 0
√

n + 1
P 1

n+1 1− 2
n+1

1
n+1

.

maSin aseTi mimdevrobis mimarT CebiSevis Teoremis gamoyeneba
a) SeiZleba, b) ar SeiZleba.

1.12.9. vTqvaT, (ξk)k∈N aris puasonis kanoniT ganawilebuldamouki-

debel SemTxveviT sidideTa mimdevroba, amasTan M(ξk) = k. maSin
aseTi mimdevrobis mimarT CebiSevis Teoremis gamoyeneba

a) ar SeiZleba, b) SeiZleba.

1.12.10. mocemulia (ξk)k∈N damoukidebel SemTxveviT sidideTa
mimdevroba, amasTan, ξk (k ∈ N) aris Tanabrad ganawilebuli [0;

√
k] in-

tervalze. maSin aseTi mimdevrobis mimarT CebiSevis Teoremis gamoye-
neba
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a) SeiZleba, b) ar SeiZleba.

§ 1.13. maxasiaTebel funqciaTa meTodi

gansazRvreba 1. vTqvaT, (Ω, F, P )-albaTuri sivrcea. ξ : Ω → R
SemTxveviTi sididis maxasiaTebeli Φξ funqcia ewodeba eitξ = cos(tξ)+
i sin(tξ) kompleqsuri SemTxveviTi sididis maTematikur lodins, e. i.

Φξ(t) = Meitξ (t ∈ R).

vTqvaT, ξ SemTxveviTi sidide diskretulia. e. i. marTebulia war-
modgena

ξ(ω) =
∑

k∈N

xkIAk
(ω) (ω ∈ Ω),

sadac (Ak)k∈N aris TanaukveT xdomilobaTa iseTi ojaxi, rom
⋃

k∈N

Ak = Ω

da (xk)k∈N -namdvil ricxvTa mimdevrobaa. am SemTxvevaSi

Φξ(t) = Meitξ =
∑

k∈n

eitxkP (Ak) (t ∈ R).

im SemTxvevaSi, roca ξ SemTxveviTi sidide absoluturad uwyve-
tia ganawilebis funqciis fξ simkvriviT, vRebulobT

Φξ(t) =
∫ +∞

−∞
eitxfξ(x)dx (t ∈ R).

rogorc am ukanaskneli formulidan Cans, Φξ(t) aris fξ funqciis fu-
ries gardaqmna. maTematikuri analizidan cnobilia, rom Tu mocemu-
lia fξ funqciis furies 19 gardaqmna Φξ , maSin garkveul pirobebSi
SeiZleba fξ funqciis aRdgena Φξ-s saSualebiT. kerZod,

fξ(x) =
∫ +∞

−∞
e−itxΦξ(t)dt (x ∈ R).

19furie Jan batisti Jozefi (Fourier Jean Baptiste Joseph)( 1.3. 1768, oseri-16. 5. 1830,
parizi)-frangi maTematikosi, parizis mecnierebaTa akademiis wevri (1817), peterbur-
gis mecnierebaTa akademiis wevri (1829). misi muSaobis ZiriTad sferos warmoadgenda
maTematikuri fizika. mas ekuTvnis cvladTa gancalebadobis meTodi (furies meTodi),
furies mwkrivebisa da furies integralis cnebebis Semotana.



108 nawili I. albaTobis Teoria

aRniSnul Tanafardobas furies Sebrunebuli gardaqmna ewodeba.

ganvixiloT maxasiaTebeli funqciis Tvisebebi.

Teorema 1. yoveli ξ : Ω → R SemTxveviTi sididisaTvis

Φξ(0) = 1.

damtkiceba. vinaidan Φξ(t) = Meitξ (t ∈ R), amitom

Φξ(0) = M 1 = 1.

Teorema 2. yoveli ξ SemTxveviTi sididisaTvis sruldeba
piroba

(∀t)(t ∈ R → |Φξ(t)| ≤ 1).

damtkiceba. SevniSnoT, rom yoveli η SemTxveviTi sididisaTvis
marTebulia piroba

|Mη| ≤ M |η|.
amitom

|Φξ(t)| = |Meitξ| ≤ M |eitξ| = M1 = 1.

Teorema 3. yoveli ξ SemTxveviTi sididisaTvis

Φξ(−t) = Φξ(t).

damtkiceba.
Φξ(−t) = M(e−itξ) = M(cos(−tξ)+i sin(−tξ)) = M(cos(−tξ))+iM(sin(−tξ)) =

= M(cos(tξ))− iM(sin(tξ)) = M(cos(tξ)) + iM(sin(tξ)) = Meitξ = Φξ(t).

daumtkiceblad mogvyavs Semdegi ori debuleba.

Teorema 4. ξ SemTxveviTi sididis maxasiaTebeli funqcia Φξ(t)
Tanabrad uwyvetia namdvil ricxvTa RerZze.

Teorema 5 (erTaderTobis Teorema). ganawilebis funqcia
calsaxad ganisazRvreba Tavisi maxasiaTebeli funqciiT.

Teorema 6. Tu ξ da η SemTxveviT sidideebs Soris arsebobs
wrfivi damokidebuleba ( e. i. ξ(ω) = aη(ω) + b (a ∈ R, b ∈ R,ω ∈
Ω)), maSin

Φξ(t) = eitbΦη(at).
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damtkiceba. marTlac,

Φξ(t) = Φaη+b(t) = Mei(aη+b)t = MeibtMeiaηt = eitbΦη(at).

Teorema 7. ori damoukidebeli SemTxveviTi sididis jamis ma-
xasiaTebeli funqcia udris Sesakrebi sidideebis maxasiaTebeli fun-
qciebis namravls.

damtkiceba. vTqvaT, ξ da η damoukidebeli SemTxveviTi sididee-
bia. maSin damoukidebelia agreTve eitξ da eitη kompleqsuri SemTxvevi-
Ti sidideebic. amitom maTematikuri lodinis Tvisebis gamo vRebu-
lobT

Φξ+η(t) = Meit(ξ+η) = MeitξMeitη = Φξ(t) · Φη(t).

Teorema 7 uSvebs Semdeg ganzogadebas.

Teorema 8. Tu (ξk)1≤k≤n aris damoukidebel SemTxveviT sidide-
Ta ojaxi, maSin

Φ∑n

k=1
ξk

(t) =
n∏

k=1

Φξk
(t) (t ∈ R).

vTqvaT, ξ aris SemTxveviTi sidide, xolo (ξk)k∈N SemTxveviT si-
dideTa mimdevrobaa.

gansazRvreba 2. SemTxveviT sidideTa (ξk)k∈N mimdevrobas ewo-
deba sustad krebadi ξ SemTxveviTi sididisaken, Tu (Fξn)n∈N mimdev-
roba krebadia Fξ funqciisaken misi uwyvetobis yovel wertilSi.

daumtkiceblad mogvyavs albaTobis Teoriidan Semdegi fundamen-
turi Teorema.

Teorema 9. SemTxveviT sidideTa (ξk)k∈N mimdevroba sustad
krebadia ξ SemTxveviTi sididisaken maSin da mxolod maSin, roca
maxasiaTebel funqciaTa (Φξn)n∈N mimdevroba krebadia Φξ maxasiaTe-
beli funqciisaken.

ganvixiloT zogierTi magaliTi.

magaliTi 1. vTqvaT, ξ aris (n, p)-parametrebiani binomurad gana-
wilebuli SemTxveviTi sidide, e. i.

P ({ω : ξ(ω) = k}) = Ck
npk(1− p)n−k (0 ≤ k ≤ n).

maSin

Φξ(t) = Meitξ =
n∑

k=0

eitk · Ck
npk(1− p)n−k =

=
n∑

k=0

Ck
n(eitp)k(1− p)n−k = [peit + (1− p)]n = (peit + q)n, q = 1− p.
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magaliTi 2. vTqvaT, ξ aris λ-parametriani puasonis kanoniT
ganawilebuli SemTxveviTi sidide, e. i.

P ({ω : ξ(ω) = k}) =
λk

k!
e−λ (k = 0, 1, · · ·),

maSin

Φξ(t) = Meitξ =
∞∑

k=0

eitk

k!
e− λ =

∞∑

k=0

(eitλ)k

k!
e−λ =

= e−λ
∞∑

k=0

(eitλ)k

k!
= eλeit−λ = eλ(eit−1).

magaliTi 3. vTqvaT, ξ aris (a; b) intervalze Tanabrad gana-
wilebuli SemTxveviTi sidide, e. i.

fξ(x) =
{

1
b−a , Tu x ∈ [a, b],
0, Tu x /∈ [a, b].

maSin

Φξ(t) = Meitξ =
∫ +∞

−∞
eitxfξ(x)dx =

∫ b

a

eitx

b− a
dx =

1
(b− a)it

eitx
∣∣b
a

=

=
1

(b− a)it
(eitb − eita).

magaliTi 4. vTqvaT, ξ aris (a, σ2)- parametrebiani normalurad
ganawilebuli SemTxveviTi sidide, e. i.

fξ(x) =
1√
2πσ

e−
(x−m)2

2σ2 (x ∈ R).

maSin

Φξ(t) = Meitξ =
∫ +∞

−∞
eitxfξ(x)dx =

=
1√
2πσ

∫ +∞

−∞
eitx− (x−a)2

2σ2 dx.

movaxdinoT Casma z = x−a
σ − itσ. maSin

x− a

σ
= z + itσ, x = a + σz + itσ2, dx = σdz.

martivi gardaqmnebiT miviRebT

Φξ(t) =
1√
2πσ

∫ +∞−itσ

−∞−itσ

eit(a+zσ+itσ2)− (z+itσ)2

2 σdz =
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= eiat−σ2t2
2

1√
2π

∫ +∞−itσ

−∞−itσ

e−
z2
2 dz (t ∈ R).

Tu gamoviyenebT analizis kursidan kargad cnobil faqts, rom

(∀b)(b ∈ R →
∫ +∞−itσ

−∞−itσ

e−
z2
2 dz =

√
2π),

sabolood miviRebT

Φξ(t) = eiat−σ2t2
2 (t ∈ R).

SeniSvna 1. (0, 1)-parametrebiani normalurad ganawilebuli Sem-
TxveviTi ξ sididis maxasiaTebel Φξ funqcias aqvs Semdegi saxe

Φξ(t) = e−
t2
2 (t ∈ R).

magaliTi 5. vTqvaT, ξ aris λ parametriani maCvenebliani wesiT
ganawilebuli SemTxveviTi sidide, e. i.

fξ(x) =
{

λe−λx, Tu x ≥ 0,
0, Tu x < 0.

maSin

Φξ(t) = Meitξ =
∫ +∞

−∞
eitxfξ(x)dx =

∫ +∞

0

eitx−λxdx =

=λ
∫ +∞
0

(eite−λ)xdx = λ
∫ +∞
0

(eit−λ)xdx= λ (eit−λ)x

(it−λ)

∣∣+∞
0

= λ
λ−it .

magaliTi 6. vTqvaT, ξ aris igivurad c-s toli SemTxveviTi
sidide. maSin

P ({ω : ξ(ω) = c}) = 1,

amitom
Φξ(t) = Meitξ = Meitc = eitc.

moviyvanoT maxasiaTebel funqciaTa meTodis erTi gamoyeneba.
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Teorema 10 (lindeberg20 -levi21). Tu (ξk)k∈N erTnairad ganaw-
ilebul damoukidebel SemTxveviT sidideTa mimdevrobaa, maSin

(∑n
k=1 ξk −M(

∑n
k=1 ξk)√

D
∑n

k=1 ξk

)
n∈N

mimdevroba sustad krebadia (0, 1) - parametrebiani normalurad ganawi-
lebuli SemTxveviTi sididisaken, e. i.

(∀x)(x ∈ R → lim
n→∞

P
({ω :

∑n
k=1 ξk −M(

∑n
k=1 ξk)√

D
∑n

k=1 ξk

< x}) =

=
1√
2π

∫ x

−∞
e−

t2
2 dt

)
.

damtkiceba. damtkiceba moviyvanoT uwyveti tipis SemTxveviTi
sidideebisaTvis. davuSvaT m = Mξ1, σ =

√
Dξ1. marTebulia Semdeg

tolobaTa jaWvi

lim
n→∞

Φ∑n

k=1
ξk−mn

√
nσ

(t) = lim
n→∞

Φ∑n

k=1
(

ξk−m√
σ

) 1√
n

(t) =

lim
n→∞

Φ∑n

k=1
(

ξk−m√
σ

)
(

t√
n

) = lim
n→∞

n∏

i=1

Φ ξi−m

σ

(
t√
n

) = lim
n→∞

e
ln

∏n

i=1
Φ ξi−m

σ

( t√
n

)
=

= lim
n→∞

e

∑n

i=1
ln Φ ξi−m

σ

( t√
n

)
.

Tu SemoviRebT aRniSvnas Φ(t) = Φ ξi−m

σ

(t), xolo ξi−m
σ SemTxveviTi

sididis ganawilebis funqciis simkvrives aRvniSnavT f(t)-Ti, maSin

Φ(t) =
∫ +∞

−∞
eitxf(x)dx,

Φ
′
(t) =

∫ +∞

−∞
ixeitxf(x)dx,

Φ
′′
(t) =

∫ +∞

−∞
i2x2eitxf(x)dx = −

∫ +∞

−∞
x2eitxf(x)dx.

20lindebergi (Lindeberg J.W.)- fineli maTematikosi. mas ekuTvnis aRniSnuli Teo-
remis e.w. centraluri zRvariTi Teoremis damtkiceba.

21levi pol pieri (Levy Paul P ierre )(15.9.1889, parizi, - 15.12.1971, iqve)-frangi maTe-
matikosi, parizis mecnierebaTa akademiis wevri (1964), parizis politikuri skolis
profesori 1920 wlidan. ZiriTadi Sromebi albaTobis Teoriasa da SemTxveviT pro-
cesTa TeoriaSi, funqcionalur analizSi, funqciaTa TeoriaSi, meqanikaSi. cen-
traluri zRvariTi Teoremis dasamtkiceblad pirvelma gamoiyena maxasiaTebel fun-
qciaTa meTodi.
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SevniSnoT, rom
Φ(0) = 1,

Φ
′
(0) = iM(

ξi −m

σ
) = 0,

Φ
′′
(0) = −

∫ +∞

−∞
x2f(x)dx = −1.

maklorenis 22 formulas pirveli sami wevriT aqvs saxe

Φ(t) = Φ(0) +
Φ
′
(0)
1!

t +
Φ”(0)

2!
t2 + a(t)t3,

sadac limt→0 a(t) = 0. amitom gveqneba

Φ(
t√
n

) = 1 + 0 · t√
n
− t2

2n
+ a(

t√
n

) · t3

n
√

n
.

analizis kursidan kargadaa cnobili, rom ln(1+o(n)) ≈ o(n), roca
o(n) usasrulod mcire mimdevrobaa (e. i. limn→∞ o(n) = 0 ). amitom
sabolood vRebulobT

lim
n→∞

Φ∑n

k=1
ξk−mn

√
nσ

(t) = lim
n→∞

e
n ln(1+0· t√

n
− t2

2n +a( t√
n

)· t3

n
√

n
) =

= lim
n→∞

e
n(− t2

2n +a( t√
n

)· t3

n
√

n
) = e

limn→∞(− t2
2 +a( t√

n
)· t3√

n
) = e−

t2
2 ,

rac asrulebs Teoremis damtkicebis process.

ganvixiloT Semdegi

magaliTi 7. vTqvaT, sruldeba pirobebi:
1) ξk aris k-ur cdaSi gazomvis Sedegad miRebuli mTvaris di-

ametri (k ∈ N),
2) a = Mξk (k ∈ N) aris mTvaris diametris WeSmariti mniSvneloba,
3) Dξk = 1 (k ∈ N),
4) gazomvis ξk Sedegebi warmoadgenen (a, 1)-parametrebian nor-

malurad ganawilebul damoukidebel SemTxveviT sidideebs.
§1.11-Si CebiSevis utolobis gamoyenebiT iqna damtkicebuli, rom

nC = 2000 aris iseTi naturaluri ricxvi n, romlisTvisac srul-
deba utoloba

P ({ω : | 1
n

n∑

k=1

ξk(ω)− a| ≤ 0, 1}) ≥ 0, 95.

22makloreni kolini (Maclaurin Colin) (1698, kilmodani, argaili - 14.6.1746, edin-
burgi) - Sotlandieli maTematikosi, londonis samefo sazogadoebis wevri (1719).
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amasTan, CebiSevis utolobis pirdapiri gamoyenebiT SeuZlebelia
utolobis nC = 2000-ze naklebi n amonaxsnis povna. im faqtis gaT-

valiswinebiT, rom
∑n

k=1
ξk−na√
n

aris (0, 1) - parametrebiani normalurad
ganawilebuli SemTxveviTi sidide, gamoviTvaloT is umciresi natu-
raluri ricxvi nc, romlisTvisac sruldeba igive utoloba. vRebu-
lobT:

P ({ω : | 1
n

n∑

k=1

ξk(ω)− a| ≤ 0, 1}) = P ({ω : |
∑n

k=1 ξk(ω)− na

n
| ≤ 0, 1}) =

= P ({ω : |
∑n

k=1 ξk(ω)− na√
n

| ≤ 0, 1
√

n}) = 1− 2Φ(−0, 1
√

n).

cxadia, nc-naturaluri ricxvi unda SevarCioT iseTnairad, rom
is iyos umciresi amonaxsni Semdegi utolobis

1− 2Φ(−0, 1
√

n) ≥ 0, 95.

vRebulobT

Φ(−0, 1
√

n) ≤ 1− 0, 95
2

⇔ Φ(−0, 1
√

n) ≤ 0, 025 ⇔

−0, 1
√

n ≤ Φ−1(0, 025) ⇔ √
n ≥ 100(Φ−1(0, 025))2 ⇔

n ≥ 100(1, 96)2 ⇔ n ≥ 384, 16 ⇔ n ≥ 385.

aqedan vaskvniT, rom nc = 385. amgvarad, 385 aris iseTi naturaluri
ricxvi n, romlisTvisac sruldeba utoloba

P ({ω : | 1
n

n∑

k=1

ξk(ω)− a| ≤ 0, 1}) ≥ 0, 95.

cxadia, rom naturaluri ricxvi nc = 385 gacilebiT naklebia Cebi-
Sevis utolobis gamoyenebiT miRebul nC = 2000 ricxvze.

SeniSvna 2.Tu (ξk)k∈N SemTxveviT sidideTa mimdevroba sustad
krebadia ξ SemTxveviTi sididisaken, maSin "sakmaod didi n-ebisaTvis"
ξn SemTxveviTi sididis ganawilebis funqcia Fξn SeiZleba CaiTva-
los ξ SemTxveviTi sididis Fξ ganawilebis funqciis tolad.
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testebi

1.13.1. (ξn)n∈N SemTxveviT sidideTa mimdevroba ganvsazRvroT Semdeg-
nairad

(∀ω)(ω ∈ Ω → ξn(ω) = C − 1
n

).

maSin (ξn)n∈N mimdevroba sustad krebadia ξ SemTxveviTi sididi-
saken, sadac ξ aris toli (albaTobiT erTi)

a) c− 1, b) c, g) c2, d) c + 1.

1.13.2. yoveli n ∈ N naturaluri ricxvisaTvis ξn iyos λ + o(n)
parametriani puasonis kanoniT ganawilebuli SemTxveviTi sidide,
sadac λ > 0 da (o(n))n∈N aris usasrulod mcire mimdevroba, maSin
(ξn)n∈N SemTxveviT sidideTa mimdevroba sustad krebadia µ parame-
triani puasonis kanoniT ganawilebuli SemTxveviTi sididisaken, sa-
dac µ tolia

a) λ, b) λ2, g) λ(1 + λ), d) λ2(1 + λ)2.

1.13.3. vTqvaT, (ξn)n∈N aris (an, bn) intervalze Tanabrad ganawile-
bul SemTxveviT sidideTa mimdevroba. amasTan limn→∞ an = a da
limn→∞ bn = b. maSin (ξn)n∈N SemTxveviT sidideTa mimdevroba sustad
krebadia (c, d) intervalze Tanabrad ganawilebuli SemTxveviTi si-
didisaken, sadac (c, d) tolia

a) (a, b), b) ( b−a
2 , a+b

2 ), g) (a, a+b
2 ), d) (a+b

2 , b).

1.13.4. vTqvaT, (ξn)n∈N aris damoukidebel SemTxveviT sidideTa
mimdevroba. amasTan yoveli k ∈ N ricxvisaTvis ξk aris ( 1

2k ; 1
22k )

parametrebiani normalurad ganawilebuli SemTxveviTi sidide.
maSin (

∑n
k=1 ξk)n∈N mimdevroba sustad krebadia (m,σ2) parametre-

biani normalurad ganawilebuli SemTxveviTi sididisaken, sadac
(m,σ2) tolia

a) (1, 3), b) (1, 4), g) (1, 5), d) (1, 6).

1.13.5. (puasonis Teorema). vTqvaT, (ξn)n∈N aris (n, pn)-parametrian
binomurad ganawilebul SemTxveviT sidideTa mimdevroba. vigulis-
xmoT, rom arsebobs limn→∞ n · pn = λ > 0. maSin (ξn)n∈N SemTxve-
viT sidideTa mimdevroba sustad krebadia µ parametriani puasonis
wesiT ganawilebuli SemTxveviTi sididisaken, sadac

a) λ + 1, b) λ, g) λ− 1), d) λ2.

1.13.6. vTqvaT, (ξn)n∈N aris (a, σ2)- parametrian normalurad ganawi-
lebuldamoukidebel SemTxveviT sidideTa mimdevroba. maSin SemTxve-
viT sidideTa mimdevroba ( ξ1+···+ξn

n )n∈N sustad krebadia m-is toli
(albaTobiT erTi) SemTxveviTi sididisaken, sadac m tolia

a) a, b) a2, g) a3, d) a4.
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1.13.7. vTqvaT, 1 ≤ k ≤ n. maSin (mk, σ2
k)- parametrebian normalurad

ganawilebul damoukidebel ξk SemTxveviT sidideTa jami
∑n

k=1 ξk

ganawilebulia normalurad parametrebiT (m,σ2), sadac (m,σ2) to-
lia

a) (
∑n

k=1 mk,
∑n

k=1 σk), b) (
∑n

k=1 mk,
∑n

k=1 σ2
k),

g) (
∑n

k=1 mk,
∑n

k=1 σ3
k), d) (

∑n
k=1 mk,

∑n
k=1 σ4

k).

1.13.8. Tu ξ aris ganawilebuli normalurad parametrebiT (m, σ2),
maSin aξ + b aris ganawilebuli agreTve normalurad parametrebiT
(c, d2), sadac (c, d2) tolia

a) (b + am, a2σ2), b) (b + am, aσ2),
g) (b + am, a2σ), d) (b + m, aσ2).

1.13.9. vTqvaT, 1 ≤ k ≤ n. maSin λk-parametrian puasonis kanoniT
ganawilebul (ξk)1≤k≤n SemTxveviT sidideTa jami

∑n
k=1 ξk warmoad-

gens µ-parametrian puasonis kanoniT ganawilebul SemTxveviT si-
dides, sadac µ tolia

a)
∑n

k=1 λ2
k, b)

∑n
k=1 λk,

g)
∑n

k=1(1− λk), d)
∑n

k=1(1 + λk).

1.13.10. Tu (ξk)1≤k≤n aris (nk, p)-parametrebian binomuri kanoniT
ganawilebuldamoukidebel SemTxveviT sidideTa ojaxi, maSin

∑n
k=1 ξk

aris (m,x)-parametrebiani binomuri kanoniT ganawilebuli SemTxve-
viTi sidide, sadac (m,x) tolia

a) (
∑n

k=1 k, p), b) (
∑n

k=1 k, p2),
g) (

∑n
k=1

2
k, p2), d) (

∑n
k=1 k, p3).

1.13.11. ξk aris k-uri saxis saqonelze erTi dRis ganmavlobaSi
moTxovnaTa ricxvi, romelic warmoadgens λk parametrian puaso-
nis kanoniT ganawilebul SemTxveviT sidides (1 ≤ k ≤ n). alba-
Toba imisa, rom erTad yvela am saxis saqonelze moTxovnaTa saerTo
ricxvi erTi dRis ganmavlobaSi toli iqneba 8-is, im pirobiT rom
m = 10, λ1 = · · · = λ5 = 0, 3, λ6 = · · · = λ9 = 0, 8, λ10 = 1, 3, tolia

a) 0, 345103, b) 0, 457778, g) 0, 567788, d) 0, 103258.

1.13.12. vTqvaT, yovel reisze avtomanqanas saSualod gadaaqvs m =
20 t. tvirTi. vigulisxmoT, rom saSualo kvadratuli gadaxra σ =
1 tonas. maSin

1) albaToba imisa, rom 100 reisze avtomanqanis mier gadatanili
tvirTis wona, gamosaxuli tonebSi, moTavsebuli iqneba [1950; 2000]
intervalSi, tolia

a) 0, 5, b) 0, 55, g) 0, 555, d) 0, 5555;
2) sidide, romelsac ar gadaaWarbebs 100 reisze gadatanili

tvirTis wona 0,95-ze meti albaTobiT, tolia
a) 20164, b) 20264, g) 20364, d) 20464.

1.13.13. vaSlis saSualo wonaa m = 0, 2 kg. saSualo kvadratuli
gadaxraa σ = 0, 02 kg. maSin
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1) albaToba imisa, rom SemTxveviT arCeuli 49 vaSlis wona, gamosa-
xuli kilogramebSi, moTavsebulia [9, 5; 10] intervalSi, tolia

a) 0, 44; b) 0, 88; g) 0, 178; d) 0, 356;
2) sidide, romelsac gadaaWarbebs SemTxveviT arCeuli 100 vaSlis

wona 0,95-ze meti albaTobiT, tolia
a) 16, 672, b) 17, 672, g) 18, 672, d) 19, 672.

1.13.14. xaratis mier standartuli detalis damzadebis albaTobaa
0,64. albaToba imisa, rom

1) 100 detalidan 70 iqneba standartuli, tolia
a) 0, 6241, b) 0, 7241, g) 0, 8241, d) 0, 9241;

2) 100 detalidan standartul detalTa raodenoba moTavsebuli
iqneba [50,65] intervalSi, tolia

a) 0, 1108, b) 0, 1308, g) 0, 1508, d) 0, 1708.

1.13.15. qarxanam bazaSi gagzavna 15000 vargisi nawarmi. albaToba
imisa, rom nawarmi gafuWdeba gzaSi, aris 0,0002. maSin albaToba imisa,
rom

1) bazaSi moitanen 3 cal uvargis nawarms, tolia
a) 0, 094042, b) 0, 114042, g) 0, 134042, d) 0, 154042;

2) bazaSi motanil uvargis nawarmTa ricxvi moTavsebuli iqneba
[2,4] intervalSi, tolia

a) 0, 414114, b) 0, 515115, g) 0, 616116, d) 0, 717117.

§ 1.14. markovis jaWvebi

vTqvaT, (Ω,F , P ) albaTuri sivrcea. pirobiTad visaubroT raime
fizikur sistemaze, romelic yoveli nabijis Semdgom icvlis Tavis
fazur mdgomareobas. vigulisxmoT, rom gvaqvs sasrulo an usas-
rulo Tvladi raodenoba gansxvavebuli fazuri mdgomareobebisa
ε1, ε2, · · · . aRvniSnoT ξn(ω)-Ti sistemis mdgomareoba n nabijis Semd-
gom (ω ∈ Ω). cxadia, rom Tanamimdevrul gadasvlaTa jaWvi

ξ0(ω) → ξ1(ω) → · · · (ω ∈ Ω)

damokidebulia SemTxveviTobis faqtorze. vigulisxmoT, rom dacu-
lia Semdegi kanonzomiereba: Tu romelime n-ur nabijze sistema imy-
ofeba εi mdgomareobaSi, maSin wina mdgomareobisagan damoukideb-
lad is gadadis Pij-s toli albaTobiT εj mdgomareobaSi, e. i.

Pij = P ({ω : ξn+1(ω) = εj |ξn(ω) = εi}), i, j = 1, 2, · · · .
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zemoT aRweril models ewodeba markovis 23 erTgvarovani jaWvi,
xolo Pij-s albaTobas ewodeba am jaWvis gadasvlis albaToba. garda
amisa moicema sawyisi mdgomareobis ganawilebebi, e.i.

P
(0)
i = P ({ω : ξ0(ω) = εi}) i = 1, 2, · · · .

bunebrivia ismis Semdegi kiTxva: ras udris albaToba imisa, rom sis-
tema n nabijis Semdgom aRmoCndeba εi-mdgomareobaSi? aRvniSnoT es
albaToba Pj(n)-iT. e. i.

Pj(n) = P ({ω : ξn(ω) = εj}).
SevniSnoT, rom n − 1 nabijis Semdeg sistema aucileblad iqneba
εk (k = 1, 2, · · ·) mdgomareobidan erT-erTSi. amasTan εk mdgomareobaSi
is aRmoCndeba Pk(n − 1)-is toli albaTobiT. albaToba imisa, rom
fizikuri sistema n-nabijis Semdgom aRmoCndeba εj mdgomareobaSi im
pirobiT, rom n−1 nabijis Semdgom is imyofeboda εk mdgomareobaSi,
tolia Pkj gadasvlis albaTobisa εk-dan εj-Si. sruli albaTobis
formulis gamoyenebiT vRebulobT

P ({ω : ξn(ω) = εj}) =
∑

k∈N

P ({ω : ξn(ω) = εj}|{ω : ξn−1(ω) = εk}) · P ({ω : ξn−1(ω) = εk}).

es toloba gvaZlevs Semdeg rekurentul formulas Pj(n) alba-
TobisaTvis

Pj(0) = P
(0)
j , Pj(n) =

∑

k∈N

Pk(n− 1) · Pkj (j, n = 1, 2, · · ·).

im SemTxvevaSi, roca sistema sawyisi momentisaTvis imyofeba εi fa-
zur mdgomareobaSi, sawyis ganawilebas aqvs saxe

P
(0)
i = 1, P

(0)
k = 0, k 6= i,

xolo Pj(n) albaToba emTxveva Pij(n) albaTobas, romelic tolia
εi mdgomareobidan n nabijis Semdgom εj mdgomareobaSi gadasvlis
albaTobisa, e. i.

Pij(n) = P ({ω : ξn(ω) = εj |{ω : ξ0(ω) = εi}} (i, j = 1, 2, · · ·).

P
(0)
i = 1, P

(0)
k = 0 (k 6= i) sawyisi ganawilebis SemTxvevaSi vRebulobT

Pij =
{

1, Tu i = j
0, Tu i 6= j

,

23markovi andria andrias Ze (2(14).1856, riazani-20.7.1922, petrogradi) - rusi maTe-
matikosi, peterburgis mecnierebaTa akademiis wevri (1890).
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Pij(n) =
∑

k∈N

Pik(n− 1) · Pkj (n = 1, 2, · · ·).

Tu SemoviRebT aRniSvnas

P(n) = (Pij(n))i,j∈N ,

maSin
P(0) = I, P(1) = P, P(2) = P(1) · P = P2, · · · ,

sadac I usasrulo erTeulovani matricaa, P gadasvlis albaTo-
baTa matricaa. cxadia, rom

P(n) = Pn (n = 1, 2, · · ·).

ganvixiloT ramdenime magaliTi.

magaliTi 1(SemTxveviTi xetiali). ganvixiloT SemTxveviTi
xetiali, romelic ukavSirdeba bernulis damoukidebel cdaTa usas-
ruloraodenobas, roca wertili "xetialobs" ricxviTi RerZis mTel-
mniSvnelobian wertilebSi, ise, rom Tu is imyofeba i-ur mdgomare-
obaSi, maSin Semdgom nabijze misi i + 1 mdgomareobaSi gadasvlis
albaToba aris p-s toli (0 < p < 1), xolo i − 1 mdgomareobaSi
gadasvlis albaToba aris q = 1 − p-s toli. Tu aRvniSnavT ξn-iT
nawilakis mdgomareobas n nabijis Semdgom, maSin mimdevroba

ξ0(ω) → ξ1(ω) → · · · (ω ∈ Ω)

iqneba markovis jaWvi, romlis gadasvlis albaTobebs aqvs Semdegi
saxe

Pij =
{

p , roca j = i + 1
q , roca j = i− 1 .

am modelSi sistemas gaaCnia usasruloTvladi raodenoba gansxva-
vebuli fazuri mdgomareobisa.

magaliTi 2. ganvixiloT fizikuri sistema, romelsac gaaCnia
sami sxvadasxva mdgomareoba ε1, ε2, ε3. P-erT nabijze gadasvlis al-
baTobebis matricas hqondes Semdegi saxe

P =




1
3

1
3

1
3

0 1
2

1
2

0 0 1


 .

mocemul magaliTSi ε3 mdgomareoba xasiaTdeba imiT, rom Tu
sistema moxvda am mdgomareobaSi, igi erTis toli albaTobiT rCeba
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amave mdgomareobaSi. aseT mdgomareobas mSTanTqavi mdgomareoba ewo-
deba. Tu mdgomareoba iseTia, rom fizikuri sistema erTis toli al-
baTobiT gamodis am mdgomareobidan, maSin mas amreklavi mdgomare-
oba ewodeba. Tu εi mdgomareoba mSTanTqavia, maSin Pii = 1, xolo
Tu εi mdgomareoba amreklavia, maSin Pii = 0.

Tu cnobilia, rom dakvirvebis win sistema imyofeba romelime
εi mdgomareobaSi (1 ≤ i ≤ n), maSin m nabijis Semdeg P(m) matricis
saSualebiT SegviZlia vipovoT sistemis nebismier εj mdgomareobaSi
m nabijis Semdeg moxvedris Pij(m) albaToba. im SemTxvevaSi, roca
sistemis sawyisi mdgomareoba ar aris cnobili, magram mocemulia
P

(0)
i albaTobebi imisa, rom sistema sawyis momentSi imyofeba i-ur

mdgomareobaSi, maSin sruli albaTobis formulis gamoyenebiT Segvi-
Zlia gamoviTvaloT m nabijis Semdeg sistemis nebismier j-ur mdgo-
mareobaSi moxvedris Pj(m) albaToba Semdegi formuliT

Pj(m) =
n∑

k=1

P
(0)
k · Pkj(m).

striqon-veqtors
P (0) = (P (0)

1 , P
(0)
2 , · · · , P (0)

n )

ewodeba markovis jaWvis sawyisi ganawilebis veqtori, xolo P
(m)
i

(1 ≤ i ≤ n) albaTobebisagan Sedgenil striqon-veqtors

P(m) = (P (m)
1 , P

(m)
2 , · · · , P (m)

n )

ewodeba markovis jaWvis ganawilebis veqtori m nabijis Semdeg. am
aRniSvnebSi vRebulobT

P(m) = P(0) · P(m)

daumtkiceblad moviyvanoT markovis Teorema zRvariTi albaTo-
bebis Sesaxeb.

Teorema 1. vTqvaT, (εi)1≤i≤n fizikuri sistemis mdgomareobe-
bia. Tu m > 0 ricxvisaTvis markovis jaWvis gadasvlis albaTo-
baTa P(m) matricis yoveli Pij elementi dadebiTia, maSin iarsebebs
mudmiv ricxvTa iseTi (qi)1≤i≤n mimdevroba, rom adgili eqneba Semdeg
Tanafardobebs

(∀i)(1 ≤ i ≤ n → lim
m→∞

Pij(m) = qj) (1 ≤ j ≤ n).

qj (1 ≤ j ≤ n) ricxvebi SegviZlia miviCnioT sistemis j-ur mdgo-
mareobaSi moxvedris albaTobad, roca m sakmaod didia.
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testebi

1.14.1. mocemulia erTgvarovani markovis jaWvis gadasvlis albaTo-
baTa matrica

P =




0 1 0
0, 5 0, 5 0

0 0 1




da sawyis albaTobaTa veqtori (0, 2; 0, 5; 0, 3). ori nabijis Semdeg
sistemis ganawilebis veqtori tolia

a) (0, 125; 0, 475; 0, 4), b) (0, 225; 0, 475; 0, 3),
g) (0, 025; 0, 575; 0, 4), d) (0, 125; 0, 375; 0, 5).

1.14.2. mocemulia markovis erTgvarovani jaWvis gadasvlis alba-
TobaTa matrica

P =




0, 3 0, 1 0, 6
0 0, 4 0, 6

0, 4 0, 3 0, 3


 .

2-bijiani gadasvlis P(2) matricas aqvs saxe
a) 


0, 25 0, 15 0, 6

0 0, 3 0, 7
0, 4 0, 3 0, 3


 ,

b) 


0, 33 0, 21 0, 46
0, 4 0, 3 0, 3

0, 24 0, 13 0, 33


 .

1.14.3. mocemulia markovis erTgvarovani jaWvis gadasvlis alba-
TobaTa matrica

P =




0, 1 0, 5 0, 4
0 0 1

0, 5 0, 3 0, 2


 .

me-2 mdgomareobidan me-3 mdgomareobaSi 3 nabijis Semdgom gadasvlis
albaToba P23(3) tolia

a) 0, 125, b) 0, 225, g) 0, 54, d) 0, 375.

14.4. mocemulia markovis erTgvarovani jaWvis gadasvlis albaTo-
baTa matrica

P =
(

0, 3 0, 7
0, 1 0, 9

)

da sawyis albaTobaTa veqtori (0, 2; 0, 8). cnobilia, rom sawyisi
mdgomareobidan εi mdgomareobaSi 2 nabijis Semdgom moxvedris al-
baTobaa 0,128. maSin i tolia
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a) 1, b) 2.

§ 1.15. brounis moZraobis procesi
ganvixiloT nawilaki, romelic moTavsebulia erTgvarovan siTx-

eSi. nawilaki ganicdis qaosur Sejaxebas siTxis molekulebTan, ris
Sedegadac is imyofeba uwyvet mouwesrigebel moZraobaSi. am proce-
sis diskretul analogs warmoadgens SemTxveviTi xetialis Semdegi
modeli. nawilaki icvlis Tavis mdgomareobas mxoloddrois diskre-
tul ∆t-s jerad momentebSi (∆t > 0). mdgomareobis cvlileba
warmoebs imgvarad, rom Tu nawilaki imyofeba x wertilSi, maSin
wina yofaqcevisagan damoukideblad is gadadis toli albaTobebiT
mezobeli x + ∆x da x − ∆x wertilebidan erT-erTSi. amasTan
wanacvleba ∆x erTi da igivea yvela x wertilisaTvis (aq saubaria
moZravi nawilakis erT-erT koordinatze, anu sxvanairad, erTgan-
zomilebian SemTxveviT xetialze). zRvarSi, roca garkveuli wesiT
∆t → 0, ∆x → 0, miiReba uwyveti SemTxveviTi xetiali, romelic
damaxasiaTebelia brounis 24 moZraobis fizikuri procesisaTvis.

aRvniSnoT ξt(ω)-Ti brounis nawilakis mdgomareoba drois t mo-
mentisaTvis. vTqvaT, drois sawyisi t = 0 momentisaTvis nawilaki
imyofeba x = 0 mdgomareobaSi. diskretuli xetialis SemTxvevaSi
t drois ganmavlobaSi is awarmoebs n = t

∆t nabijs. Tu aRvniSnavT
Sn(ω)-Ti ∆x-iT wanacvlebaTa raodenobas dadebiTi mimarTulebiT,
maSin saerTo wanacvleba dadebiTi mimarTulebiT Seadgens Sn(ω)·∆x,
xolo uaryofiTi mimarTulebiT ki (n−Sn(ω)) ·∆x. amgvarad, saerTo
wanacvleba ξt(ω) t = n∆t drois ganmavlobaSi dakavSirebulia
Sn(ω) ricxvTan Semdegi tolobiT

ξt(ω) = [Sn(ω)∆x− (n− Sn(ω))∆x] = (2Sn(ω)− n)∆x.

Tu davuSvebT, rom ξ0(ω) = 0, maSin

ξt(ω) = (ξs(ω)− ξ0(ω)) + (ξt(ω)− ξs(ω))

yoveli s-saTvis, 0 ≤ s ≤ t. cxadia, rom aRweril modelSi SemTxvevi-
Ti sidideebi ξs − ξ0 da ξt − ξs arian damoukideblebi. amasTan ξt −
ξs nazrdis ganawileba zustad igivea, rac ξt−s−ξ0-isa. amitom σ2(t) =
Dξt akmayofilebs Tanafardobas

σ2(t) = σ2(s) + σ2(t− s) (0 ≤ s ≤ t).
24brouni roberti (Brown Robert) (21.12.1773, montrozi - 10.6.1858, londoni) - ingli-

seli botanikosi, peterburgis mecnierebaTa akademiis sapatio wevri (1827). aRmoaCina
e.w. brounis moZraoba, romelic albaTobis TeoriaSi cnobilia rogorc vineris pro-
cesi.
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aqedan Cans, rom σ2(t), rogorc t-s funqcia, t-s zrdasTan erTad
icvleba wrfivad, ris gamo iarsebebs iseTi σ2, rom

Dξt = σ2 · t.

σ2 koeficients ewodeba difuziis koeficienti. meore mxriv, advi-
li misaxvedria, rom wanacvlebis dispersia t drois ganmavlobaSi
(anu sxvanairad, n = t

∆t nabijis Semdeg) aris Dξt = (∆x)2 · t
∆t . sabo-

lood vRebulobT Semdeg Tanafardobas ∆x da ∆t sidideebs Soris

(∆x)2

∆t
= σ2.

nawilakis mier moxdenili gadasvlebi arian erTmaneTisagan damouki-
debeli da amitom isini SegviZlia ganvixiloT rogorc bernulis
cda "warmatebis" p = 1

2 albaTobiT. maSin Sn(ω) nabijTa raodenoba
dadebiTi mimarTulebiT iqneba "warmatebaTa" ricxvis toli bernu-
lis n damoukidebel cdaSi. amasTan drois t momentisaTvis nawi-
lakis ξt(ω) mdgomareoba normirebul S∗n(ω) = 1√

n
(2Sn(ω)−n) SemTx-

veviT sididesTan dakavSirebuli iqneba Semdegnairad

ξt(ω) = S∗n(ω)
√

n∆x = S∗n(ω)
√

t
∆x√
∆t

= S∗n(ω)σ
√

t.

lindenberg-levis Teoremis gamoyenebiT vRebulobT(ix. §1.13, Teorema
10), rom ξt(ω) SemTxveviTi sididis ganawilebis funqcias brounis
moZraobis zRvruli procesis dros aqvs Semdegi saxe

P ({ω : x1 ≤ ξt(ω)
σ
√

t
≤ x2}) = lim

∆t→0
P ({ω : x1 ≤ S∗n(ω) ≤ x2}) =

lim
n→∞

P ({ω : x1 ≤ Sn(ω)− np√
npq

≤ x2}) =
1√
2π

∫ x2

x1

e−
x2
2 dx,

sadac p = q = 1
2 .

SeniSvna 1. sainteresoa im faqtis aRniSvna, rom brounis moZrao-
bis sasrul-ganzomilebiani ganawilebebis Tvisebebis Sesaxeb Tavisi
mosazreba pirvelad gamoTqva cnobilma fizikosma albert ainStainma.
misi mosazreba mkacrad iqna dasabuTebuli amerikeli maTematikosis
norbert vineris mier, romelsac ekuTvnis brounis moZraobis maTe-
matikuri modelis Seqmna. mis pativsacemad brounis moZraobis maTe-
matikuri modelebi literaturaSi moixsenieba rogorc vineris pro-
cesebi.
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testebi

1.15.1. saqonlis fasis cvlileba warmoadgens brounis moZraobis pro-
cess σ2 = 1 difuziis koeficientiT. t = 0 momentisaTvis saqonlis
fasi iyo 9-erTeulis toli. albaToba imisa, rom saqonlis fasi t = 9
momentisaTvis ar moimatebs, tolia

a) 0, 4, b) 0, 5, g) 0, 6, d) 0, 7.

1.15.2. bazarze feradi televizoris fasis cvlileba warmoadgens
brounis moZraobis process difuziis σ2 = 1 (lari /wT.) koeficien-
tiT. drois t = 0 momentisaTvis saqonlis fasi Seadgenda 200 lars.
albaToba imisa, rom drois t = 6sT. 40wT. momentisaTvis televi-
zoris fasi iqneba:

1) 190 larze naklebi, tolia
a) 0, 3064, b) 0, 3164, g) 0, 3264, d) 0, 3364;

2) 210 larze meti, tolia
a) 0, 2864, b) 0, 3264, g) 0, 3464, d) 0, 3664;

3) [185 lari, 205 lari] SualedSi, tolia
a) 0, 3027, b) 0, 3227, g) 0, 3527, d) 0, 3727.

1.15.3. birJaze fasiani qaRaldis fasis cvlileba warmoadgens brou-
nis moZraobis process difuziis σ2 = 1 koeficientiT. firmam drois
t = 0 momentisaTvis 3000 larad SeiZina A saxis fasiani qaRaldi.
albaToba imisa, rom

1) drois t = 250000 momentisaTvis firmis mier gayiduli A saxis
fasiani qaRaldisagan amonagebi Seadgens 300 larze met Tanxas, to-
lia

a) 0, b) 0, 1, g) 0, 2, d) 0, 3;
2) drois t = 900 momentisaTvis firmis mier A saxis fasiani

qaRaldis gayidviT miyenebuli zarali gadaaWarbebs 15 lars, tolia
a) 0, b) 1, g) 0, 3, d) 0, 6.

1.15.4. B tipis saqonlis fasis cvlileba warmoadgens brounis
moZraobis process difuziis σ2 = 1 koeficientiT. drois t = 0 mo-
mentisaTvis saqonlis fasi Seadgenda 50 lars. momxmarebeli dain-
teresebulia iyidos es nawarmi 55 laris farglebSi. maRazia wyvets
B tipis saqonlis gayidvas, Tu moxda fasis dacema 41 larze dabla.
albaToba imisa, rom t = 1 2

3 sT. momentisaTvis maRaziaSi yofnisas
momxmarebeli SeiZens B tipis produqcias, tolia

a) 0, 2287, b) 0, 3387, g) 0, 4487, d) 0, 5587.
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maTematikuri statistika

§ 2.1. maTematikuri statistikis ZiriTadi
amocanebi da meTodebi
imisaTvis rom warmodgena viqonioT maTematikuri statistikis sagan-
ze da mis mimarTebaze albaTobis TeoriasTan, moviyvanoT am discip-
linebis damaxasiaTebeli tipiuri amocanebi binomuri sqemis SemTxve-
vaSi.

albaTobis Teoriis tipiuri amocana.
monetas agdeben n -jer erTmaneTisagan damoukideblad. cnobilia,

rom calkeul cdaSi gerbis mosvlis albaToba p- ricxvis tolia.
saZiebelia albaToba imisa, rom monetis n-jer damoukidebeli agde-
bisas gerbi mova zustad k-jer.

maTematikuri statistikis tipiuri amocana.
moneta aagdes n-jer. cdebi erTmaneTisagan damoukidebelia. cno-

bilia, rom gerbi movida k-jer.
I) rogor SevafasoT gerbis mosvlis ucnobi p albaToba?
II) Tu p̂ aris p albaTobis Sefaseba, rogoria p̂-s sizuste?
III) rogor SevafasoT hipoTeza monetis simetriulobis Sesaxeb

(e.i. p = 1
2 ) ?

IV) rogor gavarCioT ori hipoTeza, magaliTad, p = 1
2 da p = 2

3 ?
CamoTvlili albaTuri da statistikuri amocanebi araa jer for-

malizebuli, magram zemoTaRniSnuli disciplinebis tipiuri amo-
canebis dasmidan naTelia, rom maTematikuri statistikis tipiuri
amocana garkveuli azriT aris albaTobis Teoriis tipiuri amoca-
nis Sebrunebuli im azriT, rom Tu albaTobis TeoriaSi moiTxoveba
rTuli xdomilobis albaTobis gamoTvla martivi (anu elementaru-
li) xdomilobis albaTobis safuZvelze, maTematikuri statistikaSi
moiTxoveba rTuli xdomilobis albaTobis Sefasebis saSualebiT
elementaruli xdomilobis albaTobis Sefaseba.

Tu yovel cdaSi gerbis mosvlis albaToba p ricxvis tolia,
maSin n-damoukidebeli cdis Sesabamis albaTur models eqneba saxe
(Ωn, Fn, Pp), sadac

1) Ωn = {(ω1, · · · , ωn) : ωi = 1 Tu i -ur cdaSi movida gerbi, an = 0
sxva SemTxvevaSi };

2) Fn = {A : A ⊆ Ω};
3) Pp(ω1, · · · , ωn) = p

∑n

i=1
ωi × (1− p)n−

∑n

i=1
ωi .

am modelSi A xdomilobas -"n damoukidebel cdaSi gerbi movida
k-jer" aqvs Semdegi saxe
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A = {(ω1, · · · , ωn) :
n∑

i=1

ωi = k}.

albaTobis Teoriis kursSi (ix. § 1.5.) Cven davamtkiceT, rom

Pp(A) = Ck
npk(1− p)n−k.

Tu ganvsazRvravT SemTxveviT sidideebs

(∀i)(∀(ω1, · · · , ωn))(1 ≤ i ≤ n & (ω1, · · · , ωn) ∈ Ω → ξi(ω1, · · · , ωn) = ωi)

maSin SemTxveviT sidideTa ojaxi iqneba damoukidebeli, amasTan

(∀i)(1 ≤ i ≤ n → Pp({(ω1, · · · , ωn) : ξi(ω1, · · · , ωn) = 1}) = p).

SemTxveviTi sidideebis SemoReba "albaTobis Teoriis tipiuri amo-
canis" amoxsnas daiyvans

Pp({(ω1, · · · , ωn) :
n∑

i=1

ξi(ω1, · · · , ωn) = k})

ricxvis gamoTvlaze.
imisaTvis rom moxerxdes "maTematikuri statistikis tipiuri amo-

canis" formalizacia, SemoviRoT (Cveni konkretuli SemTxvevisaTvis)
Semdegi

gansazRvreba 1. sameuls (Ωn, Fn, (Pp)p∈A)(A ⊆]0, 1[) , sadac
a) Ωn = {(ω1, · · · , ωn) : (∀i)(1 ≤ i ≤ n → ωi = 1

∨
0)},

b) Fn = {X : X ⊆ Ωn},
g) (∀p)(p ∈ A → Pp((ω1, · · · , ωn)) = p

∑n

i=1
ωi × (1− p)n−

∑n

i=1
ωi),

ewodeba albaTur-statistikuri modeli.
SevniSnoT, rom I-II amocanebSi gamoyenebad albaTur-statistikur

models aqvs saxe (Ωn, Fn, (Pp)p∈A) , sadac A =]0, 1[ . IV amocanaSi
gamoiyeneba msgavsi modeli A = {1

2 , 2
3} SemTxvevisaTvis.

maTematikur statistikaSi elementarul xdomilobaTa Ωn sivrces
ewodeba n-moculobis SerCevaTa sivrce da aRiniSneba simboloTi
Xn. (x1, · · · , xn) ∈ Xn wertils uwodeben n-moculobis SerCevas. SemTxve-
viT veqtors ξ = (ξ1, · · · , ξn), gansazRvruls Xn sivrceze Semdegi piro-
biT

(∀i)(1 ≤ i ≤ n → ξi(x1, · · · , xn) = xi)

ewodeba SemTxveviTi SerCeva. amgvarad, ξi aris SemTxveviTi sidide (ro-
melic SesaZloa ar iyos namdvilmniSvnelobiani), romelic i-ur cdas
Seesabameba, xolo xi aris is mniSvneloba, romelsac Rebulobs ξi

SemTxveviTi sidide.
maTematikuri statistikis tipiuri amocana SeiZleba Camovayali-

boT Semdegnairad.
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vTqvaT, (Pp)p∈A aris Xn-ze gansazRvrul albaTur zomaTa ojaxi
da ξ = (ξ1, · · · , ξn) aris SemTxveviTi veqtori erTnairad ganawilebuli
ξ1, · · · , ξn komponentebiT. amasTan cnobilia, rom romeliRac ucnobi
p0 ∈ A parametrisaTvis

(∀k)(1 ≤ k ≤ n → P ({(x1, · · · , xn) : ξk(x1, · · · , xn) = 1}) = p0).

saWiroa moxerxdes ama Tu im daskvnis gakeTeba p0 parametris WeSmar-
iti mniSvnelobis Sesaxeb.

SeniSvna 1. is faqti, rom x = (x1, · · · , xn) SerCeva SeiZleba ganx-
ilul iqnas rogorc SemTxveviTi ξ = (ξ1, · · · , ξn) SerCevis realiza-
cia, romlis "SemTxveviToba" aRiwereba ganawilebiT (Pp)p∈A ojaxi-
dan, cxadia , TavisTavad ar igulisxmeba. Cven mkafiod unda SevignoT,
rom es mxolod daSvebaa. konkretul situaciaSi savsebiT SesaZle-
belia, rom x = (x1, · · · , xn) sididis ama Tu im mniSvnelobis gamovlena
sulac ver aRiweros raime kanonzomierebiT.

2) amrigad, I-IV amocanaTa amosaxsnelad ganvixiloT albaTur-
statistikuri modeli

(Xn,Fn,P),

sadac
a) Xn = {(x1, · · · , xn) : (∀i)(1 ≤ i ≤ n → xi = 1

∨
xi = 0)},

b) Fn = {A : A ⊆ Xn},
g) P = {Pθ : θ ∈ Θ, Pθ aris albaToba Fn-ze, gansazRvruli piro-

biT
Pθ(x1, · · · , xn) = θ

∑n

i=1
xi × (1− θ)n−

∑n

i=1
xi ,

xolo Θ aris (0, 1) intervalis garkveuli qvesimravle}.
SeniSvna 2. Tu ganvixilavT albaTur (X,F , pθ)(θ ∈ Θ) sivrceTa

ojaxs , sadac
a) X = {0, 1},
b) F = {∅, {0, 1}, {0}, {1}}
g) (∀θ)(θ ∈ Θ → pθ({1}) = θ & pθ({0}) = 1− θ),
maSin

(Xn,Fn,P) = (Xn,Fn, (pn
θ )θ∈Θ).

§2.1.1. maTematikuri statistikis I amocanis amoxsna

gavixsenoT, I amocana mdgomareobda imaSi Tu rogor Segvefasebina
gerbis mosvlis ucnobi θ ∈]0, 1[ albaToba n-damoukidebeli dakvirve-
bis Sedegad miRebuli (x1, · · · , xn) SerCevis saSualebiT. bunebrivia,
rom pirvel nabijze θ-s Sefasebad SegviZlia ganvixiloT nebismieri
funqcia tn : Xn → Θ, sadac Θ =]0, 1[.

meore nabijze Cven unda SegveZlos erTmaneTisagan gansxvavebuli
Sefasebebis Sedareba da maTgan "saukeTesos" SerCeva.
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gansazRvreba 1. tn : Xn → Θ Sefasebas ewodeba θ parametris Cau-
nacvlebeli Sefaseba, Tu yoveli θ ∈ Θ parametrisaTvisa sruldeba
piroba

Mθtn = θ,

sadac Mθ niSnavs maTematikuri lodinis aRebas Xn-ze tn funqciidan
Pθ albaTuri zomis mimarT.

SeniSvna 1. Caunacvlebloba sakmaod bunebrivi moTxovnaa, vinai-
dan moiTxoveba rom "saSualod " yvela SerCevisaTvis tn Sefasebam
mogvces θ-parametris zustad is mniSvneloba, romelic marTlac gaaC-
nia dakvirvebad movlenas.

magaliTi 1. davuSvaT, rom νn =
∑n

k=1
xk

n . vaCvenoT, rom νn Se-
faseba warmoadgens θ parametris Caunacvlebel Sefasebas. marTlac,

Mθνn =
∫

Xn

∑n
k=1 xk

n
dPθ(x1, · · · , xn) =

∫

Xn

∑n
k=1 Prk(x1, · · · , xn)

n
dPθ(x1, · · · , xn) =

1
n

n∑

k=1

∫

Xn

xkdPθ(x1, · · · , xn) =
1
n

n∑

k=1

∫

Xk

xkdpθ(xk) =
nθ

n
= θ,

sadac Xn =
∏n

k=1 Xk, Xk = {0, 1} da Prk(x1, · · · , xn) = xk yoveli k ∈
{1, · · · , n} naturaluri ricxvisaTvis.

Cven gamoviyeneT fubinis Teoremis diskretuli analogi, kerZod
Semdegi toloba ∫

Xn

xkdPθ(x1, · · · , xn) =

∫

Xk

xkdpθ(xk)×
∏

i∈{1,···,n}\{k}

∫

Xi

dpθ(xi) =
∫

Xk

xkdpθ(xk) = θ.

SeniSvna 2. Tu (ai)1≤i≤n namdvil ricxvTa iseTi mimdevrobaa, rom
∑n

i=1 ai = n, maSin
∑n

k=1
akxk

n Sefaseba aseve iqneba Caunacvlebeli Se-
faseba.

gansazRvreba 2. θ parametris Caunacvlebel Sefasebas ewodeba
efeqturi, Tu misi dispersia aris minimaluri θ parametris yvela
Caunacvlebel Sefasebebs Soris.

Teorema 1. yoveli n ≥ 1 naturaluri ricxvisaTvis νn =
∑n

k=1
xk

n
warmoadgens θ parametris efeqtur Sefasebas.

Teorema 1-is damtkiceba eyrdnoba Semdeg damxmare debulebas.
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lema 1(rao-krameris 25 utoloba). vTqvaT, Lθ(x) = lnPθ(x) yoveli
x ∈ Xn SerCevisaTvis. maSin θ parametris yoveli Caunacvlebeli tn
SefasebisaTvis marTebulia utoloba

Mθ(tn − θ)2 ≥ 1
Mθ(∂Lθ

∂θ )2
.

damtkiceba. imis gamo, rom

Pθ(x1, · · · , xn) = θ
∑n

i=1
xi × (1− θ)n−

∑n

i=1
xi ,

amitom

Lθ(x) = lnPθ(x) =
n∑

i=1

xilnθ + (n−
n∑

i=1

xi)ln(1− θ)

da

∂Lθ(x)
∂θ

=
1
θ

n∑

i=1

xi − 1
1− θ

(n−
n∑

i=1

xi) =
∑n

i=1 xi(1− θ)− θ(n−∑n
i=1 xi)

θ(1− θ)
=

∑n
i=1 xi − θ

∑n
i=1 xi − nθ + θ

∑n
i=1 xi

θ(1− θ)
=

∑n
i=1(xi − θ)
θ(1− θ)

.

ganvixiloT ori igiveoba

1 = Mθ1, θ = Mθtn,

romlebic SeiZleba gadavweroT Semdegnairad

1 =
∫

Xn

1dPθ(x) =
∑

x∈Xn

Pθ(x), θ =
∫

Xn

tn(x)dPθ(x) =
∑

x∈Xn

tn(x)Pθ(x).

Tu igiveobebs gavawarmoebT θ cvladiT, gveqneba

0 =
∑

x∈Xn

∂Pθ(x)
∂θ

=
∑

x∈Xn

[
∂Pθ(x)

∂θ
: Pθ(x)]Pθ(x) = Mθ[

∂Lθ

∂θ
],

1 =
∑

x∈Xn

tn(x)
∂Pθ(x)

∂θ
= Mθ[tn

∂Lθ

∂θ
].

Tu pirveli tolobis orive mxares gavamravlebT θ-ze, maSin miRe-
buli tolobis meore tolobidan gamokleba mogvcems

1 = Mθ[(tn − θ)
∂Lθ

∂θ
].

25krameri karl haraldi (Cramer Karl Harald) (25.9.1893, stokholmi)-Sveicareli
maTematikosi, maTematikuri statistikisa da maTematikis profesori (1929),
stokholmis universitetis reqtori (1950-1958).
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Tu gamoviyenebT koSi-buniakovskis utolobas, miviRebT

1 ≤ Mθ(tn − θ)2Mθ[
∂Lθ

∂θ
]2.

e.i.

Mθ(tn − θ)2 ≥ 1
Mθ(∂Lθ

∂θ )2
.

lema 1 damtkicebulia.

SeniSvna 3.Mθ(∂Lθ

∂θ )2 sidide aRiniSneba In(θ) simboloTi da mas
ewodeba fiSeris26 informacia ucnobi θ parametris Sesaxeb. amgvarad,
Cvens mier damtkicebulia

infDθtn ≥ 1
In(θ)

,

sadac
Lθ(x) = ln(θ

∑n

i=1
xi × (1− θ)n−

∑n

i=1
xi)

da inf aiReba yvela CaunacvlebeliSefasebis mimarT.
Teorema 1-is damtkiceba. Teoremis dasamtkiceblad sakmarisia

vaCvenoT, rom rao-krameris utolobaSi toloba miiRweva roca tn =
νn. marTlac,

(
∂Lθ

∂θ
)2 = (

∑n
i=1(xi − θ)
θ(1− θ)

)2

Tanafardobis, Pr1, · · · , P rn zomad funqciaTa damoukideblobisa da
Mθ(Pri − θ) = 0 (1 ≤ i ≤ n) pirobis marTebulobis gamo

Mθ(
∂Lθ

∂θ
)2 = Mθ(

∑n
i=1(xi − θ)
θ(1− θ)

)2 = Mθ(
n∑

i=1

(
xi − θ

θ(1− θ)
))2 =

Mθ(
n∑

i=1

(
xi − θ

θ(1− θ)
)2 + 2

∑

i,j

(xi − θ)(xj − θ)
θ2(1− θ)2

) =

nMθ(
Pr1 − θ

θ(1− θ)
)2 =

n

θ(1− θ)
.

amgvarad,
In(θ) =

n

θ(1− θ)

da rao-krameris utoloba Cvens SemTxvevaSi Rebulobs saxes

infDθ(tn) ≥ θ(1− θ)
n

.

26fiSeri ronald eilmeri (Fisher Ronald Aylmer) (17.2.1890-29.7.1962)-ingliseli
statistikosi da genetikosi, londonis samefo sazogadoebis wevri (1929).
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vinaidan Dθνn = θ(1−θ)
n , amitom vRebulobT

Dθνn = infDθ(tn),

rac niSnavs νn Sefasebis efeqturobas. Teorema damtkicebulia.

reziume I amocanasTan dakavSirebiT. statistika νn yofila
ucnobi θ parametris Caunacvlebeli da efeqturi Sefaseba da amiT
pasuxi maTematikuri statistikis I amocanaze gacemulia.

§ 2.1.2 maTematikuri statistikis II amocanis amoxsna

rogoria ucnobi θ parametris νn Sefasebis "sizuste"?-es warmoad-
gens maTematikuri statistikis II tipiur amocanas.

am mimarTulebiT SevniSnoT, rom roca ucnobi θ parametris Se-
fasebad viRebT νn wertilovan Sefasebas, Cven vuSvebT garkveul
Secdomas. SeiZleba ise moxdes, rom νn sakmaod gansxvavdebodes θ
parametris WeSmariti mniSvnelobisagan. amitom mizanSewonilia Se-
faseba

|θ − νn| < δ

utolobis saxiT warmodges, rac Semdegi saxiT SegviZlia CavweroT

θ ' νn ± δ,

sadac δ aris cdomileba, romelic Sefasebis "sizustes" axasiaTebs.
gavarkvioT, Tu ra azria Caqsovili Sefasebis "sizustis" cnebaSi.

CebiSevis utolobis ZaliT

Pθ{x|x ∈ Xn, |θ − νn| ≥ δ} ≤ Dθνn

δ2
=

θ(1− θ)
nδ2

.

amitom yoveli dadebiTi g-sTvis

Pθ{x|x ∈ Xn, |θ − νn| ≤ g

√
θ(1− θ)

n
} ≥ 1− Dθνn

g2 θ(1−θ)
n

= 1− 1
g2

.

Tu davuSvebT, rom g = 3, miviRebT, rom nebismier θ-sTvis 0,89 -ze meti
albaTobiT adgili aqvs

|θ − νn| ≤ 3

√
θ(1− θ)

n

utolobas (1− 1
32 = 8

9 ≈ 0, 89).
radgan θ(1− θ) ≤ 1

4 , amitom
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|θ − νn| ≤ 3
2
√

n

da amgvarad 0, 89-ze aranaklebi albaTobiT SegviZlia vamtkicoT,
rom (νn − 3

2
√

n
; νn + 3

2
√

n
) intervali Seicavs θ-s ucnob mniSvnelobas.

amgvarad, roca Cven vasaxelebT Sefasebis sizustes, aucilebelia
iqve aRvniSnoT, Tu ra albaTobiT xdeba am sizustis uzrunvelyofa.
amitom zemoTmoyvanili Canaweris nacvlad mimarTaven Semdeg Canaw-
ers

θ ' νn ± δγ(100%γ),

sadac γ aRniSnavs im albaTobas, romliTac (νn−δγ ; νn+δγ) intervali
dafaravs θ parametrs. γ ricxvs (νn − δγ ; νn + δγ) intervalis ndobis
koeficienti ewodeba.

am Canaweris gamoyenebiT vRebulobT

θ ' νn ± 3
2
√

n
(89%),

rac niSnavs rom Tu gvaqvs N raodenoba n-moculobis SerCevebi

x(1), · · · , x(N),

maSin 0, 89N -ze meti SerCevisaTvis

(νn − 3
2
√

n
; νn +

3
2
√

n
)

intervali Seicavs θ-s ucnob mniSvnelobas.
vTqvaT, tγ aris 1−γ

2 donis zeda kvantili, e.i., Φ(tγ) = 1+γ
2 .

Tu gamoviyenebT centralur zRvariTi Teoremas, maSin sakmaod
didi n naturaluri ricxvisaTvis miviRebT

γ ≈ pn
θ ({x : x ∈ Xn &

∣∣
∑n

i=1 xi − nθ√
nθ(1− θ)

∣∣ ≤ tγ}) =

pn
θ ({x : x ∈ Xn &

∣∣ n(νn − θ)√
nθ(1− θ)

∣∣ ≤ tγ}) =

pn
θ ({x : x ∈ Xn &

∣∣νn − θ
∣∣ ≤ tγ√

n

√
θ(1− θ)}) ≤

pn
θ ({x : x ∈ Xn &

∣∣θ − νn

∣∣ ≤ tγ
2
√

n
}) =

pn
θ ({x : x ∈ Xn & − tγ

2
√

n
≤ θ − νn ≤ tγ

2
√

n
}) =

pn
θ ({x : x ∈ Xn & νn − tγ

2
√

n
≤ θ ≤ νn +

tγ
2
√

n
}).
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amgvarad Cvens mier sakmaod didi n naturaluri ricxvisaTvis
miRebulia Semdegi stoqasturi utolobis

pn
θ ({x : x ∈ Xn & νn − tγ

2
√

n
≤ θ ≤ νn +

tγ
2
√

n
}) ≥ γ

marTebuloba, rac miuTiTebs imaze, rom sakmaod didi n naturaluri
ricxvisaTvis intervali (νn− tγ

2
√

n
; νn+ tγ

2
√

n
) intervali Seicavs θ para-

metrs γ-ze aranaklebi albaTobiT.

SeniSvna 1. maTematikur statistikaSi

(νn − tγ
2
√

n
; νn +

tγ
2
√

n
)

intervals uwodeben θ parametris intervalur Sefasebas.
SevniSnoT, rom Cvens mier ganxiluli I da II amocanebi ganekuTvnebian

SefasebaTa Teorias. amasTan I amocana exeboda wertilovan Sefase-
bas, xolo II amocana intervalur Sefasebas.

§ 2.1.3 maTematikuri statistikis III amocanis amoxsna

III amocana yalibdeba Semdegnairad: eTanxmeba Tu ara dakvirve-
bis Sedegebi x1, · · · , xn im hipoTezas, rom es Sedegebi bernulis p =
p0 parametrian SemTxveviT sidideze damoukidebeli dakvirvebebis
Sedegebia ?

am hipoTezas davarqvaT H0 hipoTeza.
bernulis p0-parametrian SemTxveviTi sididis Sesabamis ganaw-

ilebis funqcias aqvs saxe

F (x) =





0, Tu x ≤ 0
q0, Tu x ∈]0, 1]
1, Tu x > 1

,

sadac q0 = 1− p0.
SevniSnoT, rom empiriuli ganawilebis funqcias aqvs saxe

Fn(x) =





0, Tu x ≤ 0
1− νn, Tu x ∈]0, 1]

1, Tu x > 1

ganvixiloT sidide

c1(νn − p0)2 + c2(κn − q0)2,

sadac κn = 1− νn.
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Tu c1 da c2 sidideebs ise SevarCevT, rom

c0 =
n

q0
, c1 =

n

p0
,

maSin sidide

χ2(1) =
(
∑n

i=1 xk − np0)2

np0
+

(n−∑n
i=1 xk − nq0)2

nq0
=

(
∑n

i=1 xk − np0)2

np0q0

sakmaod didi n naturaluri ricxvisaTvis warmoadgens χ2(1) ganaw-
ilebas 1-is toli Tavisuflebis xarisxiT.

tε-iT aRvniSnoT iseTi ricxvi, romlisTvisac sruldeba piroba
∫ ∞

tε

fχ2(1)(x)dx ≤ ε.

SeniSvna 2. EXCEL-is statistikuri funqcia CHIDIST (x, n) iT-
vlis P{χ2(n) > x} albaTobas, xolo CHIINV (ε, n) iTvlis iseT tε
ricxvs(ε-donis zeda kvantils), romlisTvisac sruldeba piroba

P{χ2(n) > tε} = ε.

amis Semdeg ganvixiloT sidide χ2(1)(x). Tu aRmoCnda, rom χ2(1)(x) ≤
tε, maSin H0 hipoTeza miviRoT, xolo winaaRmdeg SemTxvevaSi is uku-
vagdoT.

SevniSnoT, rom Tu H0 hipoTeza marTebulia, Cven SesaZloa is
mainc ukuvagdoT. amis albaToba aris swored ε. pirobiTi CaweriT
Tu visargeblebT, es faqti SegviZlia Semdegnairad CavweroT:

P (xdeba H0 − is uaryofa | H0 aris marTebuli) ≤ ε,

rac ufro zustad Semdegs niSnavs

Pn
p0

({x : x ∈ Xn & χ(1)2(x) ≥ tε}) ≤ ε.

zustad aseve SegviZlia davuSvaT sxva tipis Secdoma. magaliTad,
miviRoT H0 hipoTeza maSin, roca igi mcdaria. analogiurad aseTi
Secdomis "albaTobaa"

P (xdeba H0 − is miReba | H0 aris mcdari),

romelsac Cven azrs ver mivaniWebT, radgan gaugebaria, ras niSnavs
winadadeba "H0 hipoTeza aris mcdari".

Tu gvaqvs iseTi SemTxveva, roca "albaToba" azriania, maSinve ibade-
ba idea, rom mocemuli pirobis

P (xdeba H0 − is uaryofa | H0aris marTebuli) ≤ ε
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damakmayofilebel kriteriumebs Soris SeirCes iseTi, romelic

P (xdeba H0 − is miReba | H0aris mcdari)

albaTobas mianiWebs minimums.
ukanaskneli albaTobis gansazRvris siZnele imaSi mdgomareobs,

rom araa gansazRvruli H0 hipoTezis alternatiuli hipotezebi. ma-
galiTad, Tu H0-is alternativaa θ = p1 (H1 hipoTeza), maSin

P (xdeba H0 − is miReba|H0aris mcdari)

albaTobaSi unda vigulisxmoT

pn
p1

({x : x ∈ Xn & χ2(1)(x) < tε}).
amgvarad, davuSvaT, rom gvaqvs ori hipoTeza

H0 : p = p0,

H1 : p = p1 (p1 > p0).

rogorc ukve aRiniSna, ama Tu im hipoTezis marTebulobis Sesaxeb
daskvnebis gamotanisas Cven orgvar Secdomas vuSvebT. Secdomas, ro-
melsac maSin vuSvebT, roca ukuvagdebT H0 hipoTezas, roca is mar-
Tebulia, pirveli gvaris Secdoma hqvia. Tu H0-s maSin viRebT, roca
marTebulia H1 hipoTeza, vuSvebT meore gvaris Secdomas. Turme
konkretuli hipoTezis arsebobisas Tanxmobis kriteriumis arCevis
ganuzRvreloba ispoba, Tu moviTxovT, rom ara marto pirveli gvaris
Secdoma iyos mcire, aramed meore gvaris Secdomac amave dros mini-
maluri aRmoCndes. xolo Tu alternatiuli hipoTeza ar arsebobs,
maSin sxva araferi ar rCeba Tu ara Tanxmobis kriteriumis gamoyeneba.

savarjiSoebi
2.1.1. eTanxmeba Tu ara dakvirvebis Sedegebi

(1, 0, 0, 0, 1, 1, 1, 0, 0, 0)

im hipoTezas, rom es Sedegebi bernulis wesiT p0 = 0, 36 parametriT
ganawilebul damoukidebel SemTxveviT sidideebze dakvirvebis mni-
Svnelobebia?

gamoviyenoT ε = 0, 99 mniSvnelobis donis χ2(1) Tanxmobis kriteri-
umi.

2.1.2. monetis 100-jer agdebisas gerbi movida 40-jer. aris Tu ara
moneta simetriuli?
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gamoviyenoT ε = 0, 99 mniSvnelobis donis χ2(1) Tanxmobis kriteri-
umi.

2.1.3. 100 damoukidebeli gasrolisas samizne dazianda 35-jer.
aris Tu ara erTi gasrilisas samiznes dazianebis p0 albaToba 0, 36-
is toli?

gamoviyenoT ε = 0, 99 mniSvnelobis donis χ2(1) Tanxmobis kriteri-
umi.

§ 2.2. wertilovani, Zalmosili da efeq-
turi Sefasebebi.
vTqvaT, (Ω,F , P ) albaTuri sivrcea. ganvixiloT erTnairad ganaw-
ilebul damoukidebel SemTxveviT sidideTa sasruli ojaxi

X1, · · · , Xn.

vigulisxmoT, rom n damoukidebeli eqsperimentis eqsperimentis
Sedegia x = (x1, · · · , xn), romelsac Cven SegviZlia SevxedoT, rogorc
SemTxveviTi (X1, · · · , Xn) veqtoris realizacias, e.i.

x = (x1, · · · , xn) = (X1(ω), · · · , Xn(ω)).

gansazRvreba 1. x = (x1, · · · , xn) veqtors ewodeba n-moculobis SerCe-
va. vigulisxmoT aseve, rom Xi(1 ≤ i ≤ n) SemTxveviTi sididiT warmo-
qmnili borelis albaTuri zoma ekuTvbis (R, B(R)) zomad sivrceze
gansazRvrul zomaTa (Pθ)θ∈Θ ojaxs, sadac Θ ⊂ R.

gansazRvreba 2. sameuls (Rn, B(Rn), Pn
θ )θ∈Θ ewodeba albaTur-

statistikuri modeli.

Cveni daSvebis safuZvelze, arsebobs parametri θ0 ∈ Θ iseTi, rom
FX1(y)(= FX2(y) = · · · = FXn(y)) = Fθ0(y) yoveli y ∈ R namdvili
ricxvisaTvis.

vigulisxmoT, rom parametruli ojaxi Θ aris namdvil ricxvTa
R RerZis borelis qvesimravle aRWurvili inducirebuli borelis
σ-algebriT.

gansazRvreba 3. zomad asaxvas Tn : Rn → Θ ewodeba n-moculobis
wertilovani Sefaseba anu statistika.
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gansazRvreba 4. n-moculobis Tn : Rn → Θ statistikas ewodeba
Caunacvlebeli, Tu MθTn = θ, sadac

MθTn =
∫

Rn

Tn(x1, · · · , xn)dPn
θ (x1, · · · , xn).

gansazRvreba 5. n-moculobis Tn : Rn → Θ statistikas ewodeba
Zalmosili, Tu sruldeba piroba limn→∞MθTn = θ.

gansazRvreba 6. n-moculobis Tn : Rn → Θ statistikas ewodeba
efeqturi, Tu sruldeba piroba

DθTn = inf{DθT : T ∈ T n},

sadac

DθT =
∫

Rn

(T (x1, · · · , xn)−MθT )2dPn
θ (x1, · · · , xn)

da T n aRniSnavs θ parametris n moculobis yvela Zalmosil statis-
tikaTa ojaxs.

§ 2.3. saSualosa da dispersiis wertilo-
vani Sefasebebi

vTqvaT, X1, · · · , Xn damoukidebel erTnairad ganawilebul SemTxve-
viT sidideTa mimdevrobaa, romelTa saSualoa µ da dispersiaa δ2.

gansazRvreba 1. X̄n = 1
n

∑n
i=1 Xi SemTxveviT sidides ewodeba

SerCeviTi saSualo.

Teorema 1. MX̄n = µ.
damtkiceba.

MX̄n = M(
1
n

n∑

i=1

Xi) =
1
n

M(
n∑

i=1

Xi) =

1
n

n∑

i=1

MXi =
nµ

n
= µ.

Teorema 2. DX̄n = δ2

n .
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damtkiceba.

DX̄n = D(
1
n

n∑

i=1

Xi) =
1
n2

D(
n∑

i=1

Xi) =

1
n2

n∑

i=1

DXi =
nδ2

n2
=

δ2

n
.

gansazRvreba 2.

S2
n =

1
n

n∑

i=1

(Xi − X̄n)2

SemTxveviT sidides ewodeba SerCeviTi dispersia.

Teorema 3. M(S2
n) = (n−1)δ2

n .
damtkiceba. gamoviTvaloT M(S2

n). vRebulobT

M(S2
n) = M(

1
n

n∑

i=1

(Xi − X̄n)2) =
1
n

M

n∑

i=1

(X2
i − 2XiX̄n + X̄2

n) =

M(
1
n

n∑

i=1

X2
i −

2
n

n∑

i=1

XiX̄n + X̄2
n) =

M(
1
n

n∑

i=1

X2
i − 2X̄2

n + X̄2
n) = MX2

i −MX̄2
n.

SevniSnoT, rom

MX2
i = DXi + (MXi)2,

M(X̄n)2 = DX̄n + (MX̄n)2 =
δ2

n
+ µ2.

sabolood vRebulobT

MS2
n = DXi + (MXi)2 − (

δ2

n
+ µ2) = δ2 + µ2 − δ2

n
− µ2 =

n− 1
n

δ2.

gansazRvreba 3.

S
′
n

2
=

n

n− 1
S2

n =
1

n− 1

n∑

i=1

(Xi − X̄n)2

SemTxveviT sidides ewodeba Sesworebuli SerCeviTi dispersia.
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Teorema 4. M(S
′
n

2
) = δ2.

damtkiceba.

M(S
′
n

2
) = M(

1
n− 1

n∑

i=1

(Xi − X̄n)2) =
1

n− 1
M(

n∑

i=1

(Xi − X̄n)2) =

n

n− 1
MS2

n =
n

n− 1
n− 1

n
δ2 = δ2.

ganvixiloT zemoT damtkicebuli Teoremebis Sedegebi.
Sedegi 1. zomadi funqcia x̄n = 1

n

∑n
i=1 xi warmoadgens µ parametris

Caunacvlebel statistikas.

Sedegi 2. zomadi funqcia

s2
n =

1
n

n∑

i=1

(xi − x̄n)2

warmoadgens σ2 parametris Zalmosil statistikas.
Sedegi 3. zomadi funqcia

s
′
n

2
=

n

n− 1
s2

n =
1

n− 1

n∑

i=1

(xi − x̄n)2

warmoadgens σ2 parametris Caunacvlebel statistikas.

amocana 1. saqarTvelos beltze dedamiwis siTburi nakadi gazomi-
lia 23 WaburRilSi. gazomvis Sedegebi moyvanilia cxrilSi (10−6 kal

sm2·wm).

monacemebi ganawilebulia normalurad. vipovoT siTburi nakadis
saSualosa da dispersiis Caunacvlebeli da Zalmosili Sefasebebi

N siTburi nakadi N siTburi nakadi N siTburi nakadi
1 0, 76 9 0, 97 17 1, 52
2 1, 16 10 0, 76 18 0, 73
3 0, 94 11 0, 55 19 0, 76
4 1, 33 12 0, 86 20 0, 74
5 0, 86 13 1, 37 21 0, 73
6 1, 00 14 1, 02 22 0, 93
7 1, 00 15 0, 82 23 0, 66
8 0, 74 16 0, 74

.
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amoxsna. EXCEL-is statistikuri funqciebis AV ERAGE(x1 : xn)
da V AR(x1 : xn) gamoyenebiT vRebulobT

x23 = AV ERAGE(x1 : x23) = 0, 910869565

da
S
′2
23 = V AR(x1 : x23) = 0, 058181028.

savarjiSoebi

2.2.1. mocemulia 10 pasuxismgebeli mdivnis wliuri xelfasi (erT
erTeuls Seesabameba 1000 dolari)

35.0; 67.5; 51.5; 53; 38; 42; 29, 5; 31, 5; 46; 37, 5.

CavTvaloT, rom mdivanTa xelfasebis populacia normaluradaa ganaw-
ilebuli da movZebnoT:

a) saSualo xelfasis Caunacvlebeli da efeqturi Sefaseba(gamovi-
yenoT EXCEL-is statistikuri funqcia AV ERAGE(x1 : xn));

b) dispersiis Caunacvlebeli da Zalmosili Sefasebebi (gamoviye-
noT EXCEL-is statistikuri funqciebi V AR(x1 : xn) da V ARP (x1 :
xn)).

2.2.2. mocemulia 10 SemTxveviT SerCeuli funTuSas wonebi(gamosaxu-
li gramebSi)

55.0; 57.5; 51.5; 53; 48; 49; 45, 5; 45, 4; 46; 47, 5.

CavTvaloT, rom funTuSebis populacia normaluradaa ganawile-
buli da movZebnoT:

a) funTuSas saSualo wonis Caunacvlebeli da efeqturi Sefaseba
(gamoviyenoT EXCEL-is statistikuri funqcia AV ERAGE(x1 : xn));

b) dispersiis Caunacvlebeli da Zalmosili Sefasebebi (gamoviye-
noT EXCEL-is statistikuri funqciebi V AR(x1 : xn) da V ARP (x1 :
xn)).

2.2.3. satelefono komutatorSi yovel wuTSi araswor SeerTebaTa
raodenoba puasonis kanoniT ganawilebuli SemTxveviTi sididea uc-
nobi θ intensivobiT. 15 wuTis ganmavlovaSi afiqsireben araswor Seer-
TebaTa raodenobas yovel wuTSi. dakvirvebis Sedegebia

3; 4; 1 : 2; 0; 2; 4; 3; 0; 5; 1; 1 : 2; 1 : 1.

risi tolia θ parametris Caunacvlebeli da efeqturi Sefaseba? (gamo-
viyenoT EXCEL-is statistikuri funqcia AV ERAGE(x1 : xn)).
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2.2.4. SemTxveviT SerCeul funTuSaSi qiSmiSebis raodenoba pua-
sonis kanoniT ganawilebuli SemTxveviTi sididea ucnobi θ inten-
sivobiT. 15 funTuSaSi qiSmiSebis raodenobaze dakvirvebis Sedegebi
Semdegia

3; 4; 5 : 3; 5; 4; 4; 3; 5; 5; 3; 7 : 2; 4 : 3.

risi tolia θ parametris Caunacvlebeli da efeqturi Sefaseba? (gamo-
viyenoT EXCEL-is statistikuri funqcia AV ERAGE(x1 : xn)).
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§ 2.4. intervaluri tipis Sefasebebi. ndo-
bis intervali.

populaciis ucnobi saSualosa da dispersiis wertilovani Se-
fasebis rolSi ganixileboda

x̄n =
1
n

n∑

i=1

xi(st.funqcia−AV ERAGE(x1 : xn)),

s2
n =

1
n

n∑

i=1

(xi − x̄n)2(st.funqcia− V ARP (x1 : xn))

da

s
′
n

2
=

n

n− 1
s2

n =
1

n− 1

n∑

i=1

(xi − x̄n)2(st.funqcia− V AR(x1 : xn))

statistikebi. maTi mniSvnelobebi warmoadgenen konkretulricxvebs,
romlebic gansxvavdebian ucnobi µ da σ2 ricxvebisagan da amasTan
CvenTvis ucnobia, Tu ramdenad didia es gansxvaveba. es garemoeba
gvibiZgebs wertilovani Sefaseba-erTi ricxvi SevcvaloT interval-
uri SefasebiT-mTeli intervaliT, romelic iqneba SerCeuli imdag-
varad, rom mis gareT moxvedris albaToba iyos mcire.

gansazRvreba 1. vTqvaT, T
(1)
n : Rn → Θ da T

(2)
n : Rn → Θ iseTi

statistikebia, rom T
(1)
n < T

(2)
n . vTqvaT, 1− α ∈ (0; 1)

[T (1)
n , T

(2)
n ] intervals ewodeba 1 − α donis intervaluri Sefaseba,

Tu sruldeba Semdegi piroba

(∀x)(∀θ)(x ∈ Rn & θ ∈ Θ → Pθ({x : x ∈ Rn & T (1)
n (x) ≤ θ ≤ T (2)

n (x)}) = 1−α).

amasTan,[T (1)
n , T

(2)
n ] intervals ewodeba 1− α donis ndobis intervali;

T
(1)
n da T

(2)
n statistikebs ewodeba 1 − α donis ndobis intervalis

Sesabamisad qveda da zeda sazRvrebi.

Teorema 1. vTqvaT, mocemulia damoukidebel normalurad ganaw-
ilebul SemTxveviT sidideTa X1, · · · , Xn mimdevroba (µ, σ2) parametre-
biT . amasTan parametri µ ucnobia. maSin intervali

(X̄n −
σzα

2√
n

; X̄n +
σzα

2√
n

),

sadac zα
2
standartuli normaluri ganawilebis α

2 -donis zeda kvan-
tilia (e.i. Φ(zα

2
) = 1 − α

2 ), warmoadgens 1 − α donis intervalur
Sefasebas(anu ndobis intervals) ucnobi µ parametrisaTvis.
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damtkiceba.

P ({ω : X̄n(ω)− σzα
2√
n
≤ µ ≤ X̄n(ω) +

σzα
2√
n
}) =

P ({ω :
1
n

n∑

i=1

Xi(ω)− σzα
2√
n
≤ µ ≤ 1

n

n∑

i=1

Xi(ω) +
σzα

2√
n
}) =

P ({ω :
n∑

i=1

Xi(ω)− σzα
2

√
n ≤ µn ≤

n∑

i=1

Xi(ω) + σzα
2

√
n}) =

P ({ω : −σzα
2

√
n ≤ µn−

n∑

i=1

Xi(ω) ≤ σzα
2

√
n}) =

P ({ω : −zα
2
≤ µn−∑n

i=1 Xi(ω)
σ
√

n
≤ zα

2
}) =

P ({ω : −zα
2
≤

∑n
i=1 Xi(ω)− µn

σ
√

n
≤ zα

2
}) = 1− α.

Teorema 1 damtkicebulia.

SeniSvna 1.EXCEL-is statistikuri funqcia CONFIDENCE(α, σ, n)
iTvlis sidides zα

2
( σ√

n
). amitom µ-parametris 1 − α donis interval-

uri Sefaseba gamoiTvleba Semdegnairad:

(AV ERAGE(x1 : xn)− CONFIDENCE(α, σ, n);

AV ERAGE(x1 : xn) + CONFIDENCE(α, σ, n)).

Teorema 2. vTqvaT, mocemulia damoukidebel normalurad ganaw-
ilebul SemTxveviT sidideTa X1, · · · , Xn mimdevroba parametrebiT
(µ, σ2). amasTan parametrebi µ da σ2 ucnobebia. maSin intervali

(X̄n − tn−1, α
2

S
′
n√
n

; X̄n + tn−1, α
2

S
′
n√
n

)

warmoadgens µ parametris 1−α donis intervalur Sefasebas(anu 1−
α donis ndobis intervals), sadac tn−1, α

2
warmoadgenen Sesabamisad

n−1 Tavisuflebis xarisxiani stiudentis ganawilebis α
2 donis zeda

kvantilebs.
damtkiceba.

P ({ω : X̄n(ω)− tn−1, α
2

S
′
n(ω)√

n
≤ µ ≤ X̄n(ω) + tn−1, α

2

S
′
n(ω)√

n
}) =
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P ({ω : −tn−1, α
2

S
′
n(ω)√

n
≤ µ− X̄n(ω) ≤ +tn−1, α

2

S
′
n(ω)√

n
}) =

P ({ω : −tn−1, α
2

S
′
n(ω)√

n
≤ X̄n(ω)− µ ≤ tn−1, α

2

S
′
n(ω)√

n
}) =

P ({ω : −tn−1, α
2
≤ X̄n(ω)− µ

S′n(ω)√
n

≤ tn−1, α
2
)}) =

= Tn−1(tn−1, α
2
)− Tn−1(tn−1,1−α

2
) = 1− α.

Teorema 2 damtkicebulia.
SeniSvna 1. Teorema 2-is damtkicebisas Cven visargebleT Semdegi

faqtiT: Tu X1, · · · , Xn arian (µ, σ2) parametrebiani normalurad ganaw-
ilebuli SemTxveviTi sidideebi, maSin SemTxveviT sidides

√
n(

∑n
k=1 Xk − nµ)√

1
n−1 (

∑n
i=1(Xi − 1

n

∑n
k=1 Xk)2)

aqvs stiudentis ganawileba n− 1 Tavisuflebis xarisxiT.
SeniSvna 2. Teorema 2-is pirobebSi µ parametris 1− α donis in-

tervaluri Sefaseba EXCEL-is statistikuri funqciebis saSualebiT
gamoiTvleba Semdegnairad:

(AV ERAGE(x1 : xn)− tn−1, α
2
SQRT{V AR(x1 : xn)

n
};

AV ERAGE(x1 : xn) + tn−1, α
2
SQRT{V AR(x1 : xn)

n
}).

Teorema 3. vTqvaT, mocemulia damoukidebel normalurad ganaw-
ilebul SemTxveviT sidideTa X1, · · · , Xn mimdevroba parametrebiT
(µ, σ2). amasTan parametrebi µ da σ2 ucnobebia. maSin intervali

[
(n− 1)S

′
n

2

χ2
n, α

2

;
(n− 1)S

′
n

2

χ2
n,1−α

2

]

warmoadgens σ2 parametris 1 − α donis intervalur Sefasebas(anu
1 − α donis ndobis intervals), sadac χn, α

2
da χn,1−α

2
warmoadgenen

Sesabamisad n Tavisuflebis xarisxiani χ(n)2 ganawilebis α
2 da 1− α

2
donis zeda kvantilebs.

damtkiceba. SevniSnoT, rom

(n− 1)S
′
n

2

σ2
=

n∑

k=1

(
Xi −X

σ
)2 = χ(n)2.
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am faqtis gaTvaliswinebiT vRebulobT

P ({ω :
(n− 1)S

′
n

2
(ω)

χ2
n, α

2

≤ σ2 ≤ (n− 1)S
′
n

2
(ω)

χ2
n,1−α

2

}) =

P ({ω : χ2
n,1−α

2
≤ (n− 1)S

′
n

2
(ω)

σ2
≤ χ2

n, α
2
}) =

P ({ω : χ2
n,1−α

2
≤ χ(n)2 ≤ χ2

n, α
2
}) = 1− α.

Teorema 3 damtkicebulia.
SeniSvna 3 Teorema 3-is pirobebSi σ2 parametris 1 − α donis

intervaluri Sefaseba gamoiTvleba Semdegnairad:

(
(n− 1)V AR(x1 : xn)

CHIINV (α
2 , n)

;
(n− 1)V AR(x1 : xn)
CHIINV (1− α

2 , n)
)

amocana 1. saqarTvelos beltze dedamiwis siTburi nakadi gazomi-
lia 23 WaburRilSi. gazomvis Sedegebi moyvanilia cxrilSi (10−6 kal

sm2·wm).

monacemebi ganawilebulia normalurad. vipovoT siTburi nakadis
saSualosa da dispersiis 0,95 donis intervaluri Sefasebebi

N siTburi nakadi N siTburi nakadi N siTburi nakadi
1 0, 76 9 0, 97 17 1, 52
2 1, 16 10 0, 76 18 0, 73
3 0, 94 11 0, 55 19 0, 76
4 1, 33 12 0, 86 20 0, 74
5 0, 86 13 1, 37 21 0, 73
6 1, 00 14 1, 02 22 0, 93
7 1, 00 15 0, 82 23 0, 66
8 0, 74 16 0, 74

.

amoxsna.Teorema 2-is ZaliT, µ parametris 1−α = 1−0, 5 donis in-
tervaluri Sefaseba EXCEL-is statistikuri funqciebis saSualebiT
gamoiTvleba Semdegnairad:

(AV ERAGE(x1 : xn)− tn−1, α
2
SQRT{V AR(x1 : xn)

n
};

AV ERAGE(x1 : xn) + tn−1, α
2
SQRT{V AR(x1 : xn)

n
}) =

= (0, 80680874; 1, 014930391).
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Teorema 3-is ZaliT, σ2 parametris 1−α = 1− 0, 5 donis interval-
uri Sefaseba gamoiTvleba Semdegnairad:

(
(n− 1)V AR(x1 : xn)

CHIINV (α
2 , n)

;
(n− 1)V AR(x1 : xn)
CHIINV (1− α

2 , n)
) =

(0, 047159909; 0, 070571862).

Teorema 4. vTqvaT, mocemulia damoukidebel normalurad ganaw-
ilebul SemTxveviT sidideTa X1, · · · , Xn mimdevroba parametrebiT
(µ, σ2). amasTan parametri σ2 ucnobia. maSin intervali

[
∑n

i=1(Xi − µ)2

χ2
n, α

2

;
∑n

i=1(Xi − µ)2

χ2
n,1−α

2

]

warmoadgens σ2 parametris 1 − α donis intervalur Sefasebas(anu
1 − α donis ndobis intervals), sadac χ2

n, α
2
da χ2

n,1−α
2
warmoadgenen

Sesabamisad n Tavisuflebis xarisxiani χ2(n) ganawilebis α
2 da 1− α

2
donis zeda kvantilebs.

damtkiceba. SemoviRoT aRniSvna

S
2

n =
1
n

n∑

i=1

(Xi − µ)2.

SevniSnoT, rom

nS
2

n

σ2
=

n∑

i=1

(
Xi − µ

σ
)2 = χ2(n).

amis gaTvaliswinebiT vRebulobT

P ({ω :
∑n

i=1(Xi(ω)− µ)2

χ2
n, α

2

≤ σ2 ≤
∑n

i=1(Xi(ω)− µ)2

χ2
n,1−α

2

}) =

P ({ω : χ2
n,1−α

2
≤

n∑

i=1

(
Xi − µ

σ
)2 ≤ χ2

n, α
2
}) =

P ({ω : χ2
n,1−α

2
≤ χ2(n) ≤ χ2

n, α
2
}) = 1− α.

Teorema 4 damtkicebulia.
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savarjiSoebi

2.4.1. erT-erTi didi universitetis studentebisagan aRebulia n =
70 moculobis SerCeva. maTi gamokiTxvis safuZvelze daadgines, rom
maT mier erTi kviris manZilze saSinao davalebebze daxarjuli saSu-
alo dro Seadgens 14, 3 saaTs. CavTvaloT, rom σ = 4 da avagoT 99%-
iani ndobis intervali ucnobi µ saSualosaTvis.

2.4.2. normalurad ganawilebul SemTxveviT sidideze 9- jer dak-
virvebis Sedegad miRebuli SerCeviTi saSualo x9 tolia 3, 45-is.
vipovoT ucnobi maTematikuri lodinis 90%-iani ndobis intervali,
Tu saSualo kvadratuli gadaxraa σ = 2.

2.4.3. normalurad ganawilebul SemTxveviT sidideze 16- jer dak-
virvebis Sedegad miRebuli SerCeviTi saSualo x16 tolia 4, 5-is. vipo-
voT ucnobi maTematikuri lodinis 95%-iani ndobis intervali, Tu
saSualo kvadratuli gadaxraa σ = 4.

2.4.4. normaluri populaciidan, romlis dispersia σ = 1, aRebu-
lia SerCeva

3, 5; 4, 5; 3, 8; 4, 2; 4, 3; 3, 9; 4; 3, 7; 4, 1.

avagoT ucnobi µ saSualosaTvis 0, 95 donis intervali (e.i., inter-
valuri Sefaseba).

2.4.5. normaluri populaciidan, romlis dispersia σ = 2, aRebu-
lia n = 16 moculobis SerCeva. SerCeviTi saSualo x16 = 3, 15. av-
agoT ucnobi µ saSualosaTvis 0, 95 donis intervali (e.i., interval-
uri Sefaseba).

2.4.6. aRwereT, rogor imoqmedebs ucnobi saSualosaTvis agebul
1− α donis intervalis sigrZeze :

a) SerCevis moculobis zrda;
b) statistikuri gadaxris zrda;

2.4.7. normaluri populaciidan, romlis dispersia σ2 = 100, aRe-
bulia SerCeva

12; 8; 22; 15; 30; 6; 39; 48.

aageT 90%- iani ndobis intervali ucnobi µ saSualosaTvis.

2.4.8. sadazRvevo kompania atarebs fasebis (premiebis) katalogis
revizias. rigiT aqtuars surs Seafasos im moTxovnaTa saSualo si-
dide, romlebic gamowveulia saxanZro SemTxvevebiT garkveuli tipis
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sacxovrebel saxlSi. SerCevis rolSi aRebuli iqna bolo wlis an-
gariSsworebis monacemebi. sul warmodgenili iyo 19 saxanZro SemT-
xveva, romelTa moTxovnebis saSualo sidide aRmoCnda 73249 dolari,
Sesworebuli standartuli gadaxra ki 37246 dolari. aageT 99%-
iani ndobis intervali ucnobi µ saSualosaTvis.

2.4.9. bankis menejers ainteresebs Seafasos depozitebis saSualo
moculoba klientebis garkveuli klasisaTvis. 25 aseTi depoziti-
saTvis aRebuli SemTxveviTi SerCevis saSualom Seadgina x25 = 6200
aSS dolari, xolo Sesworebuli dispersia S

′
25

2 = 2200. aageT de-
pozitis µ saSualosaTvis 0, 95- donis intervaluri Sefaseba.

2.4.10. SemTxveviTi sidide emorCileba normaluri ganawilebis ka-
nons. aageT σ2 parametrisaTvis 0, 95- donis intervaluri Sefaseba, Tu
SerCevis moculobaa n = 22, xolo Sesworebuli dispersia S

′
22

2 = 20, 25.

2.4.11. normalurad ganawilebul SemTxveviT sidideze 25- jer
dakvirvebis Sedegad miRebuli SerCeviTi saSualo x25 tolia 5-is.
vipovoT ucnobi dispersiisaTvis 90%-iani ndobis intervali, Tu
maTematikuri lodini µ = 4, 5.

2.4.12. normaluri populaciidan, romlis dispersia σ2 da saSu-
alo ucnobia, aRebulia n = 16 moculobis SerCeva

3; 3; 5; 3, 4; 3, 6; 3; 2, 5; 2, 7; 2, 8;

2, 9; 2, 5; 2, 6; 2, 9; 3, 2; 3, 3; 3, 4; 3, 5.

a) aageT µ parametrisaTvis 0, 95- donis intervaluri Sefaseba;
b) aageT σ2 parametrisaTvis 0, 99- donis intervaluri Sefaseba.

2.4.13. SemTxveviTi sidide emorCileba normaluri ganawilebis ka-
nons. aageT σ2 parametrisaTvis 0, 95- donis intervaluri Sefaseba,
Tu SerCevis moculobaa n = 30, xolo Sesworebuli dispersia S

′
22

2 = 15

2.4.14. normaluri populaciidan, romlis saSualo µ = 3, aRebu-
lia n = 4 moculobis SerCeva

2, 5; 2, 7; 2, 8; 2, 9.

aageT 95%- iani ndobis intervali ucnobi σ2 dispersiisaTvis.

2.4.15. normaluri populaciidan, romlis saSualo µ = 4, aRebu-
lia n = 9 moculobis SerCeva

2, 5; 2, 75; 3; 2, 55; 2, 8; 3, 5; 2, 6; 2, 7; 2, 8; 2, 9.

aageT 0, 95 donis ndobis intervali ucnobi σ2 dispersiisaTvis.
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§ 2.5. martivi da rTuli hipoTezebi.
gansazRvreba 1. raime mosazrebas generaluri erTobliobis ganaw-
ilebis an misi ricxviTi maxasiaTeblebis Sesaxeb statistikuri hipo-
Teza ewodeba.

gansazRvreba 2. statistikuri kriteriumi ewodeba qmedebis iseT
wess, romelic saSualebas iZleva realurad Catarebuli dakvirve-
bebis Sedegad miRebuli SerCeviTi mniSvnelobebis safuZvelze Seva-
mowmoT gamoTqmuli mosazrebis (hipoTezis) samarTlianoba.

statistikur hipoTezas H simboloTi aRniSnaven.

gansazRvreba 3. H hipoTezas ewodeba martivi, Tu is calsaxad
gansazRvravs generaluri erTobliobis ganawilebis kanons. winaaR-
mdeg SemTxvevaSi hipoTezas ewodeba rTuli.

gansazRvreba 4. hipoTezas, roca generaluri erTobliobis ganaw-
ilebis forma cnobilia, magram ganawileba Seicavs ucnob θ parametrs,
ewodeba parametruli hipoTeza.

magaliTi 1. vTqvaT, CvenTvis cnobilia, rom generalur erTo-
bliobis ganawilebas aqvs saxe

Fθ =
1√
2π

∫ x

−∞
e

(t−θ)2

2 dt.

maSin martivi hipoTezaa H : θ = θ0.

gansazRvreba 5. sameuls (Tn, U0, U1), sadac
1) Tn : Rn → R aris zomadi funqcia ,
2) U0 ∩ U1 = ∅, U0 ∪ U1 = R da U0 ∈ B(R),
ewodeba martivi H0 hipoTezisaTvis gadawvetilebis misaRebi testi

anu kriteriumi.
Tu Tn(x1, · · · , xn) ∈ U0, maSin H0 hipoTeza miiReba;
Tu Tn(x1, · · · , xn) ∈ U1, maSin xdeba H0 hipoTezis uaryofa;
amasTan U0-s ewodeba H0 hipoTezis miRebis are, xolo U1 simravles

ewodeba H0 hipoTezis uaryofis are anu kritikuli are.
Tn-s ewodeba kriteriumis (anu testis) statistika.

gansazRvreba 6. (Tn, U0, U1) kriteriumis gamoyenebiT miRebul gada-
wyvetilebas ewodeba pirveli gvaris Secdoma, Tu uaryofilia H0

hipoTeza maSin roca is marTebulia.
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gansazRvreba 7. (Tn, U0, U1} kriteriumis gamoyenebiT miRebul ga-
dawyvetilebas ewodeba meore gvaris Secdoma, Tu miRebulia H0 hipoTe-
za maSin roca is araa marTebuli.

gansazRvreba 8. Pn
θ ({(x1, · · · , xn) : Tn((x1, · · · , xn)) ∈ U1|H0}) = α

sidides ewodeba (Tn, U0, U1) kriteriumis mniSvnelovnobis done, e.i.,
kriteriumis mniSvnelovnobis done yofila pirveli gvaris Secdomis
albaToba.

gansazRvreba 9. Pn
θ ({(x1, · · · , xn) : Tn((x1, · · · , xn)) ∈ U0|H1}) = β

sidides ewodeba (Tn, U0, U1) kriteriumis simZlavre, e.i., kriteriumis
simZlavre yofila meore gvaris Secdomis albaTobas.

xSir SemTxvevebSi SeuZlebelia α da β sidideebis erTdroulad
Semcireba. amitom afiqsireben pirveli gvaris Secdomis albaTo-
bis raime α dones, anu ganixilaven iseT U1 saxis kritikul areebs,
romelTaTvisac

P ({(x1, · · · , xn) : Tn((x1, · · · , xn)) ∈ U1|H0}) ≤ α,

da aseT kritikul areebs Soris airCeven iseTs, romlisTvisac meore
gvaris Secdomis albaToba β aris maqsimaluri.

amgvarad, hipotezaTa Semowmebis safexurebi Semdegia:
1) H0 da H1 hipoTezebis Camoyalibeba;
2) kriteriumis Tn statistikuri funqciis SerCeva;
3) mniSvnelovnobis α-donis Camoyalibeba da kritikuli aris dad-

gena;
4) x = (x1, · · · , xn) SerCevis safuZvelze kriteriumis statistikuri

funqciis Tn ricxviTi mniSvnelobis gamoTvla;
5) gadawyvetilebis miReba: Tu Tn ∈ U0, maSin xdeba H0 hipoTezis

miReba; Tu Tn ∈ U1, maSin xdeba H1 hipoTezis miReba.
Tu H0 hipoTeza uaryofilia, maSin amboben, rom α mniSvnelovno-

bis doniT sarwmunoa daskvna: samarTliania H1 hipoTeza.

§ 2.3-Si ganxiluli Teorema 1-is damtkicebisas gamoyenebuli kon-
struqciiT miiReba

kriteriumi 1. martiv hipoTezaTa Semowmebis algoriTmi

normaluri populaciis saSualosaTvis, rodesac

σ2 dispersia cnobilia

hipoTeza: H0 : µ = µ0
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mniSvnelovnobis done: α

kriteriumis statistika(testis statistika): Tn(X1, · · · , Xn) = Xn−µ0
σ/
√

n
∼

N(0, 1)

kriteriumis statistikis dakvirvebuli mniSvneloba: Tn(x1, · · · , xn) =
xn−µ0
σ/
√

n

alternativa: kritikuli are U1 ( H0-is uaryofis are)

H1 : µ = µ1 > µ0 Tn(x1, · · · , xn) > zα

H1 : µ = µ1 < µ0 Tn(x1, · · · , xn) < −zα

sadac zα aris N(0, 1) ganawilebis zeda α kritikuli wertili
gadawyvetileba: Tu Tn(x1, · · · , xn) = xn−µ0

σ/
√

n
∈ U1, H0 hipoTezas uarvy-

obT, winaaRmdeg SemTxvevaSi H0-is uaryofis safuZveli ar gvaqvs.

SeniSvna 1. aRniSnuli kriteriumi gamoiyeneba im SemTxvevaSic,
roca populacia ar aris normalurad ganawilebuli, magram SerCe-
vis moculoba n metia 30-ze.

amocana 1. vTqvaT, normalurad ganawilebuli generaluri er-
Tobliobidan, romlis dispersia σ2 cnobilia, amoRebulia n-moculo-
bis SerCeva. SerCevis elementebi iyos x1, · · · , xn. winaswar gansazRvruli
α-mniSvnelovnobis donisaTvis SevamowmoT Semdegi H0 hipoTeza gen-
eraluri erTobliobis maTematikuri lodinis Sesaxeb H1 marjvena
calmxrivi alternativis winaaRmdeg, sadac

H0 : µ = µ0

da
H1 : µ = µ1 > µ0.

amoxsna. rogorc CvenTvis cnobilia SerCeviTi saSualo Xn gener-
aluri saSualos Caunacvlebeli Sefasebaa da amitom kriteriumis
Tn statistikis rolSi ganvixiloT

Tn(x) =
x1 + · · ·+ xn

n

statistika.
kriteriumis mniSvnelovnobis α donis dasadgenad unda SevarCioT

iseTi U0 are, romlisTvisac pirveli gvaris Secdomis albaToba iqneba
α-s toli, e.i.

Pn
(µ,σ2)({(x1, · · · , xn) : Tn(x1, · · · , xn) ∈ U1|H0}) = α.
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U1 kritikuli are veZeboT (xkr; +∞) saxiT.
amgvarad,

Pn
(µ,σ2)({(x1, · · · , xn) : Tn(x1, · · · , xn) ∈ U1}|H0) = Pn

(µ,σ2)({(x1, · · · , xn) :

Xn ≥ xkr}|H0) = Pn
(µ,σ2)({(x1, · · · , xn) :

Xn − µ0
σ√
n

≥

xkr − µ0

σ√
n

}) = 1− Φ(
xkr − µ0

σ√
n

) = α.

aqedan vRebulobT

Φ(
xkr − µ0

σ√
n

) = 1− α.

xkr − µ0

σ√
n

= Φ−1(1− α) = x1−α.

sabolood vRebulobT

xkr = x1−α
σ√
n

+ µ0,

sadac x1−α aris standartuli normaluri ganawilebis 1 − α donis
kvantili, e.i. Φ(x1−α) = 1− α.

axla gamoviTvaloT kriteriumis simZlavre, e.i. meore gvaris Sec-
domis albaToba. vRebulobT

Pn
(µ,σ2)({(x1, · · · , xn) : xn ≥ xkr}|H1) =

Pn
(µ,σ2)({(x1, · · · , xn) :

xn − µ1
σ√
n

≥
xkr − µ1

σ√
n

}) =

= 1− Φ(
xkr − µ1

σ√
n

) =

= 1− Φ(
x1−α

σ√
n

+ µ0 − µ1

σ√
n

) =

= 1− Φ(x1−α − µ1 − µ0
σ√
n

) = β.

amgvarad, Cvens mier agebulia kriteriumi

(xn, [−∞; xkr], [xkr; +∞[)),
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romlis mniSvnelovnobis done α-s tolia, xolo simZlavre

β = 1− Φ(x1−α − µ1 − µ0
σ√
n

).

SeniSvna 2. EXCEL-is statistikuri funqcia ZTEST (x1 : xn :
µ0; σ) iTvlis

p = P ({ω : Z(ω) >
Xn(ω)− µ0

σ/
√

n
})

albaTobas, sadac Z ∼ N(0; 1). Tu p ≤ α, maSin α mniSvnelovnobis
doniT xdeba H0 hipoTezis uaryofa.e.i., p aris minimaluri mniSvnelov-
nobis done, romliTac x1, · · · , xn monacemebiT H0 hipoTezas uarvyobT.

ganvixiloT zogierTi amocana EXCEL-is statistikuri

ZTEST (x1 : xn : µ0; σ)

funqciis gamoyenebaze.

amocana 2. amoRebulia SerCeva normalurad ganawilebuli gen-
eraluri erTobliobidan. SerCevis moculobaa 9. SerCevis elemente-
bia

8; 13; 16; 7; 17; 10; 13; 15; 18.

generaluri dispersia σ2 = 16. α = 0, 05 mniSvnelovnobis doniT gavar-
CioT erTmaneTisagan martivi hipoTezebi

H0 : µ = µ0 = 10

da
H1 : µ = µ1 = 15.

amoxsna. vinaidan p = ZTEST (x1 : x9; 10; 4) = 0, 012224433 < 0, 05 =
α. amitom H0 hipoTezas uarvyobT, e.i. µ = µ1 = 15.

amocana 3. amoRebulia n = 16 moculobis SerCeva normalurad
ganawilebuli generaluri erTobliobidan da SerCevis safuZvelze
gamoTvlilia SerCeviTi saSualo X16 = 17, 8. (vigulisxmoT rom Cven-
Tvis araa cnobili SerCevis elementebi). generaluri erTobliobis
dispersia σ2 = 49. α = 0, 05 mniSvnelovnobis doniT gavarCioT erT-
maneTisagan martivi hipoTezebi

H0 : µ = µ0 = 16

da
H1 : µ = µ1 = 19.

amoxsna.
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Cven SegviZlia CavTvaloT, rom SerCevis elementebia

0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 284, 8.

vinaidan p = ZTEST (x1 : x16; 16; 7) = 0, 15184057 > 0, 05 = α, amitom
vRebulobT H0 hipoTezas, e.i. µ = µ0 = 16.

amocana 4. N(µ, 49) kanoniT ganawilebuli generaluri erTo-
bliobis saSualos Sesaxeb gamoTqmulia ori hipoTeza

H0 : µ0 = 25,

H1 : µ1 = 19.

α = 0, 01 mniSvnelovnobis doniT hipoTezebis Sesamowmeblad amoRe-
bulia n = 64 moculobis SerCeva, romlis safuZvelze gamoTvlili
SerCeviTi saSualoa x64 = 23, 8.

a) martivia Tu rTuli hipoTezebi?

b) alternatividan gamomdinare airCieT kriteriumi.

g) gamoTvaleT kriteriumis statistika da gansazRvreT kritikuli
wertili.

d) rogor ganisazRvreba kritikuli are?

e) rogoria Tqveni gadawyvetileba H0-is Sesaxeb?

v) gansazRvreT p-mniSvneloba.

amoxsna

a) hipoTeza aris martivi, vinaidan µ calsaxad gansazRvravs N(µ, 49)
SemTxveviTi sididis ganawilebis funqcias.

b) alternatividan gamomdinare Cven visargeblebT kriteriumi 1-
iT martiv hipoTezaTa Semowmebis algoriTmi normaluri populaciis
saSualosaTvis, rodesac σ2 dispersia cnobilia(marjvena calmxrivi
kriteriumi).

g) kriteriumis statistikas aqvs saxe

Z =
Xn − µ0

σ/
√

n
∼ N(0, 1).
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kritikuli wertili aris zα = z0,01 = 2, 34. kriteriumis statistikis
dakvirvebuli mniSvnelobaa

z =
xn − µ0

σ/
√

n
=

23, 8− 25
8/8

= −1, 2.

d) U1 kritikul ares aqvs saxe

U1 = {(x1, · · · , xn) : z > zα},

sadac zα aris normaluri ganawilebis α donis zeda kvantili.
e). imis gamo, rom z = −1, 2 < 2, 34, e.i. z /∈ U1, amitom ara gvaqvs

safuZveli uarvyoT H0 hipoTeza µ = 25.

v).

P = P (ω : Tn(X1, · · · , Xn)(ω) ≥ −1, 2) = 1− Φ(−1, 2) = Φ(1, 2) = 0, 884.

§ 2.3-Si ganxiluli Teorema 2-is damtkicebisas gamoyenebuli kon-
struqciiT miiReba

kriteriumi 2. hipoTezaTa Semowmebis algoriTmi

normaluri populaciis saSualosaTvis, rodesac

σ2 dispersia ucnobia

hipoTeza: H0 : µ = µ0

mniSvnelovnobis done: α

kriteriumis statistika: Tn(X1, · · · , Xn) = Xn−µ0

S′/
√

n
∼ t(n− 1)

kriteriumis statistikis dakvirvebuli
mniSvneloba: Tn(x1, · · · , xn)(ω) = xn−µ0

S′/
√

n

alternativa kritikuli are U1 ( H0-is uaryofis are)

H1 : µ = µ1 > µ0 t > tn−1,α

H1 : µ = µ1 < µ0 t < −tn−1,α

H1 : µ 6= µ1 t < −tn−1, α
2
an t > tn−1, α

2

gadawyvetileba: Tu Tn(x1, · · · , xn) = xn−µ0

S′/
√

n
∈ U1, H0 hipoTezas

uarvyobT, winaaRmdeg SemTxvevaSi H0-is uaryofis safuZveli ar gvaqvs.
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amocana 5. axali eleqtronuli xelsawyos Semowmebis mizniT,
kompaniam gadawyvita Seamowmos eqvsi aseTi xelsawyo. yoveli maTgan-
isaTvis gaizoma dro xelsawyos mwyobridan gamosvlamde, ris Sede-
gadac miRebul iqna Semdegi amonarCevi (saaTebSi):

59, 2; 68, 3; 57, 8; 56, 5; 63, 7; 57, 3.

gvaZlevs Tu ara es SerCeva sakmaris safuZvels α = 0, 05 ndobis
doniT Semdegi daskvnis gasakeTeblad: axali xelsawyos sicocxlis
saSualo xangZlivoba aRemateba 55 saaTs.

amoxsna.

x6 =
∑6

i=1 xi

6
= 60, 4667.

S
′
6
2 =

1
5

6∑

i=1

(xi −
∑6

j=1 xj

6
)2 = 21, 2587.

Cvens SemTxvevaSi

H0 : µ = 55

da
H1 : µ > 55.

kriteriumis statistikis dakvirvebuli mniSvnelobaa

Tn(x1, · · · , xn) =
x6 − 55
S′/

√
6

= 2, 9.

vinaidan Tn(x1, · · · , xn) > t5;0,05 = 2, 015, amitom ar gvaqvs safuZveli
uarvyoT hipoTeza µ1 > 55.

§ 2.3-Si ganxiluli me-3 da me-4 Teoremebis gamoyenebiT miiReba Semdegi

kriteriumi 3. hipoTezaTa Semowmebis algoriTmi

normaluri populaciis dispersiisaTvis

hipoTeza: H0 : σ2 = σ2
0

mniSvnelovnobis done: α

testis statistika: Tn(x1, · · · , xn) = nS
′
n

2

σ2
0

, rodesac µ cnobilia
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Tn(x1, · · · , xn) = (n−1)S
′
n

2

σ2
0

, rodesac µ ucnobia
alternativa kritikuli are U1 ( H0-is uaryofis are)

H1 : σ2 > σ2
0 U1 = [χ2

n,α, +∞) rodesac µ cnobilia
U1 = [χ2

n−1,α, +∞) rodesac µ ucnobia

H1 : σ2 < σ2
0 U1 = (0; χ2

n,1−α] rodesac µ cnobilia
U1 = [0; χ2

n−1,1−α] rodesac µ ucnobia

H1 : σ2 6= σ2
0 U1 = (0; χ2

n,1−α] ∪ [χ2
n,α, +∞) rodesac µ cnobilia

U1 = [0; χ2
n−1,1−α] ∪ [χ2

n−1,α, +∞) rodesac µ ucnobia

sadac χ2
n,p aris χ2(n) ganawilebis zeda p-kritikuli wertili.

gadawyvetileba: Tu Tn(x1, · · · , xn) = xn−µ0

S′/
√

n
∈ U1, H0 hipoTezas

uarvyobT, winaaRmdeg SemTxvevaSi H0-is uaryofis safuZveli ar gvaqvs.

amocana 6. amoRebulia n = 24 moculobis SerCeva normalurad
ganawilebuli generaluri erTobliobidan da SerCevis safuZvelze
gamoTvlilia Sesworebuli saSualo kvadratuli gadaxra S

′
24 = 17, 3.

α = 0, 05 mniSvnelovnobis doniT gavarCioT erTmaneTisagan martivi
hipoTezebi

H0 : σ = 15

da
H1 : σ > 15.

amoxsna. Cvens SemTxvevaSi µ ucnobia.

χ2
23;0,05 ≈ 35, 1725;

T23(x1, · · · , x23) =
22 · 17, 32

225
= 29, 26391.

vinaidan
T23(x1, · · · , x23) < χ2

23;0,05,

amitom α = 0, 05 mniSvnelovnobis doniT H0 hipoTezis uaryofis sa-
fuZveli ara gvaqvs.

§2.1.3-Si Catarebuli msjelobiT miiReba Semdegi

kriteriumi 4. hipoTezaTa Semowmebis algoriTmi
ucnobi p albaTobis Sesaxeb bernulis
sqemebSi(didi moculobis SemTxvevaSi)
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hipoTeza: H0 : p = p0

mniSvnelovnobis done: α

statistikis dakvirvebuli mniSvneloba: Tn(x1, · · · , xn) = p̂−p0√
p0(1−p0)

n

alternativa kritikuli are U1 ( H0-is uaryofis are)

H1 : p > p0 Tn(x1, · · · , xn) > zα

H1 : p < p0 Tn(x1, · · · , xn) < −zα

H1 : p 6= p0 Tn(x1, · · · , xn) < −zα
2
an Tn(x1, · · · , xn) < −zα

2

sadac zα aris N(0, 1) ganawilebis zeda α kritikuli wertili

gadawyvetileba: Tu Tn(x1, · · · , xn) ∈ U1, H0 hipoTezas uarvyobT,
winaaRmdeg SemTxvevaSi α mniSvnelovnobis doniT H0-is uaryofis sa-
fuZveli ar gvaqvs.

amocana 7. vTqvaT, xarisxis kontrolis menejers surs gaigos,
aRemateba Tu ara danadgariT damzadebuli defeqturi paketebis wili
10%-s. amocanis gadasawyvetad SerCeuli 200 paketidan 26 defeqturi
aRmoCnda. aqvs Tu ara safuZveli menejers α = 0, 05 mniSvnelovnobis
doniT amtkicos, rom axali danadgari ar akmayofilebs mis moTx-
ovnilebas.

amoxsna. hipoTeza yalibdeba Semdegnairad

H0 : p = 0, 1

da
H1 : p > 0, 1.

SevniSnoT, rom n = 200, p0 = 0, 1 da α = 0, 05. normaluri ganaw-
ilebis cxrilidan vpoulobT, rom z0,05 = 1, 645. amitom kritikuli
are iqneba U1 = [1, 645;+∞). kriteriumis statistikis dakvirvebuli
mniSvnelobaa

T200(x1, · · · , x200) =
26− 200× 0, 1√
200× 0, 1× 0, 9

≈ 1, 415.

radgan T200(x1, · · · , x200) = 1, 415 < 1, 645, amitom T200(x1, · · · , x200) /∈ U1.
es niSnavs, rom α = 0, 05 mniSvnelovnobis doniT H0 hipoTezis uary-
ofis safuZveli ara gvaqvs.
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gansazRvreba 9.(Tn, U0, U1) kriteriums ewodeba α-mniSvnelovnobis
donis umZlavresi kriteriumi, Tu

P ({(x1, · · · , xn) : Tn(x1, · · · , xn) ∈ U1}|H0) = α,

da
P ({(x1, · · · , xn) : Tn(x1, · · · , xn) ∈ U0}|H1) = max .

vigulisxmoT, rom dakvirvebadi SemTxveviTi sidide aris absolu-
turad uwyveti. umZlavresi kriteriumis agebis konstruqcia martivi
hipoTezis SemTxvevaSi aris mocemuli Semdeg TeoremaSi.

Teorema 1(neiman 27-pirsoni 28). Tu ZiriTadi hipoTeza H0 da
alternatuli hipoTeza H1 martivebia, Sesabamisad

H0 : θ = θ0

da
H1 : θ = θ1,

da Tu

L(x1, · · · , xn, θ0) =
n∏

i=1

fθ0(xi)

da

L(x1, · · · , xn, θ1) =
n∏

i=1

fθ1(xi),

sadac

(∀θ)(θ = θ0

∨
θ1 → Fξ(θ, x) =

∫ x

−∞
fθ(x)),

da ξ aris SemTxveviTi sidide, romlidanac aRebulia SerCeva, maSin
arsebobs kriteriumi, romelic aris umZlavresi H0 hipoTezisTvis
H1 hipoTezis mimarT. kritikuli are da TviTon kriteriumi ganisazR-

vreba utolobiT

L(x1, · · · , xn, θ1) ≥ CαL(x1, · · · , xn, θ0),

sadac Cα -dadebiTi ricxvia, romlis mniSvneloba damokidebulia
mniSvnelovnebis α doneze.

27neimani eJi (Neyman Jerzy)-16.04.1894-5.08.1981), amerikeli maTematikosi da statis-
tikosi, aSS mecnierebaTa akademiis nacionaluri akademiis wevri (1963), kaliforniis
universitetis profesori (1938).

28pirsoni egor Sarfi (Peasrson Egor Sharpe)(11.08.1895-1980)-ingliseli maTematiko-
si, londonis samefo sazogadoebis wevri (1966), londonis universitetis profesori
(1933-1960).
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amocana 8. vipovoT umZlavresi kriteriumi H0 hipoTezisaTvis,
romelic gulisxmobs, rom normalurad ganawilebuli SemTxveviTi
sididis maTematikuri lodini aris θ0. H1 alternativa gveubneba,
rom θ1 6= θ0. SemTxveviTi sididis dispersia cnobilia da udris σ2,
xolo amokrefis moculobaa n.

amoxsna. vRebulobT

L(x1, · · · , xn, θ1) =
n∏

i=1

fθ1(xi) = (
1

σ
√

2π
)ne−

1
2σ2

∑n

i=1
(xi−θ1)

2

),

L(x1, · · · , xn, θ0) =
n∏

i=1

fθ0(xi) = (
1

σ
√

2π
)ne−

1
2σ2

∑n

i=1
(xi−θ0)

2

).

neiman-pirsonis Teoremis gamoyenebiT vRebulobT Semdeg utolobas

(
1

σ
√

2π
)ne−

1
2σ2

∑n

i=1
(xi−θ1)

2 ≥ Cα(
1

σ
√

2π
)ne−

1
2σ2

∑n

i=1
(xi−θ0)

2

orive mxaris galogariTmebiT da garkveuli gardaqmnebiT vRebulobT:

2(θ1 − θ0)
n∑

i=1

xi − n(θ2
1 − θ2

0) ≥ 2σ2lnCα.

vinaidan
∑n

i=1 xi = nxn, amitom xn-is mimarT amoxsniT vRebulobT

xn ≥ 2σ2 ln Cα + n(θ2
1 − θ2

0)
2n(θ1 − θ0)

≡ A,Tu θ1 − θ0 > 0

da

xn ≤ 2σ2 ln Cα + n(θ2
1 − θ2

0)
2n(θ1 − θ0)

≡ A,Tu θ1 − θ0 < 0

amgvarad, Tu θ1 > θ0, maSin kritikul areSi moxvdeba xn -is is
mniSvneloba, romelic gadaaWarbebs A-s. Tu θ1 < θ0,maSin kritikul
areSi moxvdeba X -is yvela is mniSvneloba, romelic naklebia B
ricxvze.

Cα ricxvis gansasazRvravad ganvixiloT ori SemTxvevba:
SemTxveva I. θ1 > θ0

am SemTxvevaSi vRebulobT

Pn
θ0

({(x1, · · · , xn) : xn ≥ A}) = α.

es ukanaskneli stoqasturi toloba eqvivalenturia Semdegi stoqas-
turi tolobis

Pn
θ0

({(x1, · · · , xn) :
∑n

i=1 xk − nθ0√
nσ

≥
√

n

σ
(A−θ0)}) = 1−Φ(

√
nσ(A− θ0)

σ
) = α
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aqedan vRebulobT

A = θ0 + [1− Φ−1(1− α)]
σ√
n

meores mxriv,

A =
2σ2 ln Cα + n(θ2

1 − θ2
0)

2n(θ1 − θ0)
.

amgvarad,

2σ2 ln Cα + n(θ2
1 − θ2

0)
2n(θ1 − θ0)

= θ0 + [1− Φ−1(1− α)]
σ√
n

.

aqedan vRebulobT

Cα = e
n(θ1−θ0)

2σ2 ((1−Φ−1(1−α)) 2σ√
n

+(θ0−θ1)).

SemTxveva II. θ1 < θ0

am SemTxvevaSi vRebulobT

Pn
θ0

({(x1, · · · , xn) : xn ≤ A}) = α.

es ukanaskneli stoqasturi toloba eqvivalenturia Semdegi stoqas-
turi tolobis

Pn
θ0

({(x1, · · · , xn) :
∑n

i=1 xk − nθ0√
nσ

≤
√

n

σ
(A− θ0)}) = Φ(

√
nσ(A− θ0)

σ
) = α

aqedan vRebulobT
A = θ0 + Φ−1(α)

σ√
n

.

meores mxriv,

A =
2σ2 ln Cα + n(θ2

1 − θ2
0)

2n(θ1 − θ0)
.

amgvarad,
2σ2 ln Cα + n(θ2

1 − θ2
0)

2n(θ1 − θ0)
= θ0 + Φ−1(α)

σ√
n

.

aqedan vRebulobT

Cα = e
n(θ1−θ0)

2σ2 (Φ−1(α) 2σ√
n

+(θ0−θ1)).

amocana 8-is saSualebiT vRebulobT neimanis Semdeg kriteriums.

kriteriumi 5. hipoTezaTa Semowmebis algoriTmi
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normaluri populaciis saSualosaTvis, rodesac

σ2 dispersia cnobilia

hipoTeza: H0 : µ = µ0

mniSvnelovnobis done: α

kriteriumis statistika: Tn(X1, · · · , Xn) = Xn

kriteriumis statistikis dakvirvebuli
mniSvneloba: Tn(x1, · · · , xn)(ω) = xn

alternativa kritikuli are U1 ( H0-is uaryofis are)

H1 : µ = µ1 Tn(x1, · · · , xn) > A, roca µ1 > µ0;

H1 : µ = µ1 Tn(x1, · · · , xn) < A, roca µ1 < µ0;
sadac

A =
2σ2 ln Cα + n(θ2

1 − θ2
0)

2n(θ1 − θ0)
,

Cα =

{
e

n(θ1−θ0)
2σ2 ((1−Φ−1(1−α)) 2σ√

n
+(θ0−θ1)), Tu µ1 > µ0

e
n(θ1−θ0)

2σ2 (Φ−1(α) 2σ√
n

+(θ0−θ1)), Tu µ1 < µ0

,

gadawyvetileba: Tu Tn(x1, · · · , xn) ∈ U1, H0 hipoTezas uarvyobT,
winaaRmdeg SemTxvevaSi H0-is uaryofis safuZveli ar gvaqvs.

savarjiSoebi
2.5.1. amoRebulia SerCeva normalurad ganawilebuli generaluri er-
Tobliobidan. SerCevis moculobaa 9. SerCevis elementebia

8; 13; 16; 7; 17; 10; 13; 15; 18.

generaluri dispersia σ2 = 16. α = 0, 05 mniSvnelovnobis doniT gavar-
CioT erTmaneTisagan martivi hipoTezebi

H0 : µ = µ0 = 10

da
H1 : µ = µ1 = 15.
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2.5.2. N(µ, 49) kanoniT ganawilebuli generaluri erTobliobis
saSualos Sesaxeb gamoTqmulia ori hipoTeza

H0 : µ0 = 25,

H1 : µ1 = 19.

α = 0, 01 mniSvnelovnobis doniT hipoTezebis Sesamowmeblad amoRe-
bulia n = 64 moculobis SerCeva, romlis safuZvelze gamoTvlili
SerCeviTi saSualoa x64 = 23, 8.

a) martivia Tu rTuli hipoTezebi?

b) alternatividan gamomdinare airCieT kriteriumi.

g) gamoTvaleT kriteriumis statistika da gansazRvreT kritikuli
wertili.

d) rogor ganisazRvreba kritikuli are?

e) rogoria Tqveni gadawyvetileba H0-is Sesaxeb?

v) gansazRvreT p-mniSvneloba.

2.5.3 axali eleqtronuli xelsawyos Semowmebis mizniT, kompaniam
gadawyvita Seamowmos eqvsi aseTi xelsawyo. yoveli maTganisaTvis
gaizoma dro xelsawyos mwyobridan gamosvlamde, ris Sedegadac miRe-
bul iqna Semdegi amonarCevi (saaTebSi):

59, 2; 58, 3; 50, 8; 56, 5; 63, 7; 57, 3.

gvaZlevs Tu ara es SerCeva sakmaris safuZvels α = 0, 05 ndobis
doniT Semdegi daskvnis gasakeTeblad: axali xelsawyos sicocxlis
saSualo xangZlivoba aRemateba 40 saaTs.

2.5.4. vTqvaT, xarisxis kontrolis menejers surs gaigos, aRemateba
Tu ara danadgariT damzadebuli defeqturi paketebis wili 10%-s.
amocanis gadasawyvetad SerCeuli 100 paketidan 15 defeqturi aRmoC-
nda. aqvs Tu ara safuZveli menejers amtkicos, rom axali danadgari
ar akmayofilebs mis moTxovnilebas.

2.5.5. gamoviyenoT α = 0, 9772 donis umZlavresi kriteriumi H0

hipoTezisaTvis H1 hipoTezis mimarT, Tu amorCevis moculobaa n da
SerCeviTi saSualoa Xn:

1) H0 : θ0 = 1; H1 : θ1 = 2; n = 9; X9 = 3;
2) H0 : θ0 = 1; H1 : θ1 = 2; n = 9; X9 = 4
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2.5.6. amoRebulia n = 24 moculobis SerCeva normalurad ganaw-
ilebuli generaluri erTobliobidan da SerCevis safuZvelze gamoT-
vlilia Sesworebuli saSualo kvadratuli gadaxra S

′
24 = 17, 3. α =

0, 05 mniSvnelovnobis doniT gavarCioT erTmaneTisagan martivi hipo-
Tezebi

H0 : σ = 15

da
H1 : σ > 15.

2.5.7. α donis umZlavresi kriteriumisaTvis H0 hipoTezisa H1

hipoTezis mimarT vipovoT Cα, Tu amorCevis moculobaa n da SerCeviTi
saSualoa Xn:

1) H0 : θ0 = 1; H1 : θ1 = 2; n = 16; X9 = 3; α = 0, 95;
2) H0 : θ0 = 1; H1 : θ1 = 2; n = 25; X9 = 4; α = 0, 9;
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§ 2.6. korelaciis tipis gansazRvra

vTqvaT, 2-ganzomilebian SemTxveviT (X, Y ) veqtorze dakvirvebis
Sedegad miRebulia n moculobis SerCeva

(x1, y1), · · · , (x2, y2).

gansazRvreba 1. sidides

1
n

n∑

i=1

(xi − xn)(yi − xn),

sadac

xn =
1
n

n∑

i=1

xi

da

yn =
1
n

n∑

i=1

yi,

ewodeba SerCeviTi korelacia X da Y SemTxveviT sidideebs Soris
da aRiniSneba covn(X, Y ) simboloTi.

gansazRvreba 2. sidides
∑n

i=1(xi − xn)(yi − xn)√∑n
i=1(xi − xn)2

√∑n
i=1(yi − xn)2

ewodeba SerCeviTi korelaciis koeficienti X da Y SemTxveviT si-
dideebs Soris da aRiniSneba rn(X, Y ) simboloTi.

gansazRvreba 3. sidides
∑n

i=1(xi − xn)(yi − xn)
(n− 1)

√∑n
i=1(xi − xn)2

√∑n
i=1(yi − xn)2

ewodeba Sesworebuli SerCeviTi korelaciis koeficienti X da Y

SemTxveviT sidideebs Soris da aRiniSneba r
′
n(X,Y ) simboloTi.

SeniSvna 1.Sesworebuli SerCeviTi korelaciis koeficienti war-

moadgens X da Y SemTxveviT sidideebs Soris korelaciis koefi-
cientis "karg" Sefasebas. cxadia, rom

r
′
n(X, Y ) =

n

n− 1
rn(X,Y ).
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gansazRvreba 3. vityviT, rom X da Y SemTxveviT sidideebs Soris
a) arsebobs srulyofili uaryofiTi korelacia, Tu

r(X, Y ) = −1;

b) arsebobs Zlieri uaryofiTi korelacia, Tu

−1 < r(X, Y ) < −0, 5;

g) arsebobs saSualo uaryofiTi korelacia, Tu

r(X, Y ) = −0, 5;

d) arsebobs susti uaryofiTi korelacia, Tu

−0, 5 < r(X, Y ) < 0;

e) ar arsebobs korelacia, Tu

r(X,Y ) = 0;

v) arsebobs susti dadebiTi korelacia, Tu

0 < r(X, Y ) < 0, 5;

z) arsebobs saSualo dadebiTi korelacia, Tu

r(X, Y ) = 0, 5;

T) arsebobs Zlieri dadebiTi korelacia, Tu

0, 5 < r(X, Y ) < 1;

i) arsebobs srulyofili dadebiTi korelacia, Tu

r(X,Y ) = 1.

magaliTi 1. vTqvaT Y aRniSnavs sayidlad SeTavazebuli saqon-
lis raodenobas, xolo X aRniSnavs am SeTavazebebis Sedegad gayidul
saqonelTa raodenobas. ganvixiloT 10 gamyidveli, romelTa muSao-
bis Sedegi asaxulia cxrilSi: yi aRniSnavs i-uri gamyidvlis mier
sayidlad SeTavazebuli saqonlis raodenobas , xolo xi aRniSnavs
i-uri gamyidvlis SeTavazebebis Sedegad gayidul saqonelTa raode-
nobas (1 ≤ i ≤ 10).

xi 3 2 1 2 2 1 2 3 1 1
yi 5 6 3 4 6 5 4 6 5 6

.

rogori korelacia arsebobs X da Y sidideebs Soris?
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amoxsna.EXCEL-is statistikuri funqciis saSualebiT viTvliT

rn(X, Y ) = CORREL(x1 : x10; y1 : y10) = 0, 2672261.

amgvarad
0 < rn(X, Y ) ≈ r(X, Y ) < 0, 5 ,

rac miuTiTebs imaze rom aRniSnavs sayidlad SeTavazebuli saqon-
lis Y raodenobasa da am SeTavazebebis Sedegad gayidul saqonelTa
X raodenobas Soris arsebobs susti dadebiTi korelacia.

magaliTi 2. kavkasionis samxreT ferdze Seswavlilia naxSir-
mJava hidrokarbonatul-qloriduli natriumiani tipis wylebis 34
bunebrivi gamosavali. am wylebSi mineralizaciis (g/l) da liTiu-
mis(mg/l) Semcvelobis mniSvnelobebi mocemulia Semdeg cxrilSi.

Mi 6, 30 5, 30 7, 02 2, 20 4, 48 0, 70 11, 00 14, 10 14, 8
Lii 1, 1 0, 70 2, 20 0, 75 2, 00 0, 18 4, 10 6, 70 4, 7
Mi 2, 80 4, 80 6, 22 4, 00 3, 80 8, 00 10, 70 7, 9 3, 5
Lii 0, 6 1, 00 1, 30 1, 5 0, 55 5, 2 3, 3 2, 5 0, 6
Mi 9, 10 17, 00 13, 60 6, 70 15, 60 24, 20 5, 00 11, 00
Lii 6, 3 10 10, 6 3, 0 12, 00 20, 5 0, 9 3, 00
Mi 2, 4 1, 1 9, 3 5, 8 5 3, 12 22, 6 17, 8
Lii 0, 87 0, 34 2, 9 1, 8 1, 65 0, 35 10 5

.

davadginoT liTiumis Semcvelobasa da mineralizacias Soris arse-
buli korelaciis saxe.

amoxsna. avRniSnoT mineralizacia X-iT daliTiumis Semcveloba
Y -iT.

EXCEL-is statistikuri funqciis saSualebiT viTvliT

r34(M,Li) = r34(X, Y ) = CORREL(x1 : x34; y1 : y34) = 0, 879131631.

SevniSnoT, rom korelaciis koeficientis karg Sefasebad iTvleba
statistika

n

n− 1
rn(X,Y ).

vRebulobT

n

n− 1
rn(X,Y ) =

34
33
× 0, 879131631 = 0, 905771984.

vinaidan

0, 5 <
34
33

r34(X, Y ) = 0, 905771984 ≈ r(X, Y ) < 1,
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amitom Cven vaskvniT, rom liTiumis Semcvelobasa da mineralizacias
Soris arsebobs Zlieri dadebiTi korelacia.

magaliTi 3. kavkasionis samxreT ferdze Seswavlilia naxSirm-
Java hidrokarbonat-ionisa da kaliumis Semcveloba qloriduli na-
triumiani tipis wylebis 34 bunebriv gamosavalSi. am wylebSi hidro-
karbonat-ionisa da kaliumis Semcvelobis mniSvnelobebi (mg/l) mo-
cemulia Semdeg cxrilSi.

HCO3 3733, 2 2830, 4 3050, 0 976 2488 3294, 4 3538
K 40 12 20 50 22 2, 2 44, 0
HCO3 1586 2464, 4 2076, 8 2200 1878, 8 4587, 2 4928, 8
K 7, 5 16, 5 23, 1 22, 0 78, 0 33, 6 23, 1
HCO3 4636 8174 6517, 8 3806, 4 7539, 6 1110, 2 2440
K 37 52 47 28 72 150 23
HCO3 1274, 9 713, 7 5075, 2 3708 4636 2537 1586
K 8, 5 3, 7 30, 0 23, 0 59, 4 18, 7 7, 8
HCO3 3977, 2 8199, 6 7100, 4 55416, 8 5721, 8 2074
K 2, 1 45, 6 57, 2 46 117, 0 14

.

davadginoT hidrokarbonat-ionisa da kaliumis semcvelobebs Soris
arsebuli korelaciis saxe.

amoxsna. avRniSnoT naxSirmJava hidrokarbonat-ionis Semcveloba
X-iT da kaliumis Semcveloba Y -iT.

EXCEL-is statistikuri funqciis saSualebiT viTvliT

r34(HCO3,K) = r34(X, Y ) = CORREL(x1 : x34; y1 : y34) = 0, 268808583,

romlis saSualebiTac vRebulobT

n

n− 1
rn(X,Y ) =

34
33

0, 268808583 = 0, 276954297.

vinaidan

0 < r(X, Y ) ≈ 34
33
× r34(X, Y ) < 0, 5,

amitom Cven vaskvniT, rom am wylebSi hidrokarbonat-ionisa da kali-
umis Semcvelobas Soris arsebobs susti dadebiTi korelacia.

roca korelaciis koeficienti ucnobia, SerCeviTi korelaciis
koeficientis rn(X, Y ) saSualebiT SeiZleba gakeTdes statistikuri
daskvnebi misi mniSvnelobebis Sesaxeb, e.i., aigos ndobis intervali
an Semowmdes hipoTeza korelaciis koeficientis raime ricxvTan to-
lobis Sesaxeb.

ganvixiloT Semdegi hipoTezis

H0 : r = 0
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Semowmebis sakiTxi alternatiuli

H1 : r 6= 0

hipoTezis winaaRmdeg.
Tu (X, Y ) SemTxveviTi sidideebis erToblivi ganawileba normalu-

ria, maSin H0 hipoTezis samarTlianobisas X da Y iqnebian damou-
kideblebi. amitom statistika

t =
r(X,Y )

√
n− 2√

1− r2(X, Y )

iqneba ganawilebuli stiudentis kanoniT n−2 Tavisuflebis xarisxiT.
amitom, Tu |t| > tn−2,1−α

2
, maSin H0 hipoTezas uarvyobT α-mniSvnelovno-

bis doniT. winaaRmdeg SemTxvevaSi H0 hipoTezis uaryofis safuZveli
ar gagvaCnia.

magaliTi 4(magaliTi 1-is gagrZeleba).davsvaT Semdegi kiTx-
va: samarTliania Tu ara gamyidvelTa mTeli populaciisaTvis is
daskv- na, rom saqonlis SeTavazebaTa da gayidvaTa raodenobebs Soris
ar- sebobs kavSiri?

amis dasadgenad ganvixiloT Semdegi

H0 : r = 0

hipoTezis Semowmebis sakiTxi alternatiuli

H1 : r 6= 0

hipoTezis winaaRmdeg.
mniSvnelovnobis doned davafiqsiroT α = 0, 05. Tavisuflebis

xarisxia n− 2 = 10− 2 = 8. stiudentis ganawilebis cxrilis meSveo-
biT vpoulobT t8.0,95 = 2, 306. gamovTvaloT t statistikis dakvirve-
buli mniSvneloba

t =
r10(X, Y )

√
n− 2√

1− r2
10(X,Y )

=
0, 2672261

√
8√

1− 0, 26722612
= 0, 784353.

vinaidan t = 0, 784353 ∈ (−2, 306; 2, 306), amitom α = 0, 05 mniSvnelovno-
bis doniT H0 hipoTezis uaryofis safuZveli ara gvaqvs. sxva sityve-
biT, Cven miviReT Semdegi informacia: saqonlis SeTavazebis raode-
noba da gayidvaTa raodenobas Soris ar arsebobs kavSiri(korelacia).

magaliTi 5(magaliTi 2-is gagrZeleba). SeviswavloT sakiTxi: ar-
sebobs Tu ara kavSiri (korelacia) hidrokarbonatul-qloridul na-
triumian wylebSiliTiumis Semcvelobasa da mineralizacias Soris.
amisaTvis ganvixiloT Semdegi

H0 : r = 0
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hipoTezis Semowmebis sakiTxi alternatiuli

H1 : r 6= 0

hipoTezis winaaRmdeg.
mniSvnelovnobis doned davafiqsiroT α = 0, 05. Tavisuflebis

xarisxia n−2 = 34−2 = 32. EXCEL-is statistikuri funqciis TINV -
is saSualebiT vpoulobT t32.0,95 = TINV (0, 1; 32) = 1, 693888. gamovT-
valoT t statistikis dakvirvebuli mniSvneloba

t =
r34(X, Y )

√
32√

1− r2
32(X, Y )

=
0, 879131631

√
32√

1− 0, 8791316312
= 21, 89571.

vinaidan t = 21, 89571 /∈ (−1, 693888; 1, 693888), amitom α = 0, 05 mniSvnelov-
nobis doniT H0 hipoTezis uarvyofT, anu sxva sityvebiT: hidrokar-
bonatul-qloridul natriumian wylebSiliTiumis Semcvelobasa da
mineralizacias Soris arsebobs kavSiri(korelacia).

magaliTi 6 (magaliTi 3-is gagrZeleba). SeviswavloT Semdegi sak-
iTxi: arsebobs Tu ara korelacia naxSirmjava hidrokarbonat-ionisa
da kaliumis Semcvelobas Soris qloriduli natriumiani tipis wyleb-
Si?

amisaTvis ganvixiloT Semdegi

H0 : r = 0

hipoTezis Semowmebis sakiTxi alternatiuli

H1 : r 6= 0

hipoTezis winaaRmdeg.
mniSvnelovnobis doned davafiqsiroT α = 0, 05. Tavisuflebis

xarisxia n−2 = 34−2 = 32. EXCEL-is statistikuri funqciis TINV -
is saSualebiT vpoulobT t32.0,95 = TINV (0, 1; 32) = 1, 693888. gamovT-
valoT t statistikis dakvirvebuli mniSvneloba

t =
r34(X, Y )

√
32√

1− r2
32(X, Y )

=
0, 268808583

√
32√

1− 0, 2688085832
= 1, 578718.

vinaidan t = 1, 578718 /∈ (−1, 693888; 1, 693888), amitom α = 0, 05 mniSvnelo-
vnobis doniT H0 hipoTezis uarvyofis safuZveli ara gvaqvs, anu sxva
sityvebiT: ar arsebobs kavSiri(korelacia) naxSirmjava hidrokar-
bonat-ionisa da kaliumis Semcvelobas Soris qloriduli natriu-
miani tipis wylebSi.
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savarjiSoebi

2.6.1. (X,Y ) 2-ganzomilebian SemTxveviT veqtorze dakvirvebis Sede-
gad miRebulia 10-is toli moculobis SerCeva

xi 3 −2 1 −2 2 −1 2 −3 1 −1
yi 5 −6 3 −4 6 −5 4 −6 5 −6 .

ipoveT SerCeviTi korelaciis koeficienti da daadgineT ra ko-
relacia arsebobs X da Y faqtorebs Soris (r10(X, Y ) = 0, 920701828).

2.6.2. (X, Y ) 2-ganzomilebian SemTxveviT veqtorze dakvirvebis Sede-
gad miRebulia 10-is toli moculobis SerCeva

xi −3 −2 −1 −2 −2 −1 −2 −3 −1 −1
yi 5 −6 3 −4 6 −5 4 −6 5 −6 .

ipoveT SerCeviTi korelaciis koeficienti da daadgineT ra ko-
relacia arsebobs X da Y faqtorebs Soris (r10(X,Y ) = −0, 51577922).

2.6.3. (X,Y ) 2-ganzomilebian SemTxveviT veqtorze dakvirvebis Sede-
gad miRebulia 10-is toli moculobis SerCeva

xi 3 2 1 2 2 1 2 3 1 1
yi 5 −6 3 −4 6 −5 4 −6 5 −6

.

ipoveT SerCeviTi korelaciis koeficienti da daadgineT ra ko-
relacia arsebobs X da Y faqtorebs Soris (r10(X, Y ) = 0, 051577922).

2.6.4. (X, Y ) 2-ganzomilebian SemTxveviT veqtorze dakvirvebis Sede-
gad miRebulia 10-is toli moculobis SerCeva

xi 18 12 6 12 12 6 12 18 6 6
yi 5 −6 3 −4 6 −5 4 −6 5 −6

.

ipoveT SerCeviTi korelaciis koeficienti da daadgineT ra ko-
relacia arsebobs X da Y faqtorebs Soris (r10(X, Y ) = 0, 051577922).

2.6.5. (X, Y ) 2-ganzomilebian SemTxveviT veqtorze dakvirvebis Sede-
gad miRebulia 10-is toli moculobis SerCeva

xi 18 0 6 0 12 0 12 0 6 0
yi 5 −6 3 −4 6 −5 4 −6 5 −6

.

ipoveT SerCeviTi korelaciis koeficienti da daadgineT ra ko-
relacia arsebobs X da Y faqtorebs Soris (r10(X, Y ) = 0, 87802769).

2.6.6. (X, Y ) 2-ganzomilebian SemTxveviT veqtorze dakvirvebis Sede-
gad miRebulia 10-is toli moculobis SerCeva
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xi 18 0 6 0 12 0 12 0 6 0
yi 0 −6 0 −4 0 −5 0 −6 0 −6

.

ipoveT SerCeviTi korelaciis koeficienti da daadgineT ra ko-
relacia arsebobs X da Y faqtorebs Soris (r10(X, Y ) = 0, 844971795).

§ 2.7. umcires kvadratTa meTodi
Semdeg models

Y (x, ω) = B0 + B1x + ε(ω),

sadac x damoukidebeli cvladia, ε aris (0, σ2) parametrebiani nor-
maluri SemTxveviTi sidide, xolo B0, B1 ucnobi mudmivi koeficien-
tebia, ewodeba wrfivi regresiis modeli. amasTan x cvlads uwodeben
amxsnel cvlads an prediqtors, anda regresors. xolo ε-s ewodeba
SeSfoTeba("TeTri xmauri"), romelsac moixsenieben rogorc WeSmarit
gadaxras anu Secdomas.

vTqvaT, Y SemTxveviT sididis grafikze dakvirvebis Sedegad miRe-
bulia n-is toli moculobis SerCeva

(x1, Y1), (x2, Y2), · · · , (xn, Yn).

gansazRvreba 1. Ŷ = b1x+b0 wrfiv funqcias ewodeba umcires kvadratTa
meTodiT miRebuli wrfivi regresiis gantoleba, Tu

F (b0, b1) =
n∑

i=1

(yi − b0 − b1xi)2 = min{
n∑

i=1

(yi − c0 − c1xi)2 : c0 ∈ R & c1 ∈ R}

= min{F (c0, c1) : c0 ∈ R & c1 ∈ R}.
SeniSvna 1. F (c0, c1) funqciis minimumis mosaZebnad gavawarmooT es
funqcia c0 da c1 cvladebiT da gavutoloT nuls. miviRebT wrfiv
gantolebaTa Semdeg sistemas

{ ∑n
i=1(−1)2(yi − c0 − c1xi) = 0∑n

i=1 2(−xi)(y0 − c0 − c1xi) = 0 .

2-ze SekveciT da cnobili da ucnobi wevrebis tolobis sxvadasxva
mxares dalagebiT miviRebT

{
nc0 + c1

∑n
i=1 xi =

∑n
i=1 yi

c0

∑n
i=1 xi + c1

∑n
i=1 x2

i =
∑n

i=1 xiyi
.
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am gantolebaTa sistemis amoxsniT vRebulobT




c1 =
n
∑n

i=1
xiyi−

∑n

i=1
xi

∑n

i=1
yi

n
∑n

i=1
x2

i
−(

∑n

i=1
xi)2

c0 =
∑n

i=1
yi

∑n

i=1
x2

i−
∑n

i=1
xiyi

∑n

i=1
xi

n
∑n

i=1
x2

i
−(

∑n

i=1
xi)2

.

amgvarad,




b1 =
n
∑n

i=1
xiyi−

∑n

i=1
xi

∑n

i=1
yi

n
∑n

i=1
x2

i
−(

∑n

i=1
xi)2

b0 =
∑n

i=1
yi

∑n

i=1
x2

i−
∑n

i=1
xiyi

∑n

i=1
xi

n
∑n

i=1
x2

i
−(

∑n

i=1
xi)2

.

amitom wrfivi regresiis gantolebas eqneba saxe

Ŷ (x) = b1x + b0.

SeniSvna 2. EXCEL-is statistikuri funqcia
a) INTERCEPT (y1 : yn; x1 : xn) iTvlis b0-is mniSvnelobas;
b) SLOPE(y1 : yn; x1 : xn) iTvlis b1-is mniSvnelobas;
g) LINEST (y1 : yn; x1 : xn; 1) iTvlis b1-is, roca b0 6= 0;
d) LINEST (y1 : yn;x1 : xn; 0) iTvlis b1-is, roca b0 = 0;
d) FORECAST (x; y1 : yn;x1 : xn) iTvlis y = b0 + b1x funqciis

mniSvnelobas x wertilSi. es ukanaskneli brZaneba SeiZleba gamovi-
yenoT dakvirvebadi procesis prognozirebisaTvis(garkveuli azriT).

martivi gardaqmnebis Semdeg regresiis wrfis gantoleba SeiZleba
CavweroT Semdegnairad:

Ŷ (x) = Y + b1(x− x).

regresiis wrfes gaaCnia Semdegi Tvisebebi:
1) Ŷ (x) = Y ;
2)

∑n
i=1(Yi − Ŷi) = 0.

gansazRvreba 1. Ŷi = b0 + b1xi (1 ≤ i ≤ n) mniSvnelobebs ewodeba
Y cvladis prognozirebuli mniSvnelobebi, xolo

ei = Yi − Ŷi (1 ≤ i ≤ n)

sidideebs ewodeba naSTebi.

marTebulia Semdegi e.w. lagranJis toloba

n∑

i=1

(Yi − Y )2 =
n∑

i=1

(Yi − Ŷi)2 +
n∑

i=1

(Ŷi − Y )2.
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SeniSvna 1. erTis mxriv, cxadia, rom

(Yi − Y )1≤i≤n = (Yi − Ŷi)1≤i≤n + (Ŷi − Y )1≤i≤n.

meores mxriv, lagranJis toloba gveubneba, rom veqtorebi

(Yi − Ŷi)1≤i≤n

da
(Ŷi − Y )1≤i≤n

arian orTogonalurebi.

gansazRvreba 2. sidides

n∑

i=1

(Yi − Y )2

ewodeba dakvirvebuli mniSvnelobebis maTi saSualo mniSvnelobe-
bidan gadaxrebis kvadratebis sruli jami da aRiniSneba simboloTi
SST (total sum of squares), romelsac srul variacias uwodeben. mt-
kicdeba, rom

SST

σ2
∼ χ2(n− 1).

gansazRvreba 3. sidides

n∑

i=1

(Yi − Ŷi)2

ewodeba naSTTa kvadratebis jami, anu dakvirvebadi mniSvnelobebis
prognozirebadi mniSvnelobebidan gadaxrebis kvadratebis jami da
aRiniSneba asoebiT SSE (”error sum of squares”), e.i.,

SSE =
n∑

i=1

(Yi − Ŷi)2.

SevniSnoT, rom
∑n

i=1 e2
i warmoadgens

n∑

i=1

(ε)2i

garkveul Sefasebas, romelsac aqvs didi mniSvneloba regresiis wr-
fis dasaxasiaTeblad. SSE aris sruli gabnevis is nawili, romelic
ar aixsneba regresiis saSualebiT. mtkicdeba, rom

SSE

σ2
∼ χ2(n− 2).
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gansazRvreba 5. sidide

SSR =
n∑

i=1

(Ŷi − Y )2

warmoadgens prognozirebadi mniSvnelobebis dakvirvebadi mniSvnel-
obebis saSualodan gadaxrebis kvadratebis jams da aRiniSneba SSR
simboloTi(regression sum of squares). is warmoadgens gabnevis im naw-
ils, romelic axsnilia regresiis wrfiT. mtkicdeba

SSR

σ2
∼ χ2(1).

amgvarad

SST = SSE + SSR.

marTebulia Semdegi debuleba.

Teorema 1. Tu (εi)1≤i≤n aris damoukidebel (0; σ2) parametriani
normaluri SemTxveviTi sidideebis ojaxi, maSin b0 da b1 arian nor-
malurad ganawilebuli SemTxveviTi sidideebi da

1) b0 warmoadgens Bo-is Caunacvlebel Sefasebas;
2) b1 warmoadgens B1-is Caunacvlebel Sefasebas;
3) S2 = SSE

n−2 warmoadgens σ2-is Caunacvlebel Sefasebas;

gansazRvreba 6. sidides

R2
n =

SSR

SST

ewodeba SerCeviTi determinaciis koeficienti.
SeniSvna 2. mtkicdeba, rom R2

n = r2
n, sadac rn aris SerCeviTi ko-

relaciis koeficienti.

Teorema 2. vTqvaT,

Sb0 = S2

∑n
i=1 x2

i

nSSX

da

Sb1 = S2 1
nSSX

.

maSin
1) Sbi warmoadgens Bi-is dispersiis Sefasebas (i = 0, 1);
2) Ti = bi−Bi

Sbi
∼ t(n− 2) (i = 0, 1).

SeniSvna 3. swored T0 da T1 statistikebis meSveobiT xdeba daskvne-
bis gamotana B0 da B1 parametrebis Sesaxeb.
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kriteriumi 1. martiv hipoTezaTa Semowmebis algoriTmi

wrfivi regresiis Bj (j = 0, 1) koeficientis Sesaxeb

hipoTeza: H0 : Bj = B0
j

alternatiuli hipoTeza: H1 : Bj 6= B0
j

mniSvnelovnobis done: α

kriteriumis statistika(testis statistika): Tbj
= bj−B0

j

Sbj
∼ t(n− 2)

alternativa: kritikuli are U1 ( H0-is uaryofis are )

H1 : |tbj | > tn−k−1, α
2

gadawyvetileba: Tu Tbj ∈ U1, H0 hipoTezas uarvyofT, winaaR-
mdeg SemTxvevaSi H0-is uaryofis safuZveli ar gvaqvs.

SeniSvna 4. Bj-isTvis 1−α donis ndobis intervals aqvs Semdegi
saxe

(bj + Sbj tn−2, α
2
, bj − Sbj tn−2, α

2
).

SeniSvna 6. wrfivi regresiis analizis Casatareblad, iseve ro-
gorc mravlobiTi regresiis analizisas, gamoiyeneba EXCEL-is sta-
tistikuri funqcia Tools | Data Analysis | Regression. misi daxasia-
Teba mocemulia Semdgom paragrafSi.

SeviswavloT Semdegi sakiTxi: Rogor movaxdinoT prognozireba
da rogor gavakeToT statistikuri daskvnebi wrfivi regresiis sa-
SualebiT?

TavisTavad
Ŷ (x∗) = b0 + b1x

∗

ar iZleva aranair informacias, Tu ra sizustiT iyo Sefasebuli
WeSmariti regresiis wrfe da ra sizustiT iyo prognozirebuli x∗-
is Sesabamisi Ŷ (x∗) sidide. am informaciis mopoveba SesaZlebelia
Y (x∗)-sTvis saprognozo intervalis agebis meSveobiT, romelic mo-
cemulia Semdeg TeoremaSi.

Teorema 3. Semdegi saxis intervali

(
Ŷ (x∗)− tn−2, α

2
S

√
1
n

+
(x∗ − (x))2∑n
i=1 x2

i − nx2 + 1;
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Ŷ (x∗) + tn−2, α
2
S

√
1
n

+
(x∗ − (x))2∑n
i=1 x2

i − nx2 + 1
)

warmoadgens Y (x∗)-sTvis 1− α donis saprognozo intervals, sadac

S =

√
SSE

n− 2
=

√∑n
i=1(Ŷi − Y

n− 2
.

e.i.

P ({ω : Ŷ (x∗)− tn−2, α
2
S

√
1
n

+
(x∗ − (x))2∑n
i=1 x2

i − nx2 + 1 <

< Y (x∗; ω) < Ŷ (x∗) + tn−2, α
2
S

√
1
n

+
(x∗ − (x))2∑n
i=1 x2

i − nx2 + 1|) = 1− α.

SeniSvna 6. SSE, SST da SSR sidideebis mniSvnelobebis povna
SegviZlia EXCEL-is statistikuri funqciis Regression-is saSuale-
biT. maTi mniSvnelobebi moicema amonabeWdis blokSi dasaxelebiT
ANOV A.

wrfivi analizis bolo stadiaze unda Catardes naSTTa analizi.

gansazRvreba 7. (ei)1≤i≤n = (Yi−Ŷi)1≤i≤n sidideebs, sadac (Yi)1≤i≤n

aris SerCeviTi mniSvneloba, xolo ̂(Yi)1≤i≤n aris prognozirebuli
mniSvnelobebi, ewodeba naSTebi.

SeniSvna 7. (ei)1≤i≤n SeiZleba CaiTvalos (εi)1≤i≤n Secdomebis
dakvirvebul mniSvnelobebad, Tu modeli sworadaa SerCeuli.

Cveni ZiriTadi daSvebeba mdgomareobda SemdegSi, rom (εi)1≤i≤n iyo
damoukidebel (0, σ2)-parametrian normalur SemTxveviT sidideTa mim-
devroba.

es daSveba metad mniSvnelovania ucnobi regresiis koeficiente-
bisa da modelis vargisianobis Sesaxeb daskvnebis gamosatanad. Tu
modeli sworadaa SerCeuli, maSin naSTebi unda avlendes Tvisebebs,
romlebic daadasturebda Cvens mier iRebul daSvebebs.

naSTTa analizis amocanaa Semowmdes is ZiriTadi daSvebebi, romel-
zedac iyo ganxorcielebuli gamoTvlebi. es ZiriTadi daSvebebia:

1) regresiis mrudi wrfea;
2) gadaxraTa lodinebi nulis tolia yvela SerCevisaTvis;
3) gadaxraTa dispersiebi mudmivia yvela SerCeviaTvis;
4) gadaxrebi damoukidebelia SerCevis elementis nomerze;
5) gadaxrebi ganawilebulia normalurad.

naSTTa analizi xorcieldeba grafikulad.

diagnostikuri grafikebis saxeebia:
a) droze damokidebulebis grafiki.
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vagebT wertilebs (xi, ei)1≤i≤n. Tu wertilebi daaxloebiT erT-
nairadaa ganawilebuli OX RerZis wertilebis gaswvriv, unda CavT-
valoT rom yvela daSveba Sesrulebulia.

Tu (εi)1≤i≤n-is dispersiebi (σi)1≤i≤n ar aris damokidebuli maT in-
deqsebze, maSin naSTebi arian ganlagebuli zolSi.

Tu darRveulia regresiis mrudis wrfivobis daSveba, maSin naSTebi
iqnebian ganlagebuli simetriulad arawrfivi mrudis gaswvriv.

Tu darRveulia daSveba σ2-is mudmivobis Sesaxeb, maSin (xi, |ei|)1≤i≤n

ar iqnebian "daaxloebiT" ganlagebuli OX RerZis paraleluri raime
wrfis gaswvriv.

b) prognozirebaddarealur mniSvnelobaTa x-ze damoki-
debulebis grafikebi.

vagebT wertilebs (xi, Yi)1≤i≤n da (xi, Ŷi)1≤i≤n. Tu prognozireba
kargia, maSin (Yi− Ŷi)1≤i≤n sidideebis modulebis maqsimumi unda iyos
mcire sidide.

g) normaluri albaTobis grafikebi (e∗i )1≤i≤n sidideebisaT-
vis.

es grafiki saSualebas iZleva Semowmdes Secdomebis normaluro-
bis hipoTeza. misi agebis wesi Semdegia: unda moiZebnos standartuli
normaluri ganawilebis 100(i−0, 5)/n procentuli wertili zi yoveli
1 ≤ i ≤ n ricxvisaTvis, e.i.

zi = Φ−1(100(i− 0, 5)/n).

amasTan (e∗i )1≤i≤n dakvirvebuli mniSvnelobebisagan unda SevadginoT
variaciuli mwkrivi

e∗(1), · · · , e∗(n).

vinaidan (ei)1≤i≤n arian (εi)1≤i≤n dakvirvebuli mniSvnelobebi,amitom
Tu εi ∼ N(0, σ2), maSin wertilebi (zi, e

∗
(i))1≤i≤n unda ganlagdnen y = x

wrfis maxloblad.

SeniSvna 8. (ei)1≤i≤n rom CaiTvalos (εi)1≤i≤n Secdomebis dakvirve-
bul mniSvnelobebad anu rom Semowmdes wrfivi regresiis modelis
vargisianoba, unda Semowmdes hipoTeza (ei)1≤i≤n sidideebis maTem-
atikuri lodinis nulTan tolobis Sesaxeb, im daSvebiT rom maTi
dispersiebi tolia da ucnobi.

ganvixiloT Semdegi magaliTi

magaliTi 1. kavkasionis samxreT ferdze Seswavlilia naxSirm-
Java hidrokarbonat-ionisa da kaliumis Semcveloba qloriduli na-
triumiani tipis wylebis 34 bunebriv gamosavalSi. am wylebSi hidro-
karbonat-ionisa da kaliumis Semcvelobis mniSvnelobebi (mg/l) mo-
cemulia Semdeg cxrilSi.
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HCO3 3733, 2 2830, 4 3050, 0 976 2488 3294, 4 3538
K 40 12 20 50 22 2, 2 44, 0
HCO3 1586 2464, 4 2076, 8 2200 1878, 8 4587, 2 4928, 8
K 7, 5 16, 5 23, 1 22, 0 78, 0 33, 6 23, 1
HCO3 4636 8174 6517, 8 3806, 4 7539, 6 1110, 2 2440
K 37 52 47 28 72 150 23
HCO3 1274, 9 713, 7 5075, 2 3708 4636 2537 1586
K 8, 5 3, 7 30, 0 23, 0 59, 4 18, 7 7, 8
HCO3 3977, 2 8199, 6 7100, 4 55416, 8 5721, 8 2074
K 2, 1 45, 6 57, 2 46 117, 0 14

.

a) vipovoT wrfivi regresiis gantolebis Sefaseba.
b) rogori iqneba naxSirmJava hidrokarbonat-ionisa Semcvelobis

saprognozo mniSvneloba erTlitra wyalSi, Tu kaliumis Semcvelo-
ba 1 litra wyalSi 16 miligramis tolia ?

g) avagoT 0, 95 donis ndobis intervalebi B0 da B1 koeficiente-
bisaTvis;

d) avagoT Y (16)-isTvis 0, 95 donis saprognozo intervali.

amoxsna. Y -iT avRniSnoT 1 litra wyalSi HCO3-naxSirmJava
hidrokarbonat-ionis Semcveloba miligramebSi, xolo X-iT avRniS-
noT 1 litra wyalSi K-kaliumis Semcveloba.

a) EXCEL-is statistikuri funqciebis saSualebiT viTvliT

b0 = INTERCEPT (y1 : yn; x1 : xn) = 3996, 844345

da
b1 = SLOPE(y1 : yn;x1 : xn) = 32, 3494274.

wrfivi regresiis gantolebas aqvs saxe

y = 32, 3494274x + 3996, 844345

b) EXCEL-is statistikuri funqciis FORECAST -is saSualebiT
viTvliT

FORECAST (16; y1 : y34;x1 : x34) = 4514, 435184.

amgvarad
Ŷ (16) = 3372, 251774.

daskvna. Tu kaliumis Semcveloba 1 litra wyalSi 16 miligramis
tolia, maSin naxSirmJava hidrokarbonat-ionisa saprognozo Semcvel-
oba erT litra wyalSi iqneba 3372, 251774 miligrami.

g). avagoT 0, 95 donis ndobis intervalebi B0 da B1 koeficiente-
bisaTvis;
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Regression funqciis amonabeWds aqvs Semdegi saxe
SUMMARY OUTPUT

Regression Statistics
Multiple R 0, 112776
R Square 0, 012718
Adjusted R −0, 01813
Standard E 9196, 884
Observations 34

ANOV A

df SS MS F Significance
Regression 1 34867561 34867561 0, 412231 0, 525413
Residual 32 2, 71E + 09 84582680
Total 33 2, 74E + 09

.

Coeff. St. Er t P − v L 95% U 95%
Inter−
cept 3996, 8 2417, 1 1, 653 0, 108 −926, 7 8920, 4
x 32, 349 50, 384 0, 642 0, 525 −70, 28 134, 98

.

Regression funqciis amonabeWdis ANOV A-s blokidan vgebulobT,
rom

0, 95 donis ndobis intervals B0 koeficientisaTvis aqvs saxe

(−926, 706; 8920, 394).

igive amonabedidan vgebulobT, rom 0, 05 mniSvnelovnobis doniT
sarwmunoa hipoTeza rom H0 : B0 = 0; ufro metic, 0, 107999 aris kri-
tikuli done, romelzec naklebi nebismieri mniSvnelovnobis doniT
sarwmunoa igive hipoTeza.

0, 95 donis ndobis intervals B1 koeficientisaTvis aqvs saxe

(−70, 2803; 134, 9791).

igive amonabedidan vgebulobT, rom 0, 05 mniSvnelovnobis doniT sar-
wmunoa hipoTeza rom H0 : B1 = 0; ufro metic, 0, 525413 aris kri-
tikuli done, romelzec naklebi nebismier mniSvnelovnobiT doniT
sarwmunoa igive hipoTeza.
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vinaidan R2 = 0, 012718, amitom totaluri gabnevis mxolod 0, 012718
nawili ixsneba wrfivi regresiis modeliT. amitom aRniSnuli mod-
elis gamoyeneba uvargisia. saWiroa sxva modelis ganxilva.

d) avagoT Y (16)-isTvis 0, 95 donis saprognozo intervali.
vpoulobT

S2 =
SSE

n− 2
=

SSE

32
=

2710000000
32

= 84687500.

S =
√

84687500 = 9202, 58116.

t32;0,025 = TINV (0, 05; 32) = 2, 036931619.

axla gamovTvaloT

x = AV ERAGE(x1 : x34) = 36, 35294118.

n∑

i=1

x2
i = SUMPRODUCT (x1 : x34;x1 : x34) = 78250, 96;

Ŷ (16) = 4514, 435184.

axla gamovTvaloT

t32;0,025S

√
1
34

+
16− 36, 35294118

78250, 96− 34× (36, 35294118)2
+ 1 = 19013, 04938

amgvarad, 0, 95 donis saprognozo intervals Ŷ (16) sididisaTvis
eqneba Semdegi saxe

(4514, 435184− 19013, 04938; 4514, 435184 + 19013, 04938) =

= (−14498, 6142; 23527, 48456).

savarjiSoebi

2.7.1. miRebulia (X,Y ) SemTxveviT veqtorze dakvirvebis Sedegad
20-is toli moculobis SerCeva
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Y 3733, 2 2830, 4 3050, 0 976 2488 3294, 4 3538 4636
X 40 12 20 50 22 2, 2 44, 0 59, 4
Y 1586 2464, 4 2076, 8 2200 1878, 8 4587, 2 4928, 8 3977, 2
X 7, 5 16, 5 23, 1 22, 0 78, 0 33, 6 23, 1 2, 1
Y 2537 1586 8199, 6 7100, 4
X 18, 7 7, 8 45, 6 57, 2

.

vipovoT
a) wrfivi regresiis gantoleba;
b) Y -is mniSvneloba x = 80 wertilSi.
(y = 16, 0693569x + 2423, 225056; y(80) = 3708, 773608.)

2.7.2. miRebulia (X, Y ) SemTxveviT veqtorze dakvirvebis Sedegad
20-is toli moculobis SerCeva

Y 733, 2 830, 4 50, 0 76 488 294, 4 538 636 537
X 40 12 20 50 22 2, 2 44, 0 59, 4 18, 7
Y 586 464, 4 076, 8 200 878, 8 587, 2 928, 8 977, 2 199, 6
X 7, 5 16, 5 23, 1 22, 0 78, 0 33, 6 23, 1 2, 1 45, 6
Y 586 100, 4
X 7, 8 57, 2

.

vipovoT
a) wrfivi regresiis gantoleba;
b) Y -is mniSvneloba x = 80 wertilSi.
(y = −1, 851252467x + 592, 5706221; y(80) = 444, 4704248.)
2.7.3. miRebulia (X, Y ) SemTxveviT veqtorze dakvirvebis Sedegad

20-is toli moculobis SerCeva

Y 0 830, 4 0 76 0 294, 4 0 636 0 586
X 40 12 20 50 22 2, 2 44, 0 59, 4 18, 7 7, 8
Y 0 464, 4 0 200 0 587, 2 0 977, 2 0 100, 4
X 7, 5 16, 5 23, 1 22, 0 78, 0 33, 6 23, 1 2, 1 45, 6 57, 2

.

vipovoT
a) wrfivi regresiis gantoleba;
b) Y -is mniSvneloba x = 80 wertilSi.
(y = −5, 097448348x + 386, 6793897; y(80) = −21, 11647813.)
2.7.4. miRebulia (X, Y ) SemTxveviT veqtorze dakvirvebis Sedegad

20-is toli moculobis SerCeva
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Y 1 830, 4 2 76 3 294, 4 4 636 5 586
X 40 12 20 50 22 2, 2 44, 0 59, 4 18, 7 7, 8
Y 6 464, 4 7 200 8 587, 2 9 977, 2 10 100, 4
X 7, 5 16, 5 23, 1 22, 0 78, 0 33, 6 23, 1 2, 1 45, 6 57, 2

.

vipovoT
a) wrfivi regresiis gantoleba;
b) Y -is mniSvneloba x = 80 wertilSi.
(y = −5, 061320644x + 388, 3730156; y(80) = −16, 53263589.)

§ 2.8. mravlobiTi wrfivi regresiis
modeli.

Semdeg models

Y (x1, · · · , xn, ω) = B0 + B1x1 + · · ·+ Bkxk + ε(ω),

sadac (x1, · · · , xk) ∈ Rk,ε :→ R (0, σ2) parametrebiani normalurad ganaw-
ilebuli SemTxveviTi sidideebia da B0, B1, · · · , Bk ucnobi koeficien-
tebia, ewodeba mravlobiTi wrfivi regresiis modeli. amasTan x1, · · · , xk

cvladebs uwodeben amxsnel cvladebs an prediqtorebs, anda regre-
sorebs. xolo ε-s ewodeba SeSfoTeba("TeTri xmauri"), romelsac moixse-
nieben rogorc WeSmarit gadaxras anu Secdomas.

vTqvaT, Y sidideze Rk sivrcis sxvadasxva wertilebSi n cali
dakvirvebis Sedegia

Y1 = B0 + B1x
(1)
1 + · · ·+ Bkx

(1)
k + ε1(ω),

Y2 = B0 + B1x
(2)
1 + · · ·+ Bkx

(2)
k + ε2(ω),

· · ·
Yn = B0 + B1x

(n)
1 + · · ·+ Bkx

(n)
k + εn(ω),

sadac (εk)1≤k≤n aris damoukidebel (0, σ2)-parametrebian normalu-
rad ganawilebul SemTxveviT sidideTa mimdevroba.

gansazRvreba 1. y = b0+b1x1+· · · bkxk wrfiv funqcias ewodeba um-
cires kvadratTa meTodiT miRebuli mravlobiTi wrfivi regresiis
gantoleba, Tu

F (b0, b1, · · · , bk) =
n∑

i=1

(yi − (b0 +
k∑

j=1

bjxj))2 = min{
n∑

i=1

(yi − (c0+
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k∑

j=1

cjx
(i)
j ))2 : c0 ∈ R & c1 ∈ R, · · · , ck ∈ R}

= min{F (c0, c1, · · · , ck) : c0 ∈ R & c1 ∈ R, · · · , ck ∈ R}.

SeniSvna 1. F (c0, c1, · · · , ck) funqciis minimumis mosaZebnad gavawar-
mooT es funqcia cj(1 ≤ j ≤ k) cvladebiT da gavutoloT nuls. miviRebT
wrfiv gantolebaTa Semdeg sistemas





−2
∑n

i=1(Yi − (c0 +
∑k

j=1 cjx
(i)
j ) = 0

−2x1

∑n
i=1(Yi − (c0 +

∑k
j=1 cjx

(i)
j ) = 0

· · ·
−2xk

∑n
i=1(Yi − (c0 +

∑k
j=1 cjx

(i)
j ) = 0

.

miRebuli sistemis amoxsniT vRebulobT b0, b1, · · · , bk koeficiente-
bis mniSvnelobebs, romlebic warmoadgenen B0, B1, · · · , Bk sidideebis
umcires kvadratTa meTodiT miRebul Sefasebebs.

gansazRvreba 2. R2 sidides, gansazRvruls pirobiT

R2 =
∑n

i=1(Ŷi − Y )∑n
i=1(Yi − Y )

,

sadac

Yi = B0 + B1x
(i)
1 + · · ·+ Bkx

(i)
k + εi(ω) (1 ≤ i ≤ n),

Y = 1
n

∑n
i=1 Yi,

Ŷi = b0 + b1x
(i)
1 + · · ·+ bkx

(i)
k

ewodeba determinaciis koeficienti. is warmoadgens regresiiT
axsnil gabnevis wils srul gabnevaSi.

magaliTi 1. uZravi qonebis kompaniis agents surs ganWvritos
erTi ojaxisaTvis gankuTvnili sacxovrebeli saxlis gasayidi fasi
Y . gulmodgine gansjis Semdeg man daaskvna, rom saxlis gasayidi
fasi Y dakavSirebulia saxlis x1 farTobTan, misi eqspluataciis
x2 xangZlivobasTan da misi miwis nakveTis x3 farTobTan. man Sea-
grova 10 saxlisaTvis monacemebi, romlebic Tavmoyrilia Semdeg
cxrilSi
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saxlis nomeri Y x1 x2 x3

1 89, 5 20.0 5.0 4.1
2 79, 9 14, 8 10, 0 6, 8
3 83, 1 20, 5 8, 0 6, 3
4 56, 9 12, 5 7, 0 5, 1
5 66, 6 18, 0 8, 0 4, 2
6 82, 5 14, 3 12, 0 8, 6
7 126, 3 27, 5 1, 0 4, 9
8 79, 3 16, 5 10, 0 6, 2
9 119, 9 24, 3 2, 0 7, 5
10 87, 6 20.2 8, 0 5, 1

.

Tu gamoviyenebT statistikur funqcias "regression" aRniSnulcxril-
Si mocemuli monacemebis dasamuSaveblad, miviRebT

SUMMARY OUTPUT

Regression Statistics
Multiple R 0, 96283
R Square 0, 927041
AdjustedR 0, 890562
Standard 7, 061332
Observations 10

ANOV A

df SS MS F Significance
Regression 3 3801, 41 1267, 137 25, 41266 0, 000826
Residual 6 299, 1745 49, 86241
Total 9 4100, 584

.

Coeff. St. Error t− Stat P − value Lower 95% Upper 95%
Inter−
cept −3, 27884 24, 89464 −0, 13171 0, 89952 −64, 1939 57, 6362
x1 3, 523392 0, 914802 3, 851534 0, 008445 1, 28495 5, 761834
x2 −1, 50405 1, 269182 −1, 18505 0, 280801 −4, 60963 1, 601529
x3 5, 89565 1, 748638 3, 371566 0, 015013 1, 616883 10, 17442

.
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Semdgomi analizisaTvis Cven dagvWirdeba Semdegi martivad Sesamowme-
beli Tanafardoba

n∑

i=1

(Yi − Y )2 =
n∑

i=1

(Yi − Ŷ )2 +
n∑

i=1

(Ŷi − Y )2.

SemoviRoT aRniSvnebi
SST =

∑n
i=1(Yi − Y )2(total sum ofsquares);

SSE =
∑n

i=1(Yi − Ŷ )2(error sum of squares);
SSR =

∑n
i=1(Ŷi − Y )2(regression sum of squares).

SevniSnoT, rom
1) SST aris Y -is dakvirvebuli (Yi)1≤i≤n mniSvnelobebis maTi saSu-

alo mniSvnelobidan gadaxrebis kvadratebis sruli jamuri sidide,
romelsac srul variacias uwodeben. amasTan

SST

σ2
∼ χ2(n− 1).

2) SSE aris regresiis mrudis mimarT Y -is mniSvnelobebis gadaxre-
bis kvadratebis gabnevis jamuri sidide. is aris gabnevis is nawili,
romelic aixsneba regresiis saSualebiT da

SSE

σ2
∼ χ2(n− k − 1).

3) SSR sruli gabnevis is nawilia, romelic axsnilia regresiis
sibrtyiT da

SSR

σ2
∼ χ2(k).

gansazRvreba 3. R2 sidides, gansazRvruls pirobiT

R2 = 1− SSE

SST
=

SSR

SST
,

ewodeba mravlobiTi determinaciis koeficienti.
SevniSnoT, rom R2 warmoadgens sruli variaciis im wils, romelic

axsnilia mravlobiTi regresiis modeliT.

gansazRvreba 4. adjusted R2 sidides, gansazRvruls pirobiT

adjusted R2 = 1−
SSE

(n−k−1)

SST
(n−1)

ewodeba Tavisuflebis xarisxebTan SeTanxmebuli determinaciis ko-
eficienti.
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SevniSnoT, rom Tu damoukidebel cvladTa raodenoba k Sedare-
badia n-Tan, R2-is mniSvneloba SeiZleba ararealurad didi gamo-
vides da migviyvanos mcdar daskvnamde. swored am movlenis Tavi-
dan acilebis mizniT aris SemoRebuli adjusted R2 koeficienti. Tu n
mniSvnelovnad didia k-sTan SedarebiT, maSin es orive koeficienti
daaxloebiT tolia. sazogadod adjusted R2 < R2.

gansazRvreba 5. r koeficients, gansazRvruls pirobiT

r =
∑n

i=1(Yi − Y )(Ŷi − Y )√∑n
i=1(Yi − Y )2

√∑n
i=1(Ŷi − Y )2

,

ewodeba mravlobiTi korelaciis koeficienti.

SevniSnoT, rom mravlobiTi korelaciis koeficienti r warmoad-
gens SerCeviTi korelaciis koeficients Y da Ŷ SemTxveviT sidideebs
Soris.

marTebulia Semdegi debuleba.

Teorema 1. determinaciis koeficienti R2 SerCeviTi mravlo-
biTi korelaciis koeficientis kvadratis tolia, e.i., R2 = r2.

mravlobiTi regresiis modelSi R2 = 0, 927041, rac niSnavs rom
saxlis fasis variaciis 92.70% aixsna sami damoukidebeli cvladiT
da auxsneli darCa mxolod 7.30%.

modelis vargisianobis Semowmebis pirveli xerxi. mravlo-
biTi regresiis vargisianobis Semowmeba mdgomareobs

H0 : B1 = B2 = · · · = Bk = 0

hipoTezis SemowmebaSi

H1 : erTi mainc Bi 6= 0, i = 1, · · · , k
alternativis winaaRmdeg.

H0 hipoTezis Sesamowmeblad gamoiyeneba F statistika, gansazRvruli
Semdegi formuliT:

F =
SSR

k
SSE

n−(k+1)

.

SevniSnoT, rom H0 hipoTezis samarTlianobisas F statistikas aqvs
fiSeris ganawileba k da n− (k + 1) Tavisuflebis xarisxebiT:

F ∼ F(k,n−(k+1)).
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kompiuteruli amonabedis meore bloki (ANOV A) warmoadgens dis-
persiuli analizis cxriliT gansazRvruli sidideebis Semdeg ricxviT
mniSvnelobebs

ANOV A

wyaro Tavisuf. kvad. saSual.kvad. F (t) P (F > f |H0)
xarisxi jami mniSvneloba
df SS MS

regresia k SSR MSR = SSR
k F = MSR

MSE

Secdoma n− k − 1 SSE MSE = SSE
(n−k−1)

sul n− 1 SSY

SeniSvna 1. kompiuteruli amonabeWdis meore blokSi F statis-
tikis ricxviTi mniSvneloba f = 25, 41266 aRniSnulia didi F asoTi.

kompiuteruli amonabeWdis meore blokSi bolo svetSi miTiTebu-
lia α = P{F > f |H0}-is ricxviTi mniSvneloba 0, 000826 anu miTiTe-
bulia mniSvnelovnobis is minimaluri done, romliTac arsebuli
monacemebis safuZvelze xdeba H0 hipoTezis uaryofa.

statistikuridaskvnebi modelis parametrebis Sesaxeb. Tu
H0 hipoTeza dawunebulia, maSin vamowmevT hipoTezas calkeuli re-
gresiis koeficientis nulTan tolobis Sesaxeb.

amrigad, yoveli j-sTvis (j = 1, · · · , k) Sesamowmebelia

H0 : Bj = 0

hipoTeza
H1 : Bj 6= 0

alternativis winaaRmdeg. am SemTxvevaSi testis statistikaa

Tbj =
bj

Sbj

,

romelic nulovani hipoTezis samarTlianobisas ganawilebulia stiu-
dentis kanoniT n− (k + 1) Tavisuflebis xarisxiT.

amitom α mniSvnelovnobis doniT gadawyvetilebis miRebis wesi
Semdegia:

uarvyobT H0 − s, Tu |tbj | > tn−k−1, α
2
,
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sadac tn−k−1, α
2
stiudentis t(n−k−1) ganawilebis zeda α

2 kritikuli
mniSvnelobaa.

(1−α) donis ndobis intervali regresiis bj koeficientebisaTvis
Semdegia

(bj − sbj
· tn−k−1, α

2
; bj + sbj

· tn−k−1, α
2
), j = 1, · · · , k.

amonabeWdis mesame blokidan viRebT informacias ucnobi regre-
siis Sefasebis Sesaxeb; pirvel svetSi mocemulia b0, b1, b2, b3 Sefase-
bebi, meoreSi -maTi standartuli gadaxrebi sb0 , sb1 , sb2 , sb3 . me-3 svetSi
mocemulia Tbj

= bj

Sbj
(j ∈ 0, 3) statistikis dakvirvebuli mniSvnelo-

bebi. meoTxe svetSi mocemulia Tbj
statistikis ricxviTi mniSvnelo-

bis safuZvelze gansazRvruli P mniSvnelobebi Sesabamisi hipoTeze-
bis Sesamowmeblad, xolo bolo or svetSi miTiTebulia 95%-iani
ndobis intervalebi Bj-saTvis.

1. b0 = −3.27884 mniSvneloba miuTiTebs saSualo gasayid fass,
roca X1 = X2 = X3 = 0 da misi interpretacia azrs moklebulia.
b1 = 3.523392 mniSvneloba miuTiTebs imaze, rom farTobis yoveli da-
matebiTi erTeulisaTvis saxlis gasayidi fasi izrdeba saSualod
35233 dolariTa da 92 centiT; b3 = −1, 50405 miuTiTebs imaze rom
saxlisa eqspluataciis yoveli damatebiTi wlisaTvis saxlis fasi
iklebs 15040 dolariTa da 50 centiT. b3 = 5, 89565 ki miuTiTebs imaze,
rom miwis nakveTis yoveli damatebiTi 100 kv.metrisTvis saxlis fasi
izrdeba 58956 dolariTa da 50 centiT (igulisxmeba, rom gamoyofilis
garda yvela danarCeni faqtoris mniSvneloba fiqsirebulia).

2. kompiuteruli amonabeWdis safuZvelze, testis statistikis
T0 = b0

Sb0
dakvirvebuli mniSvnelobaa t0 = −0, 13171, xolo P mniSvnelo-

baa 0, 89952. es niSnavs, rom nulovani hipoTezis uaryofa xdeba mniSvne-
lovnobis mxolod iseTi α doniT, romelic aranaklebia 0, 89952-ze.
vinaidan α = 0, 05 < 0, 89952, mniSvnelovnobis α = 0, 05 doniT miiReba
H0 hipoTeza.

kompiuteruli amonabeWdis safuZvelze, testis statistikis T1 =
b1

Sb1
dakvirvebuli mniSvnelobaa t1 = 3, 851534, xolo P mniSvnelobaa

0, 008445. es niSnavs, rom nulovani hipoTezis uaryofa xdeba mniSvne-
lovnobis mxolod iseTi α doniT, romelic aranaklebia 0, 008445-ze.
mniSvnelovnobis α = 0, 05 doniT, vinaidan α = 0, 05 > 0, 008445, H0

hipoTezas uarvyobT.
b2-is SemTxvevaSi, mniSvnelovnobis α = 0, 05 doniT, vinaidan α =

0, 05 < 0, 280801, H0 hipoTeza miiReba.
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b3-is SemTxvevaSi, mniSvnelovnobis α = 0, 05 doniT, vinaidan α =
0, 05 > 0, 015013, xdeba H0 hipoTezis uaryofa H1 hipoTezis sasarge-
blod.

modelis vargisianobis Semowmebis meore xerxi. vinaidan
b0, · · · , bn koeficientebi warmoadgenen B0, · · · , Bn koeficientebis "karg"
Sefasebebs, amitom modelis vargisianobis SemTxvevaSi sidideebi

Y1 − b0 + b1x
(1)
1 + · · ·+ bkx

(1)
k ,

Y2 − b0 − b1x
(2)
1 − · · · − bkx

(2)
k ,

· · ·
Yn − b0 − b1x

(n)
1 − · · · − bkx

(n)
k ,

unda warmoadgendes (0, σ2)-parametrebian normalurad ganawile-
buldamoukidebel SemTxveviT sidideebze dakvirvebis Sedegebs. vina-
idan dispersia σ2 aris ucnobi, amitom unda Semowmdes hipoTeza maTi
maTematikuri lodinebis nulTan tolobis Sesaxeb. Tu Semowmebis
Sedegad aRniSnuli hipoTeza iqneba miRebuli, maSin es argumenti am-
agrebs Cvens daSvebas mravlobiTi wrfivi regresiis modelis var-
gisianobis Sesaxeb.

savarjiSoebi
2.8.1. agronoms surs daadginos sxvadasxva nakveTis mosavlianobis

Seswavla. gulmodgine gansjis Semdeg man daaskvna, rom nakveTis
mosavlianoba Y dakavSirebulia mis X1 farTobTan, mis eqspluat-
aciis X2 xangZlivobasTan da misi gamdidrebisaTvis gamoyenebuli
sxvadasxva sasuqebis X3 raodenobasTan. man Seagrova 10 nakveTisaTvis
monacemebi, romlebic Tavmoyrilia Semdeg cxrilSi

nakveTis nomeri Y x1 x2 x3

1 88, 5 21.0 5.0 6.1
2 79, 9 14, 8 11, 0 6, 8
3 82, 1 21, 5 8, 0 6, 3
4 56, 9 12, 5 8, 0 5, 1
5 66, 6 18, 0 8, 0 4, 2
6 82, 5 15, 3 12, 0 8, 6
7 136, 3 28, 5 1, 0 4, 9
8 79, 3 16, 5 10, 0 6, 2
9 109, 9 24, 3 2, 0 7, 5
10 87, 6 24.2 8, 0 5, 1

.

agronoms ainteresebs Y faqtoris X1, X2 da X2 faqtorebze damokide-
bulebis Seswavla.

gamoviyenebT statistikur funqcia "regression" aRniSnulcxrilSi
mocemuli monacemebis dasamuSaveblad da gavakeToT Sesabamisi das-
kvnebi.

2.8.2. agronoms surs daadginos sxvadasxva nakveTis mosavlianoba.
man daaskvna, rom nakveTis mosavlianoba Y dakavSirebulia mis x1
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farTobTan, mis eqspluataciis x2 xangZlivobasTan da wlis ganmavlo-
baSi mis gamdidrebisaTvis gamoyenebuli sxvadasxva sasuqebis x3 rao-
denobasTan. man Seagrova 9 nakveTisaTvis monacemebi, romlebic Tav-
moyrilia Semdeg cxrilSi

nakveTis nomeri Y x1 x2 x3

1 88, 5 21.0 5.0 6.1
2 79, 9 14, 8 11, 0 6, 8
3 82, 1 21, 5 8, 0 6, 3
4 56, 9 12, 5 8, 0 5, 1
5 66, 6 18, 0 8, 0 4, 2
6 82, 5 15, 3 12, 0 8, 6
7 136, 3 28, 5 1, 0 4, 9
8 79, 3 16, 5 10, 0 6, 2
9 109, 9 24, 3 2, 0 7, 5

.

agronoms ainteresebs Y faqtoris x1, x2 da x2 faqtorebze damokide-
bulebis Seswavla.

gamoviyenebT statistikur funqcia "regression" aRniSnulcxrilSi
mocemuli monacemebis dasamuSaveblad da gavakeToT Sesabamisi das-
kvnebi.

2.8.3. menejers ainteresebs mesaqonleobis Y rentabelobis(%-Si)
erT sul saqonelze daxarjul x1 sakvebsa (sakvebis pirobiT erTeu-
lebSi) da amave saqonlisagan miRebul x2 produqciaze (gamosaxuli
larebSi) damokidebulebis Seswavla. man Seagrova 10 sxvadasxva mecx-
oveleobis fermaSi monacemebi, romlebic Tavmoyrilia Semdeg cxril-
Si

fermis nomeri Y x1 x2

1 112 470 390
2 105 400 380
3 114 480 430
4 97 510 400
5 95 410 360
6 94 380 370
7 100 400 350
8 94 460 350
9 102 380 360
10 104 500 400

.

menejers ainteresebs Y faqtoris X1 da X2 faqtorebze damokide-
bulebis Seswavla.

gamoviyenebT statistikur funqcia "regression" aRniSnulcxrilSi
mocemuli monacemebis dasamuSaveblad da gavakeToT Sesabamisi das-
kvnebi.

2.8.4. Semdeg cxrilSi Setanilia manqanaTmSenebeli qarxnis 10 sx-
vadasxva Camomsxmel saamqroSi aRebuli 1 tona odenobis Camosxmul
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liTonis detalTa Y TviTRirebulebis (larebSi), Camosxmuli wun-
debuli detalebis X1 raodenobisa (gamosaxuli %-Si) da erTi muSis
mier Camosxmuli detalebis X2 raodenobis(tonebSi) monacemebi.

saamqros nomeri Y x1 x2

1 239 4, 2 14, 6
2 254 6, 7 13, 5
3 262 5, 5 21, 6
4 251 7, 7 17, 4
5 158 1, 2 44, 8
6 101 2, 2 111, 9
7 259 8, 4 20, 1
8 186 1, 4 28, 1
9 204 4, 2 22, 3
10 198 0, 9 25, 3

.

manqanaTmSenebeli qarxnis direqtors ainteresebs Y faqtoris x1 da
x2 faqtorebze damokidebulebis Seswavla.

gamoviyenebT statistikur funqcia "regression" aRniSnulcxrilSi
mocemuli monacemebis dasamuSaveblad da gavakeToT Sesabamisi das-
kvnebi.

§ 2.9. erTfaqtoriani dispersiuli
analizi

vTqvaT, raime faqtoris i-uri donisaTvis yij warmoadgens j-uri
gazomvis mniSvnelobas (j = 1, · · · , ni; i = 1, · · · , k). i-uri donis Sesabamisi
ni cali gazomvis Sedegebs vuwodoT jgufi. cxadia, rom n1+· · ·+nk =
n.

Cveni daSvebis Tanaxmad

Yij = βi + εij , i = 1, · · · , k, j = 1, · · · , ni,

sadac βi (i = 1, · · · , k) ucnobi mudmivebia, xolo εij damoukidebeli
normalurad ganawilebuli SemTxveviTi sidideebia nulovani saSu-
aloTi da erTnairi, magram ucnobi σ2 dispersiiT.

monacemebis saSualebiT unda Semowmdes rTuli hipoTeza

H0 : β1 − βk = β2 − βk = · · · = βk−1 − βk = 0.

(e.i. yvela βi erTmaneTis tolia, magram maTi saerTo mniSvneloba araa
fiqsirebuli; Tu es hipoTeza samarTliania, maSin yvela n dakvirve-
bas aqvs erTi da igive maTematikuri lodini.)
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alternativas warmoadgens Semdegi winadadeba:
H1 : βi−βj sxvaoba gansxvavebulia nulisagan romelime erTi mainc

i, j wyvilisaTvis.
SemoviRoT aRniSvnebi

Y i∗ =
1
ni

ni∑

j=1

Yij ,

Y ∗∗ =
1
n

k∑

i=1

ni∑

j=1

Yij =
1
k

k∑

i=1

niY i∗.

marTebulia Semdegi debuleba.

Teorema 1. adgili aqvs Semdeg dispersiul Tanafardobas

k∑

i=1

ni∑

j=1

(Yij − Y ∗∗)2 =
k∑

i=1

ni∑

j=1

(Yij − Y i∗)2 +
k∑

i=1

ni(Yi∗ − Y ∗∗)2

damtkiceba. SevniSnoT, rom

k∑

i=1

ni∑

j=1

(Yij − Y i∗)(Y i∗ − Y ∗∗) =

k∑

i=1

(Y i∗ − Y ∗∗)
ni∑

j=1

(Yij − Y i∗) =

k∑

i=1

(Y i∗ − Y ∗∗)(niY i∗ − niY i∗) = 0.

amitomac vRebulobT

k∑

i=1

ni∑

j=1

(Yij − Y ∗∗)2 =
k∑

i=1

ni∑

j=1

(Yij − Y i∗ + Y i∗ − Y ∗∗)2

k∑

i=1

ni∑

j=1

(Yij − Y i∗)2 + 2
k∑

i=1

ni∑

j=1

(Yij − Y i∗)(Y i∗ − Y ∗∗)+

k∑

i=1

ni∑

j=1

(Y i∗ − Y ∗∗)2 =
k∑

i=1

ni∑

j=1

(Yij − Y i∗)2+

k∑

i=1

ni(Y i∗ − Y ∗∗)2.
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Teorema 1 damtkicebulia.

moviyvanoT Teorema 1-is geometriuli interpretacia. am mimar-
TulebiT Cven dagvWirdeba zogierTi gansazRvreba da damxmare de-
buleba.

gansazRvreba 1. Tu wertili A aris aRWurvili mA masiT, maSin
oreuls (A,mA) vuwodoT materialuri wertili.

gansazRvreba 2. ori (A, mA) da (B, mB) wertilebis simZimis
centri (baricentri) vuwodoT iseT mesame C wertils ganlagebuls
(A;B) monakveTze, romelic akmayofilebs Semdeg pirobas

mA × |AC| = mB × |CB|.

Tu materialur wertilTa

(A1,mA1), · · · , (An−1,mAn−1)

simravlisaTvis gansazRvrulia maTi baricentri Cn−1, maSin Cn gan-
vsazRvroT rogorc ori materialuri wertilis (Cn−1,mA1 + · · · +
mAn−1) da (An, mAn) baricentri.

Tu Cn baricentrSi movaTavsebT n materialuri wertilis mTel
masas mA1 +· · ·+mAn , maSin amdagvarad miRebul materialur wertils

(Cn,mA1 + · · ·+ mAn)

ewodeba mocemul materialur wertilTa

(A1,mA1), · · · , (An,mAn)

gaerTianeba anu materialuri centri.

daumtkiceblad moviyvanoT baricentris Semdegi Tvisebebi:
1) materialur wertilTa yoveli sasruli sistemisaTvis arse-

bobs baricentri;
2) baricentris sistema araa damokidebuli imaze Tu ra rigiT

movaxdenT materialuri wertilebis gaerTianebas (Teorema baricen-
tris erTaderTobis Sesaxeb);

3) materialuri wertilebis baricentris mdgomareoba ar Seicvle-
ba, Tu zogierT materialur wertilebs SevcvliT maTi materialuri
centriT( Teorema materialuri wertilebis dajgufebis SesaZle-
blobis Sesaxeb).

gansazRvreba 3. n-cali materialuri wertilis

(A1,mA1), · · · , (An,mAn)
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inerciis momenti S wertilis mimarT ewodeba IS sidides, gansazRvruls
pirobiT

IS = mA1 × |A1S|2 + · · ·+ mAn
× |AnS|2 =

n∑

k=1

mAk
× |AkS|2.

marTebulia Semdegi debuleba.

Teorema 2 (lagranJi). S wertilis mimarT materialur wertilTa

(A1,mA1), · · · , (An, mAn
)

inerciis momenti IS tolia tolia IZ da I sidideebis jamisa, sadac
IZ aris inerciis momenti Z baricentris mimarT, xolo I aris mate-
rialuri centris inerciis momenti S wertilis mimarT,e.i.

IS = IZ + (mA1 + · · ·+ mAn)× |SZ|2.
ganvixiloT n-cali materialuri wertili (Yij ,

1
ni

) (j = 1, · · · , ni; i =
1, · · · , k).

S-is rolSi ganvixiloT Y ∗∗.
Zi-is rolSi ganvixiloT faqtoris iuri donis jgufis

(Yij ,
1
ni

) (j = 1, · · · , ni)

materialur wertilTa baricentri Y i∗.
lagranJis Teoremis Tanaxmad vRebulobT

ni∑

j=1

1
ni

(Yij − Y ∗∗) =
ni∑

j=1

1
ni

(Yij − Y i∗)+

(
ni∑

j=1

1
ni

)(Y ∗∗ − Y i∗)2 =
ni∑

j=1

1
ni

(Yij − Y i∗) + (Y ∗∗ − Y i∗)2.

miRebuli tolobis orive mxaris ni-ze gadamravlebiT da i-s mi-
marT ajamviT miviRebT

k∑

i=1

ni∑

j=1

(Yij − Y ∗∗)2 =
k∑

i=1

ni∑

j=1

(Yij − Y i∗)2 +
k∑

i=1

ni(Yi∗ − Y ∗∗)2,

rac emTxveva Teorema 1-Si miRebul dispersiul tolobas.

SemoviRoT aRniSvnebi.

SST =
k∑

i=1

ni∑

j=1

(Yij − Y ∗∗)2



196 nawili II. maTematikuri statistika

(SST − total sum of squares)
SST sidide aris Yij mniSvnelobebis maTi saSualo mniSvnelobidan

gadaxrebis kvadratebis jamuri sidide, romelsac sruli variacia
ewodeba. H0 hipoTezis samarTlianobisas SST

n−1 aris ucnobi σ2 dis-
persiis Caunacvlebeli Sefaseba da SST

σ2 SemTxveviTi sididis ganaw-
ilebis kanonia χ2(n− 1).

sidide, gansazRvruli pirobiT

ni∑

j=1

(Yij − Y i∗)2

aris i-uri jgufis mniSvnelobebis amave jgufis saSualo mniSvnelo-
bidan gadaxrebis kvadratebis jami -- i-uri jgufis variacia.

sidide SSW , gansazRvruli pirobiT

SSW =
k∑

i=1

ni∑

j=1

(Yij − Y i∗)2

aris yovelji gufis variaciaTa jami (sum of squares within groups −
SSW ). H0 hipoTezis marTebulobisas SSW

n−k aris ucnobi σ2 dispersiis
Caunacvlebeli Sefaseba. amasTan SSW

σ2 ∼ χ2(n− k).

sidide SSB, gansazRvruli pirobiT

SSB =
k∑

i=1

ni(Yi∗ − Y ∗∗)2,

aris jgufis saSualo mniSvnelobis saerTo saSualodan gadaxris
kvadratebis jami (SSB −− sum of squares between groups). H0 hipoTezis
samarTlianobisas SSB

k−1 aris ucnobi σ2 dispersiis Caunacvlebeli Se-
faseba da SSB

σ2 ∼ χ2(k − 1).

SemoRebuli aRniSvnebis gamoyenebiT, Teorema 1 Caiwereba Semdeg-
nairad

SST = SSW + SSB.

Tu davuSvebT, rom ucnobi σ2 dispersiis aRniSvneli sami Sefaseba
gvaZlevs erTnair ricxviT mniSvnelobas, maSin Cven ar gvaqvs safuZve-
li uarvyoT H0 hipoTeza. Tu dispersiebis Sefasebebi mniSvnelovnad
gansxvavdebian da amasTan SSB

k−1 mniSvnelovnad aWarbebs SSW
n−k -s, maSin

Cven unda uarvyoT H0 hipoTeza, anu unda CavTvaloT, rom zogierTi
donis saSualoebs Soris mniSvnelovani gansxvavebaa.
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SevniSnoT, rom

F =
SSB

k − 1
/SSW

n− k

statistikas H0 hipoTezis samarTlianobis SemTxvevaSi aqvs fiSeris
F ganawileba k − 1 da n− k Tavisuflebis xarisxebiT.

davafiqsiroT mniSvnelovnobis α-done. fiSeris ganawilebis cxri-
lidan vipovoT Fk−1,n−k,α kritikuli wertili. gadawyvetilebis miRe-
bis wesi aseTia: Tu F statistikis dakvirvebuli f -mniSvnelobisaTvis
sruldeba piroba

f > Fk−1,n−k,α,

maSin ar miviRebT H0-s. winaaRmdeg SemTxvevaSi H0-is uaryofis sa-
fuZveli ar gagvaCnia.

magaliTi 1. cxrilSi mocemulia sam Carxze gamoCarxuli stan-
dartuli detalebis zomebis bolo ori aTobiTi niSani. magaliTad,
cxrilis mniSvneloba 83 Seesabameba gamoCarxuli detalis realur
zomas 6, 783, xolo 81 ki detalis realur zomas 6, 781.

I II III
1 83 75 78
2 81 70 76
3 76 72 69
4 88 71 72
5 85 79 80
6 89 73 77

.

dispersiuli analizis meTodis gamoyenebiT α = 0, 05 mniSvnelovno-
bis doniT SevamowmoT Semdegi hipoTeza

H0 : "Carxebi aris erTgvarovani."
amoxsna. EXCEL-is Anova : Single Factor statistikuri funqciis

gamoyenebiT vRebulobT Semdeg cxrils

Anova : Single Factor
SUMMARY

Groups Count Sum Average V ariance
Column 1 6 502 83, 66667 23, 06667
Column 2 6 440 73, 33333 10, 66667
Column 3 6 452 75, 33333 16, 66667

.
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ANOV A

Source of SS df MS F P − value F crit
V ariation
Between 360, 4444 2 180, 2222 10, 72751 0, 001281 3, 682317
Groups
Within 252 15 16, 8
Groups
Total 612, 4444 17

.

CavataroT aRniSnuli monacemebis analizi Carxebis erTgvarovno-
bis Sesaxeb.

cxrilidan vpoulobT, rom

f(= F ) = 10, 72751

xolo fiSeris mniSvnelobaTa cxrilidan vRebulobT

F2;15;0,05(= Fcrit) = 3, 682317.

vinaidan
f(= F ) = 10, 72751 > 3, 682317 = F2;15;0,05,

amitom α = 0, 05 mniSvnelovnobis doniT sarwmunoa daskvna :
Carxebi araa erTgvarovani.

magaliTi 2. erT-erT polimetalur sabadoze madniani ZarRvebi
dakavSirebulia Semcveli qanebis 7 tipTan: 1. kvarcian porcifiriteb-
Tan, 2. TixafiqlebTan, 3. tufitebTan, 4.qviSaqvebTan, 5.albitofireb-
Tan, 6. kirqvebTan da 7. granitebTan. imisaTvis, rom gairkves sakiTxi
madnis moculobiT wonaze Semcveli qanebis gavlenis Sesaxeb, aRe-
bulia sinjebis Svidi seria. yovel seriaSi iyo Svidi sinji (TiTo
seria qanebis yvela tipisaTvis). amrigad aRebulia 49 sinji.

I II III IV V V I V II
1. 2, 95 2, 60 2, 65 2, 55 2, 75 2, 80 2, 60
2. 2, 50 2, 95 2, 75 2, 85 2, 45 2, 50 2, 55
3. 2, 55 2, 70 2, 80 2, 60 2, 90 2, 85 2, 70
4. 2, 80 2, 90 2, 75 2, 65 3, 00 2, 95 2, 70
5. 2, 80 2, 65 2, 60 3, 10 2, 50 2, 95 2, 95
6. 2, 60 3, 25 3, 00 2, 70 3, 00 2, 90 2, 80
7. 2, 75 2, 50 3, 40 3, 10 3, 60 3, 40 3, 15

.

dispersiuli analizis meTodis gamoyenebiT α = 0, 05 mniSvnelovno-
bis doniT SevamowmoT Semdegi hipoTeza
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H0 : "qanebis tipebi gavlenas ar axdenen mis wonaze."

amoxsna.

EXCEL-is Anova : Single Factor statistikuri funqciis gamoyenebiT
vRebulobT Semdeg cxrils

Anova : Single Factor
SUMMARY

Groups Count Sum Average V ariance
Column 1 7 18, 95 2, 707143 0, 02619
Column 2 7 19, 55 2, 792857 0, 06619
Column 3 7 19, 95 2, 850000 0, 07500
Column 4 7 19, 55 2, 792857 0, 052857
Column 5 7 20, 20 2, 885714 0, 148929
Column 6 7 20, 35 2, 907143 0, 071119
Column 7 7 19, 45 2, 778571 0, 044048

.

ANOV A

Source of SS df MS F P − value F crit
V ariation
Between 0, 20051 6 0, 033418 0, 48292 0, 817257 2, 323993
Groups
Within 2, 906429 42 0, 06201
Groups
Total 3, 106939 48

.

CavataroT aRniSnuli monacemebis analizi qanebis wonis identur-
obis Sesaxeb.

cxrilidan vpoulobT, rom

f(= F ) = 0, 48292

xolo fiSeris mniSvnelobaTa cxrilidan vRebulobT

F6;42;0,05(= Fcrit) = 2, 323993.

vinaidan
f(= F ) = 0, 48292 < 2, 323993 = F6;42;0,05,

amitom α = 0, 05 mniSvnelovnobis doniT sarwmunoa daskvna :
"qanebis tipebi gavlenas ar axdenen mis wonaze."
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magaliTi 3. 2006 wlis noemberSi Seswavlilia nataxtaris wyalSi
Semdegi mikroelementebis Semcveloba ( mg/kg):

1. spilenZi- Cu; 2. TuTia-Zn; 3. kadmiumi-Cd; 4. rkina - Fe; 5. magniumi-
Mn; 6. kobalti-Co; 7. nikeli -Ni; 8. tyvia-Pb; 9. liTiumi-Li; 10.
stronciumi-Sc; imisaTvis, rom gairkves sakiTxi wylis moculobiT
wonaze Semcveli mikroelementebis gavlenis Sesaxeb, aRebulia sin-
jebis oci seria. yovel seriaSi iyo aTi sinji(TiTo seria wylis
mikroelementebis yvela tipisaTvis). amrigad aRebulia 200 sinji.

Cu Zn Cd Fe Mn Co Ni Pb Li Sr
1. 5, 0 45, 0 3, 0 0, 0 6, 0 0, 0 2, 0 22, 0 3, 0 100
2. 8, 5 52, 5 4, 0 0, 0 2, 0 0, 0 2, 0 22, 0 2, 5 60
3. 5, 0 55, 0 3, 0 8, 0 2, 0 0, 0 2, 0 14, 0 2, 0 25
4. 1, 5 55, 0 0, 0 8, 0 45, 5 8, 0 2, 0 16, 0 2, 0 25
5. 1, 5 52, 5 0, 0 12, 0 2, 0 4, 0 3, 0 26, 0 3, 5 30
6. 1, 5 52, 5 0, 0 8, 0 2, 0 4, 0 2, 0 30, 0 1, 0 30
7. 3, 0 57, 5 2, 0 8, 0 1, 35 4, 0 3, 0 32, 0 2, 5 45
8. 3, 0 55, 5 2, 0 8, 0 1, 35 4, 0 2, 0 38, 0 3, 0 30
9. 4, 0 55, 5 2, 5 8, 0 2, 0 0, 0 2, 0 30, 0 3, 0 50
10. 3, 0 65, 0 1, 5 8, 0 1, 35 4, 0 2, 0 20, 0 3, 0 45
11. 4, 0 55, 0 4, 5 8, 0 8, 0 2, 0 42, 0 4, 5 3, 0 45
12. 2, 5 50, 0 1, 5 12, 0 2, 65 4, 0 2, 0 40, 0 3, 5 35
13. 3, 0 47, 0 1, 5 0, 0 45, 5 12, 0 6, 0 44, 0 3, 0 40
14. 7, 0 55, 0 2, 0 0, 0 2, 65 8, 0 4, 0 48, 0 3, 5 65
15. 4, 0 55, 0 2, 0 8, 0 5, 55 0, 0 0, 0 2, 0 34, 0 40
16. 12, 5 57, 5 3, 5 8, 0 6, 0 8, 0 3, 0 32, 0 2, 5 40
17. 4, 0 57, 5 2, 5 8, 0 21, 5 4, 0 2, 0 50, 0 3, 0 45
18. 7, 0 52, 5 3, 0 0, 0 14, 5 4, 0 2, 0 32, 0 13, 0 35
19. 7, 0 50, 0 3, 0 8, 0 60, 5 12, 0 3, 0 34, 0 5, 5 55
20. 7, 0 57, 0 3, 5 8, 0 2, 5 0, 0 2, 0 30, 0 5, 0 60

.

dispersiuli analizis meTodis gamoyenebiT α = 0, 05 mniSvnelovno-
bis doniT SevamowmoT Semdegi hipoTeza

H0 : "mikroelementebis tipebi gavlenas ar axdenen wylis wonaze."

amoxsna.

EXCEL-is Anova : Single Factor statistikuri funqciis gamoyenebiT
vRebulobT Semdeg cxrils
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Anova : Single Factor
SUMMARY

Groups Count Sum Average V ariance
Cu 20 94 4, 7 7, 668421
Zn 20 1082, 5 54, 125 17, 94408
Cd 20 45 2, 25 1, 618421
Fe 20 128 6, 4 15, 83158
Mn 20 234, 35 11, 7175 309, 4219
Co 20 88 4, 4 14, 98947
Ni 20 50 2, 5 1, 0000
Pb 20 636 31, 8 100, 1684
Li 20 71, 5 3, 575 5, 980921
Sr 20 900 45 302, 6316

.

ANOV A

Source of SS df MS F P − value F crit
V ariation
Between 68768, 31 9 7640, 924 98, 30655 1, 28E − 66 1, 929426
Groups
Within 14767, 84 190 77, 72548
Groups
Total 83536, 16 199

CavataroT aRniSnuli monacemebis analizi wylis wonis identur-
obis Sesaxeb.

cxrilidan vpoulobT, rom

f(= F ) = 98, 30655

xolo fiSeris mniSvnelobaTa cxrilidan vRebulobT

F9;190;0,05(= Fcrit) = 1, 929426.

vinaidan
f(= F ) = 98, 30655 > 1, 929426 = F9;190;0,05,

amitom α = 0, 05 mniSvnelovnobis doniT sarwmunoa daskvna :
"Cven aranairi safuZveli ara gvaqvs davaskvnaT rom mikroelemente-

bis tipebi gavlenas ar axdenen wylis wonaze."

SeniSvna 1. magaliT 3-Si ganxiluli monacemebi mogvawoda saqarTve-
los teqnikuri universitetis hidrogeologiisa da sainJinro geologiis
kaTedris TanamSromlebma uCa zviadaZem da marina mardaSovam.
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savarjiSoebi

2.9.1. xorblis erTgvarovani da erTi da igive farTobis yanebSi
Seitanes samgvari sasuqi, amasTan S1 tipisa-5 yanaSi, S2 tipisa-7 yanaSi,
xolo S3tipisa-6 yanaSi. mosavlianoba kilogramebSi moyvanilia
Semdeg cxrilSi

S1 S2 S3

781 545 696
655 786 660
611 976 639
789 663 467
596 789 650

569 380
720

.

davuSvebT rom es ricxvebi Yij normalurad ganawilebuli damoukide-
beli SemTxveviTi sidideebis realizaciaa, amasTan MYij = βi, DYij =
σ2. SevamowmoT nulovani hipoTeza

H0 : β1 = β2 = β3

imis Sesaxeb, rom sasuqebi saSualod erTnairad moqmedeben mosavlia-
nobaze

H1 : β2 6= β1 an β3 6= β1

alternativis winaaRmdeg α = 0, 1 mniSvnelovnobis donisaTvis.

2.9.2. mosaxleobis 1000 kacian jgufebSi garkveuli infeqciiT daavade-
bis Tavidan acilebis mizniT Caatares acrebi samgvari tipis vaqcinebis
gamoyenebiT. amasTan S1 tipisa-4 jgufSi, S2 tipisa-7 jgufSi, xolo
S3 tipisa-5 jgufSi. dadebiTi Sedegebi (vinc aicila infeqciiT daavadeba)
jgufebis mixedviT moyvanilia Semdeg cxrilSi

S1 S2 S3

791 645 696
855 886 660
711 976 689
779 693 467

789 690
579
720

.

davuSvebT rom es ricxvebi Yij normalurad ganawilebuli damoukide-
beli SemTxveviTi sidideebis realizaciaa, amasTan MYij = βi, DYij =
σ2. SevamowmoT nulovani hipoTeza

H0 : β1 = β2 = β3



§ 2.9 erTfaqtoriani dispersiuli analizi 203

imis Sesaxeb, rom vaqcinebi saSualod erTnairad moqmedeben infe-
qciis Tavidan acilebaze

H1 : β2 6= β1 an β3 6= β1

alternativis winaaRmdeg α = 0, 05 mniSvnelovnobis donisaTvis.

2.9.3. erT-erT polimetarul sabadoze madniani ZarRvebi dakavSire-
bulia Semcveli qanebis 4 tipTan: 1. kvarcian porcifiritebTan, 2.
TixafiqlebTan, 3. tufitebTan da 4.qviSaqvebTan. imisaTvis, rom gair-
kves sakiTxi madnis moculobiT wonaze Semcveli qanebis gavlenis
Sesaxeb, aRebulia sinjebis Svidi seria. yovel seriaSi iyo oTxi
sinji(TiTo seria qanebis yvela tipisaTvis). amrigad aRebulia 28
sinji.

I II III IV V V I V II
1. 2, 95 2, 60 2, 65 2, 55 2, 75 2, 80 2, 60
2. 2, 50 2, 95 2, 75 2, 85 2, 45 2, 50 2, 55
3. 2, 55 2, 70 2, 80 2, 60 2, 90 2, 85 2, 70
4. 2, 80 2, 90 2, 75 2, 65 3, 00 2, 95 2, 70

.

dispersiuli analizis meTodis gamoyenebiT α = 0, 01 mniSvnelovno-
bis doniT SevamowmoT Semdegi hipoTeza

H0 : "qanebis tipebi gavlenas ar axdenen mis wonaze."

2.9.4. cxrilSi mocemulia sam Carxze gamoCarxuli standartuli
detalebis zomebis bolo ori aTobiTi niSani. magaliTad, cxrilis
mniSvneloba 83 Seesabameba gamoCarxuli detalis realur zomas 6, 783,
xolo 81 ki detalis realur zomas 6, 781.

I II III
1 83 75 79
2 85 81 76
3 76 73 65
4 88 71 71

.

dispersiuli analizis meTodis gamoyenebiT α = 0, 05 mniSvnelovno-
bis doniT SevamowmoT Semdegi hipoTeza

H0 : "Carxebi aris erTgvarovani."
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§ 2.10. sruli orfaqtoriani dispersiuli
analizi
ganvixiloTdispersiuli analizis iseTi amocanebi, romlebSic Sede-
gebze moqmedebs ori faqtori A da B, A faqtors gaaCnia m cali
done, xolo B-s ki k cali done. Sedegebs ganalageben marTkuTxa
cxrilSi. m cali striqoni Seesabameba A faqtoris doneebs, rom-
lebic gadanomrilia i indeqsiT (1 ≤ i ≤ m). k cali striqoni ki
Seesabameba B faqtoris doneebs, romlebic gadanomrilia j inde-
qsiT (1 ≤ j ≤ k).) i-uri striqonisa da j-uri svetis gadakveTaze war-
moiqmneba marTkuTxedi, romelsac vuwodebT (i, j)-ujras. amgvarad
gveqneba sul m × k ujra. yovel ujraSi Caiwereba eqsperimentis
an dakvirvebis Sedegebi, romlebic Sesabamis doneebzea miRebuli.
yovel ujraSi SeiZleba iyos erTi an ramdenime monacemi. SeiZleba
ujra iyos carieli. Tu monacemTa ricxvi yvela ujraSi gansxvavdeba
nulisagan, maSin analizs ewodeba sruli. Cven ganvixilavT or SemT-
xvevas:

I) yovel ujraSi erTi dakvirvebaa;
II) yovel ujraSi monacemTa toli aranulovani raodenobaa.

I) sruli orfaqtoriani dispersiuli analizi ujraSi
erTi dakvirvebiT. roca yovel ujraSi gvaqvs erTi dakvirveba,
maSin monacemTa cxrils aqvs saxe

B faqtoris doneebi
A faqtori B1 B2 · · · Bk saSualo
A1 y11 y12 · · · y1k y1∗
A2 y21 y22 · · · y2k y2∗
...

...
...

...
...

...
Am ym1 y12 · · · ymk ym∗
saSualo y∗1 y∗2 · · · y∗k

.

amocanis Sesabamis models aqvs saxe

yij = µ + zi + εij, i = 1, · · · , k; j = 1, 2, · · · ,m.

amasTan, Zi SemTxveviTi sidide warmoadgens i-uri donis efeqts. davuS-
vaT rom sruldeba pirobebi

1. Zi da εij erToblivad damoukidebeli normalurad ganawile-
buli SemTxveviTi sidideebia;

2. M(Zi) = 0, D(Zi) = σ2
Z yvela i-sTvis;

3. M(εij) = 0, D(εij) = σ2 yvela i da j-sTvis;
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cxadia, rom
M(Yij) = µ, D(Yij) = σ2

Z + σ2.

amrigad, Yij-is dispersia ori komponentisgan Sedgeba, ris gamoc am
models or faqtoriani dispersiuli modeli ewodeba.

dispersiuli analizis cxrils eqneba saxe

variaciis kvadratebis Tavis. saS.kvad.
wyaro jami xarisxi gad.
jgufTa Soris SSB =

∑k
i=1 ni(yi∗ − y∗∗)2 k − 1 SSB

k−1

jgufebSi SSW =
∑k

i=1

∑m
j=1(yij − yi∗)2 n− k SSW

n−k

sruli SST =
∑k

i=1

∑m
j=1(yij − y∗∗)2 n− 1

.

H0 hipoTeza imis Sesaxeb, rom faqtorebis doneebs Soris gansx-
vavebis efeqti ar arsebobs, ase Caiwereba

H0 : σ2
Z = 0.

alternatiul hipoTezas eqneba saxe

H0 : σ2
Z > 0.

aRniSnuli hipoTezebis Sesamowmebel F statistikas aqvs saxe

F =
k(m− 1)SSB

(k − 1)SSW
.

nulovani hipoTezis samarTlianobisas, am statistikas eqneba

F(k−1,k(m−1))

ganawileba. α-mniSvnelovnobis donisaTvis cxrilidan vpoulobT
Fk−1,k(m−1),α kritikul wertils. Tu f dakvirvebuli mniSvnelobisaTvis
sruldeba

f > Fk−1,k(m−1),α,

maSin H0 hipoTezas uarvyobT.

SeniSvna 1. orfaqtoriani dispersiuli analizis Casatareblad
gamoiyeneba funqcia Analysis/Anova : Two Factor Without Replication.

ganvixiloT Semdegi
magaliTi 1. oTxma eqspertma erTmaneTisagan damoukideblad

Seafasa TiTo-TiTo nimuSi sawarmos mier gamoSvebuli produqciis
eqvsi partiidan. qvemoT mocemulia eqspertebis Sefasebebi (piro-
biT erTeulebSi). or faqtoriani dispersiuli analizis safuZvelze
daadgineT, aris Tu ara mniSvnelovani gansxvaveba mza produqciis
partiebs an eqspertebis Sefasebebs Soris
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mza produqciis partiebi
eqspertebi N1 N2 N3 N4 N5 N6
pirveli eqsperti 9 10 9 10 11 11
meore eqsperti 12 11 9 11 10 10
mesame eqsperti 11 10 10 12 11 10
meoTxe eqsperti 12 13 11 14 12 10

.

am amocanisaTvis saintereso hipoTezebia

H1
0 : α1 = α2 = α3 = α4 = 0,

e.i. mza produqciis saSualo xarisxi partiebis mixedviT ar gansx-
vavdeba,

H1
1 : erTi mainc αi gansxvavdeba nulisagan (e.i. saSualo xarisxi

partiebis mixedviT mudmivi araa)
da

H2
0 : β1 = β2 = β3 = β4 = 0,

e.i. eqspertTa Sefasebebi erTnairia,
H2

1 : erTi mainc βi gansxvavdeba nulisagan (e.i. mza produqcias
eqspertebi sxvadasxvanairad afaseben).

CavataroT aRniSnuli monacemebis analizi. mniSvnelovnobis doned
aviRoT 0, 05.

Analysis/Anova : Two Factor Without Replication funqciis gamoyenebiT
vRebulobT Semdeg cxrils

Anova : Two− Factor Without Replication

SUMMAR Count Sum Average V ariance
Y
eqsperti I 6 60 10 0, 8
eqsperti II 6 63 10, 5 1, 1
eqsperti III 6 64 10, 66667 0, 666667
eqsperti IV 6 73 12 2

N 1 4 44 11 2
N 2 4 44 11 2
N 3 4 39 9, 75 0, 916667
N 4 4 47 11, 75 2, 916667
N 5 4 44 11 0, 666667
N 6 4 41 10, 25 0, 25

.

ANOV A
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Source of SS df MS F P − value F crit
V ariation
eqspertebi 13, 125 3 4, 375 5 0, 013373 3, 287383

produqciis 9, 708333 5 1, 941667 2, 219048 0, 106361 2, 901295
partiebi

Error 13, 125 15 0, 875
Total 35, 95833 23

.

H1
0 hipoTezisaTvis miviRebT fA = 5 > 3, 287383 = F5;15;0,05, xolo

H2
0 hipoTezisaTvis gveqneba fB = 2, 219048 < 2, 901295 = F3;15;0,05. amri-

gad, eqspertebis Sefasebebs Soris gansxvaveba mniSvnelovania, xolo
mza produqciis partiebs Soris gansxvaveba mniSvnelovani ar aris.

savarjiSoebi

2.10.1. samma eqspertma erTmaneTisagan damoukideblad Seafasa TiTo-
TiTo nimuSi sawarmos mier gamoSvebuli produqciis eqvsi parti-
idan. qvemoT mocemulia eqspertebis Sefasebebi (pirobiT erTeulebSi).
or faqtoriani dispersiuli analizis safuZvelze daadgineT, aris
Tu ara mniSvnelovani gansxvaveba mza produqciis partiebs an eqsper-
tebis Sefasebebs Soris

mza produqciis partiebi
eqspertebi N1 N2 N3 N4 N5 N6
pirveli eqsperti 10 9 8 9 10 10
meore eqsperti 11 12 11 12 11 9
mesame eqsperti 10 11 12 11 12 11

.

2.10.2. xuTma eqspertma erTmaneTisagan damoukideblad Seafasa
TiTo-TiTo nimuSi sawarmos mier gamoSvebuli produqciis eqvsi par-
tiidan. qvemoT mocemulia eqspertebis Sefasebebi (pirobiT erTeuleb-
Si). or faqtoriani dispersiuli analizis safuZvelze daadgineT,
aris Tu ara mniSvnelovani gansxvaveba mza produqciis partiebs an
eqspertebis Sefasebebs Soris
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mza produqciis partiebi
eqspertebi N1 N2 N3 N4 N5 N6
pirveli eqsperti 9 11 9 10 11 11
meore eqsperti 10 11 12 11 10 10
mesame eqsperti 10 10 10 11 9 11
meoTxe eqsperti 12 13 10 13 12 11
mexuTe eqsperti 12 13 11 10 12 11

.
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cxrili 1 normaluri ganawilebis funqcia Φ(x) da nor-
maluri ganawilebis simkvrive φ(x)

x φ(x) Φ(x) x φ(x) Φ(x) x φ(x) Φ(x)
0, 00 0, 3989 0, 5000 0, 34 0, 3765 0, 6331 0, 68 0, 3166 0, 7517

01 3989 5040 35 3752 6368 69 3144 7549
02 3988 5080 36 3739 6406 70 3123 7580
03 3988 5120 37 3725 6443 71 3101 7611
04 3986 5160 38 3712 6480 72 3079 7642
05 3984 5199 39 3697 6517 73 3056 7673
06 3982 5239 40 3683 6557 74 3034 7703
07 3980 5279 41 3668 6591 75 3011 7734
08 3977 5319 42 3653 6628 76 2989 7764
09 3973 5359 43 3637 6664 77 2966 7794
10 3970 5398 44 3621 6700 78 2943 7823
11 3965 5438 45 3605 6736 79 2920 7852
12 3961 5478 46 3589 6772 80 2897 7881
13 3956 5517 47 3572 6808 81 2874 7910
14 3951 5557 48 3555 6844 82 2850 7939
15 3945 5596 49 3538 6879 83 2827 7967
16 3939 5636 50 3521 6915 84 2803 7995
17 3932 5675 51 3503 6950 85 2780 8023
18 3925 5714 52 3484 6985 86 2756 8051
19 3918 5753 53 3467 7016 87 2732 8078
20 3910 5793 54 3448 7054 88 2709 8106
21 3902 5832 55 3429 7088 89 2685 8133
22 3894 5871 56 3410 7123 90 2661 8159
23 3885 5910 57 3391 7157 91 2637 8186
24 3876 5948 58 3372 7190 92 2613 8212
25 3867 5987 59 3352 7224 93 2589 8238
26 3357 6026 60 3332 7257 94 2565 8264
27 3847 6064 61 3312 7291 95 2541 8289
28 3836 6103 62 3292 7324 96 2510 8315
29 3825 6141 63 3271 7357 97 2492 8340
30 3814 6179 64 3251 7389 98 2468 8365
31 3802 6217 65 3230 7422 99 2444 8389
32 3790 6265 66 3207 7454 1, 00 2420 8413
33 3778 6293 67 3187 7486 1, 01 2396 8438
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x φ(x) Φ(x) x φ(x) Φ(x) x φ(x) Φ(x)
1, 02 0, 2371 0, 8461 1, 42 0, 1456 0, 9222 1, 82 0, 0761 0, 9656

03 2347 8485 43 1435 9236 83 0748 9664
04 2323 8508 44 1415 9251 84 0734 9671
05 2299 8531 45 1394 9265 85 0721 9678
06 2275 8554 46 1374 9279 86 0707 9686
07 2251 8577 47 1354 9292 87 0694 9693
08 2227 8599 48 1334 9306 88 0681 9699
09 2203 8621 49 1315 9319 89 0669 9706
10 2179 8648 50 1295 9332 90 0656 9713
11 2155 8665 51 1276 9345 91 0644 9719
12 2131 8686 52 1257 9357 92 0632 9729
13 2107 8708 53 1238 9370 93 0620 9732
14 2083 8729 54 1219 9382 94 0608 9738
15 2059 8749 55 1200 9394 95 0596 9744
16 2036 8770 56 1182 9406 96 0584 9750
17 2012 9790 57 1163 9418 97 0573 9756
18 1989 8810 58 1145 9429 98 0562 9761
19 1965 8820 59 1127 9441 99 0551 9767
20 1942 8849 60 1109 9452 2, 00 0540 9772
21 1919 8869 61 1092 9463 02 0519 9783
22 1895 8888 62 1074 9474 04 0498 9793
23 1872 8907 63 1057 9484 06 0478 9803
24 1849 8925 64 1040 9495 08 0459 9812
25 1826 8944 65 1023 9505 10 0440 9821
26 1804 8962 66 1006 9515 12 0422 9830
27 1881 8980 67 0989 9525 14 0404 9838
28 1858 8997 68 0973 9535 16 0387 9846
29 1836 9015 69 0957 9545 18 0371 9854
30 1714 9032 70 0940 9554 20 0355 9861
31 1691 9049 71 0925 9564 22 0339 9868
32 1669 9066 72 0909 9573 24 0325 9868
33 1647 9082 73 0893 9583 26 0310 9881
34 1626 9099 74 0878 9591 28 0297 9887
35 1604 9115 75 0863 9599 30 0283 9893
36 1582 9131 76 0848 9608 32 0270 9898
37 1561 9147 77 0833 9616 34 0258 9904
38 1539 9162 78 0818 9625 36 0246 9909
39 1518 9177 79 0804 9633 38 0235 9913
40 1457 9192 80 0790 9641 40 0224 9918
41 1476 9207 81 0775 9649 42 0213 9922



cxrilebi 211

x φ(x) Φ(x) x φ(x) Φ(x) x φ(x) Φ(x)
2, 44 0, 0203 0, 9927 2, 72 0, 0099 0, 9967 3, 00 0, 0043 0, 99655

46 0194 9931 74 0093 9969 10 0110 99903
48 0184 9934 76 0088 9971 20 0104 99931
50 0175 9938 78 0084 9973 30 0099 99951
52 0167 9941 80 0079 9974 40 0093 99966
54 0158 9945 82 0075 9976 50 0088 99976
56 0151 9948 84 0071 9977 60 0084 99984
58 0143 9951 86 0067 9979 70 00042 99989
60 0136 9953 88 0063 9980 80 00029 99993
62 0129 9956 90 0060 9981 90 00020 99995
64 0122 9959 92 0056 9982 4, 00 00013 99996
66 0116 9961 94 0053 9984 4, 50 00001 99999
68 0110 9963 96 0050 9985 5, 00 00000 99999
70 0104 9965 98 0047 9986

cxrili 1-is danarTi

cxrili 1 Seicavs normaluri ganawilebis φ simkvrivisa da Φ
funqciis mniSvnelobebs x argumentis mniSvnelobebisaTvis [0;5] ari-
dan. marTebulia Semdegi formulebi:

φ(x) =





0, Tu x > 5;
φ(x), Tu x ∈ [0; 5] (φ(x)-s vpoulobT cxrilidan);

φ(−x), Tu x ∈ [−5; 0[ (φ(−x)-s vpoulobT cxrilidan);
0, Tu x < −5.

Φ(x) =





1, Tu x > 5;
Φ(x), Tu x ∈ [0; 5] (Φ(x)-s vpoulobT cxrilidan);

1− Φ(−x), Tu x ∈ [−5; 0[ (Φ(−x)-s vpoulobT cxrilidan);
0, Tu x < −5.

normaluri ganawilebis funqciis Sebrunebuli funqcia Φ−1 moicema
Semdegi formulis saSualebiT

Φ−1(a) =
{

Φ−1(a), Tu a ∈ [0, 5; 1] (Φ−1(a)-s vpoulobT cxrilidan);
−Φ−1(1− a), Tu a ∈]0; 0, 5[ (Φ−1(1− a)-s vpoulobT cxrilidan).

Φ−1(a)-s mosaZebnad (0, 5 < a < 1) Φ(x)-is mniSvnelobaTa grafaSi
vpoulobT a sidides da ganvixilavT Sesabamis xa arguments, romelic
Φ−1(a) sididis tolia. magaliTad, Φ−1(0, 5557) = 0, 14.



212 cxrilebi

cxrili 2. puasonis ganawileba P ({ω : ξλ(ω) = k}) = λk·e−λ

k!

k|λ 0, 1 0, 2 0, 3 0, 4 0, 5 0, 6
0 0, 904837 0, 818731 0, 740818 0, 670320 0, 606531 0, 548812
1 090484 163746 222245 263120 303265 329287
2 004524 016375 033337 053626 075816 098786
3 000151 0011091 003334 007150 012636 019757
4 000004 000055 000250 000715 001580 002964
5 000002 000015 000057 000158 000356
6 000001 000004 000013 000035
7 000001 000003

k|λ 0, 7 0, 8 0, 9 1, 0 2, 0 3, 0
0 0, 496585 0, 449329 0, 406570 0, 367879 0, 135335 0, 049787
1 347610 359463 365913 367879 270671 149361
2 121663 143785 164661 183940 270671 224043
3 028388 038343 049398 061313 180447 224042
4 004968 007669 011115 015328 090224 168031
5 000695 001227 002001 003066 036089 100819
6 000081 000165 000300 000511 012030 050409
7 000008 000019 000039 000073 003437 021604
8 000003 000004 000009 000859 008101
9 000001 000191 002701
10 000038 000810
11 000007 000221
12 000001 000055
13 000013
14 000003
15 000001

k|λ 4, 0 5, 0 6, 0 7, 0 8, 0 9, 0
0 0, 018316 0, 006738 0, 002479 0, 000912 0, 000335 0, 000123
1 073263 033690 014873 006383 002684 001111
2 146525 084224 044618 022341 010735 004993
3 195367 140374 089235 052129 028626 014994
4 195367 175467 133853 091226 057252 033737
5 156293 175467 160623 027717 091604 060727
6 104194 146223 160623 149003 122138 091090
7 059540 104445 137677 149003 139587 117116
8 029770 065278 103258 130377 139587 131756
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cxrili 2-is gagrZeleba

k|λ 4, 0 5, 0 6, 0 7, 0 8, 0 9, 0
9 013231 036266 068898 101405 124077 131756
10 005292 018133 041303 070933 099262 118085
11 001925 008242 022529 045171 072190 097020
12 000642 003434 011262 026350 048127 072765
13 000197 001321 005199 014188 029616 050376
14 000056 000472 002228 007094 016924 032384
15 000015 000157 000891 003111 009026 019431
16 000004 000049 000334 001448 004513 010930
17 000001 000014 000118 000596 002124 005786
18 000004 002899 000232 000944 000944
19 000001 000012 000085 000397 001370
20 000004 000030 000159 000617
21 000001 000010 000061 000264
22 000003 000022 000108
23 000001 000008 000042
24 000003 000016
25 000001 000006
26 000002
27 000001
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cxrili 3

χ2
n- ganawilebis zeda α-kritikuli wertilebi χ2

n,α

n \ α 0, 99 0, 975 0, 95 0, 9 0, 1 0, 05 0, 025 0, 01
1 0, 0002 0, 0010 0, 0039 0, 0158 2, 7055 3, 8415 5, 0239 6, 6349
2 0, 0201 0, 0506 0, 1026 0, 2107 4, 6052 5, 9915 7, 3778 9, 2104
3 0, 1148 0, 2158 0, 3518 0, 5844 62514 7, 8147 9, 3484 11, 3449
4 0, 2971 0, 4844 0, 7107 1, 0636 7, 7794 9, 4877 11, 1433 13, 2767
5 0, 5543 0, 8312 1, 1455 1, 6103 9, 2363 11, 0705 12, 8325 15, 0863
6 0, 8721 1, 2373 1, 6354 2, 2041 10, 6446 12, 5916 14, 4494 16, 8119
7 1, 2390 1, 6899 2, 1673 2, 8331 12, 0170 14, 0671 16, 0128 18, 4753
8 1, 6465 2, 1797 2, 7326 3, 4895 13, 3616 15, 5073 17, 5345 20, 0902
9 2, 0879 2, 7004 3, 3251 41682 14, 6837 16, 9190 19, 0228 21, 6660
10 2, 5582 3, 2479 3, 9403 4, 8652 159872 18, 3070 20, 4832 23, 2093
11 3, 0535 3, 8157 4, 5748 5, 5778 17, 2750 19, 6752 21, 9200 24, 7250
12 3, 5706 4, 4038 5, 2260 6, 3038 18, 5493 21, 0261 23, 3367 26, 2170
13 4, 1069 5, 0087 5, 8919 7, 0415 19, 8119 22, 3620 24, 7356 27, 6882
14 4, 6604 5, 6287 6, 5706 7, 7895 21, 0641 23, 6848 26, 1189 29, 1412
15 5, 2294 6, 2621 7, 2609 8, 5468 22, 3071 24, 9958 27, 4884 30, 5780
16 5, 8122 6, 9077 7, 9616 9, 3122 23, 5418 26, 2962 28, 8453 31, 9999
17 6, 4077 7, 5642 8, 6718 10, 0852 24, 7690 27, 5871 30, 1910 33, 4087
18 7, 0149 8, 2307 9, 3904 10, 8649 25, 9894 28, 8693 31, 5264 34, 8052
19 7, 6327 8, 9065 10, 1170 11, 6509 27, 2036 30, 1435 32, 8523 36, 1908
20 8, 2604 9, 5908 10, 8508 12, 4426 28, 4120 31, 4104 34, 1696 37, 5663
21 8, 8972 10, 2829 11, 5913 13, 2396 29, 6151 32, 6706 35, 4789 38, 9322
22 9, 5425 10, 9823 12, 3380 14, 0415 30, 8133 33, 9245 36, 7807 40, 2894
23 10, 1957 11, 6885 13, 0905 14, 8480 32, 0069 35, 1725 38, 0756 41, 6383
24 10, 8563 12, 4011 13, 8484 15, 6587 33, 1962 36, 4150 39, 3641 42, 9798
25 11, 5240 13, 1197 14, 6114 16, 4734 34, 3816 37, 6525 40, 6465 44, 3140
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cxrili 4

tn- ganawilebis zeda α-kritikuli wertilebi tn,α

n \ α 0, 1 0, 05 0, 025 0, 01 0, 005 0, 0025 0, 001
1 3, 078 6, 314 12, 706 31, 821 63, 656 127, 321 318, 289
2 1, 886 2, 920 4, 303 6, 965 9, 925 14, 089 22, 328
3 1, 638 2, 353 3, 182 4, 541 5, 841 7, 453 10, 214
4 1, 533 2, 132 2, 776 3, 747 4, 604 5, 598 7, 173
5 1, 476 2, 015 2, 571 3, 365 4, 032 4, 773 5, 894
6 1, 440 1, 943 2, 447 3, 143 3, 707 4, 317 5, 208
7 1, 415 1, 895 2, 365 2, 998 3, 499 4, 029 4, 785
8 1, 397 1, 860 2, 306 2, 896 3, 355 3, 833 4, 501
9 1, 383 1, 833 2, 262 2, 821 3, 250 3, 690 4, 297
10 1, 372 1, 812 2, 228 2, 764 3, 169 3, 581 4, 144
11 1, 363 1, 796 2, 201 2, 718 3, 106 3, 497 4, 025
12 1, 356 1, 782 2, 179 2, 681 3, 055 3, 428 3, 930
13 1, 350 1, 771 2, 160 2, 650 3, 012 3, 372 3, 852
14 1, 345 1, 761 2, 145 2, 624 2, 977 3, 326 3, 787
15 1, 341 1, 753 2, 131 2, 602 2, 947 3, 286 3, 733
16 1, 337 1, 746 2, 120 2, 583 2, 921 3, 252 3, 686
17 1, 333 1, 740 2, 110 2, 567 2, 898 3, 222 3, 646
18 1, 330 1, 734 2, 101 2, 552 2, 878 3, 197 3, 610
19 1, 328 1, 729 2, 093 2, 539 2, 861 3, 174 3, 579
20 1, 325 1, 725 2, 086 2, 528 2, 845 3, 153 3, 552
21 1, 323 1, 721 2, 080 2, 518 2, 831 3, 135 3, 527
22 1, 321 1, 717 2, 074 2, 508 2, 819 3, 119 3, 505
23 1, 319 1, 714 2, 069 2, 500 2, 807 3, 104 3, 485
24 1, 318 1, 711 2, 064 2, 492 2, 797 3, 091 3, 467
25 1, 316 1, 708 2, 060 2, 485 2, 787 3, 078 3, 450
26 1, 315 1, 706 2, 056 2, 479 2, 779 3, 067 3, 435
27 1, 314 1, 703 2, 052 2, 473 2, 771 3, 057 3, 421
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cxrili 5

F (n,m) ganawilebis zeda α = 0, 5 donis kritikuli wertilebi Fn,m,α

n \m 1 2 3 4 5 6 7 8 9 10 11 12
1 161 199 215 224 230 234 236 238 240 241 243 243
2 18, 5 19, 0 19, 2 19, 3 19, 3 19, 3 19, 3 19, 3 19, 4 19, 4 19, 4 19, 4
3 10, 13 9, 55 9, 28 9, 12 9, 01 8, 94 8, 89 8, 85 8, 81 8, 79 8, 76 8, 74
4 7, 71 6, 94 6, 59 6, 39 6, 26 6, 16 6, 09 6, 04 6, 00 5, 96 5, 94 5, 91
5 6, 61 5, 79 5, 41 5, 19 5, 05 4, 95 4, 88 4, 82 4, 77 4, 74 4, 70 4, 68
6 5, 99 5, 14 4, 76 4, 53 4, 39 4, 28 4, 21 4, 15 4, 10 4, 06 4, 03 4, 00
7 5, 59 4, 74 4, 35 4, 12 3, 97 3, 87 3, 79 3, 73 3, 68 3, 64 3, 60 3, 57
8 5, 32 4, 46 4, 07 3, 84 3, 69 3, 58 3, 50 3, 44 3, 39 3, 35 3, 31 3, 28
9 5, 12 4, 26 3, 86 3, 63 3, 48 3, 37 3, 29 3, 23 3, 18 3, 14 3, 10 3, 07
10 4, 96 4, 10 3, 71 3, 48 3, 33 3, 22 3, 14 3, 07 3, 02 2, 98 2, 94 2, 91
11 4, 84 3, 98 3, 59 3, 36 3, 20 3, 09 3, 01 2, 95 2, 90 2, 85 2, 82 2, 79
12 4, 75 3, 89 3, 49 3, 26 3, 11 3, 00 2, 91 2, 85 2, 80 2, 75 2, 72 2, 69
13 4, 67 3, 81 3, 41 3, 18 3, 03 2, 92 2, 83 2, 77 2, 71 2, 67 2, 63 2, 60
14 4, 60 3, 74 3, 34 3, 11 2, 96 2, 85 2, 76 2, 70 2, 65 2, 60 2, 57 2, 53
15 4, 54 3, 68 3, 29 3, 06 2, 90 2, 79 2, 71 2, 64 2, 59 2, 54 2, 51 2, 48
16 4, 49 3, 63 3, 24 3, 01 2, 85 2, 74 2, 66 2, 59 2, 54 2, 49 2, 46 2, 42
17 4, 45 3, 59 3, 20 2, 96 2, 81 2, 70 2, 61 2, 55 2, 49 2, 45 2, 41 2, 38
18 4, 41 3, 55 3, 16 2, 93 2, 77 2, 66 2, 58 2, 51 2, 46 2, 41 2, 37 2, 34
19 4, 38 3, 52 3, 13 2, 90 2, 74 2, 63 2, 54 2, 48 2, 42 2, 38 2, 34 2, 31
20 4, 35 3, 49 3, 10 2, 87 2, 71 2, 60 2, 51 2, 45 2, 39 2, 35 2, 31 2, 28
50 4, 03 3, 18 2, 79 2, 56 2, 40 2, 29 2, 20 2, 13 2, 07 2, 03 1, 99 1, 95
100 3, 94 3, 09 2, 70 2, 46 2, 31 2, 19 2, 10 2, 03 1, 97 1, 93 1, 89 1, 85
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N a b g d N a b g d N a b g d
1.1.1.1) + 1.3.8.4) + 1.5.3. +

2) + 5) + 1.6.1.1) +
3) + 6) + 2) +
4) + 1.3.9. + 3) +
5) + 1.3.10. + 4) +
6) + 1.3.11.1) + 1.6.2.1) +

1.1.2.1) + 2) + 2) +
2) + 1.3.12. + 3) +
3) + 1.3.14. + 1.6.3.1) +
4) + 1.3.15. + 2) +

1.1.3.1) + 1.3.16. + 3) +
2) + 1.3.17. + 1.7.1.1) +

1.1.4.1) + 1.3.18 + 2) +
2) + 1.3.19. + 3) +

1.1.5.1) + 1.3.20. + 4) +
2) + 1.3.21. + 5) +

1.2.1. + 1.3.22. + 1.7.2. +
1.2.2. + 1.3.23. + 1.7.3. +
1.2.3. + 1.3.24. + 1.7.4. +
1.2.4. + 1.4.1. + 1.7.5. +
1.2.5. + 1.4.2. + 1.7.6. +
1.2.6. + 1.4.3. + 1.7.7. +
1.2.7. + 1.4.4. + 1.7.8.1) +
1.3.1. + 1.4.5.1) + 2) +
1.3.2. + 2) + 1.7.9.1) +
1.3.3. + 1.4.6.1) + 2) +
1.3.4. + 2) + 3) +
1.3.5.1) + 1.4.7. + 1.7.10.1) +

2) + 1.4.8.1) + + 2) +
3) + 2) + 1.8.1.1) +
4) + 1.5.1.1) + 2) +

1.3.6. + 2) + 1.8.2.1) +
1.3.7 + 3) + 2) +
1.3.8.1) + 4) + 1.8.3.1) +

2) + 1.5.2.1) + 2) +
3) + 2) + 1.8.4.1) +
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N a b g d N a b g d N a b g d
1.8.4.2) + 1.11.3 + 1.13.11. +
1.9.1. + 1.11.4. + 1.13.12.1) +
1.9.2.1) + 1.11.5. + 2) +

2) + 1.11.6. + 1.13.13.1) +
1.9.3.1) + 1.11.7. + 2) +

2) + 1.11.8. + 1.13.14.1) +
1.9.4. + 1.11.9. + 2) +
1.9.4.1) + 1.11.10. + 1.13.15.1) +

2) + 1.12.1. + 2) +
3) + 1.12.2.1) + 1.14.1. +

1.9.5.1) + 2) + 1.14.2. +
2) + 1.12.3. + 1.14.3. +

1.9.6.1) + 1.12.4. + 1.14.4. +
2) + 1.12.5. + 1.15.1. +

1.10.1.1) + 1.12.6. + 1.15.2.1) +
3) + 1.13.1. + 2) +
4) + 1.13.2. + 3) +

1.10.2. + 1.13.3. + 1.15.3.1) +
1.10.3. + 1.13.4. + 2) +
1.10.4. 1.13.5. + 3) +
1.10.5. + 1.13.6. + 1.15.3.1) +
1.10.6. + 1.13.7. + 2) +
1.10.7 + 1.13.8. + 1.15.4 +
1.11.1. + 1.13.9. +
1.11.2. + 1.13.10. +
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”EXCEL”-is zogierTi statistikuri fun-
qciis daxasiaTeba
1. PROB(x1 : xn; p1 : pn; y1; y2). vTqvaT ”EXCEL”-is A svetSi Se-
tanili gvaqvs diskretuli ξ sididis mniSvnelobebi x1, · · · , xn ; davuS-
vaT agreTve rom ”EXCEL”-is B-svetSi Setanili gvaqvs Sesabamisi
albaTobebi p1, · · · , pn. maSin statistikuri funqcia PROB(x1 : xn; p1 :
pn; y1; y2) iTvlis Semdeg albaTobas

P ({ω : ω ∈ Ω & y1 ≤ ξ ≤ y2}).

magaliTad, Tu ξ diskretuli SemTxveviTi sididis ganawilebas
aqvs saxe

A(ξ(ω) = xk) B(= P ({ω : ξ(ω) = xk})
2 0, 2
5 0, 2
6 0, 2
7 0, 4

,

maSin albaToba imisa rom SemTxveviTi sidide ξ miiRebs mniSvnelobas
[3, 6; 5] intervalidan, gamoiTvleba Semdegnairad

PROB(A1 : A4;B1 : B4; 3, 6; 5) = 0, 2.

2. POISSON(k; λ; 0) iTvlis imis albaTobas, rom λ parametriani
puasonis SemTxveviTi sidide miiRebs k-s tol mniSvnelobas. magal-
iTad, POISSON(0; 0, 2; 0) = 0, 818730753.

3. POISSON(k;λ; 1)iTvlis imis albaTobas, rom λ parametriani
puasonis SemTxveviTi sidide miiRebs mniSvnelobas [0; k] intervali-
dan; magaliTad,

POISSON(2; 0, 2; 1) = 0, 998851519.

4. HY PERGEOMDIST (k; n; a; A) iTvlis Semdegi gamosaxulebis
mniSvnelobas

Ck
a × Cn−k

A−a

Cn
A

.

magaliTad, HY PERGEOMDIST (1; 4; 20; 30) = 0, 087575.
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5. BINOMDIST (k;n; p; 0) iTvlis Semdeg mniSvnelobas

Ck
npk(1− p)n−k.

magaliTad, BINOMDIST (3; 10; 0, 5; 0) = 0, 1171875.

6. BINOMDIST (k;n; p; 1) iTvlis Semdeg jams

k∑

i=0

Ci
npi(1− p)n−i.

magaliTad, BINOMDIST (3; 10; 0, 5; 1) = 0, 171875.

7. NORMDIST (x;m;σ; 0) iTvlis Semdeg funqcias

φm,σ(x) =
1√
2πσ

e−
(x−m)2

2σ2 .

magaliTad, NORMDIST (0; 0; 1; 0) = 0, 3989428.

8. NORMDIST (x;m;σ; 1) iTvlis Semdeg integrals

Φm,σ(x) =
1√
2πσ

∫ x

−∞
e−

(t−m)2

2σ2 dt.

magaliTad, NORMDIST (0; 0; 1; 1) = 0, 5.

9. EXPONDIST (x; λ; 0) iTvlis λe−λx sididis mniSvnelobas, roca
x > 0 da λ > 0. magaliTad, EXPONDIST (4; 3; 0) = 1, 84326.

10. EXPONDIST (x; λ; 1) iTvlis 1−e−λx mniSvnelobas, roca x > 0
da λ > 0. magaliTad, EXPONDIST (4; 3; 1) = 0, 999993856.

11. SUMPRODUCT (x1 : xn; p1 : pn). vTqvaT ”EXCEL”-is A svetSi
Setanili gvaqvs diskretuli ξ sididis mniSvnelobebi x1, · · · , xn; davuS-
vaT agreTve rom ”EXCEL”-is B-svetSi Setanili gvaqvs Sesabamisi
albaTobebi p1, · · · , pn. maSin SUMPRODUCT (x1 : xn; p1 : pn) iTvlis ξ
SemTxveviTi sididis maTematikur lodins Mξ-s.

magaliTad, Tu ξ SemTxveviT sididis ganawilebas aqvs saxe

A(ξ(ω) = xk) B(= P ({ω : ξ(ω) = xk})
2 0, 2
5 0, 2
6 0, 2
7 0, 4

,
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maSin Mξ = SUMPRODUCT (A1 : A4; B1 : B4; ) = 5, 4.

12. AV ERAGE(x1 : xn). vTqvaT x1, · · · , xn aris sasruli maTem-
atikurilodinisa da sasruli maTematikuri dispersiis mqone SemTxve-
viT sidideze dakvirvebis Sedegebi. maSin AV ERAGE(x1 : xn) iTvlis
Semdeg jams 1

n

∑n
i=1 xi.

13. V ARP (x1 : xn).vTqvaT x1, · · · , xn aris sasruli maTematikuri
lodinisa da sasruli maTematikuri dispersiis mqone SemTxveviT si-
dideze dakvirvebis Sedegebi.

maSin V ARP (x1 : xn) iTvlis Semdeg jams 1
n

∑n
i=1(xi − 1

n

∑n
j=1 xj)2.

14. V AR(x1 : xn).vTqvaT x1, · · · , xn aris sasruli maTematikuri
lodinisa da sasruli maTematikuri dispersiis mqone SemTxveviT si-
dideze dakvirvebis Sedegebi. maSin V AR(x1 : xn) iTvlis Semdeg jams

1
n−1

∑n
i=1(xi − 1

n

∑n
j=1 xj)2.

15. CORREL(x1 : xn; y1 : yn). vTqvaT (x1, y1), · · · , (xn, yn) aris (X, Y )
SemTxveviT veqtorze dakvirvebis Sedegebi, romlis yoveli kompo-
nenti warmoadgens sasruli maTematikurilodinisa da sasruli maTem-
atikuri dispersiis mqone SemTxveviT sidides. maSin CORREL(x1 :
xn; y1 : yn) iTvlis ρn sidides, romelic warmoadgens korelaciis
ρ(X,Y ) koeficientis Sefasebas.

vemoT A da B svetebSi Cven Setanili gvaqvs (X, Y ) SemTxveviT ve-
qtorze dakvirvebis Sedegebi, romlis yoveli komponenti warmoad-
gens sasruli maTematikuri lodinisa da sasruli maTematikuri dis-
persiis mqone SemTxveviT sidides.

A(= xk) B(= yk})
7 2
11 5
6 6
7 7

,

maSin ρ4 = CORREL(A1 : A4;B1 : B4)=-0,0695889.
16. COV AR(x1 : xn; y1 : yn). vTqvaT (x1, y1), · · · , (xn, yn) aris (X, Y )

SemTxveviT veqtorze dakvirvebis Sedegebi, romlis yoveli kompo-
nenti warmoadgens sasruli maTematikurilodinisa da sasruli maTem-
atikuri dispersiis mqone SemTxveviT sidides. maSin COV AR(x1 : xn; y1 :
yn) iTvlis covn(X, Y ) sidides, romelic warmoadgens kovariaciis
cov(X, Y ) koeficvientis Sefasebas.

Tu Cven ganvixilavT zemoT ganxilul magaliTs, maSin miviRebT
cov4(X,Y ) = COV AR(A1 : A4; B1 : B4) = −0, 25, romelic warmoadgens
kovariaciis cov(X, Y ) koeficientis Sefasebas.
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17. CHIDIST (x, n). vTqvaT, X1, · · · , Xn aris damoukidebel stan-
dartul normalurad ganawilebul SemTxveviT sidideTa mimdevroba.
maSin CHIDIST (x, n) iTvlis Semdeg sidides

P ({ω : ω ∈ Ω & χ2
n(ω) =

n∑

k=1

X2
k(ω) > x}),

roca x ≥ 0. magaliTad, CHIDIST (2, 10) = 0, 996340153.
Tu Γn-iT avRniSnavT standartul n-ganzomilebian gausis zomas

Rn-ze, maSin 1−CHIDIST (r2, n) gamoiTvlis mis mniSvnelobas n-ganzomi-
lebian V (r, n) birTvze, centriT Rn sivrcis saTavesa da radiusiT r.
magaliTad Γ5(V (2, 5)) = 1− CHIDIST (22, 5) = 0, 450584038.

18. TDIST . statistikuri funqciis TDIST (x; n; 1) saSualebiT
n Tavisuflebis xarisxis mqone stiudentis ganawilebis funqciis
mniSvneloba x wertilSi gamoiTvleba Semdegnairad:

tn(x) = 1− TDIST (x; n; 1).

magaliTad,

t4(3) = 1− TDIST (3; 4; 1) = 1− 0, 19970984 = 0, 80029016.

n Tavisuflebis xarisxis mqone stiudentis wesiT ganawilebuli Sem-
TxveviTi sididis ]−x; x[ intervalSi moxvedris albaToba gamoiTvleba
funqciiT TDIST (x; n; 2); magaliTad,

TDIST (3; 4; 2) = 0, 039941968.

19. FDIST . statistikuri funqciis FDIST (x; k1; k2) saSualebiT
k1 da k2 Tavisuflebis xarisxebis mqone fiSeris ganawilebis fun-
qciis mniSvneloba x wertilSi gamoiTvleba Semdegnairad:

FDIST (x; k1; k2).

magaliTad,
FDIST (2; 5; 6) = 0, 211674328.

20. CONFIDENCE(α, σ, n). statistikurifunqcia CONFIDENCE(α, σ, n)
iTvlis σ√

n
Zα

2
, sadac zα

2
aris standartuli gausis ganawilebis α

2 do-
nis zeda kvantili. magaliTad, CONFIDENCE(0, 25; 1; 10) = 0, 363772409.

21. CHIINV (ε, n). CHIINV (ε, n) iTvlis ε-donis zeda tε kvan-
tils, romlisTvisac sruldeba piroba

P ({ω : χ2(n) > tε}) = ε.

magaliTad, CHIINV (0, 25; 9) = 11, 38874954.
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statistikuri daxasiaTeba gv.
funqciebi

AV ERAGE(x1 : xn) 1
n

∑n
i=1 xi 140

BINOMDIST (k; n; p; 0) Ck
npk(1− p)n−k 54

BINOMDIST (k; n; p; 1)
∑n

k=1 Ck
npk(1− p)n−k 54

CHIDIST (x;n) P ({ω : χ2(n)(ω) > x}) 92

CHIINV (p; n) P ({ω : χ2(n)(ω) > x}) = p → x 134

COMBIN(n; k) Ck
n

CONFIDENCE(α; σ;n) zα
2

σ√
n
. 143

CORREL(x1 : xn; y1 : yn) ρX,Y = cov(X,Y )
σX×σY

80

COUNT (x1 : xn) n− monacemTa raodenoba

COV AR(x1 : xn; y1 : yn) cov(X, Y ) = 1
n

∑n
i=1(xi − µX)(yi − µY )

CRITBINOM(n; p; α) α =
∑k

i=0 Ci
npi(1− p)n − i → k

DEV SQ(x1 : xn)
∑n

i=1(xi − xn)2

EXPONDIST (x;λ; 0) λe−λx 56

EXPONDIST (x;λ; ) 1− e−λx 56

FACT (n) n!

FDIST (x; k1; k2) P ({ω : F(k1;k2)(ω) > x}) 94

FINV (α; k1; k2) α = P ({ω : F(k1;k2)(ω) > x}) → x

,
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FORECAST (x; y1 : yn; x1 : xn) y = b0 + b1x 171

FREQUWENCY (x1 : xn; k) monacemTa raodenoba
romlebic ar aRemateba k − s

GROWTH(x1 : xn; y1 : yn; x; 0) Ŷ = mx

HY PGEOMDIST (k, n, a, A)
Ck

aCn−k
A−a

Cn
A

52

INTERCEPT (x1 : xn; y1 : yn) b0 − is Sefaseba 170

KURT (x1 : xn)
∑n

i=1
(xi−xn)3

ns3 asimetriis koeficienti 84

LINEST (x1 : xn; y1 : yn; 1) b1 − is Sefaseba, roca b0 = 0 170

LINEST (x1 : xn; y1 : yn; 0) b1 − is Sefaseba, roca b0 6= 0 170

MAX(x1 : xn) max(x1; · · · ; xn)

MIN(x1 : xn) min(x1; · · · ;xn)

MODE(x1 : xn) moda 85

NORMDIST (x, µ, σ, 0) φ(µ,σ2)(x) = 1√
2πσ

e−
(x−µ)2

2σ2 55

NORMDIST (x, µ, σ, 1) Φ(µ,σ2)(x) = 1√
2πσ

∫ x

−∞ e−
(t−µ)2

2σ2 dt 55

NORMINV (p; µ; σ) p = 1√
2πσ

e−
(x−µ)2

2σ2 → x

NORMSDIST (x) φ(x) = 1√
2π

e−x2
2

NORMSINV (p) p = 1√
2π

∫ x

−∞ e−
t2
2 dt → x

PERCENTILE(x1 : xn; p) P = p · 100−rigis procentili

POISSON(k;λ; 0) λk

k! e
−λ 51

POISSON(k;λ; 1)
∑k

i=0
λi

i! e−λ 51
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PROB(x1 : xn; p1 : pn; a; b) P ({ω : a ≤ X(ω) ≤ b}) 55

RSQ(y1 : yn; x1 : xn) R2 174

SKEW (x1 : xn) eqscesis koeficienti 84

SLOPE(y1 : yn;x1 : xn) b1 − is Sefaseba 170

SMALL(x1 : xn) umciresi k − uri wevri

STANDARDIZE(x; µ;σ) x−µ
σ

STDEV (x1 : xn) S
′
n

STDEV P (x1 : xn) Sn

SUMPRODUCT (x1 : xn; p1 : pn) MX =
∑n

i=1 xipi 63

TDIST (x;n; 1) P ({ω : T(n)(ω) > x}) 93

TDIST (x;n; 2) P ({ω : |T(n)(ω)| > x}) 93

TINV (p;n) p = P ({ω : |T(n)(ω)| > x}) → x

TREND(y1 : yn;x1 : xn; x; 0) Ŷ = b1x

TREND(y1 : yn;x1 : xn; x; 1) Ŷ = b1x + b0

V AR(x1 : xn) S
′2
n = 1

n−1

∑n
i=1(xi − xn)2 140

V ARP (x1 : xn) S2
n = 1

n

∑n
i=1(xi − xn)2 142

ZTEST (x1 : xn) P ({ω : N(0, 1)(ω) >
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Tools / Data Analisis-is statistikuri funqciebi
Anova : Single Factor,
Anova : Two− Factor With Replication,
Anova : Two− Factor Without Replication,
Correlation,
Covariance,
Descriptive Statistics,
Exponential Smoothing,
F − Test Two− Sample for V ariances,
Histogram,
Moving Average,
Random Number Generation,
Regression,
t− Test : Paired Two Sample for Means,
t− Test : Two Sample Assuming Equal V ariances,
t− Test : Two Sample Assuming Unequal V ariances
z − Test : Two Sample for Means.
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