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kompiutingis epoqam gamoiwvia analizis raodenobrivi meTodebis gamoyenebis sferos 
swrafi gafarToeba, ZiriTadad maTi saSualebiT xorcieldeba ekonomikuri, urbanistuli, 
socialuri, biologiuri da sxva sistemebis maTematikuri modelireba da marTvis 
problemebis gadaWra. aRniSnuli meTodologia dReisaTvis warmatebiT gamoiyeneba 
humanisturi sistemebis (romlebSic monawileobs adamiani) analizisaTvisac. isini 
warmoadgenen im meTodebis modifikacias, romlebic didi xnis ganmavlobaSi iqmneboda 
meqanisturi sistemebisaTvis, e.i. sistemebisaTvis romlebic emorCilebian meqanikis, 
eleqtromagnetizmis da Termodinamikis kanonebs. 
    mecnierul azrovnebaSi Rrmad damkvidrda tendencia, rom movlenis aRqma gaigivebuli 
iyos misi raodenobrivi maxasiaTeblebis analizis SesaZleblobasTan. miuxedavad amisa 
ukanasknel periodSi maTematikuri meTodebis gamoyenebam humanisturi sistemebis 
modelirebisaTvis gviCvena, rom analizis Cveulebrivi raodenobrivimeTodebi miuRebelia 
sistemebisaTvis da saerTod yvela sistemisaTvis, romelic sirTuliT humanisturi sistemis 
msgavsia. moyvanili Tezisis safuZvels warmoadgens e.w araTavsebadobis principi, romlis 
Sinaarsic mdgomareobs SemdegSi: rac ufro rTulia sistema, miT ufro naklebad SegviZlia 
misi “yofaqcevis” zusti da amave dros praqtikulad Rirebuli daxasiaTeba. 
sistemebisaTvis, romelTa sirTule aWarbebs garkveul zRvrul dones, sizuste da 
praqtikuli azri TiTqmis erTmaneTis urTierTgamomricxavi maxasiaTeblebia. sxva 
sityvebiT rom vTqvaT, rac ufro Rrmad vaanalizebT realur amocanas, miT ufro rTuli 
xdeba misi amoxsna. swored amotom humanisturi sistemebis zust raodenobriv analizs 
mosalodnelia ar hqondes didi praqtikuli Rirebuleba realuri socialuri, ekonomikuri 
da sxva amocanebis gadawyvetisas, romlebic dakavSirebulia erTi adamiais an adamianTaA 
jgufis monawileobasTan. 
   wignSi ganxilulia aramkafio simravleTa Teoriis maTematikuri safuZvlebi. 
dafuZvnebuli im mosazrebaze, rom adamianis azrovnebis elementebs warmoadgenen ara 
ricxvebi, aramed garkveuli aramkafio simravleebis an obieqtebis klasebis elementebi, 
romelTaTvisac gadasvla “klasisadmi mikuTvnebidan” “ara mikuTvnebaze” xdeba ara 
naxtomiseburad, aramed uwyvetad.  marTlac, aramkafioba, romelic axasiaTebs adamianis 
azrovnebas gvaZlevs sababs vivaraudoT, rom am procesis safuZvels warmoadgens ara 
tradiciuli ormniSvnelobiani an mravalmniSvnelobiani logika, aramed logika aramkafio 
WeSmaritebiT, aramkafio kavSirebiT da gardaqmna aramkafio wesebiT. Cveni azriT sawored 
aseTi aramkafio logika TamaSobs ZiriTad rols adamianis azrovnebis erT-erT yvelaze 
mniSvnelovan aspeqts – informaciis Sefasebis unarSi. 
    wifni struqturirebulia Semdegnairad: 
    I TavSi ganxilulia Tanamedrove maTematikis erT-erTi mniSvnelovani da swrafad 
ganviTarebadi disciplinis – aramkafio simravleTa Teoriis ZiriTadi elementebi da 
Tvisebebi. II Tavi exeba aramkafio zomis da integrorebis zogad Teorias. aqve aRwerilia 
aramkafio integralis ZiriTadi Tvisebebi. III TavSi ganxilulia aramkafio algoriTmebi 

da Fuzzy - marTva. IV TavSi lingvisturi da aramkafio simravleTa Teoriis safuZvlebi. 
 

 
 
 
 
 
 

m. axobaZe 
 
 

recenzentebi: gia surgulaZe 
                        oTar zumburiZe 
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Tavi I 

 

Aaramkafio simravleTa Teoriis 

Eelementebi 

 
1.1. Sesavali 

 

sistemebis analizis tradiciuli meTodebi ara aris sakmarisi humanisturi 

sistemebis analizisaTvis imitom, rom isini ver moicaven adamianis azrovnebis da 

yofaqcevis aramkafiobas. Aamitom humanisturi sistemebis analizisaTvis aucilebelia 

midgomebi, roca sizuste, simkacre da maTematikuri formalizmi ar warmiadgenen raime 

absoluturad aucilebels, aramed gamoiyeneba iseTi meTodologiuri sqema, romelSic 

dasaSvebia aramkafioba da nawilobrivi WeSmaritebebi [1]. Aam TavSi ganvixilavT sworad 

aseT midgomas. 

aRniSnul midgomas aqvs sami ZiriTadi ganmasxvavebeli niSani: 

a) Ggamoiyeneba e.w. `lingvisturi” cvladebi, ricxviTi cvladebis nacvlad an maTTan 

erTd; 

b) Mmartivi mimarTebebi aRiwereba aramkafio gamonaTqvamebis saSualebiT; 

   g) rTuli mimarTebebi aRiwereba aramkafio algoriTmebiT. 

vidre gadavidodeT Cveni midgomis ufro dawvrilebiT ganxilvaze, sasargeblo iqneba 

moviyvanoT ZiriTadi mosazrebebi, romlebic mas udevs safuZvlad. Tavdapirvelad mokled 

SevexoT lingvisturi cvladebis Sinaarss. 

 

aramkafio lingvisturi cvladebi socialuri 

sistemebis analizis, modelirebisa da marTvisaTvis 

gamoTvliTi manqanebis, informaciuli teqnologiebis  epoqis dadgomam gamoiwvia 

analizis raodenobrivi meTodebis gamoyenebis sferos swrafi gafarToeba. Tu adre maTi 

saSualebiT ZiriTadad xorcieldeboda ekonomikuri, urbanistuli, teqnikuri sistemebis 

maTematikuri modelireba da marTvis problemebis gadaWra, dReisaTvis analizis 

raodenobrivi meTodebi  warmatebiT gamoiyeneba socialuri, humanitaruli sistemebis  

kvlevis, modelirebisa da marTvisaTvis. 

 Tanamedrove analizis raodenobrivi meTodebi warmoadgenen im meTodebis 

modifikacias, romlebic didi xnis ganmavlobaSi iqmneboda iseTi sistemebisaTvis, 

romlebic emorCilebian meqanikis, eleqtromagnitizmis da Termodinamikis kanonebs. am e.w. 

klasikuri meTodebis daxmarebiT miRweulma warmatebebma saSualeba mogvca bunebis bevr 

saidumlos CavwvdomodiT da Segveqmna ufro da ufro srulyofili mowyobilobebi.  
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aRniSnulma warmatebebma, ufro metad ki iman, rom samyaro erTiania da yvelafers, yvela 

substanciis movlenebs da procesebs, „erTnairi“  kanonebi da kanonzomierebani udevs 

safuZvlad,  ganapiroba azri imis Taobaze, rom am meTodebiT (an maTi msgavsi meTodebiT)    

Segveswavla iseTi rTuli procesebi rogoricaa socialuri, humanitaruli procesebi da 

sistemebi. 

viciT, rom rac ufro rTulia sistema, miT ufro naklebad SegviZlia misi “qcevis“ 

zustad gansazRvra. sisitemebisaTvis, romelTa sirTule aWarbebs garkveul zRvrul dones, 

sizuste da praqtikuli gamosavlianoba  urTierTgamomricxavia.  sxva  sityvebiT rom 

vTqvaT, rac ufro Rrmad vaanalizebT realur amocanas, miT ufro rTuli xdeba misi 

amoxsna. swored amitom, socialuri, humanitaruli sistemebisaTvis,  klasikuri, 

raodenobrivi meTodebis gamoyenebisas miRebul Sedegebs SeiZleba  ar hqonodaT didi 

praqtikuli mniSvneloba. 

saqme isaa, rom rodesac saqme gvaqvs socialur sistemebTan, saWiroa im faqtorebis 

gaTvaliswineba, rom adamiani faqtiurad operirebs ara ricxobrivi informaciiT, aramed  

aramkafio cnebebiT, romlebic umeteswilad lingvistur xasiaTs atarebs. 

aramkafio simravleebis Teorias safuZvlad udevs is mosazreba, rom adamianis 

cnobierebaSi bevri obieqtis mier ama Tu im Tvisebis dakmayofilebasa da 

daukmayofileblobas Soris mkafio gamijvna ar arsebobs. am TvalsazrisiT, yoveli ena 

SeiZleba ganvixiloT rogorc Sesabamisoba msjelobis aris da aramkafio qvesimravleebsa 

da am enis terminebs Soris.  

qvemoT ganxilulia aramkafio simravleTa Teoriis elementebi, romelic asaxvaa im 

mosazrebisa, rom adamianis azrovnebis elementebs warmoadgenen ara ricxvebi, aramed  

aramkafio simravleebi (sityvebi, lingvisturi cvladebi). aramkafioba. adamianis azrovnebis 

safuZvels warmoadgens ara tradiciuli ormniSvneliani an mravalmniSvneliani logika, 

aramed logika aramkafio WeSmaritebiT, aramkafio kavSirebiT.  

adamianis azrovnebis umniSvnelovani aspeqtis – informaciis Sefasebis unarSi, 

ZiriTad rols  TamaSobs monacemebis, informaciis gardaqmnaTa aramkafio logika.  

raimis Sefaseba Tavis bunebiT  warmoadgens miaxloebas. bevr SemTxvevaSi 

saWiro xdeba monacemTa uxeSi, miaxloebiTi daxasiaTeba, vinaidan adamianis 

tvini  axdens  ,,amocanisaTvis sakmarisi informaciis“  (an ,,amoxsnisaTvis sakmarisi 

informaciis“) kodirebas aramkafio simravleebis  elementebis saxiT, romlebic mxolod 

miaxloebiT aRweren CvenT xelT arsebul monacemebs. informaciis nakadi, romelic miiReba 

mxedvelobis, smenis, ynosvis da sxva organoebis saSualebiT, gardaiqmneba informaciis im 

viwro nakadad, romelic aucilebelia amocanis minimaluri sizustiT amosaxsnelad. 

aramkafio simravleebiT operirebis SesaZlebloba da aqedan gamomdinare informaciis 

Sefasebis unari warmoadgens adamianis gonebis yvelaze mniSvnelovan Tvisebas, rac 

Tvisobrivad ganasxvavebs adamianis azrovnebas  e.w. manqanuri azrovnebisagan. 

rogorc zemoT aRvniSneT, sistemebis analizis tradiciuli, raodenobrivi meTodebi  

ar aris sakmarisi, socialuri, humanisturi sistemebis kvlevisa da marTvisaTvis. rameTu, 

isini ver moicaven adamianis azrovnebis da yofaqcevis aramkafiobas. aqedan gamomdinare, 
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socialuri, humanisturi sistemebis SeswavlisaTvis aucilebelia iseTi midgomebis da 

meTodebis SemuSaveba, rodesac sizuste, simkacre da maTematikuri formalizmi ar 

warmoadgenen absolitur aucileblobas. aseTi sistemebisaTvis gamoyenebuli unda iqnas 

iseTi meTodologiuri sqema, romelSic dasaSvebia aramkafioba da nawilobrivi 

WeSmaritebebi. 

aRniSnul midgomas aqvs Semdegi sami ZiriTadi ganmasxvavebeli niSani tradiciuli, 

klasikuri raodenobrivi meTodebisagan, aq: 

a) gamoiyeneba e.w. ,, lingvisturi“ cvladebi, ricxviTi cvladebis nacvlad an maTTan 

erTad; 

b) martivi mimarTebebi aRiwereba aramkafio gamonaTqvamebis  saSualebiT; 

g) rTuli mimarTebebi aRiwereba aramkaio algoriTmebiT.  

 

qvemoT SemovitanoT  ZiriTadi cnebebi, romlebic   safuZvlad udevs aramkafio 

simravlis Teorias. 

 

lingvisturi da aramkafio cvladebi 

rogorc avRniSneT, informaciis Sefasebis unari arsebiT rols TamaSobs rTuli 

movlenebis Seswavlisas. adamianis unari, Seafasos informacia yvelaze mkafiod Cans enebis 

gamoyenebisas. sasaubro enis yoveli sityva SeiZleba ganvixiloT rogorc msjelobebis 

sruli aris, aramkafio qvesimravleTa  aRmweri. 

Tu obieqtis fers ganvixilavT rogorc raime cvlads, maSin am cvladis 

mniSvnelobebi: wiTeli, lurji, yviTeli, mwvane da sxva,  warmoadgenen aramkafio cvladebs. 

aq, aucilebelia  SevniSnoT, rom  cvladis – „feri“ mniSvneloba gamosaxuli bunebrivi 

enis cnebiT – „wiTeli“, gacilebiT naklebad zustia, vidre ricxvi, romelic aRniSnavs 

mocemuli feris Sesabamisi talRis sigrZes. 

Tu arsebiTi saxeli – „yvavilis“ mniSvneloba aris aramkafio qvesimravle -𝑀, xolo 

zedsarTavi saxeli - „wiTeli“–aramkafio qvesimravle - 𝑁 N, maSin, “wiTeli yvavilis“ 

mniSvneloba iqneba 𝑀 da 𝑁 N– is TanakveTa. 

am magaliTSi, cvladis („feris“) mniSvnelobebia elementaruli cnebebi: „wiTeli“, 

„lurji“, „yviTeli“ da sxva. 

zogadad, aseTi cvladebis mniSvnelobebs SeiZleba warmoadgendnen, raime 

specialuri enis winadadebebi da  Sesabamisad aseT cvladebs uwodeben lingvistur 

cvladebs. magaliTad, aramkafio cvladma „simaRle“ SeiZleba miiRos Semdegi 

mniSvnelobebi: „maRali“, „dabali“, „sakmarisad maRali“,  „Zalian maRali“, „Zalian, Zalian 

maRali“, „maRali, magram arc ise“, „met–naklebad maRali“ da a.S. es mniSvnelobebi 

warmoadgenen winadadebebs, romlebic warmoqmnilia cnebiT „maRali“ an „dabali“, 

„sakmarisad“, „meti“ da „naklabi“. aqedan gamomdinare zemoT moyvanili ganmartebis Tanaxmad 

cvladebis „simravle“ aris lingvisturi. 
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ZiriTadad lingvisturi cvladebiT aRiwereba rTuli an „cudad“ gansazRruli 

movlenebi. raodenobriv cvladebze uaris TqmiT da sityvier aRwerebze dayrdnobiT, 

romlebiTac operirebs adamiani,  saSualeba gveZleva gavaanalizoT imdenad rTuli 

sistemebi, romlebisTvisac ver gamoviyenebdiT raodenobriv, klasikuri analizis meTodebs. 

 

aramkafio simravleebi 

aramkafio simravleebi warmoadgenen saSualebebs rTuli gansazRvrebebis 

aRwerisaTvis.  

magaliTad, mTeli ricxvebis simravle 1-dan 10-mde aris martivi, cxadi simravle. 

magram simravle "mTeli ricxvebi 6-is siaxloves", aracxadia. rameTu, Tu 7, 8 SeiZleba 

CaiTvalos 6-is maxlobel ricxvebad, amas ver vityviT ricxvebze 11 an 17.  aseT 

“uxerxul”gansazRvrebas xsnis aramkafio simravleebi, romelTa safuZvelze Seiqmna mkafio 

zusti Teoria iseTi cnebis gansazRvrisaTvis rogoricaa: "6-is maxloblad". Aaqve unda 

SevniSnoT, rom is aris subieqturi. moviyvanoT grafikuli ilustracia 

 

 

 

 

 

 

 

 

 

 

 

mkafio simravleebis SemTxvevaSi zustad unda ganvsazRvroT ras miSnavs cneba: 

ricxvi "6-is maxloblad". Tu Cven miviRebT, rom ricxvebi 5-dan 7 arian "6 maxloblad" da 

Tu abcisaTa RerZze-𝑦 gadavzomavT mikuTnebis funqciis mniSvnelobis sidides, maSin mkafio 

simravleebis SemTxvevaSi ricxvebis: 5-dan qvemoT da 7-is zemoT, mikuTvnis funqciis 

mniSvneloba iqneba nulis toli. mxolod ricxvebi 5,6 da 7 –arian “6-is” maxloblad da 

maTi mikuTvnebis funqciis mniSvneloba 1-is tolia.     

aramkafio simravleebis SemTxvevaSi Cven (eqspertebi) vadgenT ama Tu im ricxvebis 

mikuTnebis funqcias „ricxv 6“-is maxloblad“. moyvanil magaliTSi miviCnieT, rom ricxvebi 

2-ze naklebi da 10-ze meti ar arian 6-is siaxloves. e.i maTi miekuTnebis funqciis 

mniSvniloba - 𝑦 „ricxv 6“-Tan nulis tolia, 𝑦=0. 
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ricxvebi 5-dan  7-is CaTvliT  WeSmaritad 6-is siaxlovesaa, amitom maTi mikuTnebis 

funqcis mniSvneloba 𝑦=1.  

aramkafio simravlis asagebad, 2 dan 5 ricvebis diapazonSi gavavloT wrfe – 𝐴𝐵,  𝑦=0 

dan  𝑦=1 - mde (ix.nax2). 

 

 

 

 

 

 

 

 

 

 

  

analogiurad 7 dan 10 ricxvebis diapazonSi vavlebT wrfes-𝐶𝐷. ricxvebis 3,4,8,9 

ordinatebis 𝑦(3), 𝑦(4), 𝑦(8), 𝑦(9) warmoadgenen Sesabamisi ricxvebis -3,4,8,9-is "6-is 

maxloblobis" mikuTvnebis funqciis mniSvnelobebs.  magaliTad, ricxvi 4-is mikuTvnebis 

funqciis sididea 𝑦(4)=𝑎(4)=0,58. xolo ricxvi 5-is mikuTvnebis funqciis mniSvneloba 1 

tolia. 

advilad SevniSnavT, rom  aramkafio simravlis sazRvari SeiZleba iyos sxvadasxva. 

im SemTxvevaSi, Tu 2-s miviCnevdiT 6-is maxlobel ricxvad, maSin unda SevaerToT 1 da 5 

ricxvebis Sesabamisi abscisebi (wrfe 𝐴1𝐵). Sesabamisad, Seicvleboda aramkafio 

simravleebis sazRvrebi da 3 da 4 ricxvebis mikuTnebis Ffunqciis mniSvneloba ukve 

iqneboda 𝑏(3) da  𝑏(4). 

rogorc vxedavT, aramkafio simravlis parametrebis sididebi damokidebelia 

subieqtis Tvalsazrisze. anu, adeqvaturi modelis SerCeva damokidebulia eqspertebis 

ganswavlulobaze, maT mier problemis, procesis adeqvatur aRqmaze. amaSi mdgomareobs 

aramkafio simravleebis dadebiTi da uaryofiTi mxareebi. 

arsebobs aramkafio simravleebis: “damatebis”, “gaerTianebis” da “TanakveTis” 

sxvadasxva gansazRvrebebi. yvela isini analogiuria mkafio simravleebisTvis 

gansazRvruli wesebisa. aq Cven moviyvanT ZiriTad gansazRvrebebs. 

(𝐴) - ekuTnis A𝐴 simravles,  Caiwereba Semdegi saxiT 0 ≤ 𝐴 ≤ 1     

 𝐴A- simravlis damateba Caiwereba Semdegi saxiT - (1 – 𝐴) 

ნახ.2. არამკაფიო მიკუთვნების ფუნქცია: რიცხვი „ 6 მახლობლად“ 
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M 𝑀𝑖𝑛 ( 𝐴, 𝐵) - 𝐴 da 𝐵B simravleebis TanakveTaa. 

  𝑀𝑎𝑥 (𝐴, 𝐵) -  𝐴 da 𝐵 B imravleebis gaerTianebaa. 

rogorc vxedavT, gansazRvrebis Tanaxmad aramkafio simravlis - 𝐴, “damateba” aris 

(1- 𝐴A). Cvens SemTxvevaSi, Tu “ricxvi - 4”-is, “ricxv - 6” Tan mikuTvnebis sidide 𝑦=0,57-is 

tolia, is aseve 0,43-iT ar ekuTnis “6-is maxlobel” ricxvebs.  

 

 

 

 

 

 

 

 

 

 

nax.3. aramkafio simravlis–(𝐴𝐵𝐶𝐷𝐸𝐹) damateba ricxvi “6-maxloblad” mrudi 

(𝐴1𝐵1𝐶1𝐷1𝐸1𝐹1) 

SeiZleba iTqvas, rom “mesamis gamoricxvis kanoni” iyo is mizezi, romelmac 

gansazRvra aramkafio simravleebis Teoriis Semotana da masze gadasvla. 

aramkafio simravleebs xSirad “aigiveben” albaTobis TeoriasTan, rameTu aramkafio 

simravleebi gamoiyeneba iseT amocanebTan, romlebic formulirebulia albaTobis Teoriis 

terminebSi. es gaugebroba agebulia imaze, rom mikuTvnebis funqcia aramkafio simravleebis 

TeoriaSi icvleba 0-dan 1-mde, iseve rogorc albaTobebi. mTavari gansxvaveba maT Soris 

isaa, rom isini zomaven ganuzRvrelobis sxvadasxva aspeqtebs. 

aramkafio simravlis mikuTvnebis funqcia warmoadgens rTuli mdgomareobis aRmwer 

sidides. damatebiTi monacemebi mis mniSvnelobebs ver cvlis, maSin rodesac albaTobebis 

mniSvnelobebi icvleba damatebiTi monacemebis miRebis mixedviT. 

moviyvanoT klasikuri magaliTi aramkafio simravleTa Teoriidam. gvaqvs ori, 𝐴 Ada 

𝐵 siTxiT savse boTlebi. 𝐴 – boTlSi moTavsebuli siTxis sasmel wyalTan mikuTvnebis 

funqciis mniSvneloba 0.9-is tolia. xolo albaToba imisa, rom 𝐵 boTlSi moTavsebuli 

siTxe ekuTvnis sasmel wyals tolia 0,9. Tu Tqven iZulebuli xarT dalioT erT-erTi 

boTlidan, romels airCevdiT? 

A 𝐴 - boTlSi arsebuli siTxe, mikuTvnebis funqciis mixedviT (𝑦=0,9) mTlad sasmeli 

ar aris, magram mas waagavs. is SeiZleba iyos WuWyiani wyali. 
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xolo 𝐵-Si moTavsebuli siTxe 90%-iT SeiZleba iyos sruliad kargi sasmeli da 10% 

- ki iyos sasikvdilo. anu is SeiZleba iyos 100% dasalevi wyali,  an 100% sasikvdilo. 

Mmagram, amis gageba SesaZlebelia mxolod mas Semdeg roca mas davlevT. 

cxadia, Cven avirCevT 𝐴A- WurWels. advilad SevamCnevT, rom mikuTvnebis xarisxi 

yovelTvis rCeba erTidaigive, 0.9 toli. 

 

aramkafio cvladebs Soris martivi  mimarTebebi 

sistemebis analizis raodenobriv midgomaSi, damok(idebulebas or ricxviT (𝑥 da 𝑦) 

cvladebs Soris Cveulebriv aRweren cxrilis saSualebiT, romelic SeiZleba 

warmovidginoT gamonaTqvamTa erTobliobis saxiT. magliTad, Tu  𝑥  udris 5, maSin 𝑦 

udris  0; Tu  𝑥 udris 6, maSin 𝑦 udris 14 da a.S. 

aRweris analogiuri xerxi gamoiyeneba aramkafio cvladebs Sorisac,  mxolod am 

dros 𝑥 da 𝑦 ukve aramkafio cvladebia (lingvisturi cvladebi).  gamonaTqvamebs, romlebic 

aRweren 𝑦 is damokidebukebas  𝑥 ze, SeiZleba hqodes aseTi saxe : 

Tu 𝑥 mcirea, maSin 𝑦 Zalian–Zalian didia; 

Tu 𝑥 arc ise mcirea, maSin 𝑦 Zalian didia; 

Tu  𝑥 arc mcirea da arc didia, maSin 𝑦 arc ise didia da a.S. 

aramkafio gamonaTqvamis struqtura aseTia: ,,A𝐴–dan  gamomdinareobs 𝐵B”, aq 𝐴A da 𝐵 

aramkafio  cvladebia. magaliTad, “Tu niko Tavazianad geqceva, maSin Sen keTilad unda 

iyo ganwyobili mis mimarT,“. am tipis gamonaTqvamebi xSiria yoveldRiur  saubarSi.  

aq  𝑥 da 𝑦 aramkafio cvladebs Soris mimarTeba aris martivi im azriT, rom is 

SeiZleba aRvweroT rogorc  ,, 𝐴–dan gamomdinareobs 𝐵” saxis gamonaTqvamTa simravle, 

sadac 𝐴 da 𝐵 aramkafio simravleebis simboloebia. 𝑦–is  𝑥–ze ufro rTuli 

damokidebulebis aRwerisas ki gamoiyeneba aramkafio algoriTmebi.  

aramkafio algoriTmi warmoadgens instruqciebis dalagebul mimdevrobas  

(kompiuteruli programis msgavsad), romelTagan zogierTi SeiZleba Seicavdes aramkafio 

simravleebs, magaliTad: 

Tu  𝑦 didia, maSin 𝑥 cotaTi SevamciroT; 

Tu  𝑦 arc ise didia da arc ise mcire, maSin Zalian cotaTi gavzardoT 𝑥; 

Tu  𝑦 mcirea, maSin SeCerdi; Tu ara, maSin 𝑥 gazarde oriT. 

is faqti, rom aseT algoriTmebSi dasaSvebia analogiuri tipis instruqciebi, cxadia,  

maTi saSualebiT SegviZlia miaxloebiT aRvweroT sxva rTuli movlenebi.  

aRniSnuli meTodis miaxloebiTi buneba adeqvaturad asaxavs im  ganuzRvrelobas 

romelic damaxasiaTebelia adamianis qcevisa da azrovnebisaTvis. aqedean gamomdinare 

aramkafio simravleTa Teoria  aris ufro realisturi da adeqvaturi  meTodi socialuri, 
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humanisturi sistemebis  analizis da modelirebis, vidre klasikuri raodenobrivi 

meTodebi. 

magram, aucilebelia aqve SevniSnoT, rom aseTi midgomis Teoriuli safuZveli 

savsebiT mkacria. saqme isaa, rom aq ganusazRvrelobis wyaros warmoadgens ara mis 

safuZvelSi Cadebuli Teoria, aramed lingvisturi cvladebi da am cvladebis da aramkafio 

algoriTmebis gamoyenebis xerxebi.  amocanis gadawyvetis  sizustis xarisxi aq 

ganisazRvreba amocanis moTxovnebTan da arsebuli monacemebis sizusts mixedviT. 

 

1.1.1. Llingvisturi da aramkafio  cvladebi 

 

rogorc avRniSneT, informaciis Sefasebis unari arsebiT rols TamaSobs rTuli 

movlenebis daxasiaTebaSi. Aadamianis unari, Seafasos informacis yvelaze mkafiod, Cans 

enebis gamoyenebisas. sasaubro enis yoveli 𝑥 sityva SeiZleba ganvixiloT rogorc 

msjelobebis sruli 𝑈 aris, 𝑀(𝑥) aramkafio qvesimravleTa SekumSuli aRwera, sadac 𝑀(𝑥) 

aris 𝑥-is mniSvneloba. am mosazrebiT mTeli ena SeiZleba ganvixiloT rogorc sistema, 

romlis mixedviTac 𝑈 simravlis aramkafio qvesimravleebs miewereba elementaruli an 

Sedgenili simboloebi (e.i sityvebi, sityvebis jgufis da winadadebebi). magaliTad, Tu 

arsebiTi saxelis-yvavilis mniSvneloba aris aramkafio qvesimravle 𝑀, xolo zedsarTavis 

saxelis “wiTeli”-aramkafio qvesimravle 𝑁, maSin “wiTeli yvavilis” mniSvneloba 𝑀 da 𝑁-

is TanakveTa. 

Tu obieqtis fers ganvixilavT rogorc raime cvlads, maSin am cvladis 

mniSvnelobebs: wiTeli, lurji, yviTeli, mwvane dasxva SeiZleba mieces yvela obieqtis 

sruli simravlis aramkafio qvesimravleebis simboloebis interpretacia. Aam azriT feri 

warmoadgens aramkafio cvlads, e.i cvlads, romlis mniSvnelobebia aramkafio simravleebis 

simboloebi. 

mniSvnelovania SevniSnoT, rom aRniSnuli cvladis – “feri” mniSvneloba gamosaxuli 

bunebrivi enis cnebiT - “wiTeli” gacilebiT naklebad zustia, vidre Sesabamisi ricxvi, 

romelic aRniSnavs mocemuli feris Sesabamisi talRis sigrZes.  

zemoT Gganxilul magaliTSi cvladis (“feri”) mniSvnelobebia elementaruli 

cnebebi: “wiTeli”, “lurji”, “yviTeli” da sxva. 

zogad SemTxvevaSi aseTi cvladebis mniSvnelobebs SeiZleba warmoadgendnen raime 

specialuri enis winadadebebi da am SemTxvevaSi  Sesabamis cvlads uwodeben lingvisturs. 

magaliTad aramkafio cvladma “simaRle” SeiZleba miiRos  Semdegi mniSvnelobebi: “maRali”, 

“dabali”, “sakmarisad maRali”, “Zalian maRali”, “arc ise maRali”, “Zalian, Zalian maRali”, 

“maRali, magram arc ise”, “met-naklebad maRali” da a.S. es mniSvnelobebi warmoadgenen 

winadadebebs, romlebic warmoqmnilia cnebiT “maRali” an ”dabali”, uaryofiT “ara”, 

kavSirebiT “da” da “magram” da agreTve aramkafio sityvebiT “Zalian”, “sakmarisad”, “meti” 

da ”naklebi”. aqedan gamomdinare zemoT moyvanili ganmartebis Tnaxmad cvladi “simaRle” 

aris lingvisturi. 
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Llingvisturi cvladebi ZiriTadad gankuTvnilia rTuli an cudad gansazRvruli 

movlenebis dasaxasiaTeblad e.i raodenobriv cvladebze uaris TqmiT da sityvier 

aRwerebze dayrdnobiT, romlebiTac operirebs adamiani, saSualeba gveZleva gavaanalizoT 

imdenad rTuli sistemebi, romelTaTvisac ver gamoviyenebT Cveulebriv maTematikuri 

analizis meTodebs. 

 

1.1.2. Aaramkafio cvladebs Soris martivi mimarTebebis daxasiaTeba 

 

sistemebis analizisadmi raodenobriv midgomaSi, damokidebulebas or ricxviT (𝑥 da 

𝑦) cvlad Soris Cveulebriv aRweren cxrilis saSualebiT, romelic SeiZleba 

warmovidginoT gamonaTqvamTa erTobliobis saxiT. MmagaliTad, Tu 𝑥 udris 5, maSin 𝑦 udris 

0, Tu 𝑥 udris 6, maSin 𝑦 udris 14 da a.S. 

aRweris analogiuri xerxi gamoiyeneba Cven midgomaSic, magram 𝑥 da 𝑦  ukve aramkafio 

cvladebia. keZod, Tu 𝑥 da 𝑦  lingvisturi cvladebia, maSin gamonaTqvamebs, romlebic 

aRweren  𝑦-is damokidebulebas 𝑥-ze,SeiZleba hqondes Semdegi saxe: 

Tu  𝑥 mcirea, maSin 𝑦  Zalian Zalian didia. 

Tu  𝑥  arc ise mcirea, maSin 𝑦  Zalian didia. 

Tu  𝑥 arc mcirea da arc didia, maSin 𝑦 arc ise  didia da a.S. 

aramkafio gamonaTqvami “A𝐴-dan gamomdinareobs 𝐵,sadac 𝐴 da 𝐵 Rebuloben aramkafio 

mniSvnelobebs, magaliTad, “Tu niko Tavazianad geqceva, maSin Sen keTilad unda iyo 

ganwyobili mis mimarT”. Aam tipis gamonaTqvamebi xSiria yovedRiur saubarSi, magram maTi 

mniSvneloba ara aris mkacrad gansazRvruli. SemdgomSi Cven vaCvenebT, rom “𝐴-dan 

gamomdinareobs 𝐵 gamonaTqvams SeiZleba mieniWos zusti Sinaarsi maSinac ki, roca 𝐴 da 𝐵 

aramkafio simravleebia, Tu 𝐴 da 𝐵-s mniSvnelobebi ganisazRvrebian rogorc msjelobaTa 

aris raime qvesimravleebi. 

wina magaliTSi 𝑥 da 𝑦 aramkafio cvladebs Soris mimarTeba aris martivi im azriT, 

rom is SeiZleba aRvweroT rogorc "𝐴-dan gamomdinareobs 𝐵 saxis gamonaTqvamTa simravle, 

sadac 𝐴 da𝐵 aramkafio simravlebis simboloebia, romlebic warmoadgenen Sesabamisad 𝑥 da 

𝑦 cvladebis mniSvnelobebs. 𝑦-is 𝑥-ze ufro rTuli damokidebulebis aRwerisas SeiZleba 

dagvWirdes aramkafio algoriTmebi. Aaramkafio algoriTmis cneba mniSvnelovan rols 

TamaSobs ganusazRvreli cnebebis da maT Soris mimarTebebis miaxloebiTi aRweris 

meTodebis agebisas. 
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1.1.3. aramkafio funqciebis da mimarTebebis aRwera aramkafio algoriTmebis 

saSualebiT 

 

     aramkafio funqciis mocema aramkafio gamonaTqvamebis saSualebiT Cveulebrivi 

funqciis mocemis analogiuria (𝑥𝑓(𝑥))  saxis wyvilebis cxriliT, sadac 𝑥 – argumentis, 

xolo 𝑓(𝑥)-funqciis Sesabamisi mniSvnelobaa. cxrilis nacvlad Cveulebrivi funqcia 

SeiZleba ganvsazRvroT algoriTmulad (e.i. programis saSualebiT). Aanlogiurad, 

aramkafio algoriTmis saSualebiT SeiZleba ganvsazRvroT aramkafio funqcia, igive 

Seexeba simravleebs da maT Soris aramkafio mimarTebebs. 

 SinaarsiT aramkafio algoriTmi warmoadgens instruqciebis dalagebul mimdevrobas 

(gamomTvleli manqanisaTvis programis msgavsad), romelTagan zogierTi SeiZleba Seicavdes 

aramkafio simravleebis simboloebs, magaliTad: 

Tu  𝑦 didia, maSin 𝑥  cotaTi SevamciroT; 

Tu 𝑦  arc ise didia da arc ise mcire, maSin Zalian cotaTi gavzardoT 𝑥. 

Tu  𝑦  mcirea , maSin SeCerdi; Tu ara, maSin 𝑥 gavzardoT oriT. 

is faqti, rom algoriTmSi dasaSvebia aseTi tipis instruqciebi, SegviZlia maTi 

saSualebiT miaxloebiT aRvweroT sxvadasxva rTuli movlenebi. aRsaniSnavia rom, vinaidan 

es aRwerebi bunebiT aramkafioa, amitom isini SeiZleba iyvnen mocemuli amocanis miznis 

srulad adekvaturi. am tipis aramkafio algoriTmebma SeiZleba mogvces miznis funqciebis, 

sistemis funqcionirebis SezRudvebis, strategiebis da a.S. miaxloebiTi aRweris efeqturi 

xerxebi. 

SemdgomSi SevCerdebiT lingvisturi cvladebis, aramkafio gamonaTqvamebis da 

aramkafio algoriTmebis zogierT ZiriTad meTodsa da Tvisebaze. aRniSnuli meTodis 

mixloebiTi buneba asaxavs ganusazRvrelobas adamianis yofaqcevaSi da amitom SeiZleba 

gaxdes humanisturi  sistemebis ufro realisturi analizis safuZveli. 

Semdgomi paragrafebidan naTeli gaxdeba, rom aseTi midgomis Teoriuli safuZveli 

savsebiT mkacria. saqme isaa, rom aq ganuzRvrelobis wyaros warmoadgens ara mis 

safuZvelSi Cadebuli Teoria, aramed lingvisturi cvladebis da aramkafio algoriTmebis 

gamoyenebis xerxebi realuri amocanebis formulirebasa da amoxsnaSi. sinamdvileSi, 

amonaxsnis sizustis xarisxi SeiZleba SeTanxmebuli iyos amocanis moTxovnebTan da 

arsebuli monacemebis sizistesTan. aseTi moqniloba warmoadgens gansaxilveli modgomis 

erT-erT umniSvnelovanes Tvisebas. 

 

1.2. SesaZleblobis zomebi da aramkafio simravleebi 

 

informaciis miRebisas arsebobs monacemTa analizis sami xerxi imis mixedviT, Tu 

raze keTdeba aqcenti; informaciis struqturaze (logikuri midgoma), informaciis 

Sinaarsze (Teoriul-simravluri midgoma) Tu mis damokidebulebaze realur faqtebTan 
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(movlenuri midgoma) informaciuli erTeuli ganisazRvreba obieqtis, Tvisebis, 

mniSvnelobis, damajereblobis saxiT. Tvisebas Seesabameba funqcia, romelic gvaZlevs 

obieqtis an sagnis mniSvnelobas (mniSvnelobaTa simravles), romlis saxelwodebac 

mocemulia sainformacio erTeulSi. Ees mniSvneloba Seesabameba raime predikats, e.i. 

mocemil TvisebasTan dakavSirebiT universaluri simravlis qvesimravles. Ddamajerebloba 

aris informaciuli erTeulis saimedoebis maCvenebeli cxadia, rom informaciul erTeulSi 

Semavali oTxive komponenti SeiZleba iyos Semadgeneli (obieqtTa simravle, TvisebaTa 

simravle, 𝑛-adgiliani predikati, damajereblobis sxvadasxva xarisxi). Aam konteqstSi 

SegviZlia mkacrad ganvasxvaoT uzustobisa da ganusazRvrelobis cnebebi: uzustoba 

Seexeba informaciis Sinaarss (komponenti “mniSvneloba”), xolo ganusazRvreloba mis 

marTebulobas (komponenti “damajerebloba”), informaciis ganuzvreloba, xasiaTi, aisaxeba 

Semdegi sityvebiT “SesaZlebelia”, “albaT”, “aucilebelia”, “damajerebelia” da a.S. 

informaciis aramkafioba, gabneuloba, uzustoba axasiaTebs Sesabamisi obieqtis 

mniSvnelobisaTvis mkafio sazRvris arsebobas. sasaubro enis bevri gamonaTqvami 

aramkafioa. magaliTad SeiZleba moviyvanoT arazusti mkafio gamonaTqvami: “𝑥=𝑦” 𝜀 

sizustiT ≡ (toloba, (𝑥, 𝑦), sizuste 𝜀, 1); arazusti aramkafio gamonaTqvamia; “𝑥 daaxloebiT 

udris 𝑦” ≡ (toloba, (𝑥, 𝑦),daaxloebiT, 1). Aaramkafio gamonaTqvami “daaxloebiT” axasiaTebs 

mniSvnelobebis erTobliobas, romlebic met-naklebad adekvaturia 𝜀-is. 

zemoTqmulidan gamomdinare informacia SeiZleba iyos erTdroulad aramkafio da 

ganuzRvrelic, razec metyvelebs Semdegi gamonaTqvamebi: “faraSi, albaT, bevri 

cxvaria” ≡  (cxvrebis raodenoba, fara, bevri, albaT). 

monacemTa arasrulyofilebis dasaxasiaTeblad tradiciulad gamoiyeneba ori 

midgoma: 

albaTobis Teoria da cdomilebaTa Teoria. ZiriTadad hipoTeza, romelic uzrunvelyofs 

albaTobis  Teoriis gamoyenebas maTematikur statistikaSi, mdgomareobs imaSi, rom cdebis  

sivrces SeiZleba urTierTcalsaxad SeusabamoT xdomilobaTa sivrce. Yyovel xdomilobas 

ukavSirdeba misi realizaciebis simravle (aracarieli, Tu mocemuli xdomiloba ar aris 

SeuZlebeli), da gansxvavebuli xdomilobebis yoveli wyvilisaTvis arsebobs erTi cda 

mainc, romelSic erTi xdomiloba gamoricxavs meores. es HhipoTeza saSualebas gvaZlevs 

davyoT sarwmuno xdomiloba elementarul xdomilobad, romelTagan TiToeuli Seesabameba 

raime realizacias. statistikuri monacemebis damuSavebisas aRniSnuls mivyavarT 

daSvebamde, rom arsebobs realizaciebis simravlis iseTi dayofa, romlisTvisac yoveli 

eqsperimentis Sedegs SeiZleba SeusabamoT dayofis erTi da mxolod erTi elementi, e.i 

Sedegi aris elementaruli xdomiloba. rac Seexeba cdomilebaTa Teorias, romelic xSirad 

gamoiyeneba fizikaSi, is asaxavs gazomvis xelaswyos uzustobas intervalis saxiT. 

cdomilebaTa TeoriisaTvis miuRebelia ganuzRvreloba: Tu parametris mniSvneloba 

zustad cnobili ar aris, maSin zustad aris cnobili misi cvladebis sazRvrebi. rogorc 

vxedavT albaTobis Teoria da cdomilebaTa Teoria aris uzustobis aRweris ori 

principulad gansxvavebuli midgoma. 

realobaSi xSirad warmoiSoba situacia, rodesac Secdomis tipis uzustoba gvxvdeba 

cdebis mimdevrobaSi, romelTac vatarebT SemTxveviTi movlenis gansazRvrisaTvis. Aadvili 

misaxvedria, rom am SemTxvevaSi garkveuli damatebiTi hipoTezebis gareSe SeuZlebelia 

warmovadginoT misaRebi informacia wminda albaTuri saxiT. albaTobis Teoria SegviZlia 

warmatebiT gamoviyenoT zusti, magram realizaciebis mixedviT ganawilebuli informaciis 
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dasamuSaveblad. rogorc ki warmoiSoba raime uzustoba calkeul realizaciaSi, es modeli 

xdeba miuRebeli. 

U uzustobis da ganuzRvrelobis tradiciuli modelebis SezRudvebis es mokle 

ganxilva moviyvaneT im mizniT, rom dagvesabuTebina ufro zogadi midgomis aucilebloba, 

romelic Seicavs albaTobis Teoriisa da cdomilobaTa Teoriis elementebs.  qvemoT 

ganvixilavT aseT zogad modgomas da SemovitanT ganuzRvrelobis zomebis axal ojaxs – 

SesaZleblobis zoma, romelic mWidrod iqneba dakavSirebuli cdomilobaTa TeoriasTn. 

simravlis es funqciebi savsebiT gansxvavdeba albaTuri zomebisagan. albaToba gamoiyeneba 

cdebis zusti, magram urTierTgamomricxavi Sedegebis dasamuSaveblad, maSin roca 

SesaZleblobis zoma warmoadgens arazusti, magram SeTanxmebul monacemTa bazebis agebis 

bunebriv saSualebas. 

ganvixiloT movlenaTa simravle, romelic dakavSirebulia arazust da ganuzRvrel 

monacemTa bazasTan. maT ganvixilavT rogorc universaluri Ω simravlis qvesimravleebs. 

Ω-s vuwodoT sarwmuno movlena. carieli simravle ∅ gavaigivoT SeuZlebel movlenasTan. 

igulisxmeba, rom yovel 𝐴 ⊂ Ω movlenas SeiZleba SeusabamoT namdvili ricxvi 𝘨(𝐴), 

romelic moicema subieqtis mier an miiReba informaciul sistemaSi Senaxuli informaciis 

gadamuSavebiT.  𝘨(𝐴), mniSvneloba asaxavs damajereblobis xarisxs, romelic gaaCnia 

subieqts 𝐴 moclenis mimarT. ganmartebis Tanaxmad 𝘨(𝐴) sidide izrdeba damajereblobis 

gazrdiT. Ggarda amisa, Tu 𝐴 sarwmuno movlenaa, maSin  𝘨(𝐴) =1, xolo Tu 𝐴 SeuZlebeli 

movlenaa, maSin  𝘨(𝐴)=0. Ggveqneba: 

𝘨(∅)=0 da 𝘨(Ω)=1.      (1.1) 

Mmagram  𝘨(𝐴)=1 (Sesabamisad  𝘨(𝐴)=0) zogadad ar niSnavs, rom 𝐴 aucileblad aris sarwmuno 

(Sesabamisad SeuZlebeli) movlena. 

Y yvelaze susti aqsioma, romelic SeiZleba moviTxovoT simravleTa  𝘨 funqciis 

gansazRvrisaTvis aris monotonuroba Cadgmis mimarT: 

𝐴 ⊆ 𝑩 ⇒ 𝘨(𝐴) ⊆  𝘨(𝐵).     (1.2) 

es aqsioma gamoxatavs Semdeg faqts: Tu 𝐴 movlena iwvevs 𝐵 movlens, maSin imaSi, rom 

moxdeba 𝐵, sul cota imdenad mainc varT darwmunebuli, ramdenadac imaSi, rom moxdeba 𝐴. 

aseTi simravlis funqciebi SemoRebuli iyo sujenos [6] mier ganuzRvrelobis 

dasaxasiaTeblad da maT uwoda aramkafio zomebi. Aa.kofmanis mier [9] SemoTavazebuli 

termini “Sefaseba”. Cven maT vuwodebT ganuzRvrelobis zomebs. SevniSnavT, rom simravlis 

es funqciebi ar warmoadgens Cveulebriv zomebs, vinaidan zogadad ar akmayofilebs 

aditiurobis aqsiomas. 

Tu Ω usasrulo simravlea, maSin yoveli {𝐴𝑛} Calagebuli simravleebis 

mimdevrobisaTvis 𝐴0 ⊆ 𝐴1 ⊆ ⋯ ⊆ 𝐴𝑛 ⊆ an 𝐴0 ⊇ 𝐴1 ⊇ ⋯ ⊇ 𝐴𝑛 ⊇ ⋯ SeiZleba SemovitanoT 

uwyvetobis piroba Semdegi saxiT: 

lim
𝑛→∞

𝘨(𝐴𝑛) =  𝘨( lim
𝑛→∞

𝐴𝑛)   (1.3) 

qvemoT vigulisxmoT, rom ganuzRvrelobis zoma akmayofilebs (1.3) pirobas zemoT 

moyvanili erT-erTi Calagebuli simravlisaTvis erTobliobisaTvis mainc. 

(1.2) monotonurobis aqsiomidan uSualod gamomdinareobs Semdegi utolobebi: 

 𝘨(𝐴 ∪ 𝐵) ≥ max( 𝘨(𝐴), 𝘨(𝐵)),   (1.4) 

 𝘨(𝐴 ∩ 𝐵) ≤ min( 𝘨(𝐴), 𝑔(𝐵)) , ∀𝐴, 𝐵 ⊆ Ω  (1.5) 

ganuzRvrelobis zomis erT-erT zRvrul SemTxvevaSi warmoadgens simravlis funqcias ∏ 

iseTi, rom     
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∏(𝐴 ∪ 𝐵) = max(∏(𝐴),∏(𝐵)) , ∀𝐴, 𝐵 ⊆ Ω (1.6) 

maT ewodebaT SesaZleblobebis zomebi zades mixedviT. SevniSnavT, rom (1.6) formulas 𝐴, 𝐵 

ar warmoadgenen aucilebel TanaukveT simravlebs. 

      advili Sesamowmebelia, rom Tu (1.6) piroba WeSmaritia TanaukveT simravleebs 𝐴 ∩ 𝐵 =

∅ yoveli wyvilisaTvis, maSin is WeSmariti iqneba simravleTa (movlenaTa) nebismieri 

wyvilisTvisac. Terminis “SesaZlebloba” gamoiyeneba am ganuzRvrelobis zomebisaTvis 

SeiZleba gamarTlebuli iyos ramdenime mosazrebiT. 

vTqvaT, 𝐸 ⊆ Ω warmoadgens sarwmuno movlenas. martivad SegviZlia ganvsazRvroT funqcia 

∏ mniSvnelobebiT {0,1}-dan, romelic daakmayofilebs (1.6) aqsiomas: 

∏ (A) = {
1, თუ   A⋂E ≠ ∅,

0, თუ   A⋂E ≠ ∅,E      (1.7) 

maSin cxadia, ∏ (A) = 1E  niSnavs, rom 𝐴 movlena SesaZlebelia. agreTve, Tu 𝐴  da 𝐴 

warmoadgenen sapirispiro movlenas (𝐴 = Ω\𝐴), maSin  

            max (∏(𝐴),∏(𝐴)) = 1     (1.8) 

aRniSnuli SeiZleba ganvixiloT rogorc interpretacia faqtisa, rom ori sawinaaRmdego 
movlenidan erT-erTi mianc aucileblad SesaZlebelia. Uufro metic, roca raime movlena 
SesaZlebelia, ar gamoiricxeba sapirispiro movlenis SesaZleblobac, rac Seesabameba 

SesaZleblobaze msjelobis semantikas. SemTxveva roca 𝐴   da  𝐴  erTnairad SesaZlebelia, 

Seesabameba sruli arainformirebulobis situacias, roca 𝐴 movlena imdenadvea 
mosalodneli ramdenadac misi sawinaaRmdego. 

 (1.6) gamosaxuleba Seesabameba Cven warmodgenas SesaZleblobis Sesaxeb: imisaTvis, 

rom movaxdinoT  𝐴 ∪ 𝐵 realizacia, sakmarisia ganvaxorcieloT yvelaze “ advili” varianti 
am oridan. 

roca Ω sasruli simravlea, maSin yoveli ∏ zoma SeiZleba ganvsazRvroT misi 

mniSvnelobebis saSualebiT Ω-s erTwertilian qvesimravleebze 

∏(𝐴) = sup{𝜋(𝜔)|𝜔 ∈ 𝐴} ,            (1.9)  

sadac 𝜋(𝜔) = ∏({𝜔}); 𝜋 aris asaxva Ω-dan [0,1]-Si, romelsac ewodeba SesaZleblobis 
ganawilebis funqcia. is normirebulia Semdegi saxiT: 

∃𝜔,   π(𝜔) = 1,   (1.10) 

vinaidan ∏(Ω) = 1. 

SevniSnavT, rom (1.9) formula marTebuli darCeba, Tu ar moviTxovT  ∏(Ω) = 1. maSin (1.8), 

(1.10) pirobebi Sesruldeba Tu 1-s SevcvliT  ∏(Ω)-Ti. 

im SemTxvevaSi, roca  Ω  uasasruloa, SesaZleblobis ganawilebis funqciis arseboba 
ar aris garantirebuli. Sesabamisi ganawileba gadaiqceva SesaZleblobis ganawilebad 
mxolod maSin, roca (1.6) aqsioma vrceldeba usasrulo gaerTianebebis SemTxvevaze. 
gamoyenebiT amocanebSi SegviZlia yovelTvis gamovideT SesaZleblobis ganawilebis 

funqciidan da avagoT ASesaZleblobis ∏ zoma (1.9) formulis saSualebiT. 
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ganuzRvrelobis zomis meore zRvruli SemTxveva miiReba (1.5) utolobaSi tolobis 
miRwevisas. am SemTxvevaSi miiReba simravlis funqciis klasi, romelsac ewodeba 

aucileblobis zoma da aRiniSneba 𝑁. Aucileblobis zoma akmayofilebs (1.6)-is oradul 
aqsiomas: 

                      N(A ∪ B) = min(N(A), N(B)),     ∀A, B.   (1.11) 

Tu gvaqvs informacia sarwmuno movlenis Sesaxeb, martivad aigeba 𝑁 funqcia 
mniSvnelobebiT {0,1}-Si: 

N(A) = {
1,თუ    E ⊆ A,
0,თუ    E ⊄ A,

           (1.12) 

აქ  𝑁(𝐴) = 1 ნიშნავს, რომ 𝐴  sarwmuno movlenaa (aucileblad WeSmariti). Ggarda amisa advili 

saCvenebelia, rom simravlis funqcia 𝑁 akmayofilebs (1.11) aqsiomas maSina da mxolod maSin, 

roca funqcia ∏, romelic ganisazRvreba Semdegi saxiT: 

∏(𝐴) = 1 − 𝑁(𝐴),   ∀𝐴,      (1.13) 

 
warmoadgens SesaZleblobis zomas. (1.13) formula aris “SesaZlebelia” da”aucilebelia” 

modalobebs Soris oradobis mimarTebia ricxviTi gamosaxva, romelic gviCvenebs, rom  

raime movlena aucilebelia, roca sawinaaRmdego movlena SeuZlebelia. aRniSnuli 

oradobis mimarTeba gviCvenebs, rom yovelTvis SegviZlia avagoT aucileblobis 

ganawilebis funqcia SesaZleblobis ganawilebis funqciaze dayrdnobiT Semdegi formulis 

saSualebiT: 

𝑁(𝐴) = inf{1 − 𝜋(𝜔)|𝜔 ∉ 𝐴}.  (1.14) 

 

Aaucileblobis zomebi akmayofilebs Semdeg Tanafardobs: 

min(𝑁(𝐴), 𝑁(𝐴)) = 0,        (1.15) 

romelic gamoricxavs ori sapirispiro movlenis aucileblobas. (1.13) da (1.15) 

gaTvaliswinebiT 

∏(𝐴) ≥ N(A),           ∀A ⊆ Ω. (1.16) 

 

M moyvanili piroba Seesabameba intuiciur warmodgenas imis Sesaxeb, rom movlena 

unda iyos SesaZlebeli, vidre iqneba aucilebeli. 

 gadavideT aramkafo simravlis gansazRvraze, SevniSnavT, rom aramkafio simravle 

SegviZlia ganvsazRvroT ganuzRvrelobis zomis Semotanis gareSe, maxasiaTebeli funqciis 

saxecvlilebiT, saxeldob, Cveulebriv mikuTvnebis mimarTebaSi. gradaciis SemotaniT 

ganuzRvrelobis zomebis gamoyenebis SemTxveva daiyvaneba 𝑥 cvladis mniSvnelobis 

lokalizaciaze, rac universaluri  𝑋 simravlis yoveli 𝐴 qvesimravlisTvis gamoxatavs 

𝑥 ∈ 𝐴 mimarTebis Sesaxeb arsebul informacias. qvesimravleTa ojaxi, romelic gamoiyeneba 

𝑥 cvladis warmodgenisaTvis, mogvcems aramkafio simravlis ganzogadebul maxasiaTebel 

funqcias da amave dros aRniSnuli ori midgoma mkacrad ekvivalenturia SesaZleblobis 

zomebis SemTxvevaSi. 

P pirveli midgomis SemTxvevaSi 𝐹 aramkafio simravlis gansazRvra universaluri  

Ω simravlis da Ω-dan erTeulovan intervalSi 𝜇𝐹 : Ω → [0,1] asaxvis dafiqsirebis tolfasia. 

𝜇𝐹(𝜔) yoveli 𝜔 ∈ Ω warmoadgens 𝜔 elementis 𝐹 aramkafio simravlisadmi mikuTvnebis 
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xarisxs. aRniSnuli warmoadgens pirdapir gansazrvras, romelic saSualebas gvaZlevs 

avagoT sasaubro eneis aramkafio kategoriebis modelebi. magaliTad cneba “maRali” 

SeiZleba ganvixiloT rogorc aramkafio simravle, gansazRvruli ricxviT RerZze (Ω 

ricxvTa simravlea, romlebic axasiaTeben adamianis simaRles) an obieqtTa simravleze, 

romelicTvisebrivad xasiaTdeba aseTi kategoriebis saSualebiT (Ω adamianis simravlea). 

𝜇𝐹(𝜔) sidide am SemTxvevaSi asaxavs 𝜔 mnisvnelobis (an obieqtis) Tavsebadobas 𝐹 cnebasTan. 

Tu Ω = R (namdvil ricxvTa simravlea), maSin 𝐹-s ewodeba aramkafio sidide.  vipovoT 𝐹 

aramkafio simravlis Cveulebrivi Teoriul-simravluri warmodgenebi. roca  𝜇𝐹 : Ω ∈

 {0,1}, ∀𝜔, maSin  𝐹 iqneba universaluri Ω simravlis veulebrivi qvesimravle. zogadad ki 

virCevT zRurbls 𝑎𝜖(0,1] da gansazRvravs Cveulebriv simravles 

𝐹𝑎 = {𝜔 ∈ Ω|𝜇𝐹 (𝜔) ≥ 𝛼},        (1.17) 

romelsac ewodeba  𝛼 donis simravle an ramkafio  𝐹 simravlis kveTa. 𝐹𝛼   simravle Seicavs 

universaluri  Ω simravlis yvela elements, romelTa Tavsebadobis xarisxi  𝐹-Tan 

aranaklebia, vidre  𝛼 kveTs 𝐶(𝐹) = {𝐹𝑎|𝛼 ∈ (0,1]} simravle aris monotonuri mimdevroba, 

romelic akmayofilebs Semdeg pirobas:  

 

0 < 𝛼 ≤ 𝛽 ≤ 1 ⟹ 𝐹𝛼 ⊇ 𝐹𝛽 .        (1.18) 

 

Ees saSualebas gvaZlevs aramkafio  𝐹 simravle warmovadginoT Cveulebrivi simravleebis 

saSualebiT  

∀𝜔, 𝜇𝐹(𝜔) = sup {𝛼|𝜔 ∈ 𝐹𝛼}.  (1.19) 

 

 piriqiT, Tu mocemulia simravleTa ojaxi monotonuri mimdevrobis saxiT 

{𝐹𝑎1, … . , 𝐹𝑎𝑚}, romelic akmayofilebs (1..18) pirobas, maSin is qmnis aramkafio simravlis 𝛼 

kveTebis simravles, romelic ganisazRvreba (1.19) pirobiT. simravleTa usasrulo ojaxis 

SemTxvevaSi (1.18) piroba sakmarisi ar aris da aucilebelia, rom yoveli zrdadi  (𝛼𝑛) 

mimdevrobisaTvis (0,1]-dan Sesruldes piroba 

 

lim
𝑛→∞

𝛼𝑛 = 𝛼 ⟹ 𝐹𝑎 = ⋂ 𝐹𝑎𝑛 .
∞
𝑛=1    (1.20) 

 

  Aaramkafio 𝐹 simravlis warmodegenisaTvis SeiZleba aviRoT mkacri 𝑎 kveTebi 

(mkacri 𝑎 donis simravleebi), romlebic ganisazRvrebian Sedegis saxiT: 

 

𝐹𝑎 = {𝜔 ∈ Ω| 𝜇𝐹(𝜔) > 𝑎}, 𝑎 ∈ [0,1).  (1.21) 

 

mkacri   𝑎 kveTebi akmayofilebs (1.18), (1.19) pirobebs iseve, rogorc 𝑎 kveTebi. 

 Cveulebrivi simravleebidan, romlebic aRweren 𝐹 aramkafio simravles, gamovyoT 

ori: aramkafio simravlis birTvi da sayrdeni. 𝐹 aramkafio simravlis birTvili vuwodoT 

1 donis simravles ,𝐹
°  e.i = {𝜔 ∈ Ω|  𝜇𝐹𝐹

° (𝜔) = 1};  𝐹 aramkafio simravlis sayrdeni viwodoT 

mkacri 0 donis simravles 𝑆(𝐹), e.i donis 𝑆(𝐹) = {𝜔 ∈ Ω|𝜇𝐹(𝜔) > 0}. 

A aramkafio simravlisagebis meore midgoma mdgomareobs misi rogorc 

SesaZleblobis zomis “kvali” ganxilvaSi Ω-s erTwertilian simravleebze. marTlac, yovel 

𝐸 ⊆ Ω simravle SeiZleba SeusabamoT SesaZleblobis zoma ∏𝐸, iseTi, rom ∏𝐸(𝐴) = 1 maSin 
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da mxolod maSin, roca 𝐸 ∩ 𝐴 ≠ ∅ da winaaRmdeg SemTxvevaSi.  ∏𝐸(𝐴) = 0. roca 

SesaZleblobis ∏ zoma Rebulobs mniSvnelobebs erTeulovani intervalidan, 

SesaZleblobis ganawilebis funqcia SegviZlia ganvixiloT, rogorc aramkafio 𝐹 

simravlis mikuTvnebis funqcia. marTlac, [0,1 ]Ω-iT avRniSnoT Ω universumis aramkafio 

qvesimravleTa simravle da 

 

∀∏,∃𝐹 ∈ [0,1]Ω, ∏({𝜔}) = 𝜋(𝜔) = 𝜇𝐹(𝜔), ∀𝜔 ∈ Ω, (1.22) 

 

piriqiT, aramkafio simravlis mocema sakmarisia SesaZleblobis ganawilebis funqciis 

aRwerisaTvis im pirobiT, rom es aramkafio simravle normirebulia, e.i. 

∃𝜔, 𝜇𝐹(𝜔) = 1. (1.23) 

Mmagarm, Tu ar moviTxovT ∏(Ω) = 1 pirobas, maSin (1.9)-ze dayrdeniT miviRebT 

∀ 𝐹 ∈ [0,1]Ω, ∃∏, ∀𝜔 ∈ Ω, ∏({𝜔}) = 𝜋(𝜔) = 𝜇𝐹(𝜔),  (1.24)   ∏(Ω) = 𝑠𝑢𝑝  𝜇𝐹 sidides ewodeba 𝐹 

aramkafio simaRle. 

 ganvixiloT aramkafio simravleebis ramdenime magaliTi. Tavdapirvelad 

SevniSnavT, rom sasruli sayrdenis mqone simravlis aramkafio simravlis Casawerad xSirad 

mosaxerxebelia Semdegi aRniSvna: 

𝐹 = 𝜇1 ∕ 𝑦1 +⋯+ 𝜇𝑛 ∕ 𝑦𝑛 =∑𝜇𝑖 ∕ 𝑦𝑖

𝑛

𝑖=1

, 

sadac 𝜇1 warmoadgens 𝑦1 elementis mikuTvnebis xarisxs  (𝑖 = 1,… , 𝑛 ), xolo niSani + 

aRniSnavs gaerTianebas da ara algebrul Sekrebas. Tu 𝐹 simravlis sayrdeni usasruloa, 

maSin mas CavwerT Semdegi saxiT: 

𝐹 = ∫𝜇𝐹(𝑦)/𝑦,

.

Ω

 

sadac 𝜇𝐹(𝑦)  aris 𝑦  elementis mikuTvnebis xarisxi. Uuniversauri simravle Ω, roca is 

sasrulia, Caiwereba Semdegi saxiT: 

Ω = 𝑦1 +⋯+ 𝑦𝑛 =∑𝑦𝑖

𝑛

𝑖=1

 

Aan ufro zustad  

 

Ω = 1 ∕ 𝑦1 +⋯+ 1 ∕ 𝑦𝑛 =∑1 ∕ 𝑦𝑖 .

𝑛

𝑖=1

 

 

vTqvaT, axla 

       Ω = 1 + 2 +⋯+ 10, 

maSin   Ω-s aramkafio qvesimravle, romelic xasiaTdeba terminiT “ramdenime”, SeiZleba 

CavweroT Semdegi saxiT: 

ramdenime ≡ 0.5 3⁄ + 0.8 4⁄ + 1 5⁄ + 1 6⁄ + 0.8 7⁄ + 0.5 ∕ 8. 

analogiurad, Tu Ω aris intervali [0,100] elementebiT 𝑦 ≡asaki, maSin aramkafio 

qvesimravleebi, romlebic xasiaTdebian cnebebiT “axalgazrda” da “moxuci”, SeiZleba ase 

warmovadginoT (nax.1.1): 
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axalgazrda=  ∫ 1 ∕ 𝑦
25

0
+ ∫ (1 + (

𝑦−25

5

100

25
)2)−1 𝑦⁄ , 

moxuci = ∫ (1 + (
𝑦−50

5

100

50
)−2)−1 𝑦⁄ , 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                                nax.1.1 

 

       zemoT ganxilul orive magaliTSi mikuTvnebis funqcia mniSvnelobebs Rebulobda 
[0,1]-Si. magaram SeiZleba ganvixiloT ufro zogadi konstruqcia, roca mikuTvnebis funqciis 
mniSvnelobaTa simravle aris raime sxva simravle. magaliTad, zades mier 

ganuzRvrelobebis gadaxasiaTeblad SemoTavazebuli iyo 𝜇𝐹(𝜔) mikuTvnebis funqciis 
mniSvnelobebad aramkafio simravleebis ganxilva mniSvnelobebiT [0,1] intervalSi. Aam 
SemTxvevaSi miviReT e.w. me-2 tipis aramkafio simravleebs, romelTa mikuTvnebis funqcia 

mniSvnelobebs miiRebs [0,1][0,1]-Si. im SemTxvevaSi, roca mikuTvnebis funqciia argumenti aris 

zusti, maSin Ω warmoadgens 𝑉 universumis aramkafio qvesimravleTa simravles (Ω=[0,1]𝑉), 

xolo 𝐹 me-2 donis aramkafio simravles 𝑉 unuversumze. Ees cneba saSualebas gvaZlevs 
ganvsazRvroT sul ufro da ufro abstraqtuli kategoriebi. magaliTad, Tu  

Ω = niko+Salva+daTo+vasiko, 

𝐹 aramkafio simravlea, romelic xasiaTdeba cnebiT “mardi”, maSin  

Mmardi= saSualod/niko+cotaT/Salva+Zalian/daTo+cotaTi/vasiko. 

     mikuTvnebis funqciis aramkafio mniSvnelobebi cotaTi, saSualod da Zalian 

warmoadgenen 𝑉 unuversumis aramkafio qvesimravleebs, sadac 

𝑉 = 0+0.1+0.2+...+0.9+1. 

TviT es qvesimravleebi ganisazRvrebian ase: 

cotaTi = 0.5/0.2+0.7/0.3+1/0.4+0.7/0.5+0.5/0.6, 

saSualod = 0.5/0.4+0.7/0.5+4/0.6+0.7/0.7+0.5/0.8, 

(1.24) 

𝜇 

1 

0.5 

0 

gadasvlis wertilebi 

asaki 



22 
 

Zalian = 0.5/0.7+0.7/0.8+0.9/0.9+1/1. 

A      aramkafio simravleebis erT-erT mniSvnelovan klass warmoadgens aramkafio 

sidideebi, e.i. aramkafio simravleebi, romlTaTvisac universumi Ω = R. am SemTxvevaSi 𝑄 

aramkafio sididis mikuTvnebis funqciaa 𝜇𝑄: 𝑅 → [0,1]. Aramkafio sidideebi farTod 

gamoiyeneba sxvadasxva praqtikuli amocanebis gadawyvetisas. AAm sidideebis magaliTebia 
zemoT ganxiluli cnebebi “moxucI”, “axalgazrda”, “simaRle” da a.S. 

A   aramkafio sidideebTan dakavSirebiT SemovitanoT ramdenime cneba, romelTac 

GgamoviyenebT SemdgomSi. YYyovel namdvil ricxvs, romelTac ekuTvnis aramkafio 𝑄 sididis 

birTvs 𝑚 ∈𝑄
∘  (e.i. 𝜇𝑄(𝑚) = 1), ewodeba 𝑄-s modaluri mniSvneloba, Cveulebrivi intervalis 

ganzogadebas warmoadgens aramkafio intervali – amozneqili aramkafo sidide, romlis 
mikuTvnebis funqcia kvaziCazneqilia: 

𝜇𝑄(𝜔) ≥ min (𝜇𝑄  (𝜇), 𝜇𝑄(𝜈))   ∀𝓊, 𝜈, ∀𝜔 ∈ [𝓊, 𝜈] 

       Aaramkafio sidides ewodeba amozneqili, Tu misi kveTebi amozneqilia e.i. 
warmoadgenen (SemosazRvrul an SemousazRvrel) intervalebs. Caketili intervalebis cneba 
zogaddeba aramkafio intervalebis saxiT, romelTa mikuTvnebis funqcia zemodan naxevrad 

uwyvetia, e.i. ganmartebis Tanaxmad misi 𝑎 kveTebi warmoadgenen Caketil intervalebs. 𝑅-is 
kompaqturi qvesimravlebis cneba zogaddeba aramkafio sidideebis saSualebiT, romelTa 
mikuTvnebis funqcia zemodan naxevrad uwyvetia da gansazRvrulia kompaqtur sayrdenze. 
Aaramkafio ricxvi viwodoT zemodan naxevrad uwyvet aramkafio intervals kompaqturi 

sayrdeniT da erTaderTi modaluri mniSvnelobiT. Tu 𝑀 aris aramkafio ricxvi modaluri 

mniSvnelobiT. 𝑚, maSin 𝑀 SeiZleba ganvixiloT “𝑚-is maxloblad” cnebis warmosadgenad. 
Aaramkafio intervalis SemTxvevaSi modalur mniSvnelobaTa simravle TviT warmoadgens 

raime intervals. Aaramkafio 𝑄 sidides ewodeba polimoduri, Tu arsebobs amozneqil 

aramkafio qvesimravleTa sasruli simravle {𝑀𝑖 |𝑥𝑖 ∈ 𝐼} zemodan naxevrad uwyveti 

mikuTvnebis funqciiT, ase rom 𝑄 aris   𝑀𝑖  gaerTianeba aramkafio simravleebis gaerTianebis 
azriT. 

    aramkafio intervali warmoadgens arazusti sidideebis warmodgenis sakmarisad 
moxerxebul formas, romelic ufro mdidaria informaciiT, vidre Cveulebrivi zusti 
intervali. marTlac, zogjer saWiroa Cveulebrivi intervali ar iZleva damakmayofilebel 
Sedegs. Tu movaxdenT pesimistur Sefasebas, maSin intervali iqneba ZalianfarTo 
dagamoTvlebs eqnebaT mcire Rirebuleba uzustobis gamo. Optimisturi Sefasebisas 
arsebobs miRebuli sididis daniSnuli aridan gasvlis sasiSroeba, rac eWqveS ayenebs 
miRebul “zust” Sedegebs. Aaramkafio intervali saSualebas gvaZlevs gvqondes 
erTdroulad pesimisturi da optimisturi warmodgenebi: aramkafio sididis sayrdeni 
aiReba ise, rom garantirebulad ar gavideT saWiro sazRvrebidan, xolo misi birTvi unda 
Seicavdes yvelaze sarwmuno mniSvnelobebs 
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1.3. Ooperaciebi aramkafio simravleebze 

 

      Cadgmisa da tolobis cnebebi martivad SeiZleba gavavrceloT aramkafio 
simravleebze, romelTa yvelaze gavrcelebuli ganmartebebi ekuTvnis zades. 

    vityviT, rom 𝐹 Cadgmulia 𝐺-Si (mas ase CavwerT -F𝐹 ⊆ 𝐺), Tu sruldeba Semdegi piroba: 

F𝐹 ⊆ 𝐺,    𝜇𝐹(𝜔) ≤ 𝜇𝐺(𝜔),     ∀𝜔 ∈ Ω.   (1.25) 

    Tu erTdroulad sruldeba ori piroba F𝐹 ⊆ 𝐺 da F𝐺 ⊆ 𝐹, maSin vityviT, rom F𝐹 da F𝐺 

aramkafio simravleebi erTmaneTis tolia da CavwerT F𝐹 = 𝐺, e.i. F𝐹 = 𝐺, Tu 

𝜇𝐹(𝜔) = 𝜇𝐺(𝜔),           ∀𝜔 ∈ Ω.    (1.26) 

ganvsazRvroT ZiriTadi Teoriul-simravluri operaciebi (damateba, TanakveTa da 
gaerTianeba) aramkafio simravleebisaTvis. 

𝐹 aramkafio simravlis damateba 𝐹 universalur Ω simravleSi ganisazRvreba Semdegi 
aramkafio simravlis saxiT: 

𝜇𝐹(𝜔) = 1 − 𝜇𝐹(𝜔),           ∀𝜔 ∈ Ω      (1.27) 

Oori aramkafio 𝐹 da 𝐺 simravlis TanakveTa 𝐹 ∩ 𝐺 universalur Ω simravleSi 
ganisazRvreba 

𝜇𝐹∩𝐺(𝜔) = min (𝜇𝐹(𝜔), 𝜇𝐺(𝜔)),           ∀𝜔 ∈ Ω.   (1.28) 

tolobis saSualebiT. 

   Aanalogiurad ganimarteba ori aramkafio 𝐹 da 𝐺 simravlis gaerTianeba. kerZod, 𝐹 ∪ 𝐺 

universaluri Ω simravleSi ganisazRvreba Semdegi saxiT: 

𝜇𝐹∪𝐺(𝜔) = max (𝜇𝐹(𝜔), 𝜇𝐺(𝜔)),           ∀𝜔 ∈ Ω.   (1.29) 

  E  es ganmartebebi emTxveva klasikuri Teoriul-simravluri operaciebis ganmartebebs, 
roca gansaxilveli simravleebi warmoadgenen universaluri simravlis Cveulebriv 
qvesimravleebs. magaram damatebis, TanakveTis, gaerTianebis operaciebis da Cadgmis, 
tolobis mimarTebebis gavrceleba aramkafio simravleebze ar aris erTaderTi. Mmiuxedavad 
amisa, Cven SemovifarglebiT zemoT aRniSnuli operaciebis ganxilviT, vinaidan isini 
farTodaa gavrcelebuli da amave dros inducireben mdidar maTematikur struqturas 

[0,1]Ω-ze.  

    Aadvili Sesamowmebelia, rom Cdgmis mimarTeba, romelic ganisazRvreba (1.25)-iT, aris 
refleqsuri da tranzituli. (1.27) formuliT gansazRvruli damateba akmayofilebs 

involuciis pirobas 𝐹̿ = 𝐹 da aris erTaderTi, Tu vigulisxmebT, rom yoveli (𝜔1, 𝜔2) ∈ Ω 

wyvilisTvis 𝜔1 elementidan 𝜔2-ze gadasvlisas 𝐹 aramkafio simravlisadmi mikuTvnebis 

xarisxi icvleba simetriulad 𝐹̅-sadmi mikuTvnebis xarisxis cvlilebasTn mimarTebaSi, e.i.  

𝜇𝐹((𝜔1) − 𝜇𝐹(𝜔2) = 𝜇𝐹(𝜔2) − 𝜇𝐹(𝜔1),             ∀(𝜔1, 𝜔2) ∈ Ω × Ω   (1.30) 

Ω universumis aramkafio qvesimravleTa simravles [0,1]Ω (1.27)-(1.29) operaciebis 
gaTvaliswinebiT gaaCnia veqtoruli badis struqtura. es niSnavs, rom marTebulia 
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klasikuri simravlur-Teoriul operaciaTa yvela Tviseba, garda arawinaaRmdegobriobisa 

𝐹 ∩ 𝐹̅=∅ da mesamis gamoricxvis 𝐹 ∪ 𝐹̅=Ω   kanonebisa. maT sanacvlod gvaqvs tolobebi: 

𝜇𝐹∩𝐹̅(𝜔) = min(𝜇𝐹(𝜔), 1 − 𝜇𝐹(𝜔)) ≤ 0.5,         ∀𝜔 ∈ Ω      (1.31) 

(𝜇𝐹∪𝐹̅𝜔) = max(𝜇𝐹(𝜔), 1 − 𝜇𝐹(𝜔)) ≥ 0.5,          ∀𝜔 ∈ Ω      (1.32) 

Aaramkafio simravleTa TanakveTis da gaerTianebis operaciebi, romlebic inarCuneben 
“veqtoruli badis” struqturas, erTaderTi gziT ganimartebian – (1.28) da (1.29) formulebis 

saSualebiT. Aam SemTxvevaSi miiReba garkveuli “optimaluri” struqtura, vinaidan  [0,1]Ω-
ze SeuZlebelia bulis badis struqturis SenarCuneba. kerZod, arawinaaRmdegobriobisis 

𝐹 ∩ 𝐹̅=∅ da mesamis gamoricxvis 𝐹 ∪ 𝐹̅=Ω   kanonebi araTavsebadia idempotenturobis 

pirbebTan 𝐹 ∩ 𝐹 = 𝐹,    𝐹 ∪ 𝐹 = 𝐹, roca mikuTvnebis cneba graduirebulia. 

𝐹  da 𝐺 aramkafio simravleebisaTvis SeiZleba agreTve ganvsazRvroT namravli: 

𝜇𝐹𝐺(𝜔) = 𝜇𝐹(𝜔), 𝜇𝐺(𝜔),           ∀𝜔 ∈ Ω.   (1.32
’) 

Aamaze dayrdnobiT ganisazRvreba 𝐴𝑎(𝑎 > 0), rogorc 𝜇𝐴𝑎(𝜔) = (𝜇𝐴(𝜔))
𝑎, ∀𝜔 ∈ Ω.   

koncentrirebis operacia ganisazRvreba 𝐶𝑂𝑁(𝐹) ≡ 𝐹2 tolobiT. Aam operaciis gamoyenebiT 

𝐹  simravleze, cxadia, klebulobs elementebis am simravlisadmi mikuTvnebis xarisxi. 
amasTn, elementebisaTvis ufro didi mikuTvnebis xarisxiT es Semcireba SedarebiT mcirea, 
xolo elementebisaTvis mikuTvnebis mcire xarisxiT SedarebiT didi gaWimvis operacia 

ganisazRvreba Semdegi saxiT:  𝐷𝐼𝐿(𝐹) ≡ 𝐹0.5. am operaciis moqmedeba koncentrirebis 
operaciis moqmedebis sapirispiroa. Kkontrastuli intensifikaciis operacia ganisazRvreba 
Semdegi TanafardobiT: 

𝐼𝑁𝑇(𝐹) = {
2𝐹2,

2(𝐹̅)2,

             0 ≤ 𝜇𝐹(𝜔) ≤ 0.5,

              0.5 ≤ 𝜇𝐹(𝜔) ≤ 1,
 

sadac  𝑎𝐹 ganisazRvreba rogorc  𝜇𝑎𝐹(𝜔) = 𝑎𝜇𝐹(𝜔),         ∀𝜔 ∈ Ω. rogorc vxedavT, es operacia 

gansxvavdeba koncentrirebis operaciisagan imiT, rom zrdis 𝜇𝐹(𝜔)-s im mniSvnelobebs 
romlebic 0.5-ze metia da amcirebs, Tu 0.5-ze naklebia. Aaqedan gamomdinare, kontrastuli 

intensifikacia amcirebs 𝐹-is aramkafiobas, romelic axasiaTebs 𝐹-is sazRvrebis 
gabneulobas.  

     Aaramkafio sidideebisaTvis SesaZlebelia ricxvebisaTvis damaxasiaTebeli 
operaciebis gavrceleba. amisaTvis ganvixiloT Semdegi amocana: mocemuli damokidebuli 

SesaZleblobiTi 𝑋, 𝑌, 𝑍 … cvladebis saSualebiT gamovTvaloT aramkafio sidide 𝑓(𝑋, 𝑌, 𝑍 … ),  

sadac 𝑓 mocemulia funqciaa. 

    Aam amocanis amosaxsnelad ganvixiloT ori simravle  Ω da 𝑈 da asaxva 𝑓: Ω → U. 

vigulisxmoT, rom (Ω, G) sivrceSi mocemulia ganuzRvrelobis 𝘨 zoma (𝐺  warmoadgens Ω-s 

Cveulebriv qvesimravleTa simravles, romelzc gansazRvrulia 𝘨 zoma), maSin Sebrunebuli 

asaxvis saSualebiT    𝑓−1(𝐴) = {𝜔|𝑓(𝜔) ∈ 𝐴},       𝐴 ⊆ 𝑈 SeiZleba avagoT simravlis 𝘨𝑓 funqcia 

Semdegi formuliT: 

𝘨𝑓 (𝐴) = 𝘨(𝑓
−1(𝐴)),     ∀𝐴 ∈ P     (1.33) 

sadac  P𝑃 = {𝐴|𝑓−1(𝐴) ∈ 𝐺}. Aadvili Sesamowmebelia, rom simravlis 𝘨𝑓 funqcia aris 

ganuzRvrelobis zoma (𝑈, 𝑃)-Si. 
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     es konstruqcia gamoiyeneba albaTobis TeoriaSi, roca ganisazRvreba SemTxveviTi 

cvladis funqciebi. ganvixilavT SemTxvevas, roca 𝘨  warmoadgens SesaZleblobis zomas. Tu 

𝑓−1(𝐴) ≠ ∅ maSin (1.33) formula miiRebs saxes 

∏𝑓(𝐴) = ∏(𝑓
−1(𝐴)) = sup{𝜋(𝜔)|𝑓(𝜔) ∈ 𝐴},         (1.34) 

sadac 𝜋 warmoadgens SesaZleblobis ganawilebis funqcias dakavSirebils ∏ zomasTan. 

∏𝑓 funqcia iqneba SesaZleblobis zoma, vinaidan 𝑓−1(𝐴 ∪ 𝐵) = 𝑓−1(𝐴) ∪ 𝑓−1(𝐵). amasTan 

SesaZleblobis ganawilebis funqcias 𝜋𝑓 , romelic dakavSirebulia SesaZleblobis ∏𝑓 

zomasTan, eqneba saxe 

𝜋𝑓(𝓊) = ∏𝑓({𝓊}) = {

sup{𝜋(𝜔)|𝑓(𝜔) = 𝓊},   თუ     𝑓−1(𝓊)≠∅    

0,                                                   თუ     𝑓−1(𝓊)≠∅ 
                        

                                     (1.35)

    

 

(1.34) gamosaxuleba cnobilia aramkafio simravleTa TeoriaSi ganzogadebis principis 
saxelwodebiT. 

rodesac gvaqvs dekartuli namravli Ω = Ω1 × Ω2, xolo funqcia 𝜋 separabeluria, e.i. 

gamoisaxeba formuliT 𝜋 = min(𝜇𝑄1,𝜇𝑄2), 

sadac 𝑄1  da 𝑄2  damoukidebuli 𝑋1 𝑋2   cvladebis cvlilebis aris SemomsazRvreli 
aramkafio simravleebia, maSin ganzogadebis principi Caiwereba Semdegi saxiT: 

𝜋𝑓(𝓊) = {
sup{𝑚𝑖𝑛{𝜇𝑄1,(𝜔1)𝜇𝑄2,(𝜔2)|𝑓(𝜔1, 𝜔2) = 𝓊} ,   თუ     𝑓−1(𝓊) ≠ ∅    

0,                                                                                  თუ     𝑓−1(𝓊) = ∅ 
  

 

  Aaq 𝜋𝑓 funqcia aRwers SesaZleblobis ganawilebas, romelic SemosazRvravs 𝑓(𝑋1,𝑋2) 

cvladis gansazRvris ares Ee.i. aramkafio simravles, romelsac aRvniSnavT 𝑓(𝑄1,𝑄2)-Ti. Mmisi 

mikuTvnebis funqciaa 𝜇𝑓(𝑄1,𝑄2)=𝜋𝑓 . cxadia, roca aramkafio simravleebi 𝑄1  da 𝑄2 warmoadgenen 

erTwertilian simravleebs {𝜔1} da {𝜔2}, maSin 𝑓(𝑄1,𝑄2) agreTve iqneba erTwertiliani 

simravle {𝑓(𝜔1, 𝜔2)}.  

    qvemoT moviyvanT ZiriTad Teoremas, romelic saSualebasbiZleva zogierT SemTxvevaSi 

arsebiTad gamartivdes 𝑓(𝑄1,𝑄2) funqciis gamoTvla. amisaTvis dagvWirdeba ramdenime cnebis 
Semotana. 

A  aramkafio sidide 𝑄 vuwodoT aramkafio simravles, romelic gansazRvrulia namdvil 

ricxvTa simravleze, e.i. warmoadgens asaxavs 𝜇: 𝑅 → [0,1]. aq 𝜇𝑄 aris SesaZleblobaTa 

ganawileba raime cvladis mniSvnelobebze. 

Y  yovel namdvil 𝑚 ricxvs, romelic ekuTvnis ∘
𝑄
 birTvs (e.i. 𝜇𝑄(𝑚) = 1), uwodoT 𝑄-s 

modaluri, mniSvneloba.  

    rogorc ukve aRvniSneT, aramkafio sidide aris asaxva namdvil ricxvTa RerZidan [0,1] 
intervalze. imisaTvis, rom miviRoT klasikuri ricxvis, intervalis da sxva cnebebis 
ganzogadebebi aramkafio terminebSi ganvixiloT aramkafio sidideebis zogierTi klasi. 
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     vityviT, rom aramkafio sidide amozneqilia, Tu misi kveTebi amozneqilia, e.i. 
warmoadgenen intervalebs (SemosazRvruls an SemousazRvravs). aramakfio intervalis 
amozneqili aramkafio sididea, romlis mikuTvnebis funqcia kvaziCazneqilia, e.i.  

∀𝓊, 𝜈,     ∀𝜔 ∈ [𝓊, 𝜈],       𝜇𝑄(𝜔) ≥ min(𝜇𝑄(𝓊) , 𝜇𝑄(𝜈)). 

     Caketili intervalis cneba zogaddeba rogorc aramkafio intervali, romlis  

mikuTvnebis funqcia zemodan naxevraduwyvetia, e.i. ganmartebis Tanaxmad misi 𝛼 kveTebi 

Caketili intervalebia. Aaseve namdvil ricxvTa 𝑅  simravlis kompaqturi qvesimravlis cneba 
ganvazogadoT aramkafio sidideebis saSualebiT, romelTa mikuTvnebis funqcia zemodan 
naxevrad uwyvetia da gaaCnia kompaqturi sayrdeni. aramkafio ricxvi vuwodoT zemodan 
naxevrad uwyvet aramkafio intervals kompaqturi sayrdeniT da erTaderTi modaluri 

mniSvnelobiT. magaliTad, Tu 𝑀 aris aramkafio ricxvi 𝑚 modaluri mniSvnelobiT, maSin 

𝑀 SeiZleba ganvixiloT rogorc “daaxloebiT 𝑚” gamonaTqvamis warmodgena. Aaramkafio 
intervalis SemTxvevaSi ki modaluri mniSvnelobebis simravle TviT aris intervali. 

aramkafio 𝑄 sidides ewodeba polimodaluri, Tu arsebobs amozneqili aramkafio 

simravleebis {𝑀𝑖|𝑖 ∈ 𝐼} sasruli raodenoba zemodan naxevrad uwyveti mikuTvnebis 

funqciebiT ise, rom 𝑄 aris 𝑀𝑖-ebis gaerTianeba. 

Teorema 1.1 vTqvaT, 𝑀 da 𝑁 ori aramkafio intervalia zemodan naxevrad uwyveti mikuTvnebis 

funqciebiT. vigulisxmoT, rom yoveli 𝛼 > 0 𝛼-doneebis simravleebis 𝑀𝛼 da 𝑁𝛼 ar faraven 

mTel namdvil ricxvTa 𝑅 simravles. vTqvaT, 𝑓-uwyveti da izotonuri funqciaa 𝑅2 → 𝑅, e.i. 

𝑓(𝓊, ν) ≥ f(𝓊′, ν′),        ∀𝓊 ≥ 𝓊′, ∀ν ≥ ν′,. 

maSin 𝑓(𝑀,𝑁) aramkafio sididis 𝛼 donis simravleebis warmoadgenen 𝑀 da 𝑁  aramkafio 

sidideebis 𝛼 doneebis anasaxebs 𝑓 asaxvis dros 

[𝑓(𝑀, 𝑁)]𝛼 = 𝑓(𝑀𝛼 , 𝑁𝛼),                     ∀𝛼 > 0.      (1.36) 

Tu 𝑀𝛼-is da 𝑁𝛼-is Caketili SemosazRvruli intervalebia [𝑚𝛼 ,𝑚𝛼] da [𝑛𝛼 , 𝑛𝛼], maSin ∀𝛼 ∈

(0,1], marTebulia 

𝑓(𝑀𝛼 , 𝑁𝛼) = [𝑓(𝑚𝛼 , 𝑛𝛼), 𝑓(𝑚𝛼 , 𝑛𝛼)], e.i. 𝑓(𝑀𝛼 , 𝑁𝛼) aketili intervalia.  

     aRsaniSnavia, rom (1.36) Tanafadoba agreTve marTebulia Semdegi probebis 

Sesrulebisas (𝑓-is uwyvetobasTan erTad): 

     Tu 𝑓 funqcia gansazRvrulia 𝑅2   is raime areze (maSin ganixileba 𝜇𝑀 da 𝜇𝑁  

funqciebis SezRudvebi am areze) da  

a) Tu 𝑓  funqcia aris antitonuri, e.i. 𝓊 ≥ 𝓊′, 𝜈 ≥ 𝜈′⟹ 𝑓(𝓊, 𝜈) ≥ 𝑓(𝓊′, 𝜈′), maSin roca 𝑀𝛼 

da 𝑁𝛼 segmentebia, gvaqvs: 

𝑓(𝑀𝛼 , 𝑁𝛼) = [𝑓(𝑚𝛼 , 𝑛𝛼)], 𝑓(𝑚𝛼 , 𝑛𝛼)]; 

b) Tu 𝑓 funqcia “hibridulia”, e.i. 𝓊 ≥ 𝓊′ da 𝜈 ≥ 𝜈′⟹ 𝑓(𝓊, 𝜈) ≥ 𝑓(𝓊′, 𝜈′), maSin roca 𝑀𝛼   

da 𝑁𝛼 segmentebia, marTebulia toloba  

𝑓(𝑀𝛼 , 𝑁𝛼) = [𝑓(𝑚𝛼 , 𝑛𝛼],𝑓(𝑚𝛼 , 𝑛𝛼)]; 

   g) Tu 𝑓-s aqvs orze meti argumenti da TiToeulis mimarT aris monotonuri.  
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     Camoyalibebuli Teoremidan gamomdinareobs, rom Tu 𝜇𝑀 da 𝜇𝑁  funqciebi mkacrad 

monotonuria 𝜇+
𝑀
,𝜇−
𝑀
, 𝜇+
𝑁
, 𝜇−
𝑁
 Sualedebze, sadac 𝜇+

𝑀
 da  𝜇+

𝑁
 warmoadgenen 𝑀 da 𝑁 intervalTa 

zrdadobis Sualedebs, xolo 𝜇−
𝑀
 da 𝜇−

𝑁
- klebadobis Sualedebs, maSin samarTliania Semdegi 

Tanafardobebi: 

𝜇𝑓(𝑀,𝑁)
+ (𝜔) =

𝑠𝑢𝑝

𝛼𝜖(0.1], 𝑓(𝑚𝑎, 𝑛𝑎) = 𝜔 ≤ 𝑓(𝑚1, 𝑛1)
{min{𝜇𝑀

+ (𝑚𝑎), 𝜇𝑁
+(𝑛𝑎)}}        (1.37) 

𝜇𝑓(𝑀,𝑁)(𝜔) = 1,   ∀𝜔 ∈ [𝑓(𝑚1, 𝑛1), 𝑓(𝑚1, 𝑛1)              

𝜇𝑓(𝑀,𝑁)
− (𝜔) = sup {min{𝜇𝑀

− (𝑚𝑎), 𝜇𝑁
−(𝑛𝑎)} , 𝛼 ∈ (0.1],    

𝑓(𝑚𝛼 , 𝑛𝛼) = 𝜔},    ∀𝜔 ≥ 𝑓(𝑚1, 𝑛1),    (1.39)  

sadac 𝜇𝑀
+  da 𝜇𝑁

+ ganisazRvrebian (−∞,𝑚1] da (−∞,𝑛1] intervalebze, xolo 𝜇−
𝑀
, 𝜇−

𝑁
 –Sesabamisad 

[𝑚1,  + ∞) da [𝑛1,  + ∞). 

   Tu funqcia 𝑓 mkacrad izotonuria (e.i. 𝓊 > 𝓊′ 𝜈 > 𝜈′⟹ 𝑓(𝓊, 𝜈) > 𝑓(𝓊′, 𝜈′)), maSin mkacrad 

zrdadi 𝜇+
𝑀
 da 𝜇+

𝑁
 funqciebisaTvis (mkacrad klebadi ,𝜇−

𝑀
 da 𝜇−

𝑁
 funqciebisaTvis) (1.37) da  

(1.39) Tanafardobebidan gamomdinareobs toloba  

(𝜇𝑓(𝑀,𝑁)
𝜀 )−1 = 𝑓((𝜇𝑀

𝜀 )−1, (𝜇𝑁
𝜀 )−1),    ∀𝜀 ∈ {+,−}.        (1.40) 

(1.40) toloba gviCvenebs, rom ganzogadebis principis gamoyenebas ricxviTi funqciebis 

mniSvnelovani klasisaTvis mivyavarT martiv gamoTvlamde. 𝑓(𝑀,𝑁) funqciis 

gansazRvrisaTvis sakmarisia amovxsnaT Semdegi gantoleba 𝛼-s mimarT: 

𝜔 = 𝑓((𝜇𝑀
𝜀 )−1(𝛼), (𝜇𝑁

𝜀 )−1(𝛼)),    𝜀 ∈ {+,−}.        (1.41) 

aqve moviyvanoT ori martivi debuleba, romlebic saSualebas iZleva gamoiTvalos 

𝑓(𝑄1, 𝑄2)Ffunqcia roca 𝑄1 da 𝑄2 polimodaluri aramkafio sidideebia. daviyvanoT 

gamoTvlebze aramkafio intervalebze. 

Teorema 1.2  vTqvaT 𝑄1 da 𝑄2 aramkafio simravleebia 𝑅-Si iseTi, rom 𝑠𝑢𝑝 𝜇𝑄1 ≤  𝑠𝑢𝑝 𝜇𝑄2, Tu 

𝑄2 warmoadgens 𝑄2–is kveTas 𝑠𝑢𝑝 𝜇𝑄1 doneze e.i. 𝜇𝑄2 = min (𝑠𝑢𝑝 𝜇𝑄1, 𝜇𝑄2), maSin marTebulia 

toloba 

𝑓(𝑄1, 𝑄2) = 𝑓(𝑓 (𝑄1, 𝑄2)     (kveTis efeqti) 

 

Teorema 1.3.  Tu  𝑄1 =
⋃

𝑖=1,…𝑚1
 𝑀𝑖

1 xolo 𝑄2 =
⋃

𝑖=1,…𝑚2
 𝑀𝑗

2  sadac 𝑀𝑖
1 da 𝑀𝑗

2  amozneqili aramkafio 

simravleebia namdvil ricxvTa simravleSi maSin   

 

𝑓(𝑄1, 𝑄2) =    𝑓(𝑀𝑖
1,𝑀𝑗

2)𝑖=1,…𝑚1
𝑖=1,…𝑚2

⋃   

M   moyvanili zogadi Sedegebi saSualebas gvaZlevs gavavrceloT cnobili ariTmetikuli 

operaciebi da maqsimumis, minimumus povnis operaciebi aramkafio sidideebze. Tavidan 

ganvixiloT unaruli operaciebi. 

(1.38) 
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     vTqvaT, 𝑓 warmoadgens erTi argumentis funqcias, xolo 𝑄 aramkafio sididea, maSin 

𝑓(𝑄) mikuTvnebis funqcias eqneba saxe 

𝜇𝑓(𝑄)(𝜔) =

{
 
 

 
 

sup
ω = f(𝓊) 𝜇𝑄(𝓊),           𝑓

−1(𝜔) = ∅,       

                                                                   
0,                 𝑓−1(𝜔) = ∅,                 

𝜇𝑄(𝑓
−1(𝜔)),        𝑓 − ინექციაა

      (1.42) 

Aaqedan gamomdinare aramakfio 𝑄 sididis safuZvelze SegviZlia ganvsazRvroT Semdegi 

sidideebi, romlebic moyvanilia qvemoT cxrilSi 

 

 

 

 

 

 

 

 

 

 

 

 

    aramkafio 𝑄    sidides vuwodebT dadebiTs Tu inf   𝑆(𝑄) ≥ 0 da uaryofiTs, Tu inf   𝑆(𝑄) ≤

0, sadac  𝑆  aRniSnavs aramkafio sididis sayrdens. Aam SemTxvevaSi gamoviyenebT aRniSvnebs 

𝑄 ≥ 0 da 𝑄 ≤ 0, xolo > da < gamoviyenebT maSin, roca 0 ar ekiTvnis 𝑄 aramkafio sididis 

sayrdens. advili saCvenebelia, rom Tu 𝑀 aramkafio intervalia, maSin Sebrunebuli sidide 
1
Μ⁄  iqneba aramkafio intervali mxolod maSin, roca sawyisi intervali an dadebiTia an 

uaryofiTi. 

    ganvixiloT oTxi ZiriTadi ariTmetikuli operaciis gavrceleba. SevniSnavT, rom 
nebismieri komutaciuri (asociaciuri) operaciis gavrceleba komutaciuria (asociaciuria). 

O  ori aramkafio sididisaTvis Sekrebis operacia 𝑄1⨁ 𝑄2 ganisazRvreba Semdegi 
formuliT: 

𝜇𝑄1⨁ 𝑄2(𝜔) = sup {𝑚𝑖𝑛 (𝓊𝑄1(𝓊),𝓊𝑄2(𝜔 − 𝓊)) |𝜔 ∈ 𝑅}.      (1.43)   

     𝐼(𝑅)-iT aRvniSnoT yvela aramkafio intervalis simravle, romelTa mikuTvnebis 

funqciebi zemodan naxevrad uwyvetnia. maSin 𝐼(𝑅) simravle masze gansazRvruli ⨁ 
operaciis mimarT iqceva naxevarjgugad, romlis nulovani elementia mudmivi funqcia 0. 

namdvil ricxvTa simravleze ⨁ operacia emTxveva Cveulebriv Sekrebis operacias. zogadad 

𝑄 ar warmoadgens 𝑄–s Sebrunebul elements ⨁ Sekrebis mimarT, vinaidan (−𝑄)⨁𝑄 aramkafio 
simravlea, romelSic 0-s gaaCnia mikuTvnebis xarisxi 1, magaram ar aris mudmivi 0 funqcia. 

𝑓(𝑀) 𝑓(𝑄) 𝜇𝑓(𝑄)(𝓊) 

−𝓊 −𝑄 (sapirispiro 

niSnis sidide) 

𝜇𝑄(−𝓊) 

𝜆𝓊 𝜆𝑄 (ricxvze 

Ggamravleba) 

𝜇𝑄(𝓊 𝜆⁄ ), 𝜆 ≠ 0 

1/𝓊 (1/𝑄) (Sebrunebuli 

sidide) 

𝜇𝑄(1/𝓊),𝓊 ≠ 0 

𝓊𝑃 𝑄𝑝 (xarisxi) 𝜇𝑄(𝓊
1 𝑝⁄ ), 𝑝 ≠ 0 

|𝓊| |𝑄| (absoluturi 

mniSvneloba) 

|𝑄| = (𝑄⋃(−𝑄))⋂[0,+∞) 

𝑒𝓊 𝑒𝑄 𝜇𝑄(log(𝓊)), 𝓊 > 0 
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O  ori aramkafio sididisaTvis gamoklebis operaciis gavrceleba 𝑄1⊝𝑄2 ganisazRvreba 
Semdegi saxiT: 

𝜇𝑄1⊝𝑄2 (𝜔) = sup {𝑚𝑖𝑛 (𝓊𝑄1(𝜔 + 𝓊),𝓊𝑄2(𝓊)) |𝓊 ∈ 𝑅}.      (1.44)   

advilad davrwmundebiT, rom  𝑄1⊝𝑄2 = 𝑄2  ⨁  ( − 𝑄1). O 

   ori aramkafio  sididisaTvis gamravlebis operaciis gavrceleba 𝑄1⊗𝑄2 ganisazRvreba 
Semdegi formuliT: 

 

𝜇𝑄1⊗ 𝑄2(𝜔) =
sup {min (𝓊Q1(𝓊),𝓊Q2(ω 𝓊⁄ )) |𝓊 ∈ R{0}} , თუ    ω ≠ 0   

max (𝓊Q1(0),𝓊Q2(0)) ,                                          თუ    ω = 0    
   (1.45) 

     dadebiTi aramakafio intervalTa simravle   𝐼(𝑅+) zemodan naxevrad uwyveti 

mikuTvnebis funqciiT da ⊗  gamravlebis operaciiT qmnis naxevarjgufs erTeulovani 

elementiT 1. namdvil ricxvTa simravleze ⊗ operacia emTxveva Cveulebriv gamravlebas. 

1/𝑄 sidide ar warmoadgens 𝑄-s Sebrunebul elements, rac uzrunvelyofda jgufis 

arsebobas, vinaidan namravli 𝑄⊗ 1/𝑄 aris aramkafio simravle, romelic 1-s Seicavs 

xarisxiT 1, magram ara ricxvi 1. 0 aris ⊗ operaciis mimarT nulovani elementi. agreTve 
SeiZleba Semowmdes, rom  

𝑄1⊗𝑄2 = (−𝑄1)⊗ (−𝑄2), 

(−𝑄1)⊗ 𝑄2 = 𝑄1⊗ (−𝑄2) = −(𝑄1⊗𝑄2). 

    zogadad ⊗ operaciis distribuciulobis Tvisebas ⊕ Sekrebis mimarT adgili ara aqvs. 
marTebulia distribuciulobis Sesustebuli varianti 

𝑄1⊗ (𝑄2⊕𝑄3) ⊆ (𝑄1⊗𝑄2) ⊕ (𝑄1⊗𝑄3)       (1.46) 

Ddistribuciulobis Tviseba sruldeba Semdeg SemTxvevaSi: 

a) 𝑄1 – namdvili ricxvia; 

b) 𝑄1, 𝑄2, 𝑄3 – aramkafio intervalebia zemodan naxevrad uwyveti mikuTvnebis funqciiT, 

amasTan 𝑄2  da 𝑄3 intervalebi an orive dadebiTia an orive uaryofiTi; 

g) 𝑄1, 𝑄2, 𝑄3 – aramkafio intervalebia zemodan naxevrad uwyveti mikuTvnebis funqciiT, 

amasTan  𝑄2 da 𝑄3 simetriuli aramkafio intervalebia  (𝑄2 = − 𝑄2, 𝑄3 = −𝑄3). 

G   gayofis operaciis gavrceleba 𝑄1  : 𝑄2 ori aramkafio sididisaTvis ganisazRvreba 
Semdegi saxiT: 

𝜇𝑄1: 𝑄2(𝑤) = sup{𝑚𝑖𝑛(𝜇𝑄1(𝓊 × 𝑤) ,   𝜇𝑄2(𝓊)) |, 𝓊 ∈ 𝑅}        (1.47)  

cxadia, marTebulia 𝑄1 ∶  𝑄2 = 𝑄1⊗
1
𝑄2
⁄ . im SemTxvevaSi, roca  𝑄1 da 𝑄2 erTi da igive niSnis 

(orive dadebiTi an orive uaryofiTi) aramkafio intervalebia. maSin 𝑄1 ∶  𝑄2 fardoba 
agreTve iqneba aramkafio intervali.  

    gavarkvioT, aqvs Tua ara azri maqsimumis da minimumis operaciebis gavrcelebas 
ganzogadebis principis saSualebiT. 
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       𝘨1(𝑠, 𝑡) = max (𝑠, 𝑡)  da   𝘨2(𝑠, 𝑡) = min (𝑠, 𝑡) warmoadgenen izotonur funqciebs 𝑅 × 𝑅 
dekartul namravlze, rac saSualebas gvaZlevs martivad gavavrceloT es operaciebi, 
vinaidan 

𝑚𝑎̃𝑥([𝑎, 𝑎′], [𝑏, 𝑏′]) = [max(𝑎, 𝑏) ,max(𝑎′, 𝑏′)], 

𝑚𝑖𝑛̃([𝑎, 𝑎′], [𝑏, 𝑏′]) = [min(𝑎, 𝑏) ,min(𝑎′, 𝑏′)], 

saidanac cxadia 𝑚𝑎̃𝑥(𝑀,𝑁) da 𝑚𝑖𝑛̃(𝑀,𝑁) operaciebis ageba. 𝑚𝑎̃𝑥-iT da 𝑚𝑖𝑛̃-iT   operaciebis 

gavrcelebebi, xolo 𝑀 da 𝑁 aramkafio intervalebia zemodan naxevrad uwyveti mikuTvnebis 
funqciiT (nax.1.2) 

 

 

 

 

 

 

 

 

 

   SevniSnavT, rom 𝑚𝑎̃𝑥(𝑀,𝑁) SeiZleba ar daemTxves arc 𝑀-s da arc 𝑁-s. miRebuli 𝑚𝑎̃𝑥  da 

𝑚𝑖̃𝑛 operciebi komutatiuri da asociaciuria, amasTan 𝑚𝑎̃𝑥(𝑀,𝑁) = 𝑚𝑖𝑛̃(−𝑀,−𝑁). 𝑚𝑎̃𝑥 da 𝑚𝑖̃𝑛 

operaciebi urTierTdistribuciulia aramkafio intervalTa 𝐼(𝑅) simravleze da 
akmayofileben Semdeg Tvisebebs: 

           𝑚𝑖̃𝑛(𝑀,𝑁)⨁𝑚𝑎̃𝑥(𝑀,𝑁) = 𝑀⨁𝑁, 

𝑀 ⨁ 𝑚𝑖𝑛̃(𝑁, 𝑃) = 𝑚𝑖𝑛̃(𝑀⨁𝑁,𝑀⨁𝑃), 

𝑀 ⨁ 𝑚𝑎̃𝑥(𝑁, 𝑃) = 𝑚𝑎̃𝑥(𝑀⨁𝑁,𝑀⨁𝑃), 

𝑚𝑎̃𝑥(𝑀,𝑁) = 𝑀 maSin da mxolod maSin, roca  𝑚𝑖̃𝑛(𝑀,𝑁) = 𝑁, 𝑚𝑎̃𝑥(𝑀,𝑀) = 𝑀, 𝑚𝑖̃𝑛(𝑀,𝑀) = 𝑀.  

 

1.4. Aaramkafio intervalebis praqtikuli 

gamoTvla 

 

    am paragrafSi vnaxavT, rom xSir SemTxvevaSi aramkafio intervalebis gamoTvla 
daiyvaneba maT parametrul warmodgenaze da saTanado parametrebis gamoTvlaze.  

 

 

R 

𝑓(𝑀,𝑁) 

1 

0 

Nnax: 1.2 
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1.4.1.Aaramkafio intervalebis parametruli  

warmodgena 

    M ∈ I(R) aramkafio intervalisaTvis parametruli warmodgena SeiZleba miviRoT, Tu 

gamoviyenebT ori tipis 𝑅+ → [0,1] funqcias, romlebsac avRniSnavT 𝐿 da 𝑅.   𝐿 – farTo 
azriT klebadi funqciaa, romelic zemodan naxevrad uwyvetia da akmayofilebs Semdeg 
pirobebs: 

𝐿(0) = 1 da agreTve ∀𝓊 > 0,    𝐿(𝓊) < 1,   ∀𝓊 < 1,   𝐿(𝓊) > 0, 

𝐿(1) = 0 an 𝐿(𝓊) > 0,    ∀𝓊 da 𝐿(+∞) = 0. 

     ganvixiloT 𝑀 aramkafio intervali zemodan naxevraduwyveti mikuTvnebis funqciiT, 

romelic gamoisaxeba 𝐿, 𝑅 funqciebis, (𝑚,𝑚) ∈ 𝑅2  da 𝛼, 𝛽 ≥ 0 parametrebis saSualebiT 

Semdegi saxiT: 

μM(𝓊) =

{
 
 

 
 L = (

m−𝓊

α
) ,                                𝓊 ≤ m

1,                           m ≤ 𝓊 ≤  m;       

R = (
𝓊−m

β
) ,                               𝓊 ≥ m

         (1.48) 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 A   
 
aramkafio intervalebis aRniSnuli klasi Zalian zogadia, vinaidan Seicavs yvela 
normirebul aramkafio intervals, romlis mikuTvnebis funqcia akmayofilebs pirobebs: 
 

lim
𝑥→+∞

𝜇𝑀(𝑥) ∈ {0,1};   lim
𝑥→−∞

𝜇𝑀(𝑥) ∈ {0,1};    
∘

𝑀
≠ ∅. 

 
    1.3. naxazze moyvanilia sami tipis aramkafio intervali: gumbaTisebri funqcia, 

araklebadi funqciebi, arazrdadi funqcia. aq [ 𝑚 ,𝑚 ] intervali warmoadgens 𝑀 aramkafio 

𝜇𝑀 

R 

1 

1 

0 

𝜇𝑀 

R 

Nnax.1.3 

μM 

1 

0 

R 
0 
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intervalis birTvs 𝑚  da 𝑚 ewodebaT 𝑀 aramkafio intervalis ASesabamisad qveda da zeda 

modaluri mniSvnelobebi.  [𝑚 − 𝛼, 𝑚 + 𝛽] warmoadgens 𝑀 aramkafio intervalis sayrdens. 

𝛼 da 𝛽 parametrebs ewodebaT Sesabamisad marcxena da marjvena gabnevis koeficientebi. 

    amrigad aramkafio intervali SeiZleba warmovadginoT parametrTa oTxeulis 

saSualebiT 𝑀 = (𝑚 ,𝑚, 𝛼, 𝛽)𝐿𝑅 . Aam  SemTxvevaSi vityviT, rom 𝑀 aris (𝐿 − 𝑅) tipis aramkafio 

intervali. 

 

magaliTebi 

 

1. 𝑀 namdvili ricxvia 𝑚 ∈ 𝑅. maSin ganmartebis Tanaxmad 𝑀 = (𝑚,𝑚, 0,0)𝐿𝑅 , ∀𝐿, ∀𝑅. 

2. 𝑀 = [𝑎, 𝑏), maSin ganmartebis Tanaxmad 

𝑀 = (𝑎, 𝑏, 0,0)𝐿𝑅 , ∀𝐿, ∀𝑅 

3. 𝑀 aramkafio intervals aqvs trapeciis forma maSin gamoviyenebT Semdeg 𝐿, 𝑅 funqciebs 

𝐿(𝓊) = 𝑅(𝓊) = max(0.1 − 𝓊) 

4. 𝑀 aramkafio ricxvia, maSin 𝑚 = 𝑚 = 𝑚 da 𝑀 = (𝑚, 𝑎, 𝑏)𝐿𝑅 .   𝐿, 𝑅 funqciebis nacvlad 

SeiZleba aviRoT 𝐿(𝓊) = max (0.1 − 𝑢)𝑃 , 𝐿(𝓊) = max(0.1 − 𝓊𝑃), 𝐿 > 0, 𝐿(𝓊) = 𝑒−𝓊,  𝐿(𝓊) = 𝑒−𝓊
2
 

da a.S. 
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Tavi II 

integraluri aRricxva aramkafio  

simravleTa TeoriaSi 

 
2.1. aramkafio zomis gansazRvra da misi 

 ZiriaTadi Tvisebebi 

 

A   aramkafio zoma warmoadgens albaTuri zomis ganzogadebas. rogorc cnobilia, raime 

𝑋 simravleze zoma moicema 𝜇: 𝑃(𝑋) → 𝑅+ asaxvis saSualebiT, romelic akmayofilebs Semdeg 
or aqsiomas [13]: 

1)     𝑃(𝑋) warmoadgens 𝑋 simravlis qvesimravleTgan Seqmnil naxevarrgols, e.i. ∅ ∈

𝑃(𝑋) da Tu 𝐴, 𝐵 ∈ 𝑃(𝑋), maSin 𝐴 ∩ 𝐵 ∈ 𝑃(𝑋); garda amisa, Tu 𝐴 ⊂ 𝐵, unda arsebobdes 

TanaukveT simravleTa iseTi sasruli ojaxi 𝐵1, 𝐵2, … , 𝐵𝑘 , rom 𝐵 = 𝐴 ∪ 𝐵1 ∪ 𝐵2 ∪… ∪ 𝐵𝑘 . 

2)    𝜇 aditiuria, e.i. 𝐴 ∈ 𝑃(𝑋) simravlis yoveli sasruli daSlisaTvis TanaukveT 

simravleebad   𝐴 = 𝐴1 ∪ 𝐴2 ∪ … ∪ 𝐴𝑛,  𝐴𝑖 ∈ 𝑃(𝑋), 𝑖 = 1, 𝑛, unda sruldebodes toloba 

𝜇(𝐴) = ∑𝜇(𝐴𝑘

𝑛

𝑘=1

). 

      Tu  𝜇  mniSvnelobebs iRebs [0,1] segmentidan, maSin zemoT mocemuli aqsiomebi 
gansazRvravs albaTur zomas. Aaramkafio zoma albaTuri zomisagan gansxvavebiT 
Tavisufalia aditiurobis pirobiT gamowveuli sakmaod Zlieri SezRudvisagan. 

    gansazRvreba 2.1   (𝑋, 𝜎𝑥) sivrceze gansazRvruli aramkafio zoma, sadac 𝜎𝑥 warmoadgens 

𝜎 algebras 𝑋-ze (e.i.  𝑋 ∈ 𝜎𝑥 da Tu  (𝐴𝑖)𝑖≥1  mimdevrobaa 𝜎𝑥-dan, maSin  ⋃ 𝐴𝑖 ∈ 𝜎𝑥),𝑖  ewodeba 

𝜇 ∶  𝜎𝑥 → [0,1] asaxavs, romelic akmayofilebs Semdeg pirobebs: 

1) 𝜇(∅) = 0,   𝜇(𝑋) = 1 (SemosazRvruloba); 

2) Tu 𝐴, 𝐵 ∈ 𝜎𝑥 da 𝐴 ⊂ 𝐵, maSin 𝜇(𝐴) ≤ 𝜇(𝐵) (monotonuroba); 

3) Tu (𝐴𝑖)𝑖≥1  monotonuri (zrdadi an klebadi mimdevrobaa 𝜎𝑥-dan maSin 

lim
𝑛→∞

𝜇(𝐴𝑛) = 𝜇( lim
𝑛→∞

𝐴𝑛) (uwyvetoba). 

      aRniSnul gansazRvrebaSi monotonurobis qveS gvesmis erTmaneTSi Calagebuli 
(klebadi) simravleTa mimdevroba (am dros zRvars warmoadgens aRniSnul simravleTa 
TanakveTa) da mzardad dalagebuli (yoveli simravle moicavs winas) simravleTa 
mimdevroba (am dros zRvars warmoadgens maTi gaerTianeba). 

        SemdegSi (𝑋, 𝜎𝑥, 𝜇) sameuls vuwodebT sivrces aramkafio zomiT. 

A   aramkafio zomebis agebis sakiTxs eZRvneba mravali Sroma [6], [7], [8], [10]. ZiriTadad 
aramkafio zomebs ageben fokaluri elementebis zomis funqciis saSualebiT. 

     gansazRvreba 2.2  fokaluri elementebis zomis funqcia ewodeba 𝐸𝑖 , 𝑖 = 1, 𝑝;            𝐸𝑖 ⊂ 𝑋 

simravleebze (fokalur elementebze) gansazRvrul 𝑚 funqcias, romlebic akmayofileben 
Semdeg pirobebs: 

1) 𝐸𝑖 , 𝑖 = 1, 𝑝;  aracarieli, wyvil-wyvilad gansxvavebuli simravleebia; 
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2) ∑ 𝑚
𝑝
𝑖=1 (𝐸𝑖) = 1,𝑚(𝐸𝑖) > 0. 

 

    𝑚(𝐸𝑖) sidideebi gaigeba rogorc 𝐸𝑖 simravlis Semadgeneli elementaruli xdomilobebis 

albaToba. amasTan, ar zustdeba es albaTobebi. 𝐸𝑖 simravleebs uwodeben “fokalur 

elementebs” da isini gamoxataven dakvirvebis arazustobas. maTi erToblioba aRvniSnoT Φ 
simboloTi. 

    𝑚 ∶  Φ → [0,1] asaxvis saSualebiT SesaZlebelia avagoT sxvadasxva aramkafio zomebi. 

    ganvixiloT 𝐵 ∶ 𝑃(𝑋) → [0,1] funqcia, romelic ganisazRvreba Semdegi formuliT: 

𝐵(𝐴) = ∑ 𝑚

𝐸𝑖⊂𝐴

(𝐸𝑖).              (2.1) 

A   advili Sesamowmebelia, rom aRniSnuli funqcia warmoadgens aramkafio zomis funqcias, 
anu daculia gansazRvreba 2.1-Si CamoTvlili aqsiomebi. aRniSnul zomas uwodeben ndobis 

zomas (belief measure). uSualod (2.1) tolobidan gamomdinareobs ndobis zomis kidev erTi 
sayuradRebo Tviseba: 

Tu 𝐴𝑖 ⊂ 𝑋, 𝑖 = 1, 𝑛, maSin 

𝐵(⋃𝐴𝑖) ≥ ∑ (−1)|𝐼|+1𝐵(⋂𝐴𝑖),                 (2.2)

𝑖∈𝐼𝐼⊂{1,2,…,𝑛}

𝐼≠∅

𝑛

𝑖=1

 

sadac |𝐼| aRniSnavs 𝐼  simravleSi elementTa raodenobas. 

   SeniSvna 2.1   SevniSavT, rom 𝐵 ∶ 𝑃(𝑋) → [0,1] asaxva ar warmoadgens 𝑚 asaxvis gavrcelebas 

𝑃(𝑋)-ze. Ee.i. 𝑩|𝚽 ≠ 𝒎.  

     𝐵 funqcia semantikurad gamoxatavs im azrs, rom WeSmariti 𝐴 winadadebis ndobis 

xarisxi ar aris aucilebeli erTis toli iyos. Uufro metic, 𝐴 gamonaTqvamis da misi 

uaryofis 𝐴  ndobis xarisxTa jamic SesaZloa ar iyos erTis toli, radgan rogorc (2.1)-
dan gamomdinareobs, zogadad 

𝐵(𝐴) + 𝐵(𝐴) = 1 − ∑ 𝐵(𝐸𝑖).              (2.3)

𝐸𝑖∉Φ,   𝐸𝑖⊄𝐴

𝐸𝑖⊄𝐴

 

    Teorema 2.1. imisaTvis rom ndobis 𝐵 zoma gansazRvravdes aucileblobis zomas (e.i. 

akmayofilebdes (1.11) aqsiomas), aucilebelia da sakmarisi, rom Φ simravlis elementebi 

qmnidnen monotonur mimdevrobas 𝑋-Si. 

D  damtkiceba.  vTqvaT, 𝐸1 ⊂ 𝐸2 ⊂ ⋯ ⊂ 𝐸𝑝. Uunda vaCvenoT, rom  𝐵(𝐴 ∩ 𝐶) = min(𝐵(𝐴), 𝐵(𝐶)), sadac 

𝐴 da 𝐶 nebismieri qvesimravleebia 𝑋-Si. is rom 𝐵(𝐴 ∩ 𝐶) ≤ min(𝐵(𝐴), 𝐵(𝐶)), gamomdinareobs 

aramkafio zomis monotonurobis aqsiomidan. vaCvenoT sawinaaRmdego utoloba. zogadobis 

SeuzRudavad SegviZlia vigulisxmoT, rom min(𝐵(𝐴), 𝐵(𝐶)) = 𝐵(𝐴) ≤ B(C). Φ′-iT aRvniSnoT Φ 

simravlis im elementTa erToblioba, romlebic Sedian 𝐴 ∩ 𝐶-Si.  dauSvaT sawinaaRmdego, 

vTqvaT  𝐵(𝐴 ∩ 𝐶) < 𝐵(𝐴), maSin moiZebneba erTi mainc elementi Φ simravlidan, romelic ar 

Sedis Φ′-Si da Sedis 𝐴-Si. aRniSnuli tipis elementebs Soris minimaluri aRvniSnoT 𝐸𝑖0-
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iT. radagan Φ simravlis elementebi qmnian zrdad mimdevrobas, amitom cxadia, rom 𝐸𝑖0 ⊂ 𝐶. 

Dda  𝐸𝑖0 ⊂ (𝐴 ∩ 𝐶), rac ewinaaRmdegeba im pirobas, rom 𝐸𝑖0 ∉ Φ
′ sakmarisoba naCvenebia. 

    vaCvenoT aucilebloba. e.i. vuSvebT, rom 𝐵(𝐴 ∩ 𝐶) = min(𝐵(𝐴), 𝐵(𝐶)), sadac  𝐴 da 𝐶 

nebismieri qvesimravleebia 𝑋-Si. dauSvaT sawinaaRmdego, vTqvaT, Φ  simravlis elementebi 

ar qmnian zrdad mimdevrobas, maSin moiZebneba erTi mainc wyvili simravleebisa 𝐸𝑖 , 𝐸𝑗 , rom 

𝐸𝑖 ∩ 𝐸𝑗 ≠ ∅, 𝐸𝑖 ⊄ 𝐸𝑗 da 𝐸𝑗 ⊄ 𝐸𝑖 . MmaSin cxadia, rom   𝐵(𝐸𝑖 ∩ 𝐸𝑗) < (𝐵(𝐸𝑖)  da  𝐵(𝐸𝑖 ∩ 𝐸𝑗) < 𝐵(𝐸𝑗) e.i. 

𝐵(𝐸𝑖 ∩ 𝐸𝑗) < min (𝐵(𝐸𝑖), 𝐵(𝐸𝑗)), rac ewinaaRmdegeba pirobas. Teorema srulad aris 

damtkicebuli. 

F  fokaluri elementebis saSualebiT SesaZlebelia avagoT kidev erTi aramkafio zoma, 

kerZod, ganvixiloT  𝑃 ∶ 𝑃(𝑋) → [0,1]    asaxva, romelic gansazRvrulia tolobiT 

𝑃(𝐴) = ∑ 𝑚

𝐸𝑖∩𝐴≠∅
𝐸𝑖∈Φ

(𝐸𝑖).               (2.4) 

A  advili Sesamowmebelia, rom aRniSnuli asaxvac gansazRvravs aramkafio zomas 𝑋 
simravleze, anu daculia gansazRvreba 2.1-Si CamoTvlili pirobebi. aRniSnul zomas 

uwodeben simarTlismagvar zomas  (plausibility  measure).  aRsaniSnavia, rom aRniSnuli zoma 

akmayofilebs Tvisebas. Tu 𝐴𝑖 ⊂ 𝑋, 𝑖 = 1, 𝑛, maSin  

𝐵(⋃𝐴𝑖) ≤ ∑ (−1)|𝐼|+1𝐵(⋂𝐴𝑖),                 (2.5)

𝑖∈𝐼𝐼⊂{1,2,…,𝑛}

𝐼≠∅

𝑛

𝑖=1

 

sadac |𝐼|, iseve rogorc zemoT, aRniSnavs 𝐼 simravleSi elementebis raodenobas 
(simZlavres). (2.5)utolobis damtkiceba uSualod gamomdinareobs (2.4) tolobidan da mas 

savarjiSos  saxiT mkiTxvels vTavazobT. 𝑃(𝐴) zoma gamoxatavs 𝐴 ⊂ 𝑋 xdomilobis 
simarTlismagvarobis xarisxs, romelic yalbi xdomilobisTvisac ki SesaZlebelia iyos 
dadebiTi sidide. 

    aRsaniSnavia, rom ndobis 𝐵 zomasa da simarTlismagvarobis 𝑃 zomas Soris arsebobs 

oraduli Tanafardoba, kerZod nebismieri 𝐴 ⊂ 𝑋 qvesimravlisaTvis marTebulia toloba. 

                                    𝑃(𝐴) + 𝐵(𝐴) = 1   (2.6) 

    aRniSnuli toloba uSualod gamomdinareobs gansazRvreba 2.2-is meore pirobidan, 

radgan Φ simravlis nebismieri elementi (“fokaluri elementi”) an warmoadgens 𝐴-is 

qvesimravles, an ikveTeba A-sTan. Aaseve marTebulia wina Teoremis analogiuri Teorema. 

    Teorema 2.2.  imisaTvis, rom simarTlismagvarobis P zoma warmoadgendes SesaZleblobis 
zomas (anu akmayofilebdes wina Tavis (1.6) pirobas), aucilebelia da sakmarisi, rom 
“fokaluri elementebi” qmnidnen monotonur mimdevrobas. 

  Ddamtkiceba. jer vaCvenoT sakmarisoba. Φ simravlis elementebi qmnis monotonur 

mimdevrobas 𝐸1 ⊂ 𝐸2 ⊂ ⋯ ⊂ 𝐸𝑝 Dda dasamtkicebeli gvaqvs 𝑃(𝐴 ∪ 𝐵) = max(𝑃(𝐴), 𝑃(𝐵)) toloba. 

radgan   𝑃   warmoadgens zomis funqcias, amitom naTelia (monotonurobis Tvisebis gamo) 

𝑃(𝐴 ∪ 𝐵) ≥ max(𝑃(𝐴), 𝑃(𝐵)) utolobis marTebuloba. Ddasamtkicebeli gvaqvs am utolobis 

sawinaaRmdego utoloba. dauSvaT sawinaaRmdego (Tan zogadobis SeuzRudavad 
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vigulisxmoT, rom max(𝑃(𝐴), 𝑃(𝐵)) = 𝑃(𝐴) ≥ 𝑃(𝐵)), e.i. vTqvaT, 𝑃(𝐴 ∪ 𝐵) > 𝑃(𝐴) ≥ 𝑃(𝐵). Φ′-iT  

aRvniSnoT im fokaluri elementebis erToblioba, romlebsac gaaCniaT aracarieli 

TanakveTa 𝐴 ∪ 𝐵-sTan, maSin aRniSnuli utolobidan gamomdinareobs, rom arsebobs Φ′-is 

erTi elementi, romelic ar gadaikveTeba arc 𝐴-sTan  da arc 𝐵-sTan, rac SeuZlebelia  Φ′-
is ganmartebis gamo. 

A   axla vaCvenoT aucilebloba. vuSvebT, rom  𝑃(𝐴 ∪ 𝐵) = max(𝑃(𝐴), 𝑃(𝐵)), toloba sruldeba 

nebismieri 𝐴 da 𝐵 qvesimravlisaTvis 𝑋-dan. Uunda vaCvenoT, rom maSin fokaluri elementebi 
qmnis monotonur mimdevrobas. davuSvaT sawinaaRmdgo, maSin moiZebneba erTi mainc wyvili 

simravleebisa 𝐸𝑖 , 𝐸𝑗, rom 𝐸𝑖 ∩ 𝐸𝑗 ≠ ∅, 𝐸𝑖 ⊄ 𝐸𝑗 da 𝐸𝑗 ⊄ 𝐸𝑖 .   𝐴 da 𝐵 simravleebis rolSi 

Sesabamisad ganvixloT 𝐸𝑖\𝐸𝑗 da 𝐸𝑗\𝐸𝑖   simravleebi, maSin cnadia, rom 𝑃(𝐴 ∪ 𝐵) > 𝑃(𝐴), 𝑃(𝐵)), 

rac ewinaaRmdegeba Cven pirobas. Teorema srulad aris damtkicebuli. 

 

2.2.  sujenos 𝙜𝝀 zomebi da maTi Tvisebebi. 

semantikuri speqtri. 

 

   Ppraqtikuli amocanebis amoxsnisas farTe gamoyeneba pova aramkafio zomebis sxvadasxva 

konstruqciebma. maT Soris gansakuTrebiT gamoirCeva e.w. 𝘨𝜆 - sujenos aramkafio zomebi, 

romlebic Semotanilia m.sujenos mier [6],[7].  

𝘨𝜆 zomebis asagebad gamoiyeneba 𝜆-wesi: nebismieri 𝐴, 𝐵 ∈ 𝑋, 𝐴 ∩ 𝐵 = ∅ simravlisaTvis                           

𝘨𝜆(𝐴 ∪ B) = 𝘨𝜆(𝐴) + 𝘨𝜆(𝐵) + 𝜆𝘨𝜆(𝐴)𝘨𝜆(𝐵), 𝜆 ∈ [−1,+∞)       (2.7) 

im SemTxvevaSi rodesac  𝐴 ∪ B = X da 𝘨𝜆(𝐴 ∪ B) = 1.   (2.7)  piroba warmoadgens 𝘨𝜆 zomebis 

normirebis pirobas. aRniSnuli pirobidan gamomdinare gvaqvs: 

𝘨𝜆(𝐴) =
1 − 𝘨𝜆(𝐴)

1 + 𝜆𝘨𝜆(𝐴)
.                     (2.8) 

    (2.8) formula gansazRvravs sujenos 𝜆 damatebebs, romlebic SesaZlebelia 

ganisazRvron uaryofis Semdegi generatorebis (zrdadi funqciebis) saSualebiT:  𝑡𝜆 ∶ [0,1] →

𝑅+, sadac 

𝑡𝜆: (𝑥) =
ln (1 + 𝜆𝑥)

𝜆
, 𝜆 ≥ −1.       (2.9) 

 

     advili Sesamowmebelia, rom (2.8) formula tolfasia Semdegi Tanafardobis: 

𝑐(𝘨𝜆) = 𝑡𝜆
−1(𝑡𝜆(1) − 𝑡𝜆(𝘨𝜆)).      (2.10) 

      sujenos 𝘨𝜆 aramkafi zomebi 𝜆 parametris mixedviT iyofa Semdeg klasebad: 

1)superaditiur aramkafio zomebad (𝜆 > 0). aRniSnuli zomebisaTvis Sesrulebulia piroba 

nebismieri 𝐴, 𝐵 ∈ 𝑋, 𝐴 ∩ 𝐵 = ∅ simravleebisaTvis 

𝘨𝜆(𝐴 ∪ B) > 𝘨𝜆(𝐴) + 𝘨𝜆(𝐵)       (2.11) 

       Tu ℎ ∶ 𝑋 → 𝑅 warmoadgens 𝑡𝜆 ∘  𝘨𝜆 aramkafio zomis simkvrivis ganawilebis funqcias 

(vgulisxmobT, rom 𝑋 sivrceze gansazRvrulia lebegis uwyveti zoma), maSin 

∫ℎ(𝑥)𝑑𝑥 = 𝑡𝜆(1) < 1

,

𝑥
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advili SesamCnevia, rom (2.11) toloba warmoadgens ndobis zomis (2.2) utolobis Ssatyvis 

utolobas, amitom SegviZlia vTqvaT, rom 𝘨𝜆 zomebi, romlebic 𝜆 > 0, semantikuri 

modalobiT warmoadgens ndobis zomebs. 

2)subadiatur zomebad (−1 < 𝜆 < 0). aRniSnul SemTxvevaSi (2.11) piroba icvleba Semdegi 

TvisebiT: nebismieri 𝐴, 𝐵 ∈ 𝑋, 𝐴 ∩ 𝐵 = ∅ simravleebisaTvis 

𝘨𝜆(𝐴 ∪ B) < 𝘨𝜆(𝐴) + 𝘨𝜆(𝐵)       (2.12) 
aRniSnuli utoloba warmoadgens (2.5) utolobis analogs, amitom SegviZlia vTqvaT, rom 

𝘨𝜆 zomebi, rodesac 𝜆 ∈ [−1,0), semantikuri modalobiT warmoadgens simarTlismagvarobis 

zomebs, romlis drosac 

∫ℎ(𝑥)𝑑𝑥 = 𝑡𝜆(1) > 1

,

𝑥

 

3)albaTuri zomebi (𝜆 = 0). am dros sruldeba pirobebi: nebismieri 𝐴, 𝐵 ∈ 𝑋, 𝐴 ∩ 𝐵 = ∅ 

simravleebisaTvis sruldeba toloba 

𝘨0(𝐴 ∪ B) = 𝘨0(𝐴) + 𝘨0(𝐵)        
 

    𝘨𝜆 zomis warmodgena damokidebulia 𝑋 sivrceze. rodesac 𝑋 sasruli sivrcea, 𝑋 =

{𝑥𝑖}𝑖=1,𝑛, maSin sakmarisia ganvsazRvroT 𝘨𝜆 zomis mniSvnelobebi 𝑥𝑖 elementebze, 𝘨𝜆(𝑥𝑖) = 𝘨𝑖, 

romlebic unda akmayofilebdnen normirebis Semdeg pirobebs: 

1

𝜆
(∏(1 + 𝜆𝘨𝑖

𝑛

𝑖=1

) − 1) = 1,        𝜆 ∈ [−1,+∞)            (2.13) 

    im SemTxvevaSi, rodesac 𝑋 sivrce namdvil ricxvTaA 𝑅 sivrcis izoformulia, maSin 

SesaZlebelia, raime 𝐻: 𝑅 → [0,1] funqciis gamoyenebiT (romelsac albaTobis ganawilebis 

funqciis analogiuri Tvisebebi gaaCnia) ganvsazRvroT aramkafio zoma, romelic [𝑎, 𝑏] 

intervalze iRebs mniSvnelobas 

𝘨𝜆([𝑎, 𝑏]) =
𝐻(𝑏) − 𝐻(𝑎)

1 + 𝜆𝐻(𝑎)
,      ∀[𝑎, 𝑏] ⊂ 𝑋.             (2.14) 

[8]-Si naCvenebia, rom aRniSnuli 𝑋 sivrcisaTvis 𝘨𝜆 zoma SesaZlebelia gansazRvruli iyos 

aramkafio zomis ℎ(𝑥) simkvrivis funqciis saSualebiT. kerZod, nebismieri 𝐴 ⊂ 𝑋 

qvesimravlisaTvis 

𝘨𝜆(𝐴) =
1

𝜆
{𝑒𝜆∫ ℎ(𝑥)𝑑𝑥

.

𝐴 − 1}.              (2.15) 

advili saCvenebelia, rom (2.15) formuliT gansazRvruli zoma akmayofilebs (2.7) 𝜆 wess. 

aRniSnuli formulis gamoyenebiT SesaZlebelia movaxdinoT dakvirveba, Tu rogor icvleba 

aramkafio zomis sematikuri modaloba 𝜆 parametris cvlilebasTan erTad, anu, Tu 

davafiqsirebT 𝑊 ⊂ 𝑋 xdomilobaTa simravles, SesaZlebelia ganvmartoT da SeviswavloT 

𝑠𝑒𝑚𝑊: [−1,+∞) → [0,1] funqcia. aRniSnuli funqcia ganvmartoT 𝑠𝑒𝑚𝑊(𝜆) = 𝘨𝜆(𝑊) tolobiT. 

aRniSnul funqcias uwodeben 𝑊 ⊂ 𝑋 simravlis semantikur speqtrs da igi aris klebadi 

funqcia. 𝑠𝑒𝑚𝑊: [−1,+∞) → [0,1] funqciebis ageba, gamokvleva da praqtikul amocanebSi maTi 

gamoyeneba warmoadgens aramkafio zomebis gamokvlevis da gamoyenebis erT-erT yvelaze 

saintereso Tanamedrove mimarTulebas. 

    ganvixiloT erTi magaliTi. vTqvaT, 𝑋 = [0,3], ℎ(𝑥) =
ln (1+𝜆)

3𝜆
,      𝑤 = [0,1]. maSin albaToba 𝑊 

xdomilebis moxdenisa tolia 1/3-is. xolo 𝑊 xdomilobis 𝘨𝜆 zoma tolia 
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𝘨𝜆(𝑊) =
1

𝜆
{𝑒
𝜆∫

ln(1+𝜆)
3𝜆

1

0 − 1} =
1

√(1 + 𝜆)2
3

+ √1 + 𝜆 + 1
3

. 

e.i. Cven SemTxvevaSi semantikuri speqtris 𝑠𝑒𝑚𝑊: [−1,+∞) → [0,1] funqcias aqvs saxe  

𝑠𝑒𝑚𝑊(𝜆) =
1

√(1 + 𝜆)2
3

+ √1 + 𝜆 + 1
3

. 

aRniSnuli formulidan vRebulobT: SesaZleblobaimisa, rom 𝜔 ∈ 𝑊,  tolia 𝑠𝑒𝑚𝑊(−1) = 1; 

albaToba imisa, rom 𝜔 ∈ 𝑊,  tolia 𝑠𝑒𝑚𝑊(0) = 1/3 xolo aucilebloba imisa, rom 𝜔 ∈ 𝑊,  

tolia 0. 

A    amrigad, dReisaTvis aramkafio zomebis modelirebis yvelaze efeqtur gzad 

SesaZlebelia miviCnioT sujenos  𝘨𝜆 zomebi, romelTa ageba xdeba 𝜆 wesis gamoyenebiT. 

aRniSnuli zomebi SesaZleblobas iZleva aigos efeqturi gamoTvliTi aparati rTul 

dinamikur sistemebSi gadawyvetilebis miRebis praqtikuli amocanebis gadasaWrelad. 

 

 

2.3. aramkafio integrali da misi 

ZiriTadi Tvisebebi 

 

    ise rogorc klasikur maTematikur analizSi udidesi mniSvneloba aqvs integrirebis  

operacias, aramkafio analizSic aramkafio sidideebis aRricxvisaTvis fundamenturi 

mniSvneloba eniWeba integrirebis cnebas. 

    gansazRvreba 2.3   vTqvaT, (𝑋, 𝜎𝑥 , 𝜇) warmoadgens sivrces aramkafio zomiT, maSin 

nebismieri 𝐴 ∈ 𝜎𝑥 zomvadi simravlisaTvis gansazRvrulia ricxvi 

 

{min(𝛼, 𝜇(𝐴 ∩ 𝑓𝛼))}
𝛼∈[0,1]

𝑠𝑢𝑝
               (2.16) 

romelsac vuwodebT aramkafio integrals 𝑓 asaxvidan 𝐴 simravleze da aRvniSnavT 

∫

𝐴
𝑓 ∘ 𝜇 

saxiT. Aaq  𝑓𝛼 aRniSnavs 𝑓 aramkafio simravlis 𝛼 donis simravles. 

    aRniSnul integrals literaturaSi zogjer uwodeben mosalodnel aramkafio 

mniSvnelobas (fuzzy expected value FEV). gansazRvreba 2.3 tolfasia Sedegi gansazRvrebis. 

    gansazRvreba 2.4.  vTqvaT, (𝑋, 𝜎𝑥, 𝜇) warmoadgens sivrces aramkafio zomiT, maSin 

nebismieri 𝐴 ∈ 𝜎𝑥 zomvadi simravlisaTvis da 𝑓: 𝑋 → [0,1] aramkafio zomvadi simravlisaTvis 

da gansazRvrulia ricxvi 
𝑠𝑢𝑝

𝐸 ∈ 𝜎𝑥
{min (

inf
𝑥 ∈ 𝐸

𝑓(𝑥), 𝜇(𝐴 ∩ 𝐸))}        (2.17) 

romelsac vuwodebT aramkafio integrals 𝑓 asaxvidan 𝐴 simravleze da aRvniSnavT 

∫

𝐴
𝑓 ∘ 𝜇 

saxiT. A 

    vaCvenoT aRniSnuli ganmartebebis tolfasoba. vTqvaT, 2.3 gansazRvrebiT 𝑓 asaxvis 

aramkafio integrali pirveli gansazRvrebiT aRvniSnoT 𝐼1-iT, xolo meore gansazRvrebiT 

- 𝐼2-iT (cxadia, es ricxvebi yovelTvis arseboben da ekuTvnian [0,1] segments). ∀𝜀 > 0 

ricxvisaTvis (2.16) tolobis Tanaxmad arsebobs 𝛼0 ∈ [0,1] ricxvi rom  
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𝐼1 ≤ min(𝛼0, 𝜇(𝐴 ∪ 𝑓
𝛼0)) + 𝜀.               (2.18) 

radgan 𝑓 asaxva zomvadia, amitom nebismieri 𝛼 ∈ [0,1] ricxvisaTvis 𝑓𝛼 ∈ 𝜎𝑥 . Tu gansazRvreba 

2.4-Si ganvixilavT 𝐸 = 𝑓𝛼0 simravles, maSin gvaqvs 𝛼0 ≤
inf
𝑥 ∈ 𝐸

𝑓(𝑥) (donis simravlis 

gansazRvrebis ZaliT) da 𝜇(𝐴 ∩ 𝐸) = 𝜇(𝐴 ∩ 𝑓𝛼0)).aRniSnuli Tanafardobebidan naTelia 

Semdegi utoloba: 

min (
inf
𝑥 ∈ 𝐸

𝑓(𝑥), 𝜇(𝐴 ∩ 𝐸)) ≥ min (𝛼0, 𝜇(𝐴 ∩ 𝑓
𝛼0)), rac (2.18)-Tan erTad gvaZlevs 𝐼1 ≤ 𝐼2 + 𝜀. es 

ukansakneli 𝜀-is nebismierobisgamo gvaZlevs 𝐼1 ≤ 𝐼2. 

damtkicebas davasrulebT Sebrunebuli utolobis CvenebiT. marTlac, wina msjelobis 

analogiurad (2.17) tolobis gamo ∀𝜀 > 0 ricxvisaTvis arsebobs 𝐸′ ⊂ 𝑋 zomvadi simravle, 

iseTi rom  

𝐼2 ≤ 𝑚𝑖𝑛 
inf
𝑥 ∈ 𝐸

𝑓(𝑥), 𝜇(𝐴 ∩ 𝐸′)) + 𝜀.         (2.19) 

inf
𝑥 ∈ 𝐸

𝑓(𝑥) ricxvi aRvniSneT 𝛼0-iT, maSin  𝑓
𝛼0 ⊃ 𝐸′ da maSasadame min (

inf
𝑥 ∈ 𝐸′  

𝑓(𝑥), 𝜇(𝐴 ∩ 𝐸)) ≤

min (𝛼0, 𝜇(𝐴 ∩ 𝑓
𝛼0)), es ukanaskneli (2.19) utolobis da 𝜀-is nebismierobis gamo gvaZlevs 𝐼2 ≤

𝐼1. 
    SeiZleba vaCvenoT, rom aramkafio integrali garkveulwilad lebegis integralis   

msgavsia. AamisaTvis ganvixiloT safexuria funqcia  

𝑓(𝑥) =∑𝛼𝑖𝜒𝐸𝑖 ,

∞

𝑖=1

 

sadac 𝛼𝑖 ∈ [0,1] da  𝐸𝑖 ∈ 𝜎𝑥, 𝐸𝑖 ∩ 𝐸𝑗 ≠ ∅. vTqvaT,  (𝑋, 𝜎𝑥, 𝜈)lebegis sivrcea, e.i.  𝑋 sivrceze 

damatebiT gansazRvrulia lebegis 𝜈 zoma, maSin, rogorc cnobilia, 𝐴 ⊂ 𝜎𝑥 zomvad 

simravleze   𝑓  funqciidan lebegis integrali ganimarteba tolobiT 

∫

𝐴
𝑓(𝑥)𝑑𝜈 =∑𝛼𝑖𝜈(𝐴 ∩ 𝐸𝑖).              (2.20)

∞

𝑖=1

 

zogadobis SeuzRudavad SegviZlia vigulisxmoT, rom 𝛼1 ≤ 𝛼2 ≤ ⋯ ganvsazRvroT 𝑋-Si 

simravleTa monotonurad klebadi mimdevroba (𝐸𝑖)𝑖≥1, sadac 

𝐹𝑘 =⋃𝐸𝑖
𝑖≥𝑘

. 

𝑓 funqcia SesaZlebelia Semdegi formiT warmovadginoT:  𝑓(𝑥) =
max
𝑖 ∈ 𝑁

min(𝛼𝑖 , 𝜒𝐸𝑖(𝑥)), xolo 𝑓 

funqciis donis simravleebs aqvT saxe 𝑓𝛼 = 𝐸𝑘 , sadac 𝛼𝑘−1 < 𝛼 ≤ 𝛼𝑘 . maSin (2.16) tolobis 

Tanaxmad  

∫

𝐴
𝑓 ∘ 𝜇 =

sup
𝑖 ∈ 𝑁

min(𝛼𝑖, 𝜇(𝐴 ∩ 𝐸𝑖))              (2.21) 

(2.20) da (2.21) formulebis vizualuri Sedarebisas SevamCnevT, rom lebegis integralSi 

gamravlebis da Sekrebis operaciebis SecvliT minimumis da maqsimumis aRebis operaciebiT 

vrebulobT aramkafio integrals safexura funqciisaTvis. aRsaniSnavia, rom imSemTxvevaSi, 

rodesac aramkafio zoma warmoadgens albaTur zomas (e.i. damatebiT sruldeba zomis 

aditiurobis piroba), SegviZlia garkveulwilad SevadaroY lebegis da aramkafio 

integralebi. Uufro zustad marTebulia Semdegi Teorema 
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    Teorema 2.3.   vTqvaT, (𝑋, 𝜎𝑥, 𝜇) warmoadgens sivrces, 𝐴 ∈ 𝜎𝑥, xolo 𝑓: 𝑋 → [0,1] aris zomvadi 

funqcia, romelic akmayofilebs 
inf
𝐴
𝑓 ≤ 𝜇(𝐴) pirobas. (𝑋,𝑀𝐴, 𝑚𝐴) −Ti aRvniSnoT klasi yvela 

iseTi aramkafio simravleebisa, romelTac 𝑥 ∈ 𝐴 wertilebis mikuTvnebis xarisxis 

supremalur da infimalur mniSvnelobebad aqvT Sesabamisad 𝑀𝐴 da 𝑚𝐴  ricxvebi, maSin 

marTebulia Semdegi utoloba: 

𝐶 ≤ ∫
𝐴
𝑓𝑑𝑝 − ∫

𝐴
𝑓 ∘ 𝑝 ≤ 𝐷,        (2.22) 

sadac 

𝐶 = {
mAp(A) −

(mA + 1)
2

4
,   როდესაც      2𝑀𝐴 > 𝑚𝐴 + 1;

MA(MA −mA) + mAp(A) − MA,როდესაც   2MA ≤ mA + 1; 
   (2.23) 

xolo 

𝐷 = (𝑀𝐴 +𝑚𝐴)𝑝(𝐴) − 𝑚𝐴(1 −𝑚𝐴).             (2.24)  
 

      aRniSnuli Teoremis damtkicebisaTvis dagvWirdeba ori lema. 

   lema 2.1. vTqvaT, (𝑋, 𝜎𝑥, 𝜇) warmoadgens sivrces aramkafio zomiT, maSin nebismieri 𝐴 ∈ 𝜎𝑥 

zomvadi simravlisaTvis da  𝑓: 𝑋 → [0,1] aramkafio asaxvisaTvis, Tu  ∫
𝐴
𝑓 ∘ 𝜇 = 𝐼𝑓,𝐴, maSin 𝐼𝑓,𝐴 =

min(𝐼𝑓,𝐴, 𝜇(𝐴 ∩ 𝑓
𝐼𝑓,𝐴)). Ee.i. aramkafio integralis mniSvneloba yovelTvis ar aRemateba 𝐴 

simravlis kvalis zomas. 𝐼𝑓,𝐴 = 𝜇(𝐴 ∩ 𝑓
𝐼𝑓,𝐴) tolobas adgili aqvs mxolod maSin, rodesac 𝐼 

warmoadgens Semdegi 𝜇𝐴,𝑓: [0,1]→ [0,1], 

𝜇𝐴,𝑓(𝛼) = 𝜇(𝐴 ∩ 𝑓
𝛼)        (2.25) 

Mmonotonurad klebadi funqciis uwyvetobis wertils. 

D     damtkiceba.  ganvixiloT asaxva kompozicia 𝐺𝑓,𝐴 = 𝑚𝑖𝑛 ∘ (𝑖𝑑 × 𝜇𝐴,𝑓), romelic warmoadgens 

[0,1]→[0,1] asaxvas e.i. 

𝐺𝑓,𝐴(𝑡) = min (𝑡, 𝜇𝐴,𝑓(𝑡)) , 𝑡 ∈ [0,1].      (2.26) 

Aaramkafio integralis gansazRvrebiT 

𝐼𝑓,𝐴 = 𝑠𝑢𝑝𝐺𝑓,𝐴.      (2.27) 

aRniSnul funqciebs xSirad  (rodesac es ar gamoiwvevs gaugebrobas) ubralod 𝐺 da 𝐼 

saxiT CavwerT. cxadia, rom 𝑖𝑑 asaxva aris monotonurad zrdadi, uwyveti asaxva, xolo 𝜇𝐴,𝑓 

warmoadgens monotonurad klebad asaxvas, magram mas SesaZlebelia gaCndes wyvetis 

wertilebi, ara umetes Tvladi raodenobisa. SevniSnavT, agreTve, rom zomis uwyvetobis 

gamo 𝜇𝐴,𝑓 funqcia uwyvetia maecxnidan. Tu 𝐴 simravlis zoma aranulovania, maSin 𝜇𝐴,𝑓(0) =

𝜇(𝐴) > 0 (Tu zoma nulovania, maSin dasamtkicebeli araferia 𝐼 = 0 = min (0,0)). aRniSnulidan 

gamomdinare, 𝐺𝑓 funqcia aris zrdadi 𝑄 = {𝑡 ∈ [0,1]|𝑡 ≤ 𝜇𝐴,𝑓(𝑡)} ⊂ [0,1], xolo klebadia [0,1]\𝑄 

simravleze. zemoT aRniSnulidan naTelia, rom 𝐼 = 𝑠𝑢𝑝𝐺𝑓 = 𝑠𝑢𝑝𝑄.       Radgan 𝐺 funqcia aris 

marcxnidan uwyveti, amitom 𝑄 simravle Caketilia da 𝐼 = 𝑚𝑎𝑥𝑄. Amitom 𝐼 ≤ 𝜇𝐴,𝑓(𝐼), sadac 

utoloba sruldeba maSin da mxolod maSin, rodesac 𝐼 aris 𝜇𝐴,𝑓 funqciis uwyvetobis 

wertili. aRniSnuli msjelobis TvalsaCinoeba Cans qvemoT moyvanil naxazze, 
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    romelzec gamosaxulia 𝑖𝑑 da 𝜇𝐴,𝑓 funqciaTa grafikebis yvelaze zogadi SesaZlo 

Tvisebrivi mdgomareoba. Llema damtkicebulia. 

  lema 2.2. vTqvaT, (𝑋, 𝜎𝑥, 𝜇) warmoadgens sivrces aramkafio zomiT, maSin nebismieri 𝐴 ∈ 𝜎𝑥 

zomvadi simravlisaTvis da  𝑓: 𝑋 → [0,1] aramkafio asaxvisaTvis, Tu  ∫
𝐴
𝑓 ∘ 𝜇 = 𝐼, maSin 

 𝑓 ≥ 𝐼,𝐴
𝑠𝑢𝑝  Tu damatebiT sruldeba piroba

inf
𝐴
𝑓 ≤ 𝜇(𝐴), maSin 

inf
𝐴
𝑓 ≤ 𝐼 kerZod, Tu 𝐴 = 𝑋, maSin 

inf 𝑓 ≤ 𝐼 . 

  damtkiceba.  dauSvaT winaaRmdegi, vTqvaT, 𝑓 = 𝑀𝐴 < 𝐼,𝐴
𝑠𝑢𝑝  maSin 𝑓𝑏 ∩ 𝐴 = ∅, sadac 𝑏 >

𝑀𝐴.aqedan gamomdinare 𝐼 = 𝑠𝑢𝑝𝐺 < 𝐼, rac bunebrivia gamowveulia Cveni daSvebiT. 

Aanalogiurad damdkicdeba meore winadadebac. Tu 𝑐 = 𝑓 > 𝐼,𝐴
𝑖𝑛𝑓  maSin 𝑓𝑐 ⊃ 𝐴   da  𝜇𝐴,𝑓(𝑐) =

𝜇(𝐴). (2.26) formilis Tanaxmad 𝐺(𝑐) = min(𝑐, 𝜇(𝐴)) = 𝑐. radgan 𝐼 = 𝑠𝑢𝑝𝐺,  amitom 𝐼 > 𝐺(𝑐) = 𝑐, 

rac ewinaaRmdegeba Cven daSvebas. Llema damtkicebulia.   
 
 

Teorema 2.3.-is damtkiceba 

vTqvaT, 𝑓 ∘ 𝑝 = 𝐼,𝐴
∫

 maSin  
 

𝑓𝑑𝑝 = 𝑓𝑑𝑝
𝐴⋂𝑓𝐼

∫
+ 𝑓𝑑𝑝
𝐴\𝑓𝐼
∫

≤
sup
𝐴
𝑓𝑑𝑝

𝐴⋂𝑓𝐼

∫
+ 𝐼𝑑𝑝
𝐴\𝑓𝐼
∫

=
sup
𝐴
𝑓  𝑝(𝐴⋂𝑓𝐼) + 𝐼𝑝(𝐴\𝑓𝐼) ≤

sup
𝐴
𝑓 𝑝(𝐴) + 𝐼(𝑝(𝐴) − 𝐼) .𝐴

∫
  

Aanalogiurad, lebegis  ∫ 𝑓𝑑𝑝
.

𝐴
  integrali SeiZleba SevafasoT qvemodan: 

∫𝑓𝑑𝑝

.

𝐴

= ∫ 𝑓𝑑𝑝 + ∫ 𝑓𝑑𝑝 ≥

.

𝐴\𝑓𝐼

.

𝐴∩𝑓𝐼

∫ 𝐼𝑑𝑝

.

𝐴∩𝑓𝐼

+∫
inf
𝐴
𝑓𝑑𝑝 = 𝐼𝑝(𝐴 ∩ 𝑓𝐼) +

inf
𝐴
𝑓 (𝑝(𝐴) − 𝑝(𝐴 ∩ 𝑓𝐼)) ≥ 𝐼2 +

inf
𝐴
𝑓(𝑝(𝐴) − 𝐼)

𝐴

.

𝐴\𝑓𝐼
 

 U  ukanaskneli utoloba uSualod gamomdinareobs (𝑝(𝐴 ∩ 𝑓𝐼) − 𝐼)(𝐼 −
inf
𝐴
𝑓) ≥ 0 utolobidan, 

romlis marTebuloba naTelia wina lemebis  gamo. Amdenad vRebulobT utolobas  

𝐼2 +
inf
𝐴
𝑓(𝑝(𝐴) − 𝐼) − 𝐼 ≤ ∫𝑓𝑑𝑝 − ∫𝑓 ∘ 𝑝 ≤

sup
𝐴
𝑓 𝑝(𝐴)

.

𝐴

.

𝐴

+ 𝐼(𝑝(𝐴) − 𝐼) − 𝐼.        (2.28) 

F  funqciis zusti zeda da zusti qveda sazRvrebi Sesabamisad avRniSnoT 𝑀𝐴  და   𝑚𝐴 

simboloebiT da davafiqsiroT. ganvixiloT (𝑋,𝑀𝐴, 𝑚𝐴) klasiyvela iseTi aramkafio 

simravleebisa 𝑥 ∈ 𝐴. wertilebis mikuTvnebis xaarisxs supremalur da infimalur 

y 

1 

𝜇(𝐴) 
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mniSvnelobebad aqvT Sesabamisad 𝑀𝐴  da  𝑚𝐴  ricxvebi, maSin radgan (2.25) utolobis 

marcxena da marjvena funqciebs (rogorc erTi damoukidebeli 𝐼 cvladis funqciebi) 
gaaCniaT absoluturi minimumi da absoluturi maqsimumi (isini warmoadgenen kvadratul 
samwevrebs Sesabamisad Stoebi zemoT da Stoebi qvemoT). Aadvili gamosaTvlelia, rom (2.28) 

utolobis marjvena mxaris udidesi mniSvnelobis miRweva 𝐼 =  𝑚𝐴 wertilze, radgan misi 

eqstremumis wertili tolia 𝐼0 =
𝑝(𝐴)−1

2
≤ 0. Ee.i. 

 

∫𝑓𝑑𝑝 − ∫𝑓 ∘ 𝑝

.

𝐴

.

𝐴

 

 

integrali zemodan SemosazRvrulia  (𝑀𝐴 +𝑚𝐴)𝑝(𝐴) −𝑚𝐴(1 + 𝑚𝐴) rivcxviT nebismieri 

funqciisaTvis (𝑋,𝑀𝐴, 𝑚𝐴) klasidan. Aanalogiurad (2.28) utolobaSi marcxniv mdgomi 

funqciis minimumis wertils warmoadgens 𝐼0 =
𝑚𝐴+1

2
. maSin Tu 𝐼0 ∈ [𝑚𝐴, 𝑀𝐴] segments, is 

warmoadgens gansaxilveli funqciis minimumis wertils  segmentze da minimaluri 

mniSvneliba tolia 𝑚𝐴𝑝(𝐴) −
(𝑚𝐴+1)

2

4
, xolo Tu  𝐼0 > 𝑀𝐴, maSin minimumis wertils warmoadgens 

𝐼 = 𝑀𝐴 wertili, romelzec minimaluri mniSvneloba toloa 𝑀𝐴(𝑀𝐴 −𝑚𝐴) + 𝑚𝐴𝑝(𝐴) − 𝑀𝐴). 
Teorema damtkicebulia. 

    gansazRvreba 2.5  dirakis zoma, romelic koncentrirebulia 𝑥0 ∈ 𝑋 wertilSi ewodeba 

asaxvas  𝐷𝑥0: 𝑃(𝑋) → [0,1]  romelic ganisazRvreba formuliT 

𝐷𝑥0(𝐴) = {
1, თუ        𝑥0 ∈ 𝐴;
0, თუ       𝑥0 ∉ 𝐴.

.          (2.29) 

   SeniSvna 2.2  cxadia, rom dirakis zoma aris albaTuri zoma. Tu 𝐴 aris aramkafio 

qvesimravle 𝑋-Si, romlis mikuTvnebis funqcia aris 𝑓 ∶ 𝑋 → [0,1], maSin aramkafio 

integralis saSualebiT SesaZlebelia gamovsaxoT 𝑥0 wertilis 𝐴 simravlisadmi 
mikuTvnebis xarisxi, kerZod marTebulia formula  

𝑓(𝑥0) = ∫𝑓 ∘ 𝐷𝑥0

.

𝑥

.               (2.30) 

    magaliTi 2.1. vTqvaT, 𝑋 = {𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5}, romelzec mocemulia sujenos 𝘨𝜆 zoma da 𝑓 
aramkafio simravle Semdegi cxrilis saSualebiT: 

𝑖 1 2 3 4 5 

𝑓(𝑥) 0.1 0.3 0.7 0.6 0.2 

𝘨𝑖 0.143 0.4 0.261 0.35 0.131 

 

Nnormirebis pirobis gamoyenebiT davadgenT, rom 𝜆 = −0.51. maSin 𝑓 funqciis aramkafio 
integrali sujenos zomis mimarT tolia 

I = min(𝛼, 𝘨𝛼) ,𝛼∈[0,1]
sup
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sadac 

𝘨𝛼 =
1

𝜆
(∏(𝜆𝘨𝑖 + 1

𝑖∈Θ𝛼

) − 1), 

Θ𝛼 = {𝑖|𝑓(𝑥𝑖) ≥ 𝛼}. Ppirdapiri gamoTvliT miviRebT, rom 𝐼 = 0.5645 

     magaliTi 2.2.  wina magaliTi ganvixiliT zogadi saxiT. vTqvaT, 𝑋 = {𝑥𝑖}𝑖≥1 diskretuli 

simravlea, romelic aRWurvilia aramkafio 𝜇 zemoT. ganvixiloT 𝑋-is raime aramkafio 

qvesimravle, romlis mikuTvnebis funqcia aris 𝑓 ∶ 𝑋 → [0,1]. cxadia, 𝑓  asaxva SesaZlebelia 
warmovadginoT safezura funqciis saxiT 

𝑓 (𝑥) =∑𝛼𝑖𝜒𝐸𝑖 ,   𝐸𝑖 ∩ 𝐸𝑗 ≠ ∅,

∞

𝑖=1

 

roca 𝑖 ≠ 𝑗, sadac (𝛼𝑖)𝑖≥1 funqciis mniSvnelobaTa zrdadi mimdevrobaa. maSin advili 

SesamCnevia, promlema 2.1-Si gansazrvruli 𝜇𝑋,𝑓 funqcia warmoadgens safexura funqcias. 

kerZod, mas aqvs Semdegi saxe:  

𝜇𝑋,𝑓 = 𝜒[0,𝛼1] +∑𝜇(𝐸𝑖)𝜒(𝛼𝑖−1,𝛼𝑖],             (2.31)
𝑖>1

 

 

sadac 

𝐹𝑘 =⋃𝐸𝑖 .

𝑖≥𝑘

       

ganvixiloT 𝐿𝑥 = {𝛼𝑖|𝛼𝑖 ≤ 𝜇(𝐹𝑖)}          (2.32)   simravle.  

maSin lema 2.1-is ZaliT 

  

∫𝑓 ∘ 𝜇 = 𝑠𝑢𝑝𝐿.                      (2.33)

.

𝑥

 

    aRniSnuli formula warmoadgens uaRresad moxerxebul  saSualebas diskretul 
SemTxvevaSi integralis gamosaTvlelad. Uufro zogad SemTxvevaSi, Tu saWiroa aramkafio 

integralis gamoTvla raime 𝐴 ⊂ 𝑋 qvesimravleze, maSin zemoT aRniSnul msjelobaSi (2.31), 
(2.32) da (2.33) formulebi Sesabamisad Seicvlebian  

𝜇𝑋,𝑓 = 𝜇(𝐴)𝜒[0,𝛼1] +∑𝜇(𝐸𝑖 ∩ 𝐴)𝜒(𝛼𝑖−1,𝛼𝑖],             (2.31′)
𝑖>1

 

𝐿𝑥 = {𝛼𝑖|𝛼𝑖 ≤ 𝜇(𝐹𝑖 ∩ 𝐴)}          (2.32
′) 

∫𝑓 ∘ 𝜇 = 𝑠𝑢𝑝𝐿𝐴.                      (2.33
′)

.

𝑥

 

formulebiT. 

    qvemoT CamovayalibebT aramkafio integralis ZiriTad Tvisebebs. 

    Tviseba 1.  vTqvaT, (𝑋, 𝜎𝑥 , 𝜇) warmoadgens sivrces aramkafio zomiT da 𝐴 ∈ 𝜎𝑥 maSin 

nebismieri   𝑓: 𝑋 → [0,1] zomvadi asaxvisaTvis 
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∫𝑓 ∘ 𝜇 ≤ min (𝜇(𝐴),
𝑠𝑢𝑝

𝐴

.

𝐴

𝑓). 

D    damtkiceba.  Ddamtkiceba uSualod gamomdinareobs lema 2.1-dan, radgan lemis ZaliT  

∫ 𝑓 ∘ 𝜇 = 𝐼 ≤ 𝜇(𝐴 ∩ 𝑓𝐼) ≤ 𝜇(𝐴),
.

𝐴
 meore mxriv, Tu  𝐼 > 𝑠𝑢𝑝

𝐴
𝑓, maSin 𝜇(𝐴 ∩ 𝑓𝐼) = 0,  saidanc 𝐼 = 0, rac 

ewinaaRmdegeba daSvebas. 

     Tviseba 2. vTqvaT, (𝑋, 𝜎𝑥 , 𝜇) warmoadgens sivrces aramkafio zomiT da 𝐴 ∈ 𝜎𝑥  simravlis 

zoma 0-is tolia, maSin nebismieri   𝑓: 𝑋 → [0,1] zomvadi asaxvisaTvis 

∫𝑓 ∘ 𝜇 = 0

.

𝐴

 

D    damtkiceba. aRniSnuli Tviseba warmoadgens wina Tvisebis UuSualo Sedegs. 

     Tviseba 3.  Mmudmivi funqciidan aramkafio integrali aRniSnuli  mudmivis tolia, 

rodesac saintegriro simravlis zoma aRemateba funqciis mniSvnelobas. winaaRmdeg 

SemTxvevaSi integrali saintegriro simravlis zomis tolia. Ee.i. Tu 𝑓 = 𝑐 = 𝑐𝑜𝑛𝑠𝑡, maSin 

∫ f ∘ μ = {
c, როდესაც  μ(A) ≥ c;

μ(A),როდესაც  μ(A) < c.

.

A

                (2.34) 

 

kerZod, rodesac 𝐴 = 𝑋, maSin  

 

∫𝑓 ∘ 𝜇 = 𝑐

.

𝑋

 

damtkiceba. (2.25)-is Tanaxmad 𝜇𝑓,𝐴 = 𝜇(𝐴)𝜒[0,𝑐], amitom (2.27)-is ZaliT (2.34) naTelia. 

Tviseba 4.  nebismieri  𝑓: 𝑋 → [0,1]  da 𝘨:𝑋 → [0,1]  zomvadi asaxvisaTvis, Tu 𝑓|𝐴 ≤ 𝘨|𝐴 sadac 

𝐴 ∈ 𝜎𝑥, maSin   

∫𝑓 ∘ 𝜇 ≤

.

𝐴

∫𝘨 ∘ 𝜇.           (2.35)

.

𝐴

 

D  damtkiceba. aRniSnul pirobebSi cxadia, rom  𝜇𝑓,𝐴 ≤ 𝜇𝘨,𝐴 (ix. (2.25)) da maSasadame 𝐺𝑓 ≤ 𝐺𝘨 

(ix. (2.26)). Aaqedan  naTelia (2.35) utoloba (ix. (2.27)). 

   Tviseba 5. Tu 𝑐 ∈ [0,1] mudmivia, maSin nebismieri 𝑓 ∶ 𝑋 → [0,1] zomvadi asaxvisaTvis da 𝐴 ∈

𝜎𝑥   simravlisaTvis sruldeba tolobebi:  

∫min(𝑐, 𝑓) ∘ 𝜇 = min (𝑐, ∫ 𝑓 ∘ 𝜇

.

𝐴

.

𝐴

),               (2.36) 

 

 

∫max(𝑐, 𝑓) ∘ 𝜇 = max (𝑐, ∫𝑓 ∘ 𝜇

.

𝐴

.

𝐴

),               (2.37) 

     Ddamtkiceba. orive tolobis damtkiceba analogiuri msjelobebiT warmoebs. Aamitom 

Cven nimuSad moviyvanT mxolod  (2.36) tolobis damtkicebas, cxadia, rom 

(𝑚𝑖𝑛(𝑐, 𝑓))𝛼 = {
𝑓𝛼, როცა   𝛼 ≤ 𝑐;

∅, როცა   𝛼 > 𝑐.
     ამიტომ   𝜇

min(𝑐,𝑓),𝐴(𝛼)={
𝜇𝑓,𝐴(𝛼),   როცა   α≤c; 

0,      როცა      𝛼>𝑐.
.
 SesaZlebelia gvqondes  
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ori SemTxveva: 1) 𝑐 ≥ ∫ 𝑓 ∘ 𝜇 = 𝐼
.

𝐴
 da  2) 𝑐 < ∫ 𝑓 ∘ 𝜇 = 𝐼

.

𝐴
. Ppirvel SemTxvevaSi (2.36) tolobis 

marcxena mxare tolia 𝐼. Aam SemTxvevaSi 𝐺min(𝑐,𝑓) da 𝐺𝑓 funqciebi emTxvevian erTmaneTs 

TavianT zrdadobis SualedebSi. Aamitom 

 

∫min(𝑐, 𝑓) ∘ 𝜇 = I

.

𝐴

 

meore ESemTxvevaSi  (2.36) tolobis marcxena tolia 𝑐. Aamitom 𝐺min(𝑐,𝑓) funqciis zrdadobis 

Sualeds warmoadgens [0, 𝑐] segmenti. (2.27)-is Zalis 

 

∫min(𝑐, 𝑓) ∘ 𝜇 = 𝑠𝑢𝑝

.

𝐴

𝐺min(𝑐,𝑓) = 𝑐. 

 Tviseba damtkicebulia 

   Tviseba 6.  vTqvaT, (𝑋, 𝜎𝑥, 𝜇) warmoadgens sivrces aramkafio zomiT, da  𝐴, 𝐵 ∈ 𝜎𝑥, amasTan 

𝐴 ⊂ 𝐵, maSin nebismieri 𝑓: 𝑋 → [0,1]zomvadi asaxvisaTvis marTebulia utoloba  

∫𝑓 ∘ 𝜂 ≤

.

𝐴

∫𝑓 ∘ 𝜇.           (2.38)

.

𝐵

 

damtkiceba.  cxadia, rom 𝜇𝑓,𝐴 ≤ 𝜇𝘨,𝐵, amitom 𝐺𝑓,𝐴 ≤ 𝐺𝑓,𝐵 sadac (2.27) tolobis gamo  

 

 

  Tviseba 7.  vTqvaT, (𝑋, 𝜎𝑥, 𝜇) warmoadgens sivrces aramkafio zomiT, da 𝐴, 𝐵 ∈ 𝜎𝑥, maSin 

nebismieri 𝑓: 𝑋 → [0,1]zomvadi asaxvisaTvis marTebulia utolobebi:  

∫ 𝑓 ∘ 𝜇 ≥ max (∫𝑓 ∘ 𝜇

.

𝐴

.

𝐴∪B

, ∫ 𝑓 ∘ 𝜇

.

𝐵

)              

 

 

∫ 𝑓 ∘ 𝜇 ≤ min (∫𝑓 ∘ 𝜇

.

𝐴

.

𝐴∩𝐵

, ∫ 𝑓 ∘ 𝜇

.

𝐵

)              

damtkiceba.  aRniSnuli utolobebi warmoadgens wina Tvisebis trivialur Sedegs.zomis 

uwyvetobis uSualo Sedegs warmoadgens Semdegi ori Tviseba (daamtkiceT!). 

 

   Tviseba 8.  vTqvaT, (𝑋, 𝜎𝑥, 𝜇) warmoadgens sivrces aramkafio zomiT, da 𝐴 ∈ 𝜎𝑥 da (𝑓𝑖)𝑖≥1 

warmoadgens zomvad asaxvaTa monotonur mimdevrobas. maSin lim
𝑖→∞

𝑓𝑖 = 𝑓 (wertilovani 

krebadobiT) marTebulia toloba  

 

∫𝑓 ∘ 𝜇 = lim
𝑖→∞

∫𝑓𝑖 ∘ 𝜇.           (2.40)

.

𝐴

.

𝐴

 

 

    Tviseba 9.  vTqvaT, (𝑋, 𝜎𝑥, 𝜇) warmoadgens sivrces aramkafio zomiT. 𝐴 ∈ 𝜎𝑥 da (𝑓𝑖)𝑖≥1 

warmoadgens zomvad asaxvaTa monotonurad zrdad (klebad) mimdevrobas, (𝑓𝑖)𝑖≥1 warmoadgens 

monotonurad klebad (zrdad) mimdevrobas [0,1] segmentidan, marTebulia tolobaOBA 

(2.39) 
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∫(

.

𝐴

max
𝑖∈𝑁

𝑚𝑖𝑛(𝛼𝑖 , 𝑓𝑖) ∘ 𝜇 = max
𝑖∈𝑁

𝑚𝑖𝑛 (𝛼𝑖, ∫ 𝑓𝑖 ∘ 𝜇).             (2.41)

.

𝐴

 

 

 

2.4. aramkafio integrali aramkafio 

simravleebze. gafarToebuli aramkafio zomebi 

 

     aqamde vixilavdiT aramkafio integralebs Ceulebrivi simravleebidan. arsebobs 

aRniSnuli integralis bunebrivi ganzogadeba aramkafio simravleebze.  

     gansazRvreba  2.6.   vTqvaT, (𝑋, 𝜎𝑥, 𝜇) warmoadgens sivrces aramkafio zomiT,  𝐴  aris 

aramkafio qvesimravle 𝑋-Si, romlis mikuTvnebis ℎ𝐴: 𝑋 → [0,1] funqcia zomvadia, maSin 

nebismieri 𝑓: 𝑋 → [0,1] zomvadi asaxvisaTvis ganimarteba ricxvi [0,1] segmentidan 

∫𝑓 ∘ 𝜇 ≡ ∫min(ℎ𝐴, 𝑓) ∘ 𝜇,           (2.42)

.

𝑋

.

ℎ𝐴

 

romelsac uwodeben 𝑓 asaxvis aramkafio integrals aramkafio 𝐴 qvesimravleze. 

    Aadvili Sesamowmebelia (SeamowmeT!), rom rodesac 𝐴 warmoadgens Cveulebriv 

qvesimravles 𝑋-Si, e.i. rodesac 𝐴 simravlis mikuTvnebis funqcia aqvs saxe ℎ𝐴 = 𝜒𝐴, maSin 

(2.42) integrali emTxveva (2.16) integrals. 

      (2.16) integralSi saintegriro ares warmoadgenda 𝜎𝑋 algebras elementebi, (2.42) 

integralSi Cven movaxdineT aRniSnul areaTa simravlis gafarToeba 𝑋-Si yvela aramkafio 

qvesimravleTa simravlemde, romelTac gaaCniaT zomvadi mikuTvnebis funqciebi. aRniSnuli 

simravle aRvniSnoT Φ(𝑋) simboloTi. Φ(𝑋) simravles SeiZleba vuyuroT rogorc 𝜎- 

algebras, radgan is Caketilia aramkafi simravleTa gadakveTis, gaerTianebis, damatebis 

da Tvladi gaerTianebis mimarT (ix. (1.26) (2.27) (1.28)). Aadvili SeamCnevia, rom 𝜎𝑋 ⊂ Φ(𝑋). (2.42) 

integrals SeiZleba vuyuroT rogorc asaxvas 

𝐼:Φ(𝑋) × Φ(𝑋) → [0,1],               (2.43) 
sadac pirveli argumenti warmoadgens saintegriro simravles, xolo meore argumenti-

integralqveSa funqcias. Tu davafiqsirebT zomvad aramkafio simravles 𝑓: 𝑋 → [0,1] da 

ganvixiloT asaxva 𝐼(., ℎ):Φ(𝑋) → [0,1], maSin 𝐼(., ℎ)|𝜎(𝑋) warmoadgens uwyvet aramkafio “zomas” 

Φ(𝑋) algebraze. aRniSnul zomas 𝜇ℎ-iT aRvniSnavT. aq Φ(𝑋)-ze zomis qveS gvesmis Semdegi: 

1) Φ(𝑋)alfenris minimaluri elementis (Φ(𝑋) warmoadgens nawilobriv dalagebul 

simravles Cedmis mimarT, Tu 𝐴, 𝐵 ∈ Φ(𝑋), maSin 𝐴 ≤ 𝐵 ⟺ ℎ𝐴 ≤ ℎ𝐵) zoma nulis tolia. 

2) Φ(𝑋) algebris maqsimaluri elementis zoma ar aRemateba erTs. 

3) Tu 𝐴, 𝐵 ∈ Φ(𝑋) da 𝐴 ≤ 𝐵, maSin ℎ𝐴(𝐴) ≤ ℎ𝐵(𝐵). 

4) Φ(𝑋) algebraSi monotonuri mimdevrobis zomaTa zRvari zomis tolia. 

Aadvili SesamCnevia, rom aRniSnul sam Tvisebas akmayofilebs 𝜇ℎ asaxva. marTlac 

𝜇ℎ(∅) = ∫ ℎ ∘ 𝜇
.

∅
= ∫ 0 ∘ 𝜇

.

𝑋
= 0.  2) 𝜇ℎ(𝜒𝑋) = ∫ ℎ ∘ 𝜇 = ∫ min(𝜒𝑋 , ℎ) ∘ 𝜇 = ∫ ℎ ∘ 𝜇

.

𝑋

.

𝑋

.

𝜒𝑋
. mesame Tviseba 

warmoadgens aramkafio integrals Tviseba 4-is Sedegs (ix wina paragrafi). davamtkicoT 

meoTxe Tviseba. vTqvaT, (𝐴𝑛)𝑛≥1 aramkafio simravleTa monotonuri mimdevrobaa, 

garkveulobisaTvis vigulisxmoT, rom 𝐴𝑖 ≤ 𝐴𝑖+1,       𝑖 ∈ 𝑁, maSin maTi mikuTvnebis funqciebi 

warmoadgenen asaxvaTa zrdad mimdevrobas ℎ𝐴𝑖 , romelTac ubralod ℎ𝑖 simboloTi 

aRvniSnavT. Tu  visargeblebT aramkafio integralis Tviseba 8-iT gveqneba: 
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lim
𝑖→∞

𝜇ℎ(𝐴)𝑖 = lim
𝑖→∞

∫min(ℎ𝑖, ℎ) ∘ 𝜇 = ∫ lim
𝑖→∞

min (ℎ𝑖, ℎ) ∘ 𝜇

.

𝑋

.

𝑋

= ∫min(ℎ𝐴, ℎ) ∘ 𝜇 = 𝜇ℎ(lim
𝑖→∞

𝐴𝑖).

.

𝑋

 

Aamrigad 

𝜇̃: Φ(𝑋) → [0,1]Φ(𝑋)                            (2.44) 

asaxva, romelic ganmartebulia formuliT 𝜇̃(ℎ) = 𝐼(., ℎ) = 𝜇ℎ wamoadgens asaxvas 𝑋-Si zomvadi 

aramkafio qvesimravleebis simravlidan amave simravleze zomebis simravleSi. 

       gansazRvreba 2.7.   (2.44) asaxvis yovel mniSvnelobas vuwodoT gafarToebuli zoma 

Φ(𝑋)-ze. 

 

Tu 

∫ℎ ∘ 𝜇 ≠ 0,

.

𝑋

 

maSin 

𝜇ℎ =
1

∫ ℎ ∘ 𝜇
.

𝑋

𝜇ℎ 

zoma ukve daakmayofilebs aramkafio zomis im moTxovnasac, rom maqsimaluri elementiszoma 

1-is tolia. cxadia, rom  𝜇ℎ kerZod warmoadgens zomas 𝜎𝑋 algebrazec. Aamitomac 

sainteresoa aRniSnuli zomiT integralebis gamoTvla. 

vTqvaT, 𝑓: 𝑋 → [0,1] raime zomvadi funqciaa da 𝘨𝐸: 𝑋 → [0,1] aramkafio 𝐸 ⊂ 𝑋-Si qvesimravlis 

mikuTvnebis funqciaa. gamovTvaloT integrali  

 

∫ℎ ∘ 𝜇ℎ

.

𝘨𝑋

 

ganmartebis Tanaxma  ∫ ℎ ∘ 𝜇ℎ = ∫ min (
.

𝑋

.

𝘨𝑋
𝘨𝐸 , 𝑓) ∘ 𝜇ℎ = 

   {min(𝛼, 𝜇ℎ(𝘨𝐸
𝛼 ∩ 𝑓𝛼))} = {min (𝛼, ∫ ℎ ∘ 𝜇)} =

.

𝘨𝐸
𝛼∩𝑓𝛼

𝛼∈[0,1]
𝑠𝑢𝑝

𝛼∈[0,1]
𝑠𝑢𝑝

{min (𝛼, min (𝛽, 𝜇(ℎ𝛽 ∩ 𝘨𝐸
𝛼 ∩ 𝑓𝛼)))}.𝛽∈[0,1]

𝑠𝑢𝑝
𝛼∈[0,1]

𝑠𝑢𝑝  

aRniSnuli Sedegi SeiZleba CamovayaliboT calke Teoremis saxiT. 

     Teorema 2.4.  vTqvaT, (𝑋, 𝜎𝑥 , 𝜇)  sivrcea aramkafio zomiT, xolo 𝜇ℎ gafarToebuli zomaa  

Φ(𝑋)-ze, vTqvaT, 𝑓: 𝑋 → [0,1] raime zomvadi funqciaa da 𝘨𝐸: 𝑋 → [0,1] aramkafio 𝐸 ⊂ 𝑋-Si 

qvesimravlis mikuTvnebis funqciaa, maSin marTebulia toloba 

∫𝑓 ∘ 𝜇ℎ = 𝑚𝑖𝑛(𝛾, 𝜇(ℎ𝛽 ∩ 𝘨𝐸
𝛼 ∩ 𝑓𝛼)}.              (2.45)𝛾∈[0,1]

𝑠𝑢𝑝

.

𝘨𝐸

 

sadac 𝛾 = min(𝛼, 𝛽) ,                𝛼, 𝛽 ∈ [0,1]. 

     Sedegi  2.1.   vTqvaT, (𝑋, 𝜎𝑥 , 𝜇)  sivrcea aramkafio zomiT, xolo 𝜇ℎ gafarToebuli zomaa  

Φ(𝑋)-ze, vTqvaT, 𝑓: 𝑋 → [0,1] raime zomvadi funqciaa da 𝘨𝐸: 𝑋 → [0,1] aramkafio 𝐸 ∈ 𝜎(𝑋) 

zomvadi qvesimravlea 𝑋-Si maSin  

∫𝑓 ∘ 𝜇ℎ = 𝑚𝑖𝑛(𝛾, 𝜇(ℎ𝛽 ∩ 𝐸 ∩ 𝑓𝛼)}.             (2.46)𝛾∈[0,1]
𝑠𝑢𝑝

.

𝐸

 

sadac 𝛾 = min(𝛼, 𝛽) ,                𝛼, 𝛽 ∈ [0,1]. 

    Sedegi 2.2. Tu 𝑓 = 𝑎 = 𝑐𝑜𝑛𝑠𝑡,  maSin 
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∫𝑎 ∘ 𝜇ℎ = min(𝑎, 𝜇ℎ(𝑋)) .

.

𝑋

 

 

    Sedegi 2.3. vTqvaT, (𝑋, 𝜎𝑥 , 𝜇)  sivrcea aramkafio zomiT, xolo 𝜇ℎ gafarToebuli zomaa  

Φ(𝑋)-ze, vTqvaT, 𝑓: 𝑋 → [0,1] raime zomvadi funqciaa da 𝘨𝐸: 𝑋 → [0,1] aramkafio 𝐸 ⊂ 𝑋-Si 

qvesimravlis mikuTvnebis funqciaa, maSin marTebulia Semdegi  tolobebi: 

 

∫min(𝑎, 𝑓) ∘ 𝜇ℎ = min (𝑎, ∫𝑓 ∘ 𝜇ℎ)       (2.47)

.

𝘨𝑒

.

𝘨𝐸

 

∫max(𝑎, 𝑓) ∘ 𝜇ℎ = max (𝑎, ∫𝑓 ∘ 𝜇ℎ)       (2.48)

.

𝘨𝑒

.

𝘨𝐸

 

 

 

 

 

 

Tavi III 

aramkafio algoriTmebi 

 

1. aramkafio gamonaTqvamebi. magaliTad, `Tu 𝑥-mcirea, maSin 𝑦-didia, sxva SemTxvevaSi 𝑦-ar 

aris didi~  

`Tu 𝑥-dadebiTia, maSin SevamciroT 𝑦 umniSvnelod~ 

`Tu 𝑥-gacilebiT aRemateba 5, maSin sdeq ~ 

SevniSnaviT, rom aseT winadadebebSi Tanafardobis nebismieri wevri SeiZleba 

warmoadgendes aramkafio simravleebis simboloebs. 

2. upirobo aqtiuri winadadebebi. magaliTad, 

𝑥 gavamTavloT 𝑥-ze 

SevamciroT 𝑥 odnav 

gadadi 7-Tan 

sdeq. 

rogorc vxedavT moyvanili  instruqciebidan zogierTi aramkafioa, zogierTi ki ara.  

aramkafio gamonaTqvamebis  komponireba unda ganxorcieldes kompoziciuri wesis 

Sesabamisad, magaliTad, Tu aramkafio algoriTmis Sesrulebis romeliRac momentisaTvsis 

gvaqvs konstruqcia  

1) 𝑥 =Zlier patara 

2)  Tu 𝑥  pataraa, maSin 𝑦-didia, sxva SemTxvevaSi 𝑦  arc ise didia. 
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sadac `patara~  da `didi~ ganisazRvreba (1.24) mixedviT. am dros 1) da 2) instruqciebis 

Sesrulebis Sedegi gveqneba 𝑦, ganisazRvreba (1.32) Sesabamisad. 

𝑦 = 0.36 1⁄ + 0.4 2⁄ + 0.64 3⁄ + 0.9 4⁄ + 1 5⁄          (3.1) 

upirobo, magram aramkafio, instruqcia sruldeba analogiurad, magaliTad, `gavamravloT 

𝑥 Tavis Tavze ramodenimejer~ (3.2) 

am instruqciis Seruleba, sadac sityva ramodenime ganisazRvreba tolobiT 

ramodenime = 1 1⁄ + 0.8 2⁄ + 0.3 3⁄ + 0.4 4⁄            (3.3) 

mogvcems aramkafio simravles 

𝑦 = 1 𝑥2⁄ + 0.8 𝑥3⁄ + 0.6 𝑥4⁄ + 0.4 𝑥5⁄        (3.4) 

aucilebelia SevniSnoT, rom rogroc (3.1) ise (3.4) instruqciis Serulebis Sedegad 

vRebulobT aramkafio simravles da ara erT-erT ricxvs. magram, rodesac adamiani iZleva 

aramkafio instruqcias, rogoricaa `gaakeTeT ramodenime nabiji~, sadac ramodenime 

ganisazRvreba rogorc : 

ramodenime-0.3 3⁄ + 0.8 4⁄ + 1 5⁄ + 1 6⁄ + 0.8 7⁄ + 0.5 8⁄        (3.5) 

Sedegi SeiZleba iyos erTerTi ricxvi [3.8] intervalSi. Tu ris safuZvelze unda avirCioT 

erTi ricxvi naCvenebi [6]. 

    qvvemoT Cven moviyvaneT aramkafio algoriTmebis magaliTebi unda SevniSnoT, rom es 

magaliTebi gviCvenebs mxolod aramkafio algoriTmebis ZiriTad aspeqtebs da ar aris 

demonstrireba maTi efeqturobisa,  ----tuli  problemis amoxsnisas. 

aramkafio algoriTmebis klasifikacia umjobesia movaxdinoT maTi gamoyenebis sferos 

mixedviT. 

gansazRvrebis da idenTifikaciis algoriTmebis  gadawyvetilebis miRebisaTvis SeiZleba 

Segvxvdes algoriTmebi, romelSic gamoiyeneba orive. 

 

 

gansazRvrebis aramkafio algoriTmebi 

 

    aramkafio algoriTmebis gamoyenebis ZiriTadi area rTuli, sruliad ganaszRvrulis 

an aramkafio gansazRvrebebis gansazRvreba ufro martivi, naklebad aramkafio 

gansazRvrebebi. 

moviyvanoT magaliTebi poCerkis maxasiaTebelebi: ganukurnebeli avadmyofobebi da sxva. 

moviyvanoT gansazRvrebis aramkafio algoriTmebis Zalian martivi magaliTi ganvixiloT 

aramkafio cneba ovali. 

algoriTmi ovali  (𝑇- Ti avRniSnoT) 
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instruqcia ` Tu 𝐴, maSin 𝐵~ unda gavigoT, rogorc `Tu 𝐴 maSin 𝐵, winaaRmdeg SemTxvevaSi 

gadavideT instruqciaze~. 

1. Tu 𝑇 ar aris Caketili, maSin 𝑇 ar aris ovali sdeq. 

2. Tu 𝑇 aris TviTgadakvecadi, maSin 𝑇 aris ovali sdeq. 

3. Tu 𝑇 ar aris amozneqili, maSin 𝑇  ar aris ivali sdeq. 

4. Tu 𝑇 ar aqvs ori orTogonaluri simetriis RerZebi maSin 𝑇 ar aris ovali sdeq. 

5. Tu 𝑇-s didi RerZi ar aris mniSvnelovnad ∞ grZeli, vidre mcire RerZi, maSin 𝑇 ar aris 

ovali sdeq. 

6. 𝑇-ovalia sdeq. 

axla ganvixiloT gadawyvetilebis miRebis aramkafio algoriTmebi es aramkafio 

algoriTmebi, romlebic gamoiyeneba strategiis miaxloebiTi aRwerisaTvis an 

gadawyvetilebis SemuSavebisaTvis. aseTi algoriTmebs Cven viyenebT qveSecnobilad, 

magaliTad, avtomanqanis gaCerebisaTvis avtosadgomze, saxlis ydvisas da sxva. 

algoriTmi gzajvaredinze gadasvla simartivisaTvis ganvixilavT iseT gzajvaredins, 

sadac dayenebulia niSani sdeq. 

algoroTmis gzajvaredini: 

1. Tu aris SuqniSani, maSin gadavideT algoriTmze SuqniSani, sxvagvarad, Tu gvaqvs miSabi 

sdeq, maSin ggadavideT algoriTze niSani, sxvagvarad Tu gvaqvs mocimcime yviTeli signali, 

maSin gadavideT algoriTmze mocimcime, sxvagvarad gadavideT algoriTmze 

arakontrolirebadi qvealgoriTmi `niSani~. 

qvealgoriTmi `niSani~. 

1. Tu Tqveni moZraobis mimarTulebaze ar gaqvT niSani `sdeq~, maSin Tu manqana ar aris 

gzajvaredinze, maSin gadakveTe normaluri siCqariT, sxvagvarad moicade, sanam 

avtomanqanebi ar gaaTavisufleben gzajvaredins, Semdeg gadakveTe is. 

2. Tu Tqveni manqana ar miuaxlovdeba gzajvaredins, maSin gaagrZele moZraoba normaluri 

siCqariT ramodenime wamis ganmavlobaSi.Semdeg gadadi isev 2-ze. 

3) Seanele moZraoba. 

4) Tu Tqven Zalian geCqareba da irgvliv policieli ar aris da ar aris manqana 

gzajvaredinze an mis maxloblad, maSin neli svliT gaiareT gzajvaredini. 

5) Tu Tqven Zalian axlo xarT gzajvaredinTan maSin gaCerdiT, gadadiT 7-ze. 

6) ganagrZeT Zalian neli svliT miaxloeba gadadi 5)-ze. 

7) Tu gzajvaredinze an mis maxloblad ar arian avtomanqanebi, maSin gaiare. 

8) gaCerdi ramodenime wuTi gadadi 7-ze. 
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aramkafo gamonaTqvamebs ZiriTadi roli ukavia aramkafio algoriTmebSi. ufro 

konkretulad, tipiur problemebs, romelsac vxvdebiT aramkafio algoriTmebis 

SemuSavebisaTvis mdgomareobs SemdegSi. 

gvaqvs aramkafio 𝑅 ∶ 𝑉 → 𝑉 romelic ganisazRvreba aramkafio gamonaTqvamebiT. problema 

mdgomareobs SemdegSi, imisaTvis, rom nebismieri aramkafio simravlisaTvis 𝑥 ∈ ⋃ 

ganisazRvros aramkafio qvesimravle 𝑦 ∈ ⋁, iseTi, rom 𝑥 inducirebs ⋁-Si. magaliTad, gvaqvs 

Semdegi ori winadadeba: 

1. 𝑥-Zalian mcirea 

2. Tu 𝑥-Zalian mcirea, maSin 𝑦-didia, winaaRmdeg SemTxvevaSi 𝑦 arc ise didia. 

aqedan meore gansazRvrebis ganuzRvreli Tanafardoba 𝑅, ganvsazRvroT Semdegi wesis 

mixedviT. 

vTqvaT 𝐴  aramkafio qvesimravlea ⋃ gansazRvrebis are.  𝐵 warmoadgens aramkafio 

qvesimravles ⋁ gansazRvrebis ares. maSin 𝐴 da 𝐵 dekartuli namravli 𝐴 ×  𝐵 ganisazRvreba 

Semdegi saxiT: 

𝐴 × 𝐵 ≜  ∫ 𝜇△(𝑢) ⋀

.

⋃×⋁

𝜇𝑩(𝑣) (𝑢, 𝑣)                      (5.2)⁄  

sadac ⋃× ⋁ niSnavs ⋃ da ⋁ aramkafio simravleebis dekartul namravls anu  

⋃× ⋁ ≜ {(𝑢, 𝑣) 𝑢⁄ ∈ ⋃, 𝑣 ∈ ⋁} 

ganvixiloT martivi magaliTi dauSvaT 

⋃ = 1 + 2        (5.3) 

⋁ = 1 + 2 + 3      (5.4) 

△= 1 ∖ 1 + 0.8 ∖ 2       (5.5) 

𝐵 = 0.6 1⁄ + 0.9 2⁄ + 1 3⁄        (5.6) 

maSin  

△× 𝐵 = 0.6 (1.2)⁄ + 0.9 (1.2)⁄ + 1 (1.3)⁄ + 0.6(2.1) + 0.8 (2.2)⁄ + 0.8 (2.3)⁄       (5.7) 

es Tanafardoba SegviZlia warmovadginoT Semdegi matricis saSualebiT 

1
2
[
1 2 3
0.6 0.9 1
0.6 0.8 0.8

]      (5.8) 

aramkafio gamonaTqvamis ` Tu 𝐴, maSin 𝐵~ azri naTeli iqneba Tu ganvixilavT mas rogorc 

specialur SemTxvevas Semdegi pirobiT gamonaTqvams. 

`Tu 𝐴, maSin 𝐵 sxva SemTxvevaSi 𝐶~ sadac 𝐴 da (𝐵 da 𝐶) – aramkafio qvesimravleebis 

Sesabamisia ⋃ da ⋁ - sxvadasxava areebisaTvis 
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dekartuli gardaqmnis terminebSi es winadadeba Caiwereba ase Tu 𝐴, maSin 𝐵, sxva 

SemTxvevaSi 𝐶 ≜ 𝐴 × 𝐵 + (ℸ △× 𝐶)    (5.9)  sadac + aRniSnavs 𝐴 × 𝐵 da (ℸ △ +𝐶) aramkafio 

simravleebis gaerTianebas. 

𝐴 aramkafio simravlis damateba aRiniSneba ℸ △ da ganisazRvreba, rogorc 

ℸ𝐴 ≜ ∫(1 − 𝜇𝐴(𝑦)) ∕ 𝑦

.

⋃

 

damatebis operacia Seesabameba uaryofas Tu 𝑥-aramkafio simravlis simravlea, maSin ara 𝑥 

interpretirebuli unda iqnes rogorc ℸ𝑥. 

 

 

mikuTvnebis funqciis warmodgena maTematikuri da 

grafikuli gamosaxulebebis saSualebiT 

aramkafio simravleTa TeoriaSi, gansxvavebiT klasikuri maTematikuri analizia, aramkafio 
simravlis TiToeuli elementis mikuTvneba bazisuri simravlisadmi, SesaZlebelia 
warmodgenili iyos funqciuri damokidebulebiT. gamoyenebuli funqciebi SegviZlia 
ganvixiloT, rogorc eqsperimentis an eqspertTa jgufis mier dadgenili subieqturi 
warmodgenebi. 

mikuTvnebis funqcia 𝜇𝐴(𝑥) aRwers aramkafio simravlis 𝐴, usasrulo elementTa simravleTa 

areSi anu 𝑋 = 𝑅, anu gansazRvravs 𝑥-is yvela elementis mikuTvnebis gansaxilvel 𝐴 
simravlisadmi. 

modelirebisas, rogorc wesi gamoiyeneben martiv gunqcionalur damokidebulebebs, radgan 
rogorc ufro martivad maTematikuri aRwera gamoyenebuli. 

Tavidanve unda SevniSnoT, rom rac ufro martivad, maTematikuri TvalsazrisiT aris 
arCeuli mikuTvnebis funqcia, miT ufro advilia SemdgomSi maTze operaciebis Catareba da 
miRebuli Sedegebis maTematikuri damuSaveba, interpretacia da warmodgena. 

qvemoT moviyvanT mikuTvnebis funqciis yvelaze gavrcelebul saxeebs. 

 

1.3.1 samkuTxa da trapeciis formis mikuTvnebis funqciebi 

fuzzy – regulatoris yvelaze xSirad gamoiyeneben samkuTxa da trapeciis firmis 

mikuTvnebis funqciebs. nax 1.5 naCvenebia centraluri samkuTxa aramkafio simravle, [𝑎, 𝑏] 
intervalSi. mikuTvnebis funqcias aqvs Semdegi saxe (1.8) 

 

𝜇𝐴 =

{
 
 

 
 

0,               𝑥 < 𝑎, 𝑥 > 𝑏

𝜇𝐴(𝑐) ∙
𝑥 − 𝑎

𝑐 − 𝑎
, 𝑎 ≤ 𝑥 ≤ 𝑐;

𝜇𝐴(𝑐)
𝑏 − 𝑥

𝑏 − 𝑐
, 𝑐 < 𝑥 ≤ 𝑏.

                         (1.8) 
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𝜇𝐴(𝑥) = {
0,                   𝑥 < 𝑐, 𝑥 > 𝑏;

𝜇𝐴(𝑥) ∙
𝑏 − 𝑥

𝑏 − 𝑐
, 𝑐 ≤ 𝑥 ≤ 𝑏.

                   (1.9) 

marjvena samkuTxa simravle (1.9) ix(nax: 1.6) 

 

 

 

 

 

 

 

 

marcxena samkuTxa aramkafio simravle (1.10) (nax: 1.7)  

 

𝜇𝐴(𝑥) = {
0,               𝑥 < 𝑎, 𝑥 > 𝑐;

𝜇𝐴(𝑥) ∙
𝑥 − 𝑎

𝑐 − 𝑎
, 𝑎 ≤ 𝑥 ≤ 𝑐.

                   (1.10) 

centraluri trapeciuli aramkafio simravle (1.11) ix (nax: 1.8) 

𝜇𝐴(𝑥) =

{
 
 

 
 

0,               𝑥 < 𝑐, 𝑥 > 𝑏;
𝜇𝐴(𝑐),            𝑐1 ≤ 𝑥 ≤ 𝑐2

𝜇𝐴(𝑥) ∙
𝑥 − 𝑎

𝑐1 − 𝑎
, 𝑎 ≤ 𝑥 < 𝑐1.

𝜇𝐴(𝑥) ∙
𝑏 − 𝑥

𝑏 − 𝑐2
, 𝑐2 ≤ 𝑥 ≤ 𝑏.

                   (1.11) 

 

 

 

 

 

 

 

 

 

𝑦 

1.0 

a c b 𝑥 

ნახ: 1.5 

𝑦 

1.0 

c b 𝑥 

ნახ: 1.6 

𝑦 
1.0 

a c 

𝑥 

ნახ: 1.7 

𝑦 

1.0 

a c_1 c_2 b 
𝑥 

ნახ: 1.8 
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rTuli centraluri trapeciuli aramkafio simravle (1.18) (nax: 1.14) 

𝜇𝐴(𝑥) =

{
 
 
 
 
 

 
 
 
 
 

𝜇𝐴(𝑎2),                  𝑥 < 𝑎2,

𝜇𝐴(𝑏2),   𝑥 ≥ 𝑏2

𝜇𝐴(𝑎2) + [𝜇𝐴(𝑎1) + 𝜇𝐴(𝑎2)] ∙
𝑥 − 𝑎2
𝑎1 − 𝑎2

,            𝑎2 ≤ 𝑥 ≤ 𝑎1;

𝜇𝐴(𝑎1) + [𝜇𝐴(𝑐) − 𝜇𝐴(𝑎1)] ∙
𝑥 − 𝑎1
𝑐1 − 𝑎1

, 𝑎1 ≤ 𝑥 < 𝑐;

𝜇𝐴(𝑐), 𝑐1 ≤ 𝑥 ≤ 𝑐2,

𝜇𝐴(𝑏1) + [𝜇𝐴(𝑐) − 𝜇𝐴(𝑏1)] ∙
𝑏1 − 𝑥

𝑏1 − 𝑐2
, 𝑐2 < 𝑥 < 𝑏1;

𝜇𝐴(𝑏2) + [𝜇𝐴(𝑏1) − 𝜇𝐴(𝑏2)] ∙
𝑏2 − 𝑥

𝑏2 − 𝑏1
, 𝑏1 ≤ 𝑥 < 𝑏2;

 

                   (1.18) 

 

 

 

 

 

 

 

 

 

 

 

 

centraluri amotrialebuli samkuTxa fuzzy -  simravle (1.21)  (nax: 1.17) 

 

𝜇𝐴(𝑥) =

{
 
 
 

 
 
 

0,                  𝑥 < 𝑎2, 𝑥 > 𝑏2,

𝜇𝐴(𝑎1),         𝑎2 ≤ 𝑥 < 𝑎1;

𝜇𝐴(𝑐) + [𝜇𝐴(𝑎1) − 𝜇𝐴(𝑐)] ∙
𝑐 − 𝑥

𝑐 − 𝑎1
, 𝑎1 ≤ 𝑥 < 𝑐;

𝜇𝐴(𝑐) + [𝜇𝐴(𝑏1) − 𝜇𝐴(𝑐)] ∙
𝑥 − 𝑐

𝑏1 − 𝑐
, 𝑐 ≤ 𝑥 < 𝑏1;

𝜇𝐴(𝑏1),                𝑏1 ≤ 𝑥 ≤ 𝑏2

                   (1.21) 

 

 

𝜇𝐴(𝑥) 

𝜇𝐴(𝑐) 

𝜇𝐴(𝑏1)) 

𝜇𝐴(𝑏2) 

𝜇𝐴(𝑎2) 

𝑎2 𝑎1 𝑐1 𝑐2 𝑏1 𝑏2 𝑥 

ნახ: 1.14 
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centraluri amobrunebuli trapeciuli  fuzzy -  simravle (1.22)  (nax: 1.18) 

 

𝜇𝐴(𝑥) =

{
 
 
 
 

 
 
 
 

0,                  𝑥 < 𝑎2, 𝑥 > 𝑏2,

𝜇𝐴(𝑎1),         𝑎2 ≤ 𝑥 < 𝑎1;

𝜇𝐴(𝑐) + [𝜇𝐴(𝑎1) − 𝜇𝐴(𝑐)] ∙
𝑐1 − 𝑥

𝑐1 − 𝑎1
, 𝑎1 ≤ 𝑥 ≤ 𝑐1;

𝜇𝐴(𝑐),         𝑐1 ≤ 𝑥 ≤ 𝑐2,

𝜇𝐴(𝑐) + [𝜇𝐴(𝑏1) − 𝜇𝐴(𝑐)] ∙
𝑥 − 𝑐2
𝑏1 − 𝑐2

, 𝑐2 < 𝑥 < 𝑏1;

𝜇𝐴(𝑏1),                𝑏1 ≤ 𝑥 ≤ 𝑏2.

                   (1.22) 

 

 

 

 

 

 

 

 

 

 

𝜇𝐴(𝑥) 

𝜇𝐴(𝑎2) 

𝜇𝐴(𝑏1) 

𝜇𝐴(𝑐) 

𝑎2 𝑥 𝑏1 𝑐2 𝑐1 𝑎1 

ნახ: 1.18 

𝑏2 

𝜇𝐴(𝑥) 

𝜇𝐴(𝑏2) 

𝜇𝐴(𝑎2) 

𝜇𝐴(𝑐) 

𝑥 𝑎2 𝑏2 𝑏1 𝑐 𝑎1 

ნახ: 1.17 
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praqtikaSi farTod gamoiyeneba impulsuri (Singlotow) saxis mikuTvnebis funqciebi (1.23), 
romelTac aqvs nax: 1.19 da nax: 1.20 gamosaxuli sworkuTxedebis saxe. 

 

𝜇𝐴(𝑥)={
1, 𝑥 = 𝑥1;
0, 𝑥 ≠ 𝑥1;

                          𝜇𝐴(𝑥)={
1, 𝑐1 ≤ 𝑥 ≤ 𝑐2,
0, 𝑥 < 𝑐1, 𝑥 > 𝑐2.

     (1.23) 

 

 

 

 

 

 

 

 

 

 

 

 

mikuTvnebis funqciis arawrfivi formebi 

 

yvelaze didi gavrceleba hpova mikuTvnebis arawrfiv funqciam, romelsac aqvs 
eqsponencialuri saxe.  

centraluri eqsponencialuri bmulebi gausis funqcia (1.24) (ix. nax: 1.21)  

 

 

 

 

 

 

 

 

 

 

1.0 

𝑐1 𝑐2 𝑥 

ნახ: 1.20 

𝜇(𝑥) 

1.0 

𝑥1 𝑥 

ნახ: 1.19 

𝜇(𝑥) 

0 2 4 6 8 10 

𝑥 

μ(x) 

1 

0.75 

0.5 

0.25 

0 

𝑚 = 5, 𝜎 = 2 
    ნახ: 1.21 
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agreTve Semdegi saxis funqciebi (1.25), (1.26) da (1.27) 

 

μ(x)=exp (−
(x−m)2

σ2
) , μA(x) = exp {−

1

2
∙ (
x−m

σ
)
2
},                         (1.25) 

 

μA(x) = e
−kx,    μA(x) = e

−k∙(x−m)2   k > 0                                     (1.26) 

 

μA(x) = 1 − e
−k∙(x−m)2 , k > 0.                                                                     (1.27) 

 

(1.25) da (1.26) saxis arawrfivi mikuTvnebis funqciebi, rodesac k=0.1, m=1. warmodgenilia  

(nax: 1.22) 

 

 

 

 

 

 

 

 

 

 

(nax: 1.23) naCvenebia (1.28) saxis arawrfivi mikuTvnebis funqciis (Sigmund) saxe. 

 

𝜇(𝑥) =
1

1 + exp (−𝑎 ∙ (𝑥 − 𝑚))
.                    (1.28) 

 

 

 

 

𝜇𝐵(𝑥) 

𝜇𝐶(𝑥) 

𝜇𝐴(𝑥) 

𝜇(𝑥) 

1.0 

0.8 

0.6 

0.4 

0.2 

0.0 

𝜇𝐴(𝑥) = 𝑒
−𝑘𝑥,      𝜇𝐵(𝑥) = 𝑒

−𝑘(𝑥−𝑚)2 ,     𝜇𝐶(𝑥) = 1 − 𝑒
−𝑘(𝑥−𝑚)2 

ნახ: 1.22 

𝑥 
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praqtikaSi farTod gamoiyeneba (1.40) saxis mikuTvnebis funqciebi (ix. nax: 1.26 da 1.27) aseT 

funqciebs uwodeben 𝐿𝑅 saxis funqciebs. 

 

 𝜇𝐴(𝑥) = {
𝐿 (

𝑚−𝑥

𝛼
) ,

𝑅 (
𝑥−𝑚

𝛽
) ,

𝑖𝑓  𝑥 ≤ 𝑚
𝑖𝑓   𝑥 > 𝑚,

            (1.4 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

0 2 4 6 

μ(x) 

1 

0.75 

0.5 

0.25 

0 

𝑚 = 4, 𝑎 = 2 

ნახ:1.23 

8 10 

1.0 

𝜇𝐴(𝑥) 

𝑎1(𝐴 ) 
𝑎2(𝐴 ) 𝑚2(𝐴 ) 𝑚1(𝐴 ) 

𝑥 

1.0 

1.0 2.0 6.0 5.0 4.0 3.0 

𝑦 

𝑥 

ნახ: 1.26 ნახ: 1.27 
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aramkafio logikis operatorebi 

 

aramkafio simravleTa TanakveTa (min-operatori, aramkafio simravleebis TanakveTis 

operators xSirad uwodeben min - operators.) 

ori aramkafio A da B simravleTa  TanakveTa 𝐴 ∩ 𝐵 warmoadgens aramkafio simravles, romlis 
mikuTvnebis funqcias aqvs Semdegi saxe. (ix. nax.2.1.) 

 

 

 

 

 

 

          

 

𝐴1, 𝐴2, . . . , 𝐴𝑛 𝑛 aramkafio simravlea, sadac 𝐴𝑖 = (𝑥, 𝜇𝐴, (𝑥)),      𝑖 = 1, 2,… , 𝑛 TanakveTa, 

warmoadgens aramkafio 𝐶 simravles, romelic akmayofilebs Semdeg pirobebs: 

𝐶 = 𝐴1 ∩ 𝐴2 ∩ … ∩ 𝐴𝑛 = ⋂𝐴𝑖

𝑛

𝑖=1

,   ∀𝑥∈ 𝑋 𝜇𝑐(𝑥) = min[𝜇𝐴1(𝑥), 𝜇𝐴2(𝑥),… , 𝜇𝐴𝑛(𝑥)]          (2.2) 

1. aramkafio simravleTa gaerTianeba (aramkafio simravleTa gaerTianebis operators 

uwodeben max-operators). ori  aramkafio simravleTa 𝐴 = (𝑥, 𝜇𝐴, (𝑥)), 𝐵 = (𝑥, 𝜇𝐵, (𝑥)) 

gaerTianeba 𝐴 ∪ 𝐵 (ix. nax 2.2) 

 

   

 

warmoadgens aramkafio 𝐶 simravles, romlis mikuTvnebis funqcias aqvs Semdegi saxe: 

nax: 2.2 

 

B 

A 

C = A ∩ B 

𝜇(𝑥) 

𝑥 
                                 
nax: 2.1 
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𝜇𝐴∪𝐵(𝑥) = max{𝜇𝐴(𝑥), 𝜇𝐵(𝑥)}     ∀𝑥∈ 𝑋         (2.3) 

 

2. aramkafio simravlis damateba 

 

∆𝑥(𝑥, 𝜇𝐴(𝑥)) aramkafio simravlis damateba 𝐴,̅ warmoadgens aramkafio simravles, romlis 

mikuTvnebis funqcias aqvs Semdegi saxe:  

𝜇𝐴 (𝑥) = 1 − 𝜇𝐴(𝑥))                           (2.5) 

 (nax: 2.3.) naCvenebia aramkafio  𝐴 simravlis (uwyveti xazi) damatebis 𝐴   (wyvetili xazi) 
agebis magaliTi. 

 

                                             

 

aramkafio simravleTa gaerTianebis, TanakveTis operatorებTan erTad, SemoRebulia 
aramkafio simravleTa modelirebis da gardaqmis operatorebi. isini warmoadgenen 
klasikuri logikis operaciebs `da~, `an~. 

operatorebi logikuri `da~-s modelirebisaTvis. 

ori aramkafio simravlis 𝐴 = (𝑥, 𝜇𝐴, (𝑥)) da   𝐵 = (𝑥, 𝜇𝐵, (𝑥)) algebruli namravli (aRiniSneba  

𝑎𝑙𝑔𝑡(𝐴 ∙ 𝐵)) ewodeba. aramafio simravles 𝐶 – s, romlis mikuTvnebis funqcia ganisazRvreba 

Semdegi saxiT: 

algt(μc(x)) = μA∙B(x) = μA(x) ∙ μB(x)        ∀x∈ X              (2.6) 

nax: 2.3 
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(nax: 2.4) naCvenebia ori aramkafio simravlis algebruli namravli 𝐶 = {𝑥, 𝜇𝑐(𝑥)} 

SedarebisaTvis (nax. 2.5) naCvenebia aramkafio simravlე 𝐶 = 𝐴 ∩ 𝐵 (logikuri `an~ 

modelirebis operatori, 𝑚𝑖𝑛 −operatori 𝐶 = 𝐴 ∩ 𝐵). 

or aramkafio simravles 𝐴 da 𝐵-s uwodeben algebrul jams, romlis mikuTvnebis funqcia 
akmayofilebs Semdeg Tanafardobas 

𝜇𝑐(𝑥) = 𝜇𝐴+𝐵(𝑥) = 𝜇𝐴(𝑥) + 𝜇𝐵(𝑥) − 𝜇𝐴(𝑥)𝜇𝐵(𝑥)  ∀𝑥∈ 𝑋      (2.7) 

aramkafio simravlis 𝜇𝐴+𝐵(𝑥) xSirad uwodeben albaTur jams, rameTu waagavs albaToba 
Sekrebis operacias. (nax: 2.6) ilistrirebulia ori aramkafio simravleTaA algebruli jami 

 

 

 

 

 

 

 

 

 

𝜇(𝑥) 

1.0 

0.8 

0.6 

0.4 

0.2 

0.0 

𝜇𝐵(𝑥) 

𝜇𝐴(𝑥) 

𝜇𝐶(𝑥) 

𝑥 

nax: 2.5 

𝜇(𝑥) 

1.0 

0.8 

0.6 

0.4 

0.2 

0.0 

𝜇𝐵(𝑥) 
𝜇𝐴(𝑥) 

𝜇𝐶(𝑥) 

𝑥 nax: 2.6 

𝜇(𝑥) 

1.0 

0.8 

0.6 

0.4 

0.2 

0.0 

𝜇𝐵(𝑥) 

𝜇𝐴(𝑥) 

𝜇𝐶(𝑥) 

𝑥 

nax: 2.4 
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ori aramkafio simravlis 𝐴 = {𝑥, 𝜇𝐴(𝑥)} da 𝐵 = {𝑥, 𝜇𝐵(𝑥)} sxvaoba, romlis mikuTvnebis funqcia 
akmayofilebs Tanafardobas. 

𝜇𝑐(𝑥) = 𝜇𝐴(𝑥) − 𝜇𝐵(𝑥) = max(0, 𝜇𝐴(𝑥) − 𝜇𝐵(𝑥))  ∀𝑥∈ 𝑋               (2.11) 

ori aramkafio simravleTa sxvaobis amsaxveli magaliTi naCvenebia (nax: 2.11) 

 

 

 

 

 

 

 

 

 

 

 

 

                        

Fuzzy-marTva 

 

axla avtomaturi marTvis Teoriam da Sesabamisma maTematikurma aparatma, SeiZleba iTqvas, 

srulyofilebas miaRwia. miuxedavad amisa, am meTodisa da aparatis gamoyeneba rTuli 

dinamikuri obieqtebis marTvisas did problemebs awydeba. es naTlad Cans, rodesac saqme 

exeba socialuri sistemebis maTematikuri modelirebisa da marTvis sakiTxebs. marTvis da 

maTematikuri modelirebis sakiTxebi mkeTrad rTuldeba aseve, rodesac saqme gvaqvs cvlad 

parametrian sistemebTan da arakontrolirebad SeSfoTebebTan, romlebic moqmedeben  

kvlevis obieqtze Tu procesze. am dros marTvis sistemebis sinTezisaTvis mimarTaven Fuzzy 

teqnologiebs. cxadia, Fuzzy-logika ar warmoadgens panaceas, yvela  `ubedurebisagan” 

dasacavad. SeiZleba iTqvas, rom Fuzzy-teqnologiebi unda gamoviyenoT im dros, rodesac 

regulirebis kanoni SeiZleba iyos martivi da misi realizacia ar moiTxovs samarTavi 

obieqtis dinamikuri gantolebis diferencialuri Tu integraluri gantolebis saxiT. an, 

rodesac samarTavi obieqti miekuTvneba rTul arawrfiv, arastacionalur sistemaTa klass. 

aqve aucilebelia SevniSnoT, rom axla xSirad marTvis sistemis sinTezisas iyeneben 

klasikur, tradiciul ”pi”, “pid” reggulatorebs Fuzzy-logikiT, agebul blokebTan erTad. 

 

𝜇(𝑥) 

1.0 

0.8 

0.6 

0.4 

0.2 

0.0 

𝜇𝐵(𝑥) 

𝜇𝐴(𝑥) 
𝜇𝐶(𝑥) 

𝑥 

     

nax: 2.11 



63 
 

mraval specialists miaCnia, rom Fuzzy-logikis bazaze agebuli regulatorebi gamoyenebuli 

unda iqnas maSin, rodesac obieqtis marTvis strategia formulirebulia Cveulebriv 

sametyvelo enaze. im logikuri wesebis saxiT, romlebic akavSireben sxvadasxva lingvistur 

mniSvnelobebs (Sesasvleli, gamosasvleli, mmarTveli zemoqmedebebi, signalebi). 

moviyvanoT aseTi magaliTi, anu rodesac marTvis strategia agebulia Cveulebriv 

sametyvelo enaze. “ Tu pirveli Sesasvleli cvladis mniSvneloba Zalian pataraa da is 

mcirdeba, xolo meore cvladis mniSvneloba saSualo sididisaa da is izrdeba, maSin, 

aucilebelia gaizardos pirveli marTvis zemoqmedebis mniSvneloba”. 

Fuzzy-logikis meTodebi saSualebas gvaZleven formalizeba gavukeToT zemoTmoyvanil 

marTvis strategias e.w. mikuTvnebis funqciebs, eqspertTa codnis bazis gamoyenebiT 

masasadame, Fuzzy-regulatori gamoiyenebs ra codnis bazas (eqspertTa, mikuTvnebis 

funqciebs da sxva), fuzifikaciis algoriTmebis safuZvelze, gardaqmnis aramkafio marTvis 

zemoqmedebebs da defuzifikaciis meTodebis saSualebiT mmarTvel zemoqmedebebad da 

warmoadgens im fizikur substanciaSi, romelic aRTqmadia samarTavi sistemisaTvis. aqve 

unda SevniSnoT, rom  lingvisturi cvladebis mniSvnelobaTa yoveli kombinaciisaTvis, 

romelic miewodeba regulators, codnis baza unda Seicavdes gadawyvetilebis miRebis 

Sesabamis wesebs da realizebas ukeTebdes Sesabamis gadawyvetilebas. 

 

𝜇 𝐴1 ∙ (𝑥) =1≤𝑖≤𝑛
𝑚𝑎𝑥 𝜇 𝐴1(𝑥);                  (7.1) 

 

𝜇 𝐴1 ∙ (𝑥) = 𝑎𝑟𝑔.𝑥∈𝐴𝑖
∗

𝑚𝑎𝑥 𝜇 𝐴1(𝑥).                           (7.2)                   

𝑥 =
1

𝑝
∙∑

1

2

𝑝

𝑖∗

∙ (𝑥 2𝑖∗ − 𝑥 1𝑖∗).                  (7.5) 

 

          

 

 

 

 

  

  

 

 

 

 

 

 

 

regulatoris struqtura 

 

 

x_2 

x_3 

x_4 

𝜇(𝑦) 

𝑦 

𝑦 

მმართველი 

ზემოქმედება 

დეფუზიფიკაცია 

თუ ...  და...   და...  

მაშინ 

თუ ...  და...   და...  

მაშინ 

თუ ...  და...   და...  

მაშინ 

თუ ...  და...   და...  

მაშინ 

ფუზიფიცირება            Fuzzy -  ლოგიკა 

              nax: 4.2       Fuzzy - regulatო რ ის (kontroleris)  struqtura  

 

Sesasvleli 
cvladebi 
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Fuzzy – regulatoris struqturul sqemas aqvs Semdegi saxe (ix. nax: 4.1) 

 

 

 

 

 

 

𝑥 (𝑡) – saregulirebadi sididis saWiro mniSvneloba (davaleba), drois 𝑡 momentisaTvis. 

𝑥(𝑡)–saregulirebadi sididis faqtiuri mniSvneloba, drois 𝑡 momentisaTvis.  

∆𝑥(𝑡)=𝑥̃(𝑡)-𝑥(𝑡) –GganTanxmeba saregurilebeli sididis davalebasa da realur mniSvnelobas 

Soris drois 𝑡 momentisaTvis. 

𝑦(𝑡) − mmarTveli zemoqmedeba. 

avtomaturi regulirebis klasikur TeoriaSi mmarTveli zemoqmedeba 𝑦(𝑡)  gamomuSavdeba 

samarTavi (saregulirebeli) obieqtis maTematikuri modelis safuZvelze. 

aqve unda SevniSnoT, rom mTel rig SemTxvevebSi, rodesac samarTavi obieqti aris 

adeqvaturi, maTematikuri modelis Seqmna metad rTulia. masze moqmedebebn 

arastacionaluri, stoqastikuri, arakontrolirebadi SeSfoTebebi da sxva. 

nax.2 da nax 3. warmodgenilia Sesabamisad  Fuzzy  - (regulatoris) kontroleris struqtura 

da ZiriTadi cvladebi. 

 

 

fuzifikaciis bloki 

 

fuzifikaciis blokSi xdeba saregurilebeli parametris ∆𝑦(𝑡)  ganTanxmebis da 𝑧(𝑡) sididis 
gardaqmna mniSvnelobebis, warmodgenilebs namdvili ricxvebis saxiT, Sesabamisi 
lingvisturi cvladebis mniSvnelobebad gardaqmna. romlebic warmodgenen aramkafio 

simravleebs (Sesabamisad 𝐴𝑖, 𝑖 = 1,2,…  , 𝑛 da𝐵𝑗, 𝑗 = 1,2, …  , 𝑛. amasTanave, gamoiTvleba 

mikuTvnebis funqcia TiToeuli mniSvnelobisaTvis  𝜇𝐴𝑖(∆𝑦(𝑡)), 𝑖 − 1,2,… , 𝑛 da  

𝜇𝐵𝑗(∆𝑦(𝑡)), 𝑗 − 1,2,… , 𝑛 

 

 

 

 

𝑥(𝑡) 

 

∆𝑥(𝑡) 𝑦(𝑡) 𝑥(𝑡) 

რეგულატორი 
რეგულირების 

ობიექტი 

ნახ: 4.1. 

𝑥 (𝑡) + 

- 
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𝑌 = 𝑦(𝑡) – saregulirebeli (kontrolirebadi) parametrebis mniSvneloba drois 𝑡 

momentisaTvis. 

𝑌 = 𝑦(𝑡) – saregurilebeli parametris davaleba drois 𝑡 mometisaTvis. 

∆𝑌 = ∆𝑦(𝑡) = 𝑦(𝑡) − 𝑦(𝑡)  saregurilebeli parametris ganTanxmebis sidide. 

𝑍 = 𝑧(𝑡) = ∆𝑦(𝑡) − ∆𝑦(𝑡 − 1) – saregurilebeli parametris ganTanxmebis warmoebulis 

mniSvneloba drois 𝑡 momentisaTvis. 

𝑋 = 𝑥(𝑡) – mmarTveli zemoqmedebis mniSvneloba. 

aqve aucilebelia SevniSnoT, rom 𝑦(𝑡),     𝑦(𝑡),    𝑧(𝑡),    ∆𝑦(𝑡) – namdvili ricxvebia. 

𝐴𝑖 , 𝑖 = 1, . . . , 𝑛,  lingvisturi cvladebis sxvadasxva terminebia (aramkafio simravleebi). 

∆𝑦(𝑡) (magaliTad, didi dadebiTi gadaxra, mcire dadebiTi gadara, gadaxra ar gvaqvs da 

sxva). 

𝜇𝐴(𝑦) = 𝜇𝐴𝑖(∆𝑦(𝑡)) – TiToeuli lingvisturi termis mikuTvnebis funqciis mniSvneloba. 

𝐵𝑖 , 𝑗 = 1,… , 𝑟 – lingvisturi cvladebis sxvadasxva Fuzzy simravleebis (termebi) 

𝜇𝐵(𝑦) = 𝜇𝐵𝑗(𝑧(𝑡)) – TiToeuli lingvisturi Fuzzy simravlis mikuTvnebis funqciis 

mniSvneloba. 

𝐺𝑘 , 𝑘 = 1,…  , 𝑚  - lingvisturi cvladis 𝑥(𝑡) - `mmarTveli zeemoqmedebis mniSvneloba~, 

sxvadasxva aramkafio saSualebebia. 

𝜇𝐺𝑘(𝑥(𝑡)) – yoveli aramkafio simravlis 𝑘 = 1,…  , 𝑚 mikuTvnebis funqciaa. 

qvemoT moyvanilia Fuzzy  regulatoris TiToeuli blokis funqciebi. 

 

მართვის 

ბლოკი 

ფუზიფიცირება. 

ვექტორული 

შესასვლელი 

სიგნალების 

დამუშავება 

Fuzzy - ლოგიკის 

ბლოკი 

ლინგვისტური 

ცვლადების 

პარამეტრები 

ლოგიკური 

დასკვნის 

წესები 

მმართველი 

ვექტორული 

ზემოქმედების 

გამოთვლის ბლოკი 

(დეფუზიფიკაცია) 

 

𝜇𝐴(𝑧) 

𝜇𝐴(𝑦) 

𝑍 = 𝑌′ 

∆𝑌 = 𝑌 − 𝑌̅ 

𝑌̅ 

ნახ: 4.3. Fuzzy - რეგულატორის (კონტროლერის) სტრუქტურა, 

ძირითადი კომპონენტები და ცვლადები. 

 

სისტემის ცოდნის ბაზა 
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codnis baza 

codnis baza Seicavs yvela lingvisturi cvladis ∆𝑦(𝑡), 𝑧(𝑡) da 𝑥(𝑡) cvlilebis diapazons, 
maTematikur gamosaxulebebs, mikuTvnebis funqciis algoriTmebs yvela lingvisturi 
cvladis mniSvnelobisaTvis. aq inaxeba yvela wesi, operatori da maTematikuri 

gamosaxulebebi  Fuzzy –logikuri daskvnebisa. 

 

Fuzzy- logikuri daskvnis Sedegebis gamomyvani bloki. 

am blokSi xdeba yvela mmarTveli zemoqmedebis mniSvnelobebis Sesabamisi lingvisturi 
cvladebis gardaqmna mmarTvel zemoqmedebad, warmodgenils namdvil ricxvebad Sesabamis 
diapazonSi. defuzifikaciis algoriTmSi gamoiyeneba yvela is informacia (algoriTmebi, 
mikuTvnebis funqciebi da sxva), romelic arsebobs codnis bazaSi. 

 

fuzifikaciis meTodebi. lingvisturi mniSvnelobebi da mikuTvnebis funqciebi 

yvela kontrolirebadi sidideebis gadaxrebi mocemuli mniSvnelobebidan, drois yoveli t 

momentisaTvis, iyofa intervalebad, romlebic Seesabamebian sxvadasxva lingvistur 

mniSvnelobebs.  ∆𝑦(𝑡) yovel intervals Seesabameba romeliRac lingvisturi mniSvneloba. 
ase magaliTad, rodesac cvladis cvlilebis diapazons yofen sam nawilad, aseTi 

mniSvnelobebad gardaiqmnebian dadebiTi mniSvneloba (PP), daaxloebiT nuli (ZE), 

uaryofiTi negatiuri mniSvneloba (NN) (ix. nax. 6). 

eqspertebis codnisa da gamocdilebis safuzvelze aramkafio simravlis lingvisturi 
cvladebis yoveli mniSvnelobisas შeirჩeva mikuTvnebis funqciis saxe da mniSvnelobebi. 

yvelze didi gamoyeneba Fuzzy-regulirebisas aqvs samkuTxa da trapeciis saxis funqciebs. 
radganac, am dros gamoTvlebis raodenoba mniSvnelovnad mcirdeba. 

 

 

 

 

 

 

 

 

 

 

 

1.0 

𝜇(𝑥) 

𝑁𝑁 𝑍𝐸 𝑃𝑃 

𝑥 

ნახ: 4.4.  ლინგვისტური ცვლადის  3 ლინგვისტურ ტერმინად დაყოფის 

მაგალითი 
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fuzifikaciis blokis efeqturi mniSvnelobebisaTvis codnis bazaSi gansazRvruli da 
Setanili unda iqnas Semdegi monacemebi: 

 

1. yvela lingvisturi cvladebis cvlilebis diapazonebi. 

2. yvela lingvisturi cvladis aRvniSvneli simboloebi da masStabეbi. 

3. yvela lingvisturi cvladebis mniSvnelobebisaTvis, mikuTvnebis funqciis saxe da 

parametrebi. 

4. yvela lingvisturi cvladis fuძe simravleebi. 

5. liნgvisturi cvladebis gadafarvis areebi.  

 

4.1. regionebis rekonstruqciisa da  

ganaSenianebis proeqtis Sefaseba lingvisturi parametrebis mixedviT 

 
 

  ganvixiloT isev orraioniani regioni, romelSic Casatarebelia garkveuli 

sarekonstruqcio an ganaSenianebis samuSaoebi, iseve rogorc meore TavSi. 

   vTqvaT, 𝑖 − uri raionis mosaxleobis interesebis dakmayofilebis 𝜆𝑖 parametri 

daxasiTebulia 𝜏𝑖1𝜏𝑖2, … 𝜏𝑖𝑠𝑖 sityvebiT (magaliTad, 𝜏𝑖1 - “kargi raionia, magram ar aris 

sakmarisad sportuli moednebi”). 𝜆𝑖 parametris cvlilebis are (0; +∞) davyoT iseT 

TanaukveT 𝑇𝑖1, 𝑇𝑖2,... 𝑇𝑖𝑠𝑖 simravleebad, rom yoveli 𝑘 −sTvis (1≤ 𝐾 ≤ 𝑆𝑖). 

(𝜆𝑖 aris 𝜏𝑖𝑘) ⇔ 𝜆𝑖𝜖𝑇𝑖𝑘 . 

   vgulisxmobT, rom yvela 𝑇𝑖𝑘 simravle warmoadgens marcxnidan Caketil, xolo 

marjvnidan Ria monakveTs (cxadia, yovel konkretul SemTxvevaSi 𝑇𝑖𝑘 monakveTebis sazRvrebs 

adgenen eqspertebi). amrigad (𝜆1; 𝜆2) sibrtyis I meoTxedi daiyofa marTkuTxedebad (5.6). 

ნახ: 4.5. ლინგვისტური ცვლადის 7 ლინგვისტურ ტერმინად დაყოფის 

მაგალითი 

 

1.0 

𝜇(𝑥) 

𝐵𝑁 𝑁𝑁 𝑁𝑃 

𝑥 

𝑀𝑁 𝑍𝐸 𝑁𝑃 𝑀𝑃 
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  TiToeul marTkuTxeds Seesabameba sityvebis wyvili (𝜏1𝐾1 ; 𝜏2𝐾2). 

Cveni mizania, rom daskvnebi imis Sesaxeb, moxdeba Tu ara demografiuli katastrofa 

regionSi gavakeToT ara imis safuZvelze, Tu rogor icvleba Λ = (𝜆1; 𝜆2) wertili (0;+∞) ×

(0; +∞) simravleSi, aramed imis mixedviT, Tu rogor mniSvnelobebs Rebulobs Λ Semdeg 

simravleSi 

{𝜏11, 𝜏12;… ; 𝜏1𝑆1} × {𝜏21; 𝜏22;… 𝜏2𝑠2} 

 

Λ-is yoveli cvlileba {𝜏11, 𝜏12;… ; 𝜏1𝑆1} × {𝜏21; 𝜏22;… 𝜏2𝑠2}  simravleSi aRiwereba garkveuli 𝐺 

mimdevrobiT (𝜏1𝑘1; 𝜏2𝑘2), (𝜏1𝑘2; 𝜏2𝑙2), … , (𝜏1𝑘𝑛; 𝜏2𝑙𝑛)    (5.33) 

amasTan bunebrivia, rom dasaSvebad CavTvaloT mxolod iseTi 𝐺 mimdevrobebi, rom yoveli 

𝑟 −saTvis 𝑇1𝑘𝑟 da 𝑇1𝑘𝑟+1 monakveTebs da agreTve 𝑇2𝑙𝑟 da 𝑇2𝑙𝑟+1 hqondes erTi mainc saerTo 

sazRvari. 

  amgvarad, Cveni mizania yoveli dasaSvebi 𝐺 mimdevrobisaTvis davadginoT, eqneba Tu ara 

adgili regionSi demografiul katastrofas. 

  vecadoT 𝐺-s mixedviT aRvadginoT Λ = (𝜆1; 𝜆2)-is traeqtoria (0;+∞) × (0; +∞) simravleSi. 

cxadia, rom erTaderTi risi Tqmac SeiZleba am TvalsazrisiT aris is, rom Λ wertili 

TanmimdevrobiT gaivlis 𝐸𝑟 = 𝑇1𝑘𝑟 × 𝑇2𝑙𝑟 marTkuTxedebs. Tu arc erTi aRniSnuli 𝐸𝑟 

marTkuTxedi ar kveTs bifurkaciul 𝐵 wirs, maSin arc Λ-is traeqtoria 𝐵 wirs da amitom 

SegviZlia gavakeToT daskvna, rom parametrebis cvlilebis 𝐺  mimdevrobis dros 

katasTrofas adgili ar eqneba. Tu raime 𝐸𝑟 marTkuTxedis TanakveTa 𝐵 −sTan ar artis 

carieli, Cven veraviTri daskvnis gamotana ar SegviZlia, vinaidan 𝐸𝑟−1 marTkuTxedidan 𝐸𝑟 

marTkuTxedSi gadasvla SesaZlebelia mravalnairi gziT (rogorc es naCvenebia (nax.5.7) -

ze. 

 

 

 

 

 

 

 

 

 

 

(𝑇𝑖𝑚,𝑇21) 𝑇𝑎 

𝑇1𝑘 𝜆1 
nax.5.6 

𝜆𝑎 

𝐸𝑟  

𝐸𝑟−1 

𝐸𝑟+1 

B 

nax.5.7 
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rogorc 5.7 naxazidan Cans, SeiZleba ar moxdes Λ-is traeqtoriis gadakveTa 𝐵-sTan, amdenad 

sainteresoa sakiTxi imis Sesaxeb, Tu ra aris albaToba imisa, rom 5.1-is ganxorcielebis 

dros regionSi adgili eqneba katastrofas [21]. 

 

4.2. sociologiuri gamokiTxvis analizi aramkafio simravleTa 

 Teoriis safuZvelze 

 
mocemul paragrafSi SemoTavazebuli sociologiuri gamokiTxvis analizis 

sakiTxisadmi axali midgoma, romelic eyrdnoba aramkafio simravleTa Teorias.     
 anketis yoveli kiTxva SeiZleba ganvixiloT, rogorc respondentis parametri da am 

kiTxvis SesaZlo pasuxebis simravle ganvixiloT, rogorc am parametris mniSvnelobaTa 

simravle. dialoguri sistema, romelsac safuZvlad udevs aq moyvanili mosazrebi, 

gankuTvnilia Semdegi amocanis amosaxsnelad: rogor aris esa Tu is parametri 

damokidebuli parametrebis ama Tu im jgufze (aRniSnuli jgufis parametrebi avRniSnoT 

𝑥1, 𝑥2, … , 𝑥𝑚. jer ganvixiloT SemTxveva, roca respodents erTi SesaZlo pasuxis miTiTebis 

ufleba aqvs. vTqvaT 𝑈𝑖 aris 𝑥𝑖 kiTxvis SesaZlo pasuxebis simravle. garda amisa, im 

respodentTa simravle, romlebmac Seavses anketa aris 𝑅, maSin Cndeba asaxvebi 𝑓𝑖: 𝑅 → 𝑈𝑖 , 

sadac 𝑓𝑖(𝑟) aris 𝑥𝑖 kiTxvaze 𝑟 respodentis mier miTiTebuli pasuxi. mkacrad rom vTqvaT, 

imis gageba, rogor aris 𝑥𝑘 parametri (𝑛 + 1 ≤ 𝐾 ≤ 𝑚) damokidebuli 𝑥1, 𝑥2, … , 𝑥𝑛 parametrebze,  

 

 

niSnavs iseT funqcias 𝐹: 𝑈1 × 𝑈2…× 𝑈𝑛 → 𝑈𝑘 moZebnas (Tu ra Tqma unda, aseTi funqcia 

arsebobs), rom simravleebis diagrama 

 

 

          

 

𝑈𝑘 
 

iyos komutatiuri, sadac 𝑓(𝑟) = (𝑓1(𝑟), 𝑓2(𝑟),… 𝑓𝑛(𝑟)). 

   xSir SemTxvevaSi, mkvlevars ar sWirdeba aseTi sizuste. zogierTi kiTxva iseTia, rom 

adamiani azrovnebs am kiTxvis ara anketaSi moyvanili SesaZlo pasuxebiT (e.i. 𝑈𝑖-s 

elementebiT), aramed ufro zogadi terminebiT, rogoricaa, magaliTad, kiTxva “asakis” 

SemTxvevaSi “axalgazrda”, “xandazmuli” da a.S. amitom mkvlevarisaTvis sainteresoa ara 

TviTon funqciis povna, aramed masTan “miaxloebulisa”, roca 𝑥1, 𝑥2, … , 𝑥𝑛 parametrebis 

mniSvnelobebi U1× 𝑈2 × …× 𝑈𝑚 simravleebis magivrad gairbenen Q1× 𝑄2 ×…×𝑄𝑚 – Sesabamisad 

U1× 𝑈2 ×…×𝑈𝑚-s elementebis damaxasiaTebel sityvaTa simravleebs (romlebsac mkvlevari 

adgens Tavisi interesebis mixedviT). is faqti, rom 𝑄𝑖 aris 𝑈𝑖 simravlis elementebis 

damaxasiaTebel sityvaTa simravle, niSnavs imas, rom fiqsirebulia raRac mimarTeba 𝑆𝑖 ⊂

𝑈𝑖 × 𝑄𝑖 . magaliTad, Tu 𝑥𝑖 =”asaki”, 𝑈 = {18,19,… ,75}, 𝑄𝑖 = {axalgazrda, saSualo asakis, 

xandazmuli}, maSin 𝑆𝑖 SeiZleba iyos aseTi miimarTeba: {(𝑛, axalgazrda) | 18 ≤ 𝑛 ≤ 40} ∪

{𝑛,saSualo asaki) | 37 ≤ 𝑛 ≤ 60} ∪ 𝑛, xandazmuli) | 58 ≤ 𝑛 ≤ 75). bunebrivia, rom agebuli 

𝑓𝑘 

 

R 
f 

U1× 𝑈2 ×…×𝑈𝑛 
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mimarTeba atarebs subieqtur xasiaTs. mkvlevars ki ufro ainteresebs iseTi 𝑆-si ganxilva, 

romelic Seesabameba “saSualo” adamianis warmodgens. amis miRweva imiT SeiZleba, rom 

moewyos axali anketireba, romlis drosac respodents (aq respodentebis jgufi SeiZleba 

iyos sul sxva, vidre Tavdapirvelad) sTxoven daasaxelos 𝑈 −s romeli elementi miaCnia 

mas "𝑞"-d, yoveli 𝑞-Tvis. ricxvi 𝜇𝑞(𝑢) = 𝑎 𝑏⁄ , sadac 𝑎 aris im respodentTaA ricxvi, 

romlebmac 𝑢 elementi miiCnies "𝑞"-d, xolo 𝑏-yvela respodentTa ricxvi, gviCvenebs 𝑢 

elementis "𝑞"-obis xarisxs da maSasadame, asaxva 𝜇𝑞: 𝑈 → [0; 1] SegviZlia miviCnioT 𝑞 terminis 

Sesabamis aramkafio simravled [1]. bunebrivia, 𝑆(𝑢, 𝑞) ∈ 𝑆 maSin da mxolod maSin, roca 

𝜇𝑞(𝑢) ≥ 0.5.                    (5.30) 

    aramkafio simravleebis Teorias safuZvlad udevs is mosazreba, rom adamianis 

cnobierebaSi bevri obieqtis mier ama Tu im Tvisebis dakmayofilebasa da ardakmayofilebas 

Soris mkafio gamijvna ar arasebobs. am TvalsazrisiT yoveli ena SeiZleba ganvixiloT, 

rogorc Sesabamisoba msjelobis aris aramkafio qvesimravlesa da am enis terminebs Soris 

[1]. zogierTi terminis Sesabamisi aramkafio simravleebi dakavSirebuli arian erTmaneTTan, 

ase magaliTad, bunebrivia, rom  

𝜇 "Zalian 𝑞"(𝑢) = 𝜇𝑞2(𝑢)                    (5.31) 

𝜇 "arc ise” (𝑢) = √𝜇𝑞(𝑢)                   (5.32) 

𝜇"𝑞1an 𝑞2an ... an 𝑞𝑘"(𝑢) = max (𝜇𝑞2(𝑢), 𝜇𝑞2(𝑢), … , 𝜇𝑞𝑘(𝑢))               (5.33) 

es gvaZlevs imis saSualebas, rom gavamdidroT terminebis simravle 

𝑄𝑘 ={“Zalian 𝑞", “arc ise 𝑞" | 𝑞 ∈ 𝑄𝑘}  ∪ 𝑄𝑘    𝑄𝑘
′ = {"𝑞1an 𝑞2 an 𝑞1 an 𝑞2 an 𝑞3", . . . , "𝑞1 an 𝑞2 an ... 

an 𝑞𝑑𝑘−1" | 𝑞1, 𝑞2, … , 𝑞𝑑𝑘−1∈𝑄𝑘,      𝑞𝑖 ≠ 𝑞𝑗} ∪ 𝑄𝑘              (𝑑𝑘 − 𝑄𝑘 – Si elementebis raodenoba). 

    axla saSualeba gvaqvs, mkacrad CamovayaliboT amocana 𝐹-s “miaxloebuli” funqciis 

povnis Sesaxeb. 

mocemulia sasruli simravleebi 𝑅,𝑈𝑖. 𝑄𝑖  (1 ≤ 𝑖 ≤ 𝑚) da saxvebi 𝑓𝑖: 𝑅 → 𝑈𝑖 , 𝜇𝑞: 𝑈𝑖 → [0,1] yoveli 

𝑞 ∈ 𝑄𝑖; 1 ≤ 𝑖 ≤ 𝑚 −Tvis. unda vipovoT iseTi asaxva 

𝐹′: 𝑄1 × 𝑄2 × … × 𝑄𝑛 → 𝑄𝑘
′  

(1 ≤ 𝑛 ≤ 𝑚), rom sruldebodes piroba (*) Tu (𝑞1, 𝑞2, … , 𝑞𝑛) ∈  𝑄1 × 𝑄2 × … × 𝑄𝑛 da 𝑟 ∈ 𝑅 iseTi 

elementebis, rom yoveli 𝑖-Tvis, 1 ≤ 𝑖 ≤ 𝑛; 

𝔣𝑖𝑟 , 𝑞𝑖) ≤ 𝑆𝑖 
maSin 

𝔣𝑘𝑟 , 𝐹
′(𝑞1, 𝑞2, … , 𝑞𝑛)) ∈ 𝑆𝑘 ,                (5.34) 

 

sadac 𝑆𝑖 mimarTebebi ganisazRvreba (5.31)-iT, 𝑄𝑘
′ -(5.34)-iT da 𝑄𝑘

′ \𝑄𝑘-s terminebis Sesabamisi 

aramkafio simravleebi ganisazRvreba (5.32)-(5.33)-iT.  

SevniSnavT, rom im kerZo SemTxvevaSi, roca 𝑆𝑖 mimarTebebi warmoadgenen raime 𝛽𝑖 funqciebis 

grafikebs, maSin (*) piroba ekvivalenturia Semdegi diagramis komutaturobisa. 

𝑅
𝑓
→ 𝑈1 × 𝑈2 ×,… ,× 𝑈𝑛

𝛽1×𝛽2×,…,×𝛽𝑛
→          𝑄1 × 𝑄2 ×… × 𝑄𝑛 

𝑓𝑘    ↓ 

⨅𝑘
𝛽𝑘
→ 𝑄𝑘 → 𝑄𝑘

′ ,         (5.35) 

sadac 

(𝛽1 × 𝛽2 × …× 𝛽3)(𝑈1, 𝑈2, … , 𝑈𝑛) = (𝛽1𝑈1, 𝛽2𝑈2, 𝛽𝑛𝑈𝑛) 
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davubrundeT isev zogad amocanas 𝐹′-s povnis Sesaxeb da avRniSnoT, rom 

gvakmayofilebs am amocanis miaxloebiTi amoxsna, iseTi, rom fiqsirebuli (𝑞1, 𝑞2, … , 𝑞𝑛) – 

Tvis im respodentebis raodenoba, romlebisTvisac sruldeba (5.34) da ar sruldeba (5.35), 

aris SedarebiT mcire. am miaxloebiT amoxsnas iZleva Semdegi algoriTmi, yoveli 

(𝑞1, 𝑞2, … , 𝑞𝑛) ∈ 𝑄1 × 𝑄2 × …× 𝑄𝑛-Tvis. 

1. vTqvaT, 𝑞 aris 𝑄𝑘
′  simravlis iseTi elementi (erT-erTi), romlisTvisac ricxvi 

𝛼𝑞 =
𝑐{𝑟 |𝑟 ∈ 𝑅(𝑞1,𝑞2,… ,𝑞𝑛)𝜆𝜑(𝑓𝑘

𝑟, 𝑞) ∈ 𝑆𝑘}

𝑐(𝑅(𝑞1,𝑞2,… ,𝑞𝑛))
 

aris udidesi, sadac 

𝑅(𝑞1,𝑞2,… ,𝑞𝑛) = {𝑟|(𝑓𝑖
𝑟, 𝑞𝑖) ∈ 𝑆𝑖 yoveli 𝑖-Tvis, 1 ≤ 𝑖 ≤ 𝑛} = {𝑟 | 𝜇𝑞𝑖(𝑓𝑖𝑟) ≥ 0.5 yoveli 𝑖-Tvis}, 

xolo 𝐶(𝐴) aRniSnavs 𝐴 simravlis elementebis raodenobas. 

2. Tu 𝛼𝑞 ≥ 0.9, maSin 𝐹
′(𝑞1, 𝑞2, … , 𝑞𝑛) = 𝑞, Tu 0.9 > 𝛼𝑞 ≥ 0.8, maSin 𝐹

′(𝑞1, 𝑞2, … , 𝑞𝑛) = 𝑞  komentari 

=”patara gamonaklisiT”. 

Tu 0.8 > 𝛼𝑞 ≥ 0.7, maSin 𝐹
′(𝑞1, 𝑞2, … , 𝑞𝑛) = 𝑞 komentari “arc ise mcirea gamonaklisiT”, Tu 0.7 >

𝛼𝑞 , maSin komentari=”𝑥𝑘 parametris mixedviT (𝑞1, 𝑞2, … , 𝑞𝑛) jgufi araerTgvarovania”. 

    aRvniSnoT, rom SesaZlebelia anketaSi mkvlevars zogierTi kiTxvis SesaZlo pasuxis 

daxasiaTeba surs, zogierTs ki ara, rogorc, magaliTad, kiTxva “sqesis” SemTxvevaSi. am 

SemTxvevaSi 𝑄𝑖-s rolSi SeiZleba SesaZlo pasuxis simravlis aReba, xolo 𝜇 – funqciebis 

rolSi – maxasiaTebeli funqciebisa. 

da bolos, rogorc zemoT aRvniSneT, vgulisxmobT, rom anketa iseTnairad aris Sedgenili, 

rom respodents erT kiTxvaze mxolod erTi pasuxis miTiTebis ufleba aqvs. magram es aris 

arsebiTi SezRudva, radgan Tu raime 𝑥𝑖 kiTxvaze respodents aqvs ara umetes 𝑆𝑖 pasuxis 

miTiTebis ufleba, 𝑈𝑖-s rolSi aviRebT SesaZlo pasuxebis simravlis yvela aracariel ara 

umetes 𝑆𝑖 – elementian qvesimravleTa simravles, 𝑄𝑖-s davtovebT igives da, Tu 𝜇𝑞 iyo 

gansazRvruli SesaZlo pasuxebis simravle, axla mas gavavrcelebT 𝑈𝑖-ze Semdegnairad: 

𝜇𝑞({𝑢1, 𝑢2, … , 𝑢𝑛}) =
∑ 𝜇𝑞(𝑈𝑗)
𝑘
𝑗=1

𝐾
. 
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