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leqciebis kursSi ganxilulia rTuli dinamikuri 

sistemebis identifikaciis meTodebi.  

naCvenebia, rom uwyveti da diskretuli arawrfivi 

sistemebis parametruli identifikacisas  kvazigawrfe-

vebis meTodis gamoyeneba iZleva saSualebas arawrfivi 

mravalwertilovani sasazRvro amocana dayvanili iyos 

wrfiv arastacionarul amocanaze. ganxilulia identi-

fikaciis procedurebis krebadobis sakiTxebi kvazigaw-

rfevebis meTodiT parametrebis WeSmariti mniSvne-

lobebisadmi.  

ganxilulia wrfivi da arawrfivi dakvirvebadi 

sistemebis parametrebisa da mdgomareobis erTdrouli 

Tanmimdevruli SefasebisTvis invariantuli Cadgmis 

meTodis gamoyenebis Taviseburebebi aprioruli 

informaciis arsebobisas arawrfivi funqciis formaze. 

wrfivi arastacionaruli sistemebis identifikaciis 

amocana ganxilulia sinusoidalur signalze reaqciis 

safuZvelze. ganxilulia aseve arastacionaruli dina-

mikuri sistemebis parametruli identifikaciis amoca-

nebi, rogorc Cveulebrivi daferencialuri gantole-

bebis amoxsnis koSis amocanis Sebrunebuli amocana, 

romlebic efuZneba avtoris kvlevebs am sferoSi. 

Mimis gamo, rom dinamikuri sistemebis identifi-

kaciis amocanebis gadawyvetis warmateba mniSvnelovnad 

damokidebulia sistemis marTvadobasa da dakvirveba-

dobaze, amitom konspeqtSi garkveuli adgili eTmoba 

marTvadobisa da dakvirvebadobis kriteriumebisa da 

Sesabamisi maTematikuri aparatis ganxilvas.    

leqciebis konspeqtSi gadmocemuli masala 

warmoadgens avtoris mier sistemebis identifikaciaSi 

adre gamocemuli saxelmZRvanelos I nawilis 

gagrZelebas, ris gamoc masalis dasaTaureba 

konspeqtSi iwyeba V Tavidan. 
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Tavi 5 

marTvadoba da dakvirvebadoba 

5.1.   mdgomareobis gantoleba. mdgomareobis  

cvladebi da veqtorebi 

identifikaciis amocanebis gadawyveta dakavSirebu-

lia eqsperimentis CatarebasTan sistemis Sesavali da 

gamosavali cvladebis Sesaxeb informaciis mopovebis 

mizniT. am informaciis mosapoveblad sistemis 

Sesavalze unda miewodos iseTi signalebi, romlebic 

aRagzneben  obieqtis sakuTari rxevebs, anu maT 

zemoqmedeba unda moaxdinon sistemis mdgomareobis 

ganmsazRvrel yvela cvladze, rac imas niSnavs, rom 

sistema unda iyos marTvadi. garda amisa, gazomvadi 

gamosavali signali unda Seicavdes sakmaris 

informacias imis Sesaxeb, Tu ra xdeba sistemis 

SigniT, anu is unda iyos dakvirvebadi. sistema iqneba 

identificirebadi, Tu misi mdgomareobis koordinate-

bis gazomvebis safuZvelze SesaZlebelia sistemis 

parametrebis matricis anu sistemis matricis 

gansazRvra.  

amrigad, identifikaciis amocanebis gadawyvetis 

warmateba mniSvnelovnad aris damokidebuli sakvlevi 

sistemis marTvadobaze da dakvirvebadobaze. marTvado-

bisa da dakvirvebadobis kriteriumebi damuSavebulia 

mdgomareobis sivrceSi diferencialuri gantolebebiT 

aRwerili dinamikuri sistemebisaTvis.      

dinamikuri sistemebi SeiZleba aRwerili iyos kerZo 

warmoebuliani diferencialuri gantolebiT, Cveuleb-

rivi diferencialuri gantolebebiT, an sxvaobiTi 

gantolebebiT determinirebul an stoqastur safuZ-

velze. sistemebis dinamikuri Tvisebebi am gantole-
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bebSi ganisazRvreba warmoebulebiT drois mixedviT an 

maTi Sesabamisi sxvaobiTi gamosaxulebebiT. sistemebi, 

romlebic aRiwerebian kerZowarmoebuliani diferen-

cialuri gantolebebiT, SeiZleba aproqsimirebuli 

iyos Cveulebrivi diferencialuri gantolebebiT, rom-

lebic Seicaven mxolod drois mixedviT warmoebulebs. 

nebismieri n-uri rigis Cveulebrivi diferencialuri 

gantoleba SeiZleba gardavqmnaT pirveli rigis 

diferencialur gantolebaTa sistemad. sistema, 

romelic Sedgeba n raodenobis pirveli rigis 

gantolebebisgan, mTlianad gansazRvrulia Tu cnobi-

lia misi yvela koeficienti da n sawyisi piroba. 

sawyisi pirobebi qmnian n rigis veqtors, romelic 

srulad gansazRvravs sistemis mdgomareobas 0t   momen-

tSi (igulisxmeba, rom yvela Sesavali an aRmSfoTi 

zemoqmedeba cnobilia 0t  momentSi). aRniSnul veqtors 

uwodeben sistemis mdgomareobis veqtors 0t  momentSi, 

xolo mis komponentebs mdgomareobis cvladebs. 

miRebul diferencielur gantolebas uwodeben 

dinamikuri sistemis mdgomareobis gantolebas. 

amrigad, mdgomareobis sivrceSi iqmneba dinamikuri 

sistemis modeli, romelic Seicavs Sesaval, 

mdgomareobisa da gamosaval cvladebs, romlebic 

dakavSirebuli arian erTmaneTTan pirvli rigis 

gantolebaTa sistemiT, romelic Caiwereba matriculi 

saxiT.   

sistemis mdgomareobis veqtori SeiZleba Sedgenili 

iyos mdgomareobis cvladebis sxvadasxva kombinaciiT. 

maTi gansazRvra SesaZlebelia wrfivi gardaqmnebis 

gamoyenebiT. 
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5.2. wrfivi gardaqmnebi wrfiv sivrceebSi 

5.2.1. wrfivi sivrce. izomorfizmi 

vTqvaT mocemulia V  simravle, romlis elementebia 

,cb,a,  V -ze ganmartebulia Sekrebis operacia, 

romlic yovel b a,  wyvils V -dan Seuasabamebs V -s 

calsaxad gansazRvrul elements, romelic aRniS-

nulia ba  -Ti, da aseve   namdvil ricxvze gamravle-

ba, amasTan am ricxvis namravli a  elementze - a  

calsaxad aris gansazRvruli da ekuTvnis V   

simravles.  

V simravlis elementebs uwodeben veqtorebs, xolo 

V -s namdvil wrfiv (an veqtorul an afinur) sivrces, 

Tu Semotanil operaciebs aqvT Semdegi Tvisebebi: 

1. Sekreba komutaciuria - abba  ; 

2. Sekreba asociaciuria -    cbacba  ; 

3. V -Si arsebobs nulovani elementi 0, romelic 

akmayofilebs tolobas Va  a,0a  -Tvis; 

4. V -s yoveli elementisTvis arsebobs sapiris-

piro elementi a , romelic akmayofilebs 

pirobas   0aa  .  

martivad SeiZleba imis Cveneba, rom nulovani 

elementi erTaderTia. 

Semdegi Tvisebebi akavSirebs ricxvze gamravlebis 

operacias Sekrebis operaciasTan da ricxvebze 

operaciebTan: 

5.   baba   ; 

6.   aaa   ; 

7.    aa   ; 

8. aa 1 . 

berZnuli mcire asoebiT aRniSnulia ricxvebi, 

xolo laTinuri mcire asoebiT V -s elementebi. 
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or namdvil wrfiv V  da V  sivrceebs uwodeben 

izomorfuls, Tu maT veqtorebs Soris SeiZleba 

damyardes urTierTcalsaxa Sesabamisoba, yovel Va  

Seesabameba Va  , romelsac uwodeben a  veqtoris 

saxes, amasTan, gansxvavebul veqtorebs V -dan aqvT 

gansxvavebuli saxeebi da V -is nebismieri veqtori 

warmoadgens V -s romelime veqtoris saxes, garda amisa 

aseTi Sesabamisobisas ori veqtoris jamis saxe 

emTxveva am veqtorebis saxeTa jams: 

                   baba 


                                       (5.1)                

da veqtoris ricxvze namravlis saxe emTxveva veqtoris 

saxis amave ricxvis saxes: 

                      aa 


                      (5.2) 

unda aRiniSnos, rom  V  da V  sivrceebs Soris 

urTierTcalsaxa Sesabamisobas, romelic akmayofilebs 

(5.1) da (5.2) pirobebs, uwodeben izomorful 

Sesabamisobas.  

5.2.2. sasrulganzomilebiani sivrce 

davuSvaT n21 a,,a,a   wrfivi V  sivrcis veqtorebia, 

xolo n ,,, 21   ricxvebia. gamosaxulebas  

                       n21 aaaβ n  21              (5.3) 

uwodeben n21 a,,a,a   veqtorebis wrfiv kombinacias. 

Tu (5.3) wrfivi kombinacia: 

0aaa n21  n 21 , 

mxolod maSin, rodesac  nii ,,2,10    ,  , maSin 

veqtorebis n21 a,,a,a   sistemas uwodeben wrfivad 

damoukidebuls. winaaRmdeg SemTxvevaSi (5.3) sistemas 

uwodeben wrfivad damokidebels. 
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V wrfiv sivrces uwodeben sasrulganzomilebians, 

Tu masSi SeiZleba moiZebnos veqtorebis maqsimaluri 

wrfivad damoukidebeli sasruli sistema.   

veqtorebis yovel aseT sistemas uwodeben bazas V  

sivrceSi. sasrulganzomilebian wrfiv sivrceSi 

SeiZleba arsebobdes mravali sxvadasxva baza.  

vTqvaT wrfiv V  sivrces aqvs baza:  

                      n21 e,,e,e  ,                                           (5.4) 

romelic Sedgeba n veqtorisagan, Tu a  nebismieri 

veqtoria V -dan maSin (5.4) wrfivad damoukidebeli 

sistemis maqsimalurobidan gamomdinareobs, rom a   

veqtori wrfivad gamoisaxeba am sivrcis saSualebiT: 

                  nneeea   2211 ,              (5.5) 

sadac  nii ,,2,1   ricxvebia, Tanac es gamosaxuleba 

a  veqtorisaTvis iqneba erTaderTi.  

sasrulganzomilebiani wrfivi V  sivrcis  yoveli 

baza Sedgeba veqtorebis erTidaigive  ricxvisagan. Tu 

es ricxvi tolia n-is, maSin V -s uwodeben n   

ganzomilebian wrfiv sivrces, xolo n-s uwodeben am 

sivrcis ganzomilebas. 

n ganzomilebiani wrfivi sivrcis 1n  veqtorisagan 

Sedgenili nebismieri sistema wrfivad damokidebelia. 

n  ganzomilebiani wrfivi sivrcis veqtorebis 

yoveli wrfivad damoukidebeli sistema Sedis am 

sivrcis raime bazaSi.  

vTqvaT n  ganzomilebian V  sivrceSi mocemulia 

(5.4) baza da aseve baza: 

                       '''
e,,e,e n21                      (5.6) 

(5.6) bazis yoveli veqtori iseve rogorc V  sivrcis 

nebismieri veqtori calsaxad Caiwereba (5.4) bazis 

saSualebiT: 
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



n

j

jiji

1

'
ee  , ni ,,2,1  .               (5.7) 

matricas 
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T ,                  (5.8) 

romlis striqonebi warmoadgens (5.6) sistemis 

veqtorebis koordinatebisagan Sedgenil striqonebs 

(5.4) bazaSi, uwodeben (5.4) bazis (5.6) bazaSi gardaqmnis 

matricas. 

(5.4) da (5.6) bazebs Soris kavSiri (5.7)-s 

gaTvaliswinebiT SeiZleba Caiweros Semdegnairad: 

                 































































nnnnn

n

n

n
e

e

e

e

e

e













2

1

211

22221

11211

'

'
2

'
1

   

   

   







.            (5.9)         

Tu aRvniSnavT (5.4) da (5.6) bazebs, Cawerils svetebis 

saxiT, e  da e -iT, (5.10) SeiZleba CavweroT aseTi saxiT:  

                          Tee ' .                     (5.10) 

meore mxriv, Tu '
T  aris (5.6) bazidan (5.4) bazaSi 

gardaqmnis matrica, maSin  

                          ''
eTe  ,                    (5.11) 

saidanac 

                          eTTe
' .                    (5.12) 

                          '' eTTe
' .                    (5.13) 

e  da '
e  bazebis wrfivad damoukideblobis gamo  
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                      ETTTT
''  ,                  (5.14)                  

sadac E  – erTeulovani nn  matricaa. 

(5.14)-dan  

                        1'
TT
                       (5.15)          

amiT mtkicdeba, rom gardaqmnis matrica erTi bazidan 

meore bazaSi aris gadaugvarebeli matrica. 

amrigad n  rigis yoveli gadaugvarebeli kvadratu-

li matrica namdvili elementebiT warmoadgens n    

ganzomilebiani wrfivi sivrcis mocemuli bazis raime 

sxva bazaSi gardaqmnis matricas. 

5.2.3. wrfivi gardaqmnebi 

vTqvaT mocemulia n  ganzomilebiani namdvili 

wrfivi sivrce, romelic aRniSnulia nV -iT. 

ganvixiloT am sivrcis gardaqmna anu asaxva, romelsac 

gadayavs am sivrcis yoveli a  veqtori amave nV  

sivrcis a  veqtorSi. a  veqtors uwodeben a  veqtoris 

saxes ganxiluli gardaqmnis dros. 

Tu am gardaqmnas aRvniSnavT  -iT, xolo a  

veqtoris saxes ara  a -Ti, aramed a -iT, maSin 

gveqneba aa  . 

wrfivi  nV  sivrcis   gardaqmnas uwodeben am 

sivrcis wrfiv gardaqmnas, Tu misi nebismieri ori a  

da b  veqtorebis jami gadayavs maTi saxeebis jamSi: 

                        baba                   (5.16) 

da nebismieri  a  veqtoris nebismier   ricxvze 

namravli gadayavs am veqtoris saxis am ricxvze 

namravlSi: 

                           aa αα  .                  (5.17) 
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am ganmartebidan gamomdinareobs, rom wrfivi 

sivrcis wrfivi gardaqmnas gadayavs mocemuli 

na,,a,a 21  veqtorebis wrfivi kombinacia am veqtorebis 

saxeebis wrfiv kombinaciaSi (imave koeficientebiT): 

          nnnn aaaaaa   22112211 . (5.18)                            

nV  wrfivi sivrcis nebismieri wrfivi gardaqmnis 

dros nulovani elementi 0 rCeba uZravi: 

                          00  ,                     (5.19) 

xolo mocemuli a  veqtoris mopirdapire a   

veqtoris saxes warmoadgens veqtori romelic a -s 

saxis mopirdapirea: 

                          aa  .                   (5.20) 

davuSvaT nV  wrfivi sivrcis raime bazaa (5.4) da 

iseve rogorc zeviT am bazas, romelic svetSia 

ganlagebuli, avRniSnoT e  veqtoriT. vinaidan nV  

sivrcis nebismieri a  veqtori calsaxad warmoidgineba 

(5.4) bazis veqtorebis wrfivi kombinaciiT, amitom (5.18)-

is gamo a  veqtoris saxe gamoisaxeba (5.14) bazis 

veqtorebis saxeebiT imave koeficientebis saSualebiT. 

sxva sityvebiT nV   sivrcis yoveli wrfivi   

gardaqmna ganisazRvreba fiqsirebuli (5.4) bazis 

veqtorebis  n21 e,,e ,e   saxeebis mocemiT. 

rogoric ar unda iyos nV  sivrcis n  veqtorisagan 

Semdgari dalagebuli sistema:  

                       nccc ,,, 21  ,                    (5.21) 

arsebobs amave dros erTaderTi, am sivrcis wrfivi 

gardaqmna  , rom (5.21) sistema iqneba (5.14) bazis 

veqtorebis saxe am gardaqmnisas: 

                   niii ,,2,1,    ce  .                (5.22) 
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mtkicdeba aseTi   gardaqmnis arseboba da 

erTaderToba. 

amrigad SeiZleba iTqvas, rom arsebobs 

urTierTcalsaxa Sesabamisoba nV  sivrcis yvela wrfiv 

gardaqmnasa da n  veqtorisagan Sedgenili yvela (5.21) 

saxis dalagebul sistemebs Soris. 

 yovel ic  veqtors gaaCnia garkveuli warmodgena 

(5.4) bazaSi: 

                  




n

j

jiji

1

ec  , ni ,,2,1  .            (5.23)   

ic  veqtoris koordinatebidan (5.4) bazaSi SeiZleba 

Sedgenili iyos kvadratuli matrica 

                          ijA ,                    (5.24)       

romelSic i -ur striqonad aiReba ic , ni ,,2,1   

veqtoris koordinatebis striqoni. vinaidan (5.4) baza 

iyo aRebuli nebismierad, amitom A  matrica iqneba 

nebismieri n -uri rigis kvadratuli matrica namdvili 

elementebiT. 

amrigad Cven gvaqvs urTierTcalsaxa Sesabamisoba 

nV  sivrcis yvela wrfiv gardaqmnasa da yvela n -uri 

rigis kvadratul matricebs Soris. es Sesabamisoba 

cxadia damokidebulia (5.4) bazis arCevaze. 

vityviT, rom A  matrica gansazRvravs wrfiv 

gardaqmnas  -s (5.4) bazaSi, an mokled A  matrica aris 

  wrfivi gardaqmnis matrica (5.4) bazaSi. Tu e -iT 

avRniSnavT svets, romelic Sedgenilia (5.4) bazis 

veqtorebis saxeebisagan, maSin (5.22), (5.23) da (5.24) -dan 

gamomdinareobs Semdegi matriculi toloba, romelic 

srulad aRwers kavSirebs, romlebic arseboben   



14 

 

wrfiv gardaqmnas, e  bazasa da A  matricas Soris, da 

romelic gansazRvravs wrfiv gardaqmnas am bazaSi. 

                         Aee  .                     (5.25) 

vaCvenoT, rom Tu cnobilia   wrfivi gardaqmnis A  

matrica (5.4) bazaSi, maSin a  veqtoris koordinatebiT 

am bazaSi SeiZleba misi saxis a -is koordinatebi 

ganisazRvros Semdegnairad, Tu 

                        




n

i

iia

1

ea ,                   (5.26) 

maSin 

                       




n

i

ii
a

1

ea ,                  (5.27) 

rac Semdegi matriculi tolobis tolfasia: 

                      ea naaa ,,, 21  .                               (5.28) 

(5,25)-is gamoyenebiT da imis gaTvaliswinebiT, rom 

matricebis gamravlebis asociaciuroba advilad 

mowmdeba im SemTxvevaSi, roca erT-erTi matrica 

veqtor-svets warmoadgens, viRebT: 

                     eAa naaa ,,, 21  .               (5.29) 

aqedan gamomdinareobs, rom a  veqtoris koordina-

tebis striqoni tolia a  veqtoris koordinatebis 

striqonis   wrfivi gardaqmnis A  matricaze marjvni-

dan namravlisa (5.4) bazaSi. 

magaliTi. 5.1.  

vTqvaT, samganzomilebiani wrfivi sivrcis 321 ,, eee  

bazaSi wrfivi gardaqmna   moicema matriciT: 
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

















1   1-  0   

2    3    1   

0    1   2

A . 

Tu 

321 25 eeea  , 

maSin 

   0 10, ,9

1   1-  0   

2    3    1   

0    1   2

2- 1, ,5 
















 

da 

21 109 eea  . 

5.2.4. sxvadasxva bazebSi wrfivi gardaqmnis matricebs 

Soris kavSiri  

cxadia, rom matrica, romelic iZleva wrfiv 

gardaqmnas, damokidebulia bazis arCevaze. vaCvenoT 

rogoria matricebs Soris kavSiri, romlebic iZlevian 

sxvadasxva bazebSi erTi da igive wrfiv gardaqmnas. 

vTqvaT mocemulia e  da e  bazebi gadasvlis T  

matriciT: 

                          Tee  .                     (5.30) 

davuSvaT wrfivi gardaqmna   moicema am bazebSi 

Sesabamisad A  da A  matricebiT: 

                         Aee  ,                     (5.31) 

                         eAe  .                   (5.32) 

(5.32) toloba (5.30)-is gaTvaliswinebiT daiyvaneba 

Semdeg tolobaze 

                         (Te)ATe  .                                   (5.33) 
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magram 

                         )T(eTe   .                  (5.34) 

marTlac, Tu  inii  ,,, 21   - i -uri striqonia T  

matricis, maSin 

        niniininii eeeeee   22112211 . 

(5.35) 

(5.31)-is gamo: 

                   eTAT(Ae))T(eTe   .            

(5.36) 

(5.33)-is gamo: 

                  T)eA((Te)A(Te)  .               (5.37) 

e.i.  

                      T)eA((TA)e  .                  (5.38)  

Tu erTi mainc -Tvis, ni 1 , TA  matricis i -uri  

striqoni gansxvavebuli iqneba TA  matricis i -uri  

striqonisagan, maSin n21 e,,e,e   veqtorebis ori 

sxvadasxva wrfivi kombinacia aRmoCndeba  erTmaneTis 

toli, rac ewinaaRmdegeba e  bazis wrfiv 

damoukideblobas. amrigad, 

                        TATA  ,                    (5.39) 

saidanac T  gadasvlis matricis gadaugvareblobis 

gamo 

                        TTAA  ,                    (5.40) 

                        TATA  1 .                   (5.41) 

unda aRiniSnos, rom kvadratul matricebs B  da C  

uwodeben msgavss, Tu isini dakavSirebulia tolobiT 

                         BQQC
1 ,                  (5.42) 
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sadac Q  - raime gadaugvarebeli matricaa. amasTan 

iZaxian, rom C  matrica miRebulia B  matricisgan Q  

matricis transformirebiT. 

zeviT miRebuli (5.40) da (5.41) tolobebi SeiZleba 

formulirebuli iyos Semdegi mniSvnelovani Teoremis 

saxiT: 

Teorema. matricebi, romlebic iZlevian erTidaigive 

wrfiv gardaqmnas sxvadasxva bazebSi, urTierTmsgavsia. 

amasTan   wrfivi gardaqmnis matrica e  bazaSi 

miiReba am gardaqmnis matricisagan  e  bazaSi e  bazi-

dan e  bazaSi gadasvlis matricis transformirebiT. 

unda xazi gaesvas im garemoebas, rom Tu A   

matrica iZleva   wrfiv gardaqmnas e  bazaSi, maSin 

nebismieri B  matrica, romelic A  matricis msgavsia 

da AQQB
1 , aseve gansazRvravs   gardaqmnas raime 

bazaSi, kerZod bazaSi, romelic miiReba e  bazidan 

gadasvlis 1
Q  matricis saSualebiT. 

5.2.5. operaciebi wrfiv gardaqmnebze 

Tu nV  sivrcis TiToeul wrfiv gardaqmnas 

SevusabamebT mis matricas fiqsirebul bazaSi, 

miviRebT urTierTcalsaxa Sesabamisobas yvela wrfiv 

gardaqmnasa da yvela n  rigis kvadratul matricebs 

Soris (rac mtkicdeba). bunebrivia movelodoT, rom 

matricebis Sekrebisa da gamravlebis operaciebis, da 

aseve matricis ricxvze gamravlebas, unda Seesabamebo-

des analogiuri operaciebi wrfiv gardaqmnebze. 

vTqvaT, nV  sivrceSi mocemulia wrfivi gardaqmnebi 

  da  . am gardaqmnebis jami vuwodoT    

gardaqmnas, romelic ganisazRvreba tolobiT 
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                        aaa  ,                (5.43) 

romelsac gadayavs nebismieri a  veqtori misi saxeebis 

jamSi   da   gardaqmnebisas. 

   gardaqmna, wrfivi gardaqmnaa. marTlac, 

nebismieri a  da b  veqtorisaTvis da nebismieri   

ricxvisTvis: 

         bababababa  

     ba , 

            aaaaa  

      aaa . 

meore mxriv,   da   wrfivi gardaqmnebis namravli 

vuwodoT  , romelic ganisaZRvreba tolobiT: 

                           aa  ,                 (5.44) 

anu miiReba   da   gardaqmnebis mimdevrobiT Sesru-

lebiT. 

  gardaqmna aris wrfivi: 

              babababa  

    ba  , 

               aaaaa  . 

bolos, vuwodoT   wrfivi gardaqmnis namravls h  

ricxvze h  gardaqmnas, romelic ganisazRvreba tolo-

biT: 

                           aa hh  .                  (5.45) 

gardaqmna h  aris wrfivi, marTlac: 

             babababa hhhhh  

    hh ba  , 
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               hhhhh aaaaa  . 

davuSvaT, (5.4) bazaSi   da   gardaqmnebi 

mocemulia  ijaA   da  ijbB   matricebiT: 

Aee  , Bee   

maSin (5.43)-is gamo 

   




n

j

jijij

n

j

jij

n

j

jijiii ebaebeaeee

111

 . 

anu 

                         .eBAe                  (5.46)   

amrigad, nebismier bazaSi wrfivi gardaqmnebis jamis 

matrica tolia am gardaqmnebis matricebis jamis amave 

bazaSi. 

meore mxriv (5.44)-is gamo 

       
 
































n

j

n

k

kjkij

n

j

iij

n

j

jijii ebaeaeaee

1 111

  

 
 
















n

k

k

n

j

jkij eba

1 1

, 

anu 

                           .eABe                    (5.47) 

sxva sityviT, rom vTqvaT wrfivi gardaqmnebis 

namravlis matrica nebismier bazaSi tolia am 

gardaqmnebis matricebis namravlisa imave bazaSi. 

bolos, (5.45)-is gamo 

     




n

j

jij

n

j

jijii ehaeahehhe

11

 , 

anu 
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                          ee hAh  .                  (5.48) 

maSasadame, matrica, romelic raime bazaSi 

gansazRvravs wrfiv gardaqmnis namravls h  ricxvze, 

tolia   gardaqmnis matricis namravlisa h  ricxvze 

amave bazaSi. 

miRebuli Sedegebidan gamomdinareobs, rom wrfiv 

gardaqmnebze gansazRvrul operaciebs aqvT iseTive 

Tvisebebi, rogorc matricebze operaciebs. 

unda aRiniSnos aseve, rom igivuri gardaqmna   

TamaSobs wrfiv gardaqmnebs Soris erTeulis rols, 

xolo nulovani   gardaqmna – nulis rols. marTlac 

nebismier bazaSi   gardaqmna moicema erTeulovani 

matriciT, xolo   gardaqmna – nulovani matriciT. 

5.2.6. maxasiaTebeli fesvebi da sakuTrivi 

mniSvnelobebi 

vTqvaT  ijaA  n -uri rigis kvadratuli matricaa 

namdvili elementebiT. vTqvaT, aseve rom   – raime 

ucnobia. maSin EA   matricas, sadac E  – n -uri  

rigis erTeulovani matricaa, ewodeba A  matricis 

maxasiaTebeli matrica. vinaidan Eλ  matricaSi mTavar 

diagonalze dgas  , xolo danarCeni elementebi 

tolia nulis, amitom 

           



































-                       

                 

                     

    

    

nnnn

n

n

aaa

aaa

aaa









21

21122

11211

EA .       (5.49) 

EA   matricis determinanti iqneba n -uri  xaris-

xis mravalwevri  -s mimarT. marTlac, mTavar  

diagonalze mdgomi wevrebis namravli iqneba 
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mravalwevri  -s mimarT ufrosi wevriT   nn
1 , 

determinantis sxva wevrebi ar Seicaven mTavar 

diagonalze mdgom or wevrs mainc, amitom maTi 

xarisxi  -s mimarT ar aRemateba 2n -s. am 

mravalwevris koeficientebi advilad  SeiZleba 

ganisazRvros. ase magaliTad 1n -Tan mdgomi koefi-

cienti toli iqneba    nn
n

aaa 
 2211

1
1 , xolo Tavi-

sufali wevri daemTxveva A  matricis determinants. 

n -uri xarisxis EA λ  mravalwevrs ewodeba A  

matricis maxasiaTebeli mravalwevri, xolo mis 

fesvebs, romlebic SeiZleba iyos rogorc namdvili 

ise kompleqsuri, ewodeba am matricis maxasiaTebeli 

fesvebi. 

msgavs matricebs aqvT erTidaigive maxasiaTebeli 

mravalwevrebi, da maSasadame erTidaigive maxasiaTe-

beli fesvebi. 

marTlac, vTqvaT  

AQQB
1  

maSin, Tu gaviTvaliswinebT, rom E  gadanacvle-

badia Q  matricasTan, xolo 
11   QQ , miviRebT 

  


QEAQQEAQEAQQEB
111 λλλλ  

EA λ  

risi damtkicebac gvindoda. 

imis gamo, rom wrfivi gardaqmna sxvadasxva bazebSi 

moicema msgavsi matricebiT, amitom am matricebs 

damtkicebulis gamo aqvT erTidaigive maxasiaTebeli 

fesvebi. amitom am fesvebs SeiZleba vuwodoT TviT   

gardaqmnis maxasiaTebeli fesvebi. am fesvebis 

erTobliobas, amasTan rodesac TiToeuli fesvi aiReba 
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im jeradobiT, rogoric aqvs maxasiaTebel 

mravalwevrSi, ewodeba   wrfivi gardaqmnis speqtri. 

maxasiaTebeli fesvebi TamaSoben metad mniSvnelovan 

rols wrfivi gardaqmnebis Seswavlisas. erT-erT 

gamoyenebas maxasiaTebeli fesvebisa vnaxavT exla. 

davuSvaT namdvil wrfiv nV  sivrceSi mocemulia   

wrfivi gardaqmna. Tu b  veqtori, romelic nulisagan 

gansxvavebulia,   gardaqmniT gadadis veqtorSi, 

romelic TviT b  veqtoris proporciulia, e.i.   

                         bb 0  ,                    (5.50)     

sadac 0  - raime namdvili ricxvia, maSin b  veqtors 

uwodeben   gardaqmnis sakuTriv veqtors, xolo 0 -s 

am gardaqmnis sakuTriv mniSvnelobas. amasTan iZaxian, 

rom sakuTrivi b  veqtori miekuTvneba 0  sakuTriv 

mniSvnelobas. 

unda aRiniSnos, rom vinaidan 0b , maSin 0  ricxvi, 

romelic akmayofilebs (5.50) pirobas, ganisazRvreba b  

veqtorisaTvis calsaxad. xazi unda gaesvas, rom 

nulovani veqtori ar iTvleba   gardaqmnis sakuTriv 

veqtorad, Tumca is akmayofilebs (5.50), amasTan nebis-

mieri 0 -Tvis. 

mtkicdeba, rom   gardaqmnis namdvili maxasiaTebe-

li fesvebi, Tu isini arseboben, da mxolod isini 

SeiZleba iyvnen wrfivi gardaqmnis sakuTrivi mniSvne-

lobebi. 

5.3. wrfivi gardaqmnebi dinamikur sistemebSi  

ganvixiloT sistema romelic aRiwereba Semdegi 

veqtoruli gantolebiT: 

                       BuAxx  ,                   (5.51)     
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sadac x  - 1n  ganzomilebiani mdgomareobis veqtoria, 

u  - 1m  ganzomilebiani Sesavali zemoqmedebis veqto-

ria, A A  daBB  -  koeficientebis matricebia.   

imisaTvis, rom agebul iqnes mdgomareobis veqtori 

sxvadasxva xerxiT, SeiZleba gamoyenebuli iyos (5.51)    

gantolebis wrfivi gardaqmna. mdgomareobis gardaq-

mnili veqtori 
x  warmoadgens x  veqtoris n  kompo-

nentis wrfiv kombinacias:   

                        xψx
1  ,                    (5.52) 

sadac ψ  gardaqmnis matricaa. (5.52) gantoleba qmnis 

mdgomareobis axal gantolebas: 

                       uBxAx
  ,               (5.53)                                    

romelic kmayofildeba, rodesac 

                        AψψA
1  ,                  (5.54) 

                        BψψB
1  .                  (5.55) 

aRniSnuli gardaqmna SesaZlebelia mxolod im 

SemTxvevaSi, rodesac arsebobs matrica 1
ψ

 . unda 

aRiniSnos, rom arc erTi gardaqmnili cvladi ar 

SeiZleba ganxluli iyos rogorc mdgomareobis 

cvladi, Tu is warmoadgens sxva madgomareobis 

cvladebis wrfiv kombinacias. 

am TvalsazrisiT sainteresoa aRiniSnos, rom (5.51) 

sawyisi gantolebis sakuTriv mniSvnelobebs, vinaidan 

isini warmoadgenen maxasiaTebeli gantolebis  

                   nii ,,2,1,0det    EA  ,            (5.56)  

fesvebs, sadac i  - A  matricis i -uri sakuTrivi 

mniSvnelobaa. 

Tu gaviTvaliswinebT, rom 

     HGGH detdetdet  , 
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maSin miviRebT gardaqmnili (5.53) sistemisaTvis:     

      
EψψAψψEAψψEA

1
i

11 λii detdetdet    

                     0detdetdet 1  
ψEAψ i .          (5.57) 

vinaidan   0det ψ  da radgan 1
ψ  matrica arsebobs 

miviRebT rom  

                        0det  
EA i .                 (5.58) 

maSasadame, A  matrica akmayofilebs rogorc (.5.56)  

ise (5.58)-s, amitom Sesabamisi i  indeqsisaTvis  miviRebT 

rom: 

                          ii   .                     (5.59) 

magaliTi. 5.2.  

ganvixiloT sistema  

Axx  , 

sadac 











4    1

2    3
A . 

sistemis sakuTrivi mniSvnelobebi ganisazRvreba 

gantolebidan: 

  0det  EA i , 

anu 

    02-43 
4            1

2     3
det 














ii

i

i





, 

saidanac 

01072  ii  , 

2

37

2

40497 



i , 
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2   ,5 21   . 

sawyisi sistema gardavqmnaT  











2    0

0    1
ψ  

matricis saSualebiT, maSin  

  xAx , 

sadac  

AψψA
1   

da 









































2

1
0

01

2

1

2

0

2

0

2

2

1

    

     

         

-          

ψ . 

(49)-is   Sesabamisad 













































































4    
2

1

4     

8    1

4    

2

1
    0

0    

2    0

0    

4    1

2    

2

1
    0

0    3
3

1
13

1

A .A 


A -is sakuTrivi mniSvnelobebi ganisazRvreba 

gamosaxulebebidan 

     02- 
           

2

1

4     






















 






ii

i

i

i 




 43
4

3

detdet EA , 

amitom A 
A -is sakuTrivi mniSvnelobebi tolia A -is 

sakuTrivi mniSvnelobebis. 

5.3.1. kanonikuri gardaqmnebi 

(5.51) gantolebis sxvadasxva wrfiv gardaqmnebs 

Soris gansakuTrebul mniSvnelovan rols TamaSobs e.w  
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kanonikuri gardaqmna, romelSic gardaqmnis matricas 

warmoadgens sakuTrivi veqtorebis matrica V . es 

matrica miiReba erTgvarovani wrfivi diferencialuri 

gantolebis amoxsnis Sedegad: 

                         
  00 xx

Axx




,                    (5.60) 

amonaxsns aqvs Semdegi saxe: 

              

 

 

  ,

,

,

21

21

21

21

1222212

112111

t
nn

t
n

t
nn

ttt

t
n

tt

n

n

n

evevevtx

evevevtx

evevevtx





















         (5.61) 

an veqtoruli formiT: 

               t
n

ttt neeet


vvvVex  21
21 ,      (5.62) 

sadac 

                        























t

t

t

t

ne

e

e











2

1

e ,                   (5.63) 

               n

nnnn

n

n

vvv

vvv

vvv

vvvV       

      

      

      











21

21

22221

11211























 ,       (5.64) 

maSin V -s gansazRvrisaTvis saWiroa vipovoT 

sakuTrivi veqtorebi. 

5.3.1a. sakuTrivi veqtorebis pirdapiri gansazRvra 

(5,62) gantolebis diferencireba t -s mixedviT 

gvaZlevs 
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               t
nn

tt neeet
  vvvx   21

2211 .       (5.65) 

Tu CavsvamT  x -s (5.62)-dan da (5.60)-Si miviRebT: 

           tnn
ttt neeeAt

  vvvAVex   21
2211 .  (5.66) 

Tu SevadarebT (5.65) da (5.66) gantolebebs miviRebT, 

rom sakuTrivi veqtorebi akmayofileben Semdeg Tana-

fardobebs: 

                      t
i

t
ii

ii evev
 A .                 (5.67) 

Tu (5.67)-is orive mxares gavyofT tie
 -ze miviRebT: 

                        iii vv A ,                    (5.68) 

an 

                        0 ii vEA  .                  (5.69) 

maSasadame, iv  SeiZleba gansazRvrul iqnes (5.69) 

gantolebidan. 

sakuTrivi iv  veqtorebis mniSvnelobebis miRebisaT-

vis aucilebelia erTi iv  elementis mniSvnelobis 

gansazRvra, magaliTad pirvelis, romelic SeiZleba 

aRebul iqnes erTis tolad. amitom (5.69) matriculi 

gantolebis ukanaskneli striqoni iv -is gamoTvlisas 

SeiZleba gamovtovoT ise, rogorc naCvenebia Semdeg 

magaliTSi. 

magaliTi. 5.3.  

ganvixiloT matrica  











3    4

2    1
A . 

sakuTrivi iv  veqtorebis gansazRvrisaTvis jer 

gamovTvaloT A matricis sakuTrivi mniSvnelobebi: 
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   04- 
            4

2     













 5

3

1
detdet 2 




 EA i , 

saidanac  

5   ,1 21   . 

(5.68) gantolebis Tanaxmad gveqneba : 













































1211

1211

12

11

12

11
1

34

2

3    4

2     1

vv

vv

v

v

v

v
v , 

saidanac 

,44

,2

1211

1211

vv

vv




 

anu 

1211 vv  . 

Tu CavTvliT 111 v , miviRebT 













1

1   
1v . 

analogiurad (5.68) gantolebidan 2 -Tvis miviRebT: 




























22

21

22

21
2

3    4

2     1

5

5
5

v

v

v

v
v , 

anu 
























2221

2221

22

21
2

34

2

5

5
5

vv

vv

v

v
v , 

rac iZleva 

,42

,24

2122

2221

vv

vv




 

anu 
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22212 vv  . 

Tu CavTvliT 121 v , miviRebT 











2

1
2v . 

  









2     1-

1     1  
  , 2vv1V . 

  5.3.1b. a. krilovis meTodze dayarebuli sakuTrivi 

veqtorebis gansazRvris algoriTmi 

nn  ganzomilebis A A matricis sakuTrivi veqtore-

bis gansazRvris ufro swrafi mimdevrobiTi procedu-

ra damyarebulia a. n. krilovis meTodze. am midgomisas 

igulisxmeba, rom matricis sakuTrivi mniSvnelobebi 

ukve gansazRvrulia da SeiZleba visargebloT maxasia-

Tebeli    0 EA idet  gantolebiT. es meTodi SeiZleba 

gamoyenebuli iyos matricebis mimarT sxvadasxva da 

erTnairi sakuTrivi mniSvnelobebisaTvis. 

gamoyenebis Tanmimdevroba mdgomareobs SemdegSi : 

ganvsaRvroT  ic   koeficientebi iseTi, rom 

                 0
1

11det cc n
n

nn
 

 EA .      (5.70) 

da nebismierad amovirCioT sawyisi n  ganzomilebiani  

1d  veqtori, magaliTad, 2n -Tvis: 

                         T0   ,11 d .                   (5.71) 

SevadginoT veqtorebi: 

               12312    ,   ,   ,  nn AAA dddddd  .      (5.72)  

Semdeg ganvsazRvroT i -uri sakuTrivi  iv  veqtoris 

elementebi Semdegi saxiT: 
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                     




n

k

knkii p

1

1 , dv ,                (5.73) 

                          11 , ip ,                    (5.74a) 

               ,  ,2  ,11 , , njcpp jnjiiji   ,        (5.74b) 

                       0 ,0 cp nii   .                 (5.74g) 

(5.74g) gantoleba emsaxureba mxolod gamoTvlebis 

Semowmebas. 

 Tu A Amatrica warmodgenilia koagulirebul for-

maSi: 

























naaaa         

1      0    0    0

0      1    0     

   0      0    1    











321

0

A , 

maSin SeiZleba V  matricis sakuTrivi veqtoris 

gamoTvlis swrafi algoriTmis ageba vandermondis 

matricis gamoyenebis safuZvelze Semdegnairad: 



























 11
2

1
1

22
2

2
1

21

1

n
n

nn

n

n







      

             

                

1          1         











V . 

unda aRiniSnos rom 1
V  arsebobs maSin da mxolod 

maSin, Tu yvela  i  gansxvavebulia. 

magaliTi. 5.3.  

gamoviyenoT gamoviyenoT a. n. krilovis meTodi 5.2. 

magaliTisTvis, sadac   
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









3    4

2    1
A , 2   ,5   ,1 21  n . 

ganvsazRvroTA A  matricis sakuTrivi veqtorebi Sem-

degnairad. nebismierad virCevT 











0

1
1d . 

Semdeg vsazRvravT 




























4

1

0

1

3    4

2    1
12 Add . 

ic -ebi (5.70)-is gaTvaliswinebiT iReben Semdeg saxes: 

01
2 54 ccn
i   , 

saidanac viRebT: 

5   ,4 01  cc . 

Semdeg (5.74) gantolebebi iZleva: 

.1455  ,1

,5411  ,1

11 ,22  2 1 ,2

11 ,12  ,1 1 ,1





cppp

cppp
 

amrigad, sakuTrivi veqtorebi 1v  da 2v  tolia: 




























4   

4

0

5

4

1
1122111 dpdpv , 




























4

2

0

1

4

1
1222212 dpdpv . 

Semdeg iv -s normalizebiT ise rom, pirveli 

elementi toli iyos 1-is, miviRebT: 













1

1   
1v , 










2

1
2v , 

iseve, rogorc magaliTSi 5.2.  
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5.3.1g. diagonalizaciis procedura 

V  matricis miRebis sxva xerxebis ganxilvis mizniT 

ganvixiloT diagonaluri matrica, romelic aris 

Semdegi saxis : 

            























n

ndiag









           

 0         0

0      0   

  ,    











00

,,
2

1

21Λ .      (5.75) 

cxadia, rom namravli 

                   nnvvvVΛ    ,    ,, 2211 .           (5.76) 

Tu mxedvelobaSi miviRebT (5.68) gantolebas, gveqne-

ba: 

                   AVvvvAVΛ  n  ,    ,, 21 ,         (5.77a) 

anu 

                        AVVΛ
1 .                 (5.77b) 

amrigad,A matricis diagonalizacia xorcieldeba Tu 

misi sakuTrivi mniSvnelobebi sxvadasxvaa. Tu gamoviye-

nebT kanonikur gardaqmnas (5.51) gantolebis mimarT, e.i. 

Tu gamoviyenebT V -s rogorc gardaqmnis matricas da 

gaviTvaliswinebT (5.54) da (5.55)-s, miviRebT mdgomareo-

bis Semdeg kanonikur gantolebas: 

                      uBΛxx
  ,                  (5.78a) 

sadac 

                      BVVB
1  .                   (5.78b) 

(5.79) skalarul formaSi warmoidgineba Semdegi 

saxiT: 
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.

,

,

11

2121222

1111111

mnmnnnn

mm

mm

ububxx

ububxx

ububxx



























          (5.78g) 

maSasadame, kanonikur gardaqmnas mivyavarT mdgoma-

reobis gantolebaTa sistemamde, romelSic (kanoniku-

ri) mdgomareobis cvladis yoveli warmoebuli damoki-

debulia mxolod Sesabamis (kanonikur) mdgomareobis 

cvladze da Sesaval signalebze. 

magaliTi. 5.4.  

ganvixiloT Semdegi gantolebis diagonalizacia: 

BuAxx  , 

sadac 











3    4

2    1
A  

iseve rogorc magaliTSi 5.2, xolo 











  1-

  1
B . 

A  matricis kanonikur gardaqmna sruldeba, (5.77b) 

Tanaxmad. 

magaliTSi 5.2. miviReT, rom 











2     1-

1       1
V . 





















3

1

3

1

3

1

3

2

1

       

 -     

V  

da 
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








































































5    0  

0    -

2    1-

1      

        

      

2    1-

1      

3    4

2    

       

 -     
11

3

5

3

5

3

1

3

2

11

3

1

3

1

3

1

3

2

Λ . 

magaliTidan 5.2. cnobilia, rom 5  ,1 21   . amitom 

diagonalur   matricas aqvs saxe: 











2

1





    0

0   
Λ . 

5.4.   marTvadoba 

5.4.1. marTvadobis cneba 

dakvirvebadobis da misadmi dualuri cnebis -  

marTvadobis cneba Semotanili iyo kalmanis mier 1960 

wels. identifikaciis amocanebis ganxilvisas dakvirve-

badobis cneba ufro mniSvnelovania vidre marTva-

dobis, magram maTi dualobis gamo isini ganixileba 

erToblivad. 

ityvian, rom sistema marTvadia Tu is SeiZleba 

gadayvanili iyos nebismieri  0tx  mdgomareobidan 0tt   

momentSi nebismier sasurvel mdgomareobaSi  1tx   

sasrul drois SualedSi 01 tt  , uban-uban uwyveti 

Sesavali  tu ,  10  , ttt  zemoqmedebis modebis gziT.  

marTvadobis cnebis ilustrireba SeiZleba moxdes  

Semdegi sqemis (nax. 5.1)-is saSualebiT. 

cxadia rom nax 5.1-ze mocemuli sistema ar aris 

marTvadi, vinaidan mmarTveli Sesavali  tu  ar 

moqmedebs mdgomareobis yvela cvladze. 
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nax. 5.1. aramarTvadi sistema 

5.4.2. kanonikuri sistemis marTvadobis kriteriumi 

miviyvanoT wrfivi sistemis marTvadobis 

gamokvlevis hilbertis kriteriumi, rodesac sistema  

warmodgenilia kanonikuri formiT.  es meTodi 

gulisxmobs rom sistema jer unda dayvanil iqnas  

kanonikur formaze (5.78) gamosaxulebis Sesabamisad. es 

forma mosaxerxebelia imiT, rom masSi ar aris 

mdgomareobis kanonikur cvladebs Soris 

urTierTkavSiri. 

hilbertis kriteriumis mixedviT sistema, romelic 

mocemulia kanonikur formaSi 

                       uBΛxx
  ,                  (5.79) 

marTvadia, Tu B -is arc erTi striqoni ar aris 

nulovani (anu marTvadobisaTvis TiToeul striqonSi 

unda iyos erTi mainc aranulovani elementi). 

maSasadame, Tu  matricis erTi mainc striqoni 

nulovania, maSin sistema aramarTvadia. unda aRiniSnos, 
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rom, rogorc es 5.3 paragrafSi iyo naCvenebi, 

kanonikuri  (5.78) forma gamosadegia mxolod im 

SemTxvevaSi Tu sistemis nn  matricas aqvs n  

sxvadasxva sakuTrivi mniSvneloba. qveviT ganvixilavT 

Jordanis kanonikur gardaqmnas, romelic saSualebas 

iZleva nawilobrivad daZleuli iyos es SezRudva. 

Teorema marTvadobis Sesaxeb mtkicdeba Semdeg-

nairad ganvixiloT upirveles yovlisa mtkiceba imis 

Sesaxeb, rom Tu 
B  matricis erTi an meti striqoni 

nulovania, maSin sistema aramarTvadia. amisaTvis, (5.78) 

gantoleba gadavweroT skalarul formaSi: 

                   

.

,

,

1

1

2222

1

1111

























m

j

jnjnnn

m

j

jj

m

j

jj

ubxx

ubxx

ubxx















                (5.80) 

vinaidan mdgomareobis kanonikur cvladebs Soris 

urTierTkavSiri ar arsebobs, amitom cxadia, rom Tu 

(5.79) gantolebis nebismieri i -uri striqonSi  

jbij    ,0 -Tvis, maSin Sesabamis mdgomareobis 
ix  cvlad-

ze ar SeiZleba gavlena moaxdinos marTvis arCevam. 

maSasadame, sistemis es mdgomareoba aramarTvadia. 

magram, Tu 
B  arc erTi striqoni ar aris nulis 

toil, maSin SeiZleba damtkicdes, rom nebismieri  0txi
  

mdgomareoba SeiZleba gadayvanili iyos nebismier axal 

 1txi
  mdgomareobaSi. damtkiceba emyareba (5.79) ganto-

lebis amoxsnis ganxilvas, romelic moicema gamosa-

xulebiT: 
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           


 

m

j

t

t

jij
t

i
tt

i nidubetxetx ii

1

01 ,,2,1  ,

1

0

101  . (5.81) 

yovelTvis, SeiZleba iseTnairad iyos gansazRvruli 

  0  ,0 00  ttxi , rom miRebuli iyos: 

             


 

m

j

t

t

jij
t

i nidubeetx ii

1

1 ,,2,1  ,

1

0

1  .     (5.82) 

ganvixiloT SemTxveva, rodesac gvaqvs n  Sesavali 

nuuu ,,, 21   ( n  mdgomareobaTa ricxvia). maSasadame (5.81) 

gviCvenebs, rom Tu 
B -Si yvela striqoni wrfivad 

damoukidebelia, maSin SeiZleba moviTxovoT  rom 

marTva  nju j ,,2,1  ,0   iyos mudmivi integrirebis 

intervalis SigniT,  da amoxsnili iyos n  gantoleba 

n  ucnobebiT ju , imisaTvis rom dakmayofili iyos 

nebismieri n  gansxvavebuli  1txi
 . mdgomareoba rTul-

deba, Tu gvaqvs mxolod erTi Sesavali. aseT SemTxve-

vaSi (5.81) gantoleba iRebs saxes: 

              


 

m

j

t

t

i
t

i nidubeetx ii

1

1 ,,2,1  ,

1

0

1  .     (5.83) 

magram, nebismieri sasruli 01 tt   intervali     

SeiZleba dayofili iyos       1 111121011  , , ,  nn tttttt    

qveintervalebad, sadac 11 ttn  . maSin cxadia, rom (5.82) 

integrali gardaiqmneba n  integralis jamad, n  

qveintervalebze. amave dros,  u -m SeiZleba miiRo am 

qveintervalebze n  gansxvavebuli mniSvneloba, romle-

bic SeiZleba iyvnen mudmivi TiToeuli qveintervalis 

SigniT. amitom, miiReba erTi tipis n  gantoleba n  
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ucnobiT ( u -s mniSvnelobebiT TiToeul qveinterval-

ze),  romlebmac unda daakmayofilon  n   gansxvavebu-

li mniSvneloba   njtxi ,,2,1  ,1  -Tvis. ukanaskneli 

marTvadobis kriteriumi erTi Sesavalis SemTxvevisaT-

vis samarTliania aseve sistemebisaTvis.  mravali 

SesavaliT, vinaidan Tu sistemas aqvs ramodenime 

Sesavali da 
B  matricis arcerTi striqoni ar aris 

nulovani,  maSin SeiZleba gavxadoT yvela gamosavali 

erTmaneTis toli an erTmaneTTan dakavSirebuli 

iseTnairad, rom sistema gardaiqmnas sistemaSi erTi 

SesavaliT. 

magaliTi 5.5. 

ganvixiloT sistema:  

BuAxx  , 

sadac 











3    4

2    1
A  

iseve rogorc magaliTSi 5.2, xolo 











 2

1
B .  

magaliTi 5.2-is Sesabamisad A A  matricis  diagona-

lizaciisaTvis gardaqmnis matrica moicema Tanafardo-

biT: 











2     1-

1       1
V , 

xolo 
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



















3

1

3

1

3

1

3

2

1

       

 -     

V   

da 









 

5    0  

0    -1
AVVΛ

1 . 

  

(5.78) gantolebis Sesabamisad  





































 

1

0

2

1

3

1

3

1

3

1

3

2

       

 -     

BVVB
1 , 

rac iZleva diagonalizirebul (kanonikur) sistemas:    

  11 xx , uxx  
22 5 . 

vinaidan 
1x  mdgomareobaze ar moqmedebs marTvis 

Sesavali signali, amitom cxadia sistema aramarTvadia. 

5.4.2a. jeradi sakuTrivi mniSvnelobebis SemTxveva 

im SemTxevavSi  rodesac A A  matricas yvela sakuT-

rivi mniSvnelobebi ar aris gansxvavebuli, ar SeiZleba 

kanonikuri diagonalizaciis Catareba. aseT SemTxveva-

Si is SeiZleba gardaqmnili iqnas kanonikur  Jordanis 

formaSi (sami erTnairi 1  sakuTrivi mniSvnelobisa-

Tvis): 
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

































n











     0   0               

                                 

      0      0         

 0    0        0    0     0

                 

     0             0    0

 0     0    0      0       0

0     0    0      0    0   

















000

000

00

3

2

1

1

1

J ,           (5.84) 

A  matrica aris aradayvanadi, Tu minimaluri 

mravalwevri A  da maxasiaTebeli gantoleba  erTma-

neTs emTxveva. 

minimaluri mravalwevri A  ewodeba minimaluri 

rigis Semdegi saxis mravalwevrul gantolebas: 

001
1

1  
 EAAA q

q
q   , 

xolo maxasiaTebeli gantoleba moicema TanafardobiT 

001
1

1  
  n

n
n , 

sadac   - A  matricis sakuTrivi mniSvnelobaa. 

(5.84) matricis zeda marcxena diagonalur matricas 

uwodeben  Jordanis bloks.. 

matricis diagonalze SeiZleba iyos Jordanis 

ramodenime bloki, Tu arsebobs erTnairi    sakuTrivi 

mniSvnelobebis erTi jgufze meti. marTvadobisTvis 

aucilebelia, rom B  matricis erTi elementi 

striqonSi, romelic warmoadgens Jordanis TiToeuli 

blokis qveda striqons, da BB -s minimum erTi elementi 

TiToeuli sxva striqonidan gansxvavebuli iyos 

nulisgan. 

amrigad, marTvadobis kriteriumi romelic efuZneba 

kanonikurobas, Txoulobs sakuTrivi mniSvnelobebisa 

da veqtorebis gamoTvlas da aseve mdgomareobis 

gantolebebis  Tanmimdevrul gardaqmnas. amasTan, 
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gamoTvlebis moculoba SeiZleba aRmoCndes metad  

mniSvnelovani. 

5.4.3. marTvadobis kriteriumi, damyarebuli  Atexp  

daSlaze 

marTvadobis kriteriumi, romelic efuZneba mdgoma-

reobis gardamavali tA
e  matricis polinomialur daS-

las, ekuTvnis kalmans. am kriteriumis gamoyeneba ar 

izRudeba sistemebiT A  matricis sxvadasxva sakuTrivi 

mniSvnelobebiT. aq sistemis kanonikur saxeze  dayvanis 

aucilebloba uqmdeba, rac aRar moiTxovs sakuTriv 

veqtorebis gansazRvris aucileblobas. magram es 

kriteriumi naklebad asaxavs sistemis fizikur Tvise-

bebs, vidre zeviT ganxiluli kriteriumebi. 

marTvadobis SemowmebisTvis kalmani iyenebs (5.51) 

gantolebis amonaxsns, romelic moicema TanafardobiT: 

                      




1

0

101
01

t

t

ttt
detet 

Buxx
AA ,        (5.85) 

an integrirebis sazRvrebis cvlilebisas  

                      




0

1

010
10

t

t

ttt
detet 

Buxx
AA ,        (5.86) 

sadac x , u  - n  da m  rigis veqtorebia, Sesabamisad.  

vinaidan, yovelTvis SeiZleba davuSvaT, rom   01 tx , 

maSin (5.86) gantolebidan miviRebT: 

                       




1

0

0
0

t

t

t
det 

Bux
A .             (5.87) 

unda aRiniSnos, rom keli-hamiltonis  Teoremis 

Tanaxmad nebismieri  nn  ganzomilebis gantolebis 
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A  matrica akmayofilebs Tavis maxasiaTebel n  rigis 

gantolebas, ase rom 

                       






1

0

n

i

i
i

n
AA  .                  (5.88) 

maSasadame, nebismieri mravalwevrovani matriculi 

  nrn   rigis gantoleba SeiZleba warmodgenili 

iyos mravalwevrovani    11  nrn  rigis gantole-

biT: 

              APA rn

n

i

i
i

rnrrn
1

1

0







   AAAA  ,       (5.89) 

sadac  AP rn 1  -  1 rn  rigis polinomia. 

silvestris Teoremis Tanaxmad es  Sedegi 

samarTliania A  matricis usasrulo xarisxovani 

mwkrivisaTvis. maSasadame, Tu mxedvelobaSi miviRebT 

rom 

               
! ! k

tt
t kt

22
2

2
AAAEe

A ,       (5.90) 

miviRebT 

                       






1

0

n

i

i
i

t AtA
e ,                 (5.91) 

sadac sasruli t  sididisTvis  ti  skalaruli koefi-

cientebi sasrulia nebismieriA A  matricisaTvis. (5.91) 

gamosaxulebidan tA
e  gamosaxulebis Casma (5.87)-Si 

iZleva: 

          









1

0

1

0

0

1

0

1

0

00

t

t

i

n

i

i

t

t

i
n

i

i dtdtt  uBABuAx . 

(5.92) 

Semdeg davuSvaT, rom 
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                BABAABBM
12 ,,,,  n     ,              (5.93) 

             1,,1,0,

1

0

0   nidt

t

t

ii       uW ,        (5.94) 

                       























1

1

0

nW

W

W

W
 

,                   (5.95) 

sadac M  -  mnn   rigis matricaa, xolo  iW  da W  

- 1m  da   1mn  rigis veqtorebia, Sesabamisad. maSin 

miRebul (5.87) gantoleba SeiZleba warmodgenili iyos 

Semdegi saxiT: 

                         WMx 0t .                  (5.96) 

amrigad, sistema, romelic aRiwereba (5.51) 

gantolebiT, marTvadia, Tu n  damoukidebeli 

skalaruli gantolebebi akmayofileben matricul (5.96) 

gantolebas. sxvanairad rom vTqvaT sistema marTvadia 

Tu M  matricas aqvs rangi n . procesebisaTvis erTi 

SesasvleliT, sadac B Bveqtor-svetia, zeviT moyvenili 

piroba niSnavs rom marTvadobisaTvis unda arsebobdes 

matrica 1
M . zogad SemTxvevaSi, rodesac u -s 

ganzomileba naklebia x -is ganzomilebaze,  0tx  

mdgomareobis misaRwevad 5.4.2. punqtSi gadmocemuli 

meTodis Tanaxmad u -s elementebma mniSvnelobebi unda 

miiRon uban-uban uwyveti simravleebidan  10 tt   

intervalze.  unda aRiniSnos, rom marTvadobis 

kriteriumi aris damokidebuli sistemis mdgomarobaze. 

amitom, sistema SeiZleba iyos marTvadi, im SemTxve-

vaSic ki roca is aramdgradia marTvis ar arsebobis 

SemTxvevaSic, vinaidan sistemis marTvadoba dakavSire-
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bulia sistemis marTvis potencialur SesaZleblo-

basTan. Amrigad, marTvadi sistema stabilizirebulia, 

imis da damoukideblad mdgradia Tu ara is, marTvis 

ar modebis SemTxvevaSi. 

magaliTi 5.6. 

am magaliTSi Cven SevamowmebT sistemis marTvadobas, 

5.5 magaliTSi moyvanili sistemisTvis Ate -s daSlado-

baze dafuZnebuli kriteriumis safuZvelze. Tu mxedve-

lobaSi miviRebT, rom  











3    4

2    1
A ,  










 2

1
B ,  



























10

5

2

11

3    4

2    
AB , 

miviRebT 











10    2

5     1
M . 

vinaidan matricis orive striqoni wrfivad damoki-

debulia ( 0det M ), sistema aramarTvadia rogorc es 

ukve iyo naCvenebi magaliTSi 5.5. kanonikuri gardaqmnis 

daxmarebiT. 

5.4.4. marTvadoba gamosavalis mixedviT 

wina 5.4.2 da 5.4.3 ganyofilebebi miZRvnili iyo 

marTvadobisadmi mdgomareobis mixedviT, anu sistemis 

nebismieri  0tx  mdgomareobidan  1tx  mdgomareobaSi 

gadayvanis SesaZleblobis gansazRvrisadmi. marTvadoba 

gamosavalis mixedviT dakavSirebulia sistemis gamosa-

valis gadayvanaSi  0ty  mdgomareobidan  1ty  mdgomare-

obaSi, rodesac y  moicema TanafardobiT: 

                          Cxy  ,                     (5.96)    

sadac x  da y  –  1n  da  1q  ganzomilebiani 

veqtorebia, Sesabamisad da amasTan nq  .    
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sistema, romelic aRiwereba (5.51) da (5.96)    

gantolebebiT, e.i. 

                        
Cxy

BuAxx



 ,
                  (5.97)                                                                                         

aris marTvadi, gamosavalis mixedviT, Tu  0ty  

mdgomareoba SeiZleba gadayvanili iyos  1ty  mdgomare-

obaSi sasrul   01  tt   SualedSi sistemis 

Sesavalze uban-uban uwyveti U    10 ,, tttt    u  veqtoris 

miwodebisas. 

aseTi ganmarteba identiuria marTvadobisa mdgoma-

reobis mixedviT, Tu  0ty  da  1ty  SeiZleba SevcvaloT 

Sesabamisad  0tx  da  1tx -iT. analogia vrceldeba 

marTvadobis kriteriumebze gamosavalis mixedviT, 

TumcaAaq SezRudvebi naklebia. maSasadame, Tu 

gaviTvaliswinebT, rom (5.96) gantolebaSi y  aris  1q  

ganzomilebis veqtori, 5.4.3 ganyofilebaSi moyvanili 

kriteriumis (dafuZvnebuli polinomialur daSlaze) 

Tanaxmad sistema marTvadia, Tu arsebobs q  ringis 

mqone M  matrica, sadac  

                BCABCACABCBM
12 ,,,,  n     .        (5.98) 

am pirobis damtkiceba analogiuria 5.4.3 ganyofile-

baSi moyvanili damtkicebisa.     

5.5.   dakvirvebadoba 

5.5.1. dakvirvebadobis cneba 

dakvirvebadobis cneba avsebs marTvadobis cnebas.  

Tu marTvadoba Txoulobs, rom sistemis 

mdgomareoba iyos mgrZnobiare Sesavali signalis 

zemoqmedebaze, dakvirvebadoba ki Txoulobs, rom 
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sistemis mdgobareoba zemoqmedebdes sistemis gazomad 

gamosaval signalze.  

 

 

 

 

 

 

 

 

 

 

 

 

nax. 5.2. aradakvirvebadi sistema 

sistema dakvirvebadia, Tu yvela misi mdgomareoba 

SeiZleba pirdapir Tu iribad ganisazRvros sistemis 

gamosavali veqtoris saSualebiT. amitom, Tu romelime 

mdgomareoba an am mdgomareobis cvlileba ar zemoqme-

debs gamosaval veqtorze, sistema aradakvirvebadia 

(nax 5.2), zustad iseve, rogorc Sesavali signalis 

veqtoris garkveuli mdgomareobaze ar zemoqmedebisas, 

sistema aramarTvadia (nax 5.1). garda amisa aradakvir-

vebadi sistema ar SeiZleba identificirebadi iyos. 

mdgomareobaTa sivrceSi gansazRvruli modelis para-

metrebis identifikacia SeuZlebelia aradakvirvebadi 

mdgomareobis dros. 

5.5.2. kanonikuri sistemis dakvirvebadobis kriteriumi 

wrfivi sistemebisaTvis ganvixiloT hilbertis 

dakvirvebadobis kriteriumi, romelic Txoulobs am 
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sistemis winaswar diagonalizacias. aseTi midgoma 

analogiuria marTvadobis adre moyvanili kriteriumis. 

ganvixiloT (5.97) sistema, romelic kanonikur saxeze 

dayvanis Sedegad Caiwereba Semdegi saxiT: 

                      uBΔxx
  ,                  (5,99) 

                    CVCxCy     , ,              (5.100) 

sadac V - sakuTrivi veqtorebis matricaa. 

sistema dakvirvebadia Tu 
C  matricis arc erTi 

sveti ar aris nulovani, anu Tu 
y -is formirebaSi 

monawileobs yvela  nixi ,,2,1    Tu  
C  matricis 

erTi mainc sveti nulovania, maSin sistema xdeba 

aradakvirvebadi.  

amis dasamtkiceblad ganvixiloT diagonaluri saxe-

ze dayvanili sistema sxvadasxva sakuTrivi mniSvnelo-

bebiT, romelic mocemulia diskretul formaSi: 

                    nkkkk ,,2,1,1    Guxx  ,       (5.101) 

                          kCxky  ,                  (5.102) 

sadac   –  nn  ganzomilebis diagonaluri matricaa 

gansxvavebuli elementebiT,  x  -  1 n  ganzomilebis 

mdgomareobis veqtoria, u  -  1 m  ganzomilebis Sesa-

vali veqtoria,   y  -  1 q  ganzomilebis gamosavali 

veqtoria, amasTan nq  .  

cxadia, rom Tu x  veqtoris yvela ix  komponenti 

Sedis    y -Si, maSin gazomadi z  skalaruli sidide 

SeiZleba ganisazRvros Semdegnairad: 

               qq
T ywywywCkz  2211yw .       (5.103) 

aq w -s sidides irCeven iseTnairad, rom CT
w -s yvela 

elementi ar iyos nulis toli. 
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Tu CavsvamT y -is gamosaxulebas (5,102)-dan (5.103)-Si,  

miviRebT: 

         
     

 .,,,

,

21

2211

n
T

nn
T

ddd

xdxdxdkkkz









Cwd

dxCxw
   (5.104) 

sadac yvela  nixi ,,2,1    CarTulia z -Si.   

imisaTvis rom ganvsazRvroT  kix  i -Tvis z  

sididis gazomvebis Sedegad, aucilebelia z  sididis 

gazomvis ganxorcieleba drois n  momentSi. Tu 

avRniSnavT am gazomvebs   rkkkjjz  ,,1,  ,  , sadac r  

mTeli ricxvia da 1 nr , maSin (5.101) da (5.104) 

gantolebebidan miviRebT  kix -Tvis n  damoukidebel 

gantolebas: 

        kkz dx ,                                     

            kkkkz dGuxddx  11 ,                

             1122 kkkkz dGuxddx   

                          12  kkk dGuGudxd  ,  (5.105) 

       

            


  




rkkrkrkz

r
r

Gudxddx

1

0

.   

SemovitanoT n  ganzomilebiani  kz  veqtori: 

                   Tnkzkzkzk 11  z .        (5.106) 

am aRniSvnis gaTvaliswinebiT (5.105) gantolebebi 

Caiwereba Semdgi saxiT: 

                      ikkk

r

i

i  




uPxz

1

0

 ,          (5.107) 

sadac P  ganisazRvreba (5.105)-dan da nn  ganzomile-

bis matrica: 
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





















1n



d

d

d

P


.                 (5.108) 

    igulisxmeba, rom (5.107) gantolebaSi SeiZleba  ik u  

veqtorebis gazomva da amitomac maTi yofna am 

gantolebaSi ar iwvevs aradakvirvebadobas. vinaidan,   

matrica diagonaluria sxvadasxva elementebiT, amitom 

(5.108)-Si striqonebi wrfivad damoukidebelia da     

arsebobs 1
P , maSasadame  kx  SeiZleba napovni iqnas 

(5.107) gantolebidan, Tu  kz  da  ik u  cnobilia. 

cxadia, rom Tu (5.104) gantoleba ar Seicavs x  

mdgomareobis veqtoris ix  komponentebs, maSin (5.103) 

gantolebaSi arc z  arc  ky  ar Seicavs araviTar 

informaciis am ix -is Sesaxeb da sistemis mdgomareobis 

gansazRvra  ky -is gazomvebis safuZvelze SeuZlebe-

lia. ukanasknel SemTxvevaSi d  warmoadgens veqtor-

striqons elementebis 1n  ricxviT (an elementebis 

ufro mcire ricxviT, Tu mdgomareobis veqtoris 

Semdgomi kompanentebi ar Sedis (5.104) gantolebaSi). 

maSasadame, P D matrica (5.107) gantolebaSi gadagvare-

bulia da ar SeiZleba misi Sebrunebuli matricis 

gansazRvra x -is miRebisaTvis gazomvebis safuZvelze. 

magaliTi 5.7. 

ganvixiloT sistema: 

,

,

Cxy

BuAxx




 

sadac  











3    4

2    1
A , 
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rogorc 5.5 magaliTSi, xolo  











4

3
B ,  1   1C . 

5.5 magaliTidan viciT, rom  











2    1-

1      1
V  

warmoadgens A  matricis sakuTrivi veqtorebisgan 

Sedgenil matricas. sistemis dakvirvebebis 

gansazRvrisaTvis gamoviTvaloT: 

   3   
2    1-

1      
1   0

1
1 










CVC . 

vinaidan 
C  matricis pirveli sveti nulis tolia, 

amitom sistema aradakvirvebadia. 

5.5.3 teA  eqsponentis daSlaze dafuZnebuli 

dakvirvebadobis kriteriumi 

es kriteriumi romelic dafuZnebulia mdgomareobis 
teA  gardamavali matricis polinomialur daSlaze, 

analogiuria aseT daSlaze damyarebuli marTvadobis 

kriteriumis. 

   ganvixiloT sistemis mdgomareobisa da gazomvebis 

uwyveti gantolebebi: 

                                               
,

,

Cxy

BuAxx




                                     

(5.109) 

Tu davuSvebT, rom Sesavali  tu  veqtoris gazomva 

SeiZleba, maSin SeiZleba iTqvas, rom  tu  veqtoris 

nulTan gatoleba ar moaxdens dakvirvebadobis 

kriteriumze gavlenas. amitom, SeiZleba Semdgomi 
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analizis gamartivebis mizniT, dauSvaT rom   0tu . 

maSin miviRebT: 

                          0
0 tet

ttA
xCy


 .               (5.110)                                                             

Tu gamoviyenebT Ate -Tvis (5.91) gamosaxulebas, maSin 

(5.110) gantoleba SeiZleba dayvanili iyos Semdeg 

saxeze: 

                  










1

0

00

1

0

00

n

i

i
i

n

i

i
i tttAtttt xCxCAy  .   (5.111) 

avRniSnoT  

               







 TnTTTTTT

CACACACL
12

,,,   ,            (5.112) 

da 

                   010201 ,, tttttt n     ,  Γ .      (5.113) 

maSin (5.111) gantoleba miiRebs Semdeg saxes: 

                          0tt T
xΓLy  .                 (5.114) 

unda aRiniSnos, rom i  da maSasadame Γ –s eqneba 

sxvadasxvaa mniSvneloba t  drois sxvadasxva momentSi 

erTi da igive 0t  dros. amrigad, (5.109) sistemis sruli 

dakvirvebisaTvis (anu y –is saSualebiT  0tx –is yvela 

elementis calsaxad gansazRvrisaTvis) moiTxoveba, 

rom L  matricis n  sveti iyos wrfivad damoukidebeli, 

anu L  matricas unda hqondes n -is toli rangi. 

Semdgom,  0tx  miRebisaTvis SeiZleba moTxovnili iyos, 

rom gazomvebi tardebodes t  drois sxvadasxva momen-

tSi. 

magaliTi 5.8 

ganvixiloT sistema, romelsac gaaCnia mdgomareobis 

ori cvladi da erTi gazomvadi cvladi, garda amisa 
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(5.112)-iT gansazRvruli L  matricis ori sveti wrfivad 

damokidebulia:  











22

11

3

3

ll

ll

   

   
L . 

am SemTxvevaSi (5.114) gantoleba iRebs Semdeg saxes: 

      


























2211

2211
10

2

1

21

21
10

3  x3

   x  
  ,

3  3

     
  ,

xll

xll

x

x

ll

ll
t y  

              2211122110 x3x xllxll   . 

vinaidan L  ar aris damokidebuli t -ze, 1x  da 2x -is 

calsaxa gansazRvra ar SeiZleba. gamosaval signalSi 

isini Cndeba 2211x xll   kombinaciis formiT, romlis 

gancalkeveba ver xerxdeba im SemTxvevaSic ki, rodesac 

SesaZlebelia gamosavali signalis gazomva t  drois 

nebismieri ricxvis sxvadasxva momentSi. 
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Tavi 6 

identifikacia kvazigawrfevebis meTodiT 

6.1. kvazigawrfevebis meTodiს Sesaxeb 

kvazigawrfevebis meTodi pirvelad Semoitanes 
belmanma da kalabam arawrfivi diferencialuri 
gantolebebis sasazRvro amocanebis gadawyvetisaTvis. 
es meTodi gamoiyeneba arawrfivi sistemebis parametre-
bis identifikaciisaTvis. 

kvazigawrfevebis meTodi Tavisi arsiT warmoadgens 
arawrfivi, ZiriTadad stacionaruli, mravalwertilo-
vani sasazRvro amocanis gardaqmnas wrfiv arastacio-
narul amocanad. igulisxmeba, rom identificirebadi 
parametrebi mudmivia. iseve, rogorc arawrfivi siste-
mebis identifikaciis sxva meTodebSi, am SemTxvevaSic 
cnobili unda iyos arawrfivobis tipi, aproqsimaciis 
saxiT mainc. SeiZleba gaTvaliswinebuli iyos paramet-
rebis arastacionaruloba, Tu isini icvleba nela 
identifikaciis proceduris krebadobis siCqaresTan 
SedarebiT. proceduris krebadoba iqneba sakmaod 
maRali, Tu sawyisi miaxloeba axlosaa Sesafasebeli 
parametrebis mniSvnelobebTan, romelTa identificire-
ba aris saWiro. meTodi Tavisi arsiT aris iteraciuli, 
is ar Txoulobs specialuri sacdeli zemoqmedebebis 
miwodebas da amitom gamoyenebadia drois realur 
maStabSi. 

vinaidan identifikaciis procedurebi kvazigawrfeve-
bis meTodiT ikribeba parametrebis WeSmariti mniSvne-
lobebisadmi mxolod maSin, rodesac parametrebis 
sidideebis sawyisi miaxloebebi moTavsebulia 
krebadobis aris SigniT, aRniSnuli procedurebisaTvis 
moiTxoveba gansazRvruli aprioruli informacia 
parametrebis cvlilebis diapazonis Sesaxeb. 
kvazigawrfevebis meTods gansakuTrebuli mniSvneloba 
aqvs im SemTxvevaSi, rodesac sistemis mdgomareobis 
sxvadasxva cvladebi ar SiZleba gazomili iyos 
erTdroulad gazomvis yvela momentSi. aseT 
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SemTxvevaSi sistemis aRwera mdgomareobis sivrceSi 
TavisTavad warmoadgens mravalwertilovan amocanas, 
romlisTvisac kvazigawrfevebis meTodis gamoyeneba 
bunebrivia. kvazigawrfevebis meTodi Tavisi arsiT 
warmoadgens identifikaciis meTods, romelic dafuZ-
nebulia gazomvebis fiqsirebul ricxvze da ara 
gazomvebis Tanmimdevrul zrdaze. im SemTxvevaSi, 
rodesac adgili aqvs zogierTi mdgomareobis cvladis 
gazomvebis sakmariss ricxvs, xolo sxva mdgomareobis 
gazomvebi ar tardeba, kvazigawrfevebis meTodma 
SeiZleba mogvces aseTi aradakvirvebadi mdgomareobis 
cvladebisa da parametrebis erTdrouli Sefasebebi.             

6.2. uwyveti arawrfivi sistemebis identifikacia 

kvazigawrfevebis meTodiT 

ganvixiloT arawrfivi sistema, romelic aRiwereba 
gantolebiT: 

                         puxfx ,, ,                   (6.1) 

sadac f  - arawrfivi funqciaa. 
(6.1) gantolebaSi j -uri striqoni SeiZleba Caiweros 

Semdegnairad: 

                        pux ,,jj fx  ,                  (6.2) 

sadac x  - n  ganzomilebiani mdgomareobis veqtoria, u  
- m  ganzomilebiani Sesavali zemoqmedebebis veqtoria, 
p  - r  ganzomilebiani parametrebis veqtoria  

p  veqtoris komponentebi ucnobia da isini unda 

iyos identificirebuli. u  izomeba, xolo jf  

funqciebis saxe cnobilia yoveli j -Tvis. gantolebaTa 

(6.1) sistema eqvemdebareba )( rn   sasazRvro pirobebs, 

romlebic mocemulia )( rn   gazomili funqciebiT 

)( ij tx  sxvadasxva jx  mdgomareobisaTvis drois 

sxvadasxva it  momentebisaTvis. 

aseTi situaciis magaliTs iZleva sistema: 
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                        tbuaxx  3 ,                  (6.3) 

sadac a  da b  ucnobi parametrebia, romelTa 
identifikacia moiTxoveba, xolo x  da u  - 
mdgomareobisa da marTvis cvladebia. 

igulisxmeba, rom p  veqtoris komponentebi mudmivia, 

amitom (6.1) gantoleba SeiZleba SevavsoT mdgomareobis 
Semdegi gantolebiT: 

                           0p .                      (6.4) 

Tu gavaerTianebT (6.1) da (6.4) gantolebebs, miviRebT 

                          uzz , ,                    (6.5) 

sadac  

                    Trn ppxx ,,,,, 11 z .              (6.6) 

Tu (6.5)-is teiloris mwkrivad daSlaSi gaviTvalis-
winebT mxolod pirveli rigis wevrebs, miviRebT 

)1(  -ur Sefasebas  -uri Sefasebidan Semdegi saxiT:   

               





 zz

z
z ˆˆˆˆˆ

111 



  ,          (6.7) 

 
sadac  

                        TT 0,,0, f .                 (6.8) 

aq f -s aqvs ieTive azri, rogorc (6.2) gantolebaSi, 
amasTan nulebis ricxvi (8.6) gantolebaSi r -is da  

                       


 

zz
zz









 ˆˆ
.                 (6.9) 

unda aRiniSnos, rom (6.7) gantoleba – wrfivia  

1ˆ z -s mimarT. amitom is SeiZleba warmodgenili iyos 

Semdegi saxiT: 

                        VzA 1
ˆˆˆˆ 1   ttz ,             (6.10) 

sadac 
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                  





 zAz

z
V ˆˆˆ

ˆ

ˆ
ˆˆ 




 ,            (6.11a) 

                        
z

A





̂
ˆ .                    (6.11b)   

(6.10) gantolebas aqvs sruli amonaxsni: 

                      tttttz 11 qz     ˆˆ,ˆˆ 001 ,          (6.12)  

sadac   - (6.10) gantolebis zogadi amonaxsnia, 

romelic ganisazRvreba gamosaxulebiT: 

                      0101 ,ˆ
ˆ

,ˆ tttt 



 


 




z
 ,           (6.13) 

                    rnEtt  ,,2,1  ,,ˆ
00  ,        (6.14) 

xolo  t1q 
ˆ  - (6.10) gantolebis kerZo amonaxsnia, 

romelic akmayofilebs gantolebas: 

              
 

 
 

 t
t

t
t

tt
1q1 z

z
z

z
zq









 








 ˆ

ˆˆ
,ˆˆˆ , (6.15) 

Semdegi pirobisas; 

                          0ˆ
0  t1q .                   (6.16) 

sawyisi pirobebis veqtori  t1z ˆ   -Tvis (6,12) 

gantolebaSi miiReba iseTnairad, rom akmayofilebs 
mravalwertilovan sasazRvro pirobas, romlebic 

mocemulia rn   sidideebiT an funqciebiT  ij tx , 

romelTa gazomva SesaZlebelia da isini iqneba jx  

mdgomareobis rn   gazomvebi it  drois momentebSi. 

aqedan gamomdinare (6.12) gantolebisaTvis miviRebT: 

                    ijjij tqttttx 1,001,
ˆ,ˆ

   1z ,        (6.17) 

sadac 1,
ˆ

 j  - 1
ˆ

 -is j -uri striqonia, xolo  ij tx  - 

mdgomareobis j -uri cvladia itt   momentSi. vinaidan 

rn   sasazRvro pirobebi iZleva (6.17) saxis rn   

gantolebas rn   raodenobis  ij tx -Tvis, amitom iqneba 

rn   wrfivi gantoleba  0
ˆ t1z  -Tvis, rac iZleva 
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 0
ˆ t1z  -Tvis rn   komponentis miRebis saSualebas. im 

SemTxvevaSi, rodesac sasazRvro pirobebs edeboda 
xmauri, SesaZlebelia mizanSewonili iyos rn  -ze meti 
raodenobis sasazRvro mniSvnelobebis arseboba. 

maSasadame, SeiZleba ganvsazRvroT  0
ˆ t1z  -is rn   

komponenti, (6.17) gantolebis parametrebis mimarT 
wrfivi regresiis gamoyenebiT xmauris zegavlenis 
Semcirebis mizniT sasazRvro mniSvnelobebis 
ukanasknel jgufSi rnv  . (6.17) gantolebidan 
gamomdinareobs, rom unda miRebuli iyos raime sawyisi 

Sefaseba  00
ˆ tx . es Sefaseba gamoiyeneba sawyis Sefaseba 

p̂ -Tan erTad, imisaTvis rom miRebuli iyos (6.1) 

gantolebis amonaxsnis sawyisi Sefaseba drois 

mixedviT 0t  momentidan bolo 1t  momentamde (6.17) 

gantolebaSi. es amonaxsni droiT areSi ismeba (6.12) 
gantolebaSi   da p -s sawyisi Sefasebebis misaRebad 

(6.17) gantolebaSi.  0tx  da p  sidideebis Semdgomi 

Sefasebebis misaRebad  ,2,1  0t  momentidan bolo 

1t  momentamde x -is Sefaseba meordeba zeviT aRwerili 

Tanmimdevrobis mixedviT. amasTan dakavSirebiT, 
kvazigawrfevebis meTodiT identifikaciisas gamoTvli-
Ti danaxarjebi mniSvnelovania da meTodis gamoyeneba 
izRudeba ZiriTadad im SemTxvevebiT, rodesac 
SesaZlebelia mxolod zogierTi cvladis gazomva 
drois sxvadasxva momentSi. 

p  parametrebis veqtoris gansazRvris moyvanili 

procedura kvazigawrfevebis meTodiT SeiZleba damate-
biT axsnili iyos Semdegi magaliTis ganxilviT.   

magaliTi. 6.1.  
ganvixiloT procesi, romelic aRiwereba (6.3) saxis 

gantolebiT, rodesac u  cvladi SeiZleba gaizomos, a  

da b  ucnobi parametrebi unda iyos identificirebu-
li.  

SevadginoT z  veqtori (6.6)-is Tanaxmad: 

                         Tbax ,,z .                   (6.18) 
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(6.3) gantolebaSi z  veqtoris  1  rigis Sefaseba 

(6.7) da (6.8) gantolebebis Tanaxmad iRebs saxes: 

  

















 





 

0

0ˆˆˆˆˆ

3

111

buax

zz
z

z 





  

























































bb

aa

xxuxax

ˆˆ

ˆˆ

ˆˆ

0    0        0

0    0        0

    3

1

1

1
33

. 

Tu gaviTvaliswinebT aRniSvnebs (6.1) da (6.10)-dan, 
miviRebT: 

    

















 













































0

0

ˆ

ˆ

ˆ

0    0        0

0    0        0

    3

ˆˆˆˆ

3

1

33

1

buax

b

a

xuxax

ttz



 VzA 1  








































b

a

xuxax

ˆ

ˆ

ˆ

0    0        0

0    0        0

    3 33

. 

(6.13) gantolebidan gamomdinareobs: 

          
     

 011

32

011
ˆ

0         0             0

0         0             0

   tˆ   tˆˆ3

ˆ tt

tuxxa

tt 



















  



  ,    (6.19) 

sadac 

   ,2,1   ,1,ˆ
00   tt . 

sawyisi mdgomareobis veqtori  0
ˆ tz  (6.12) gantoleba-

Si miiReba apriorulad mocemuli sasazRvro mniSvne-

lobebidan        4321   ,  ,  , txtxtxtx  (6.17) gantolebis daxma-

rebiT Semdegnairad (imis gaTvaliswinebiT, rom 
sasazRvro mniSvnelobebis gansaxilveli ricxvi metia 
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minimalur ricxvze 3, romelic saWiroa samganzomile-
bian z  veqtorisaTvis):  

         

       

   

       

       .ˆ,ˆ

,ˆ,ˆ

,ˆ,ˆ          

ˆ,ˆˆ,ˆ

41,10041,114

21,10021,112

11,101113

011,120011,111

ttxtttx

ttxtttx

tbtt

atttxtttx

































q

q

q

1

1

1

11





     (6.20) 

1,1
ˆ

 j  parametrebi damokidebulia warmoebulebze 


 z ˆ  (6.13) da (6.19) gantolebebis Sesabamisad da 

amrigad ar aris damokidebuli  01
ˆ tx  -ze. analogiurad 

 it1q 
ˆ  gamoiTvleba (6.15) gantolebidan ̂ , 


 z ˆ  da 

ẑ saSualebiT (6.16) pirobebis gaTvaliswinebiT da 

aseve ar aris damokidebuli  01
ˆ tx  -ze. amrigad, 

 01
ˆ tx  , 1

ˆ
a , 1

ˆ
b -is gamoTvla regresiis saSualebiT 

(6.20) gantolebebidan xorcieldeba im varaudiT, rom 

 0  ,  , txba  sidideebis sawyisi miaxloebebi cnobilia. 

(6.20) gantolebebidan sami ucnobis uSualo 
(araregresiuli) gamoTvla SesaZlebeliaim SemTxvevaSi, 
rodesac gvaqvs x -is sami sasazRvro mniSvneloba, 
xolo gazomvebi ar Seicavs xmaurs.   

6.3. diskretuli sistemebis identifikacia 

kvazigawrfevebis meTodiT 

diskretuli sistemebis identifikaciis procedurebi 
SeiZleba uSualod gansazRvruli iyos uwyveti 
sistemebis identifikaciis procedurebidan. 

ganvixiloT diskretuli sistema, romelic aRiwere-
ba gantolebiT: 

                       tkTkkk     ,,,1 puxgx ,          (6.21) 
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sadac ,,2,1 k , x  - mdgomareobis n ganzomilebiani 

veqtoria, u  - Sesavali m ganzomilebiani veqtoria, 
xolo p  - parametrebis  r ganzomilebiani veqtoria.  

igulisxmeba, rom (6.21) gantolebaTa sistema 

akmayofilebs  rn   sasazRvro pirobebs, romlebic 

warmoadgenen skalarul gazomad  ix j  funqciebs, 

sadac  ix j  aRniSnavs x  veqtoris j -ur komponents i -

ur intervalSi.  
uwyveti SemTxvevis analogiurad ganvsazRvroT 

 rn   ganzomilebiani z  veqtori: 

                         









p

x
z ,                     (6.22) 

sadac  

                          kk pp 1 .                  (6.23) 

(6.21) gantolebidan gamomdinareobs, rom 

                          kkkk ,,1 zzz  ,             (6.24) 

da stacionaruli sistemebisaTvis gvaqvs: 

                     
      

  









k

kkk

p

puxg ,,
 .             (6.25) 

uwyveti SemTxvevis analogiurad gamoviyenoT 
teiloris mwkrivad daSla (6.24) gantolebisaTvis z  

veqtoris  1  Sefasebas 1
ˆ

z  da amave veqtoris   

Sefasebas ẑ  Soris Semdegi Tanafardobis misaRebad: 

                   kkkkkk 






 zz

z
zzz ˆˆ

ˆ
,,ˆˆ1ˆ

11 

















  . (6.26) 

(6.25) gantoleba SeiZleba gadaiweros 1
ˆ

z -Tvis 

wrfivi gantolebis saxiT cvladi koeficientebiT: 

                     kkkk wzBz ˆ1ˆˆ1ˆ
11    ,          (6.27) 

sadac  
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                       






















z
B

ˆ
ˆ k ,                  (6.28a) 

                       kkkkk 




 z

z
zzw ˆ

ˆ
,,ˆˆˆ


















 .       (6.28b) 

(6.26) gantolebis amonaxsns, uwyveti SemTxvevis 
analogiurad, aqvs Semdegi saxe: 

                      khhkk 111
ˆˆ,ˆˆ

    qzz ,         (6.29) 

sadac 

                      hkhkkhk     ,,ˆˆ,ˆ
1   A ,         (6.30) 

                             Ehh ,̂ ,                 (6.31) 

xolo  kq̂  - (6.26) gantolebis kerZo amonaxsnia Semdegi 

formiT: 

                        kkkk wqBq ˆˆˆ1ˆ
11            (6.32) 

sawyisi pirobisas: 

                             00ˆ
1 q .                (6.33) 

aq sawyisi 1
ˆ

z  veqtoris  rn   komponentebi unda 

akmayofilebdes  ix j -is  rn   sasazRvro pirobebs. 

imisaTvis, rom uzrunvelyofili iyos amonaxsnis 
erTaderToba, rodesac gazomvebze dadebulia xmauri, 
aucilebelia rnv   sasazRvro pirobis Semotana. es 

pirobebi qmnis wrfiv regresiul Tanafardobas  01z  

veqtoris  rn   komponentis misaRebad (iseve rogorc 

uwyvet SemTxvevaSi).   

identifikaciis proceduris SesrulebisaTvis auci-

lebelia p  da  0x  veqtorebis sawyisi Sefasebebis 0p̂  

da  0x̂  arseboba. sawyisi Sefasebebi rac SeiZleba 

axlos unda iyos realur mniSvnelobebTan, vinaidan 
krebadoba yovelTvis ar aris garantirebuli da is 
damokidebulia sawyis Sefasebebze. uwyveti SemTxvevis 
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analogiurad, sawyisi Sefasebebis mniSvnelobebis 
roli xdeba umniSvnelo, rodesac gazomvebis ricxvi 
sakmaod didia.    
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Tavi 7 

wrfivi arastacionaruli dinamikuri 

sistemebis identifikacia  

7.1. arastacionaruli sistemebis identifikaciis 

Taviseburebebi 

sistemebi xasiaTdebian SesasvlelebiT da gamosas-
vlelebiT da amave dros mmarTveli cvladebi 
dakavSirebuli arian SesasvlelebTan, xolo cvladebi, 
romlebic axasiaTeben procesis mimdinareobas siste-
maSi, dakavSirebuli arian gamosasvlelebTan. imisaT-
vis, rom ganisazRvros marTva, romelic saWiroa 
miewodos sistemas marTvis miznebidan gamomdinare, 
aucilebelia rom SesaZlebeli iyos winaswarmetyve-
leba sistemis reaqciebis Sesaxeb SesaZlo mmarTveli 
zemoqmedebebis raime simravleze. aseTi winaswarmetyve-
leba SeiZleba miRebuli iqnas Sesasvlelebze adre 
miwodebul zemoqmedebebze sistemis reaqciebis mixed-
viT an sistemis maTematikuri modelis gamoyenebiT. 

maTematikuri modeli warmoadgens realuri sistemis 
kvlevisaTvis mniSvnelovani Tvisebebis raodenobriv 
aRweras. modeli Sedgeba maTematikuri obieqtebisagan 
(ricxvebi, veqtorebi da a. S.), romlebic asaxaven 
sistemaSi procesis mimdinareobis maCveneblebs da 
sistemaze moqmed zemoqmedebebs, da maTematikur 
obieqtebs Soris mimarTebisagan, romelic aRiwereba 
maTematikuri operaciebis saSualebiT. modelma unda 
asaxos kvlevisaTvis saWiro yvela arsebiTi faqtori 
da ar unda Seicavdes araarsebiT da kvlevis saboloo 
Sedegis miRebisaTvis gamarTulebel da naklebad 
momqmed faqtorebs. erTi da igive faqtori SeiZleba 
iyos arsebiTi erTi amocanisaTvis da ararsebiTi sxva 
amocanisaTvis, ris gamoc erTi da igive realuri 
sistemisaTvis SeiZleba gamoyenebuli iqnas sxvadasxva 
saxis maTematikuri modeli kvlevis moTxovnebis 
miznebisagan damokidebulebiT. praqtikuli 
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mosazrebidan gamomdinare unda gamoyenebuli iqnas rac 
SeiZleba martivi saxis modelebi. 

Tanamedrove pirobebSi marTvis Teoria iyenebs 
maTematikuri modelebis farTo wres, kerZod iseTebs, 
rogoricaa algebruli, diferencialuri, integraluri, 
sxvaobiTi da sxva. 

sistemis dinamikis kvlevis dros, misi maTematikuri 
modeli warmoidgineba diferencialuri gantolebaTa 
sistemis saxiT. maTematikuri modelis struqtura 
umetes SemTxvevaSi ganisazRvreba fizikuri mosazrebe-
bidan gamomdinare. xdeba sakvlevi sistemis da im 
garemos Rrma Seswavla, romelSic uxdeba sistemas 
funqcionireba. sistemaSi mimdinare procesebis 
ZiriTadi fizikuri kanonebidan gamomdinareoben 
garkveuli Tanafardobebi gansaxilvel cvladebs 
Soris, romlebic dakavSirebulni arian sistemis 
SesasvlelebTan da gamosasvlelebTan. es Tanafardo-
bebi rogorc wesi warmoidginebian arawrfivi 
kerZowarmoebuliani diferencialuri gantolebebis 
saxiT. Semdeg xdeba am gantolebebis gawrfiveba, ris 
Sedegad miiRebian wrfivi kerZowarmoebuliani 
diferencialuri gantolebebi, romelTa reduqciis 
Sedegad miiRebian sabolood Cveulebrivi diferen-
cialuri gantolebebi. es gantolebebi zogad SemTxve-
vaSi arian cvladkoeficientebiani da arawrfivi. 

avtomaturi marTvis praqtikaSi zogierT SemTxvevaSi 
SesaZlebelia sistemis funqcionirebis garkveul 
SezRudul SualedSi sistemis maTematikuri modelis 
warmodgena wrfivi diferencialuri gantolebebis 
saxiT. wrfivi sistemebis identifikaciis amocanebis 
gadawyvetis warmateba ZiriTadad dakavSirebulia 
sistemebTan, romlebic aRiwerebian mudmivkoeficiente-
biani wrfivi diferencialuri gantolebebiT, rac 
SeiZleba aixsnas aseTi gantolebebis gamokvlevis 
srulyofili maTematikuri aparatis arsebobiT. 

avtomaturi marTvis sxvadasxva sferoSi gamoiyeneba 
iseTi wrfivi sistemebi, romlebic xasiaTdebian imiT, 
rom maT gaaCniaT cvladi parametrebi da maTi aRwera 
mudmivkoeficientebiani diferencialuri gantolebebiT 
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ar iZleva damakmayofilebel Sedegebs. Cvladparametre-
biani wrfivi marTvis sistemebis anu wrfivi 
arastacionaruli sistemebis maTematikuri modelebi 
warmoidgineba cvladkoeficientebiani wrfivi araer-
Tgvarovani Cveulebrivi diferencialuri gantole-
bebiT. 

arastacionaruli sistemebis identifikaciis 
amocanebis gadawyveta garTulebulia im maTematikuri 
siZneleebiT, romlebic gvxdebian cvladkoefician-
tebiani diferencialuri gantolebebis amoxsnis dros. 
kerZod, araerTgvarovani gantolebebis amoxsnis dros 
saWiroa maTi Sesabamisi erTgvarovani gantolebebis 
amonaxsnTa fundamenturi sistemis codna, rac 
realuri sistemebisaTvis umetes SemTxvevaSi ar aris 
SesaZlebeli.  

wrfivi arastacionaruli sistemebis identifikaciis 
amocanisadmi miZRvnilia samuSaoTa didi raodenoba, 
romlebSic es amocana gamokvleulia sxvadasxva 
midgomaze da meTodze dayrdnobiT. wrfivi sistemebis 
identifikaciis arsebuli meTodebi ZiriTadad iyofa 
or nawilad – aproqsimaciis da pirdapiri meTodebi. 
sxva meTodebidan aRsaniSnavia beiesis, garantirebuli 
Sefasebis, neironuli badis da genetikuri 
identifikaciis meTodebi. aproqsimaciis meTodebi 
gulisxmoben ucnobi parametrebis daSlas 
orTogonaluri polinomebiT da sxva bazisuri 
funqciebis saSualebiT. pirdapir meTodebSi 
parametrebis Sefaseba xorcieldeba maTi daSlis 
gareSe. orive saxis meTodebSi parametrebis Sefasebis 
ZiriTad instruments warmoadgenen rekurentuli 
umciresi kvadratebis meTodi, kalmanis filtri da 
maTi modifikaciebi, aseve determinirebuli da 
stohasturi optimizaciis rekurentuli procedurebi. 
rac Seexeba Sebrunebuli amocanebis Teorias, misi 
bevri, rogorc Teoriuli ise gamoTvliTi, Sedegis 
gamoyeneba Tanamedrove pirobebSi ar xerxdeba 
sistemebis identifikaciisaTvis, Tumca aRniSnuli am 
sferoSi miRebuli gamocdileba saTanado 
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interpretaciiT SeiZleba iyos sasargeblo 
identifikaciis progresisaTvis. 

mocemuli samuSaos es Tavi eZRvneba uwyveti wrfivi 
arastacionaruli dinamikuri sistemebis parametruli 
identifikaciis amocanis gamokvlevas. amasTan 
igulisxmeba, rom cnobilia sistemis modelis 
struqtura, anu sistemis aRmweri diferencialuri 
gantolebis forma. aseT SemTxvevaSi sistemis 
identifikaciis amocana mdgomareobs gantolebaSi 
Semavali koeficientebis gansazRvraSi.  

ganixileba arastacionaruli wrfivi dinamikuri 
sistemebis identifikaciis meTodi, romelic 
warmoadgens stacionaruli sistemebis sinusoidalur 
signalze reaqciis meTodis modificirebas arasta-
cionaruli sistemebisaTvis. arsebiTad, ganxiluli 
meTodi mdgomareobs sistemis testuri signalebiT 
SeSfoTebaSi da sistemis reaqciidan aucilebeli 
informaciis amoRebaSi sistemebis identifikaciis 
amocanis gadsawyvetad. 

ZiriTadi yuradReba eTmoba arastacionaruli 
wrfivi dinamikuri sistemebis parametruli 
identifikaciis amocanis ganxilvas, rodesac es 
amocana ismeba, rogorc Cveulebrivi wrfivi 
cvladkoeficientebiani diferencialuri gantolebis 
amoxsnis garkveuli azriT Sebrunebuli amocana, 
sistemis Sesaval da gamosaval cvladebze da 
parametrebze garkveuli SezRudvebis dros.  

am TavSi gamoyenebulia Semdegi aRniSvnebi: R  - 

namdvil ricxvTa simravlea.    RbabaI  ,,     - Caketili 

Sualedia.  RIC ,  - uwyveti RIx :  funqciaTa 

simravlea.  RICk ,  - k -jer uwyvetad warmoebadi 

funqciaTa simravlea. 
nnR 

 - n  ganzomilebiani namdvili 

kvadratuli matricTa simravlea.  nRIC ,  - n 

ganzomilebiani veqtorul funqciaTa simravlea, 

romelTa komponentebi uwyveti  funqciebia.  nk RIC ,  - n 

ganzomilebiani veqtorul funqciaTa simravlea, 

romelTa komponentebi k  - jer uwyvetad warmoebadi 
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funqciebia.  nnRIC ,  - yvela uwyvet A  matricTa 

simravlea, sadac nnRI :A ,  RICaik , .  nnk RIC ,  - k -

jer uwyvetad warmoebadi matricTa simravlea. Tu 

gvaqvs veqtori     n
ii txt

1
x , maSin    

n

i

b

a

i

b

a

dttxdtt

1














 x , 

    n
ii txt

1
 x , Tu gvaqvs matrica     n

kiik txt
1, 

X , maSin 

   

n

ki

b

a

ik

b

a

dttxdtt

1, 














 X ,     n

kiik txt
1, 

 
.

X .  t1
X  - iT aRniSnu-

lia  tX  matricis Sebrunebuli matrica.               

7.2. arastacionaruli sistemebis maTematikuri 

modelebi 

wrfivi arastacionaruli sistemebi aRiwereba 
wrfivi diferencialuri gantolebebiT. maTi 
aRwerisaTvis diferencialuri gantolebebis garda 
SeiZleba gamoyenebuli iqnas gadacemis funqciebi, 
gardamavali da impulsuri gardamavali (woniTi) 
funqciebi, sixSiruli  funqciebi da maTi maxasiaTeb-
lebi. garda amisa arastacionaruli sistemebis 
grafikuli warmodgenisaTvis SeiZleba gamoyenebuli 
iqnas struqturuli sqemebi da grafebi. Tumca unda 
aRiniSnos, rom meTodebi, romlebic damyarebulia 
grafikul warmodgenebze ar aris iseTi efeqturi 
rogorc stacionaruli sistemebis SemTxvevaSi, 
vinaidan stacionaruli sistemebis kvlevisas miRebuli 
struqturuli sqemebis da grafebis gardaqmnis wesebi 
arastacionaruli sistemebis SemTxvevaSi ar arian 
samarTliani.  

erTganzomilebian arastacionarul sistemas zogad 
SemTxvevaSi aRweren Semdegi saxis diferencialuri 
gantolebiT:   
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erTganzomilebian arastacionarul sistemas zogad 
SemTxvevaSi aRweren Semdegi saxis diferencialuri 
gantolebiT: 

                    tutbtytatytatyta m
n

nn
0

1
10   

                      tutbtutb m
m   1

1 ,                (7.1) 

sadac u(t) sistemis Sesavali, xolo y(t) sistemis 
gamosavali cvladebia. 

cxadia, rom (7.1) gantoleba SeiZleba amoixsnas y(t) 
cvladis umaRlesi warmoebulis mimarT. amis gamo 
erTganzomilebiani arastacionaruli modelis rolSi 
ganixilaven Semdegi normaluri saxis n -uri rigis 
wrfivi diferencialuri gantolebebs: 

               ),()()()(

1

)1()( tutxtatx

n

i

i
i

n 


        (7.2) 

da 

                       






 

m

j

j
j

n

i

i
i

n tutbtxtatx

1

1

1

1 ,           (7.3)         

sadac    nitai ,...,2,1   da    mjtbj ,...,2,1   koeficientebi 

namdvili cvladis funqciebia:  niRIai ,...,2,1:    , 

 mjRIb j ,...,2,1:   .  tu  da x(t) gansazRvrulia aseve I  

SualedSi .: RIu    
mravalganzomilebiani arastacionaruli sistemebis 

maTematikur modelebs warmoadgenen sxvadasxva 

formiT. 

vTqvaT      tututu n  ,...,, 21  sistemis Sesavali cvladebia, 

xolo      txtxtx n  ,...,, 21  ki mdgomareobis cvladebi. maT 

Soris kavSiri aRiwereba Semdegi normaluri saxis 
diferencialuri gantolebaTa sistemiT     

         ),...,2,1()()()(

1

nitutxta
dt

dx
i

n

k

kik
i 



,        (7.4) 
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sadac ika  da iu    funqciebi gansazRvruli arian I  

SualedSi : RIaik :  da .: RIui   

CavweroT (7.4) sistema matriculi saxiT. amisaTvis 
Semogvaqvs Semdegi aRniSvnebi: 

                                           

 
 

 

,
2

1

1
























tu

tu

tu

tut

n

n

ii


u                              (7.5) 

                                            

 
 

 

,
2

1

1
























tx

tx

tx

txt

n

n

it


x                             (7.6) 

                          

     
     

     

.

.

....

.

.

21

22221

11211

1,
























tatata

tatata

tatata

tat

nnnn

n

n

n

kiikA           (7.7) 

 (7.5), (7.6), (7.7) aRniSvnebSi (7.4) sistema Caiwereba 
Semdegi matriculi diferencialuri gantolebis 
saxiT: 

                                              .uxAx  t                                     (7.8) 

ganixilaven aseve Semdegi saxis maTematikuri 
models: 

                                               .uBxAx tt                                 (7.9)                      

(7.8) da (7.9) gantolebebSi nRI :x x,   da nRI :u  

veqtoruli funqciebia, nnRI :A  sistemis matricia, 

xolo nnRI :B  - Sesavali matricia. 
im SemTxvevaSi, rodesac mdgomareobis cvladebze 

uSualo dakvirveba ver xerxdeba, ganixiliven aseve 
Semdegi saxis models: 
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   

,

,

DuCxy

uBxAx



 tt
                                  (7.10) 

sadac C  da D  - gamosavali matricebia, Sesabamisad 
mdgomareobisa da Sesavali veqtorebis mimarT mimarT. 

7.3. arastacionaruli wrfivi sistemebis 

identifikacia  sinusoidalur signalze reaqciis 

saSualebiT 

wrfivi stacionaluri obieqtebis identifikaciis 
erT-erTi yvelaze ioli meTodi  aris reaqciis gazomva 
sinusoidalur Sesaval zemoqmedebaze. Tu wrfivi 
stacionaluri obieqti, gadacemis funqciiT, aRigzneba 
Sesavali signaliT tA sin , maSin gamosavali signali 

miiReba  formiT:      tAR sin . aq  R - gamosavali 

sinusoidaluri signalis amplitudis fardobaa  
Sesavali signalis amplitudasTan   sixSirisas, da   

   - fazuri wanacvlebaa Sesavalsa da gamosavals 

Soris. advili saCvenebelia, rom    da  R   

dakavSirebulia   sH -Tan TanafardobebiT: 

                         



js

sHR


 ,                (7.11) 

                         



js

sH


 arg .              (7.12)                                             

amitom, sinusoidalur signalze reaqciis, zustad 

rom vTqvaT   -is da  R -is, gazomvisas   -s rigi 

mniSvnelobebisTvis,  xerxdeba miviRoT gadacemis 
funqciis amplitudisa da fazebis grafikebi (e.w. bodes 
grafikebi). am grafikebis arseboba sakmarisia 
ramodenime miznisTvis, magaliTad mdgradobisa da 
kompensaciis gamosakvlevad. gadacemis funqciis 
analitikuri gamosaxulebis miRebis aucileblobis 
SemTxvevaSi, SeiZleba gamoviyenoT eqsperimentaluri 
wiris uban-uban wrfivi aproqsimacia. xSirad gadacemis 
funqciis formis gansazRvra xerxdeba obieqtis 
Taviseburebebis Sesaxeb saerTo warmodgenebidan. 
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amasTan xsenebuli meTodis saSualebiT advilad 
SeiZleba vipovoT misi parametrebi.  

sinusoidalur signalze reaqciis meTodi SeiZleba 
gavavrceloT wrfiv arastacionalur sistemebze, 
amasTan is sagrZnoblad rTuli proceduris saxes 
iRebs zemoT ganxilulTan SedarebiT. Sesabamisi 
algoriTmis SesamuSaveblad aucilebelia ganvixiloT 
„transformaciuli“ meTodi wrfivi arastacionaluri 
obieqtebisaTvis. laplasis ormxrivi gardaqmna 
obieqtis gardamavali matricidan, romelic aRwereba 
wrfiv diferencialur gantolebTa sistemiT mudmivi 
koeficientiT, gamoisaxeba ase   

                                1



  AEφφ sdtets ts  .                 (7.13) 

wrfivi stacionaluri obieqtebis fundamentaluri 
Tviseba mdgomareobs imaSi, rom maTi gardamavali 
matrica damokidebulia mxolod „sistemis asakze“ 

 t . arastacionaluri obieqtebisaTvis es arasworia, 

radgan gardamavali matrica Cawerili unda iyos 
zogad formaSi. wina tolobis analogiurad SeiZleba 
ganvsazRvroT Semdegi gardaqmna: 

                                       detjt tj 


 ,, φφ .                       (7.14) 

integrirebis zeda zRvari SeiZleba SevcvaloT t -
Ti, radgan 

                     0φ ,t  როცა t .              (7.15) 

mosaxerxebelia ganvsazRvroT      ttt uBr   veqtori, 

romelic warmoadgens ganxiluli sistemis  

         tttt uBtxAx   

Tavisufal cvladebs. 
SeiZleba vaCvenoT, mdgomareobis veqtorisTvis 

samarTliania gamosaxuleba 

                                   


 dejjtt tj






 Rφx ,
2

1
,        (7.16)                               
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romelic aris stacionaluri sistemebisTvis cnobili 
matriculi Tanafardobis ganzogadeba. 

sistemis gardamavali  jt,φ  matricis mniSvnelovan 

Tvisebas warmoadgens is, rom is akmayofilebs wrfiv 
diferencialur gantolebas, romlis amoxsna ufro 
iolia, vidre integraluri gantolebisa sistemis 
gadacemis funqciisaTvis. garda amisa, igi saSualebas 
gvaZlevs SevimuSavoT perspeqtiuli midgoma arasta-
cionaluri wrfivi obieqtebis identifikaciis 
amocanebis gadasawyvetad. SeiZleba vaCvenoT, rom es 
matrica unda akmayofilebdes wrfiv matricul 
diferencialur gantolebas  

                                        EφAφ 



 jttIjjt

t
,, ,            (2.17) 

sadac j  ganixileba rogorc fiqsirebuli parametri.  

bolo utoloba warmoadgens interpretacias droze 
damokidebuli sixSiruli gardaqmnebisTvis zades 
mdgomareobaTa gantolebis terminebSi. stacionaluri 
sistemisTvis 

                                                0, 



jt

t
φ                                      (7.18) 

da rogorc zeviT iyo miTiTebuli 

                                               1
,


 AEφ  jjt .                         (7.19) 

axla moviyvanoT arastacionaluri wrfivi sisteme-
bis identifikaciis sqema, dafuZnebuli  zades droze 
damokidebul am gardaqmnaze. visargebloT im faqtiT, 
rom es gardaqmna akmayofilebs Cveulebriv diferen-
cialur gantolebas, romelic mWidrodaa dakavSire-
buli gantolebasTan, romelic gansazRvravs fizikuri 
sistemis dinamikas. Tu ganxiluli gardaqmna SesaZle-
belia rom SevcvaloT, is SeiZleba CavsvaT am 
gantolebaSi da ganvsazRvroT misi koeficientebi. am 
koeficientebze algebruli operaciebis saSualebiT 
SeiZleba miviRoT diferencialuri gantolebis 
maxasiaTebeli matrica, romelic aRwers ucnob 
sistemas. am proceduris perioduli ganmeoreba 
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saSualebas gvaZlevs gamovsaxoT sistemaSi mimdinare  
cvlilebebi drois mixedviT. 

amocanis maTematikuri formulirebisTvis 
ganvixiloT sistema erTi SesavaliT, gansazRvruli 
gantolebebiT: 

                                              uBxAx tt  ,                                  (7.20) 

                                      DuCx z .                                         (7.21) 

aq x  - mdgomareobis n ganzomilebis veqtoria, xolo 

z  - skalaruli gamosavali, gansazRvruli (7.21) 

gantolebiT cnobili C da D matricebis saSualebiT. 

igulisxmeba, rom sul mcire x  veqtoris pirveli 1x    

komponenti SeiZleba ganisazRvros erTdroulad z -ze 

dakvirvebisas. m ganzomilebis u  Sesavali veqtori 
miiReba u  skalaruli Sesavalidan Semdegi gantolebis 
Sesabamisad: 

                     uppuu mT 1,...,, u ,               (7.22) 

 romelSic p -Ti aRniSnulia operatori dtd / . matrica   

da  tA  da  tB  srulad cnobili araa, Tumca 

igulisxmeba rom maT aqvT saxe: 

                  
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tatatata
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nmnnn

ik

...

1...000

...............

0...100

0...010

321

A ,        (7.23) 

     5,    (7.24) 

an SeiZleba dayvanili iyos aseT saxeze gadaug-
varebeli wrfivi gardaqmniT. Sesabamisad, identifika-
ciis amocana, formulirebuli (2.20) gantolebisaTvis, 
mdgomareobs drois funqciis gansazRvraSi:  

                                         tani , ni ,1 ,                                     (7.25)                                         

                                          tbnk ,  nk ,1 .                 (7.26)                                         
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zogadad zogierTi am mn  funqciebidan SeiZleba 
winaswar iyos cnobili. amasTan, rasakvirvelia, 
identifikaciis amocana ioldeba. 

droze damokidebuli sixSiruli gardaqmna  tj ,h   

ganisazRvreba tolobiT: 

                                          tjjtj ,,  χTh  ,                       (7.27)  

sadac 

                                               jtj ikT ,                             (7.28)  

                         
 
 

  ki
ki

ik j
k

i

kik

jt
jt

















 




!!
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,  ki  ,     (7.29) 

                                        0jtik ,  ki                                  (7.30)  

                                                1jT ,                                     (7.31)      

                                   dettj tj 





 ,, wχ .                        (7.32)                                    

gardamavali funqcia  ,tw  warmoadgens mdgoma-

reobis veqtoris reaqcias, roca Sesavalze miewodeba 
erTeulovani naxtomi t  momentSi. ar aris rTuli 

Sesamowmebeli, rom (2.28) gansazRvrebidan gamomdina-

reobs  tj ,h  elementebis iseTi Tviseba: 

                tjphtjh i ,, 11   ,  ni ,2 .          (7.33) 

 tj ,h -is gansazRvreba, mocemuli erTeulovan 

impulsze reaqciis terminebSi, SeiZleba formulire-
buli iyos (7.20) sistemis reaqciis saSualebiT 

sinusoidalur zemoqmedebaze. marTlac,  tj ,h -is 

tolfasi gansazRvreba aris aseTi saxis: 

                                     tjjetj tj ,,  
ζTh  ,                      (7.34) 

sadac  tj ,ζ  - sistemis reaqciaa Sesavalze tjeu  . 

ganxilul identifikaciis sqemaSi toloba (7.34) 

gamoiyeneba rogorc  tj ,h -s gansazRvris saSualeba. 
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 tjh , -is elementebi miekuTvneba kompleqsur 

ricxvebs. radgan gazomvebis Sedegebi warmoadgenen 
namdvil ricxvebs, mosaxerxebelia am veqtoris gayofa 

namdvil da warmosaxviT nawilad.  tj ,hh  -s 

simoklisTvis, aRvniSnoT namdvili nawili R -iT da 
warmosaxviTi I -iT da ganvixiloT   rogorc 
fiqsirebuli parametri. SeiZleba vaCvenoT, rom 

                
   
   

 
 





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







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


















tjK

tjK

h

h

tjEtjE

tjEtjE

h

h
p

I

R

I

R

RI

IR

I

R

,

,

,,

,,








,       (7.35) 

sadac nn  matricas  tj ,E  gaaCnia iseTive forma, 

rogorc  tA -s,   tjenr ,  elementebi dakavSirebulia 

 tA     matricis     tani  elementebTan formulebiT: 

                        
   
   

 











1

!!1

!1
,

n

rk

nk

rk

nr ta
rkr

jk
tje

  

 
 ,                  (7.36)  

xolo RE  da IE  arian E  matricis namdvili da 

warmosaxviTi nawilebi. damatebiTi elementi  ta nn 1,   

tolia 1-is; 1n  veqtori  tj ,K  dakavSirebulia  tB   

matricasTan tolobiT: 

                                 

  





















1

...

1

,

m
j

j
ttj




  BK .                            (7.37) 

Tu cnobilia h  da hp , maSin maTi CasmiT (7.35) 

formulaSi, (7.36) da (2.37) gamosaxulebebis daxmarebiT 

SeiZleba miviRoT ori algebruli gantoleba  tani  da 

 tbnk  funqciebisTvis. h -is gazomviT sixSireebze 

q ,...,, 21 , SesaZlebelia miviRoT q2  eseTi gantole-

bebi. imis daSvebiT, rom  mn   funqciebidan  tani  da 

 tbnk  cnobilia apriori s  funqcia, mivdivarT 

daskvnamde, rom  tA  da  tB  matricebis gansasazRvrad 
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unda aviRoT   2/smnq   an   2/1 smnq  , damoki-

debuli imaze, Tu romeli am cifrebidan aRmoCndeba 
mTeli. 

ase rom, Tu aRvniSnavT 

                              tbtbtbtatatat nmnnnnnn
T ,...,,,,...,, 2121 ,       (7.38) 

maSin identifikaciis amocana SeiZleba formulire-

buli iyos mokled rogorc T  gansazRvris amocana. 
imisaTvis rom miviRod gamosaxuleba  -sTvis, mosaxer-
xebelia ganvsazRvroT 

                                        tjjptj ,,  hf  .              (7.39) 

es gansazRvreba gamarTlebulia ara mxolod 
aRniSvnebis moxerxebulobis mxriv: Cven vaCvenebT, rom 
Semotanili sidide zogierTi pirobebis dros 
SesaZlebelia pirdapir gaizomos. (7.39)-s (7.35)-Si Casmas 
mivyavarT veqtorul tolobasTan, romlis n -uri 
komponenta Caiwereba Semdegi saxiT 

                                 ttjttjf T
n

T
nn bha  ,, ,                     (7.40) 

sadac nf  - f -is n -uri elementia, T
na  da  T

nb  

Sesabamisad  tA  da  tB  matricebis n -uri striqonebia. 

(7.40) toloba ekvivalenturia gantolebis 

                                         ttjtjf TT
n λωh ,,   .                      (7.41)                                                                         

vinaidan nf  da elementebi h  da ω  - kompleqsuri 

ricxvebia, da gazomvebis Sedegebi namdvili ricxvebia, 
sasurvelia gamovyoT am gamosaxulebaSi namdvili da 
warmosaxviTi nawilebi. (7.41) formula SeiZleba 
gadmovweroT rogorc or komponentiani veqtoruli 
gantoleba: 

                                  λ
ωh

ωh

I


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












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


T
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T
I

T
R

T
R

n

nR

f

f
.                                (7.42)  

Tu aRvniSnavT ganxilvad sidideebs marcxena zeda 
kuTxeSi Sesa¬bamisi sixSiris sididiT (magaliTad 
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   tjtjff iinnR
i     ,,, 1  TT

hh  ), (7.42) SeiZleba gadavweroT 

Semdegi saxiT: 

                                     λ
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.                            (7,43) 

avRniSnoT tolobis marcxena mxares myofi veqtori  
v -Ti, xolo marjvena matrica - G -iT. cxadia, rom G    
kvadratuli matricaa, Tu v  da λ -s ganzomilebebi 
erTmaneTs emTxveva. es piroma kmayofildeba, Tu v -s 

bolo komponenti warmoadgens   2/mnqfrq   luwi 

 mn -is dros da Sesabamisad   2/1 mnqfrq  kenti 

 mn -is dros. rogorc wesi G  ar aris 

gadagvarebuli, amitom (30) gantolebis amonaxsni 
SeiZleba Caiweros Semdegi saxiT  

                                         tjtjt ii ,,1  vGλ
 .                           (7.44) 

es formula gvaZlevs saSualebas ganvaxorcieloT 
sistemis identifikacia, Tu sistemaze dakvirvebis 
Sedegad gveZleva SesaZlebloba gavzomoT G  da v . 
axla dawvrilebiT ganvixiloT gazomvebis procesi. 

(7.44) tolobis gamoyenebiT sistemis identifika-

ciisTvis aucilebelia gvqondes  tj i ,h  da  tjf in , , 

qi ,1  gansazRvris xerxebi. arsebiTad, SemoTavazebuli 

meTodi mdgomareobs sistemis testuri signalebiT 
SeSfoTebaSi da sistemis reaqciidan  aucilebeli 
informaciis amoRebaSi. sacdeli zemoqmedebebis arCeva 
damokidebulia (7.33) tolobaze, romlidanac 

gamomdinareobs ioli kavSiri  tj i ,h -sa da sistemis 

Sesaval tjeu 1  signalis reaqciasTan. radgan es 

signali fizikurad ararealizebadia, irCeva fizikurad 
yvelaze axlo realizebadi Sesavali signali 

tu cos1  . Tu am signalze reaqcias avRniSvnavT 
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 tj , -iT da SevniSnavT, rom realuri sistema 

aRiwereba namdvili koeficientebiT, miviRebT, rom 

                    ttjttjtjtj  sin,cos,,Re, rR hhζψ  .  (7.45) 

am Sedegis da (7.39)-is gansazRvrebis gamoyenebiT 
vxedavT, rom 

                              ttjttjtjp  sin,cos,, rR ffψ  .           (7.46) 

es ori mdgomareoba aCvenebs, rom gazomvebis 
ganxorcielebis amocana daiyvaneba   da p -s 

demodulaciaze. sabednierod, aucileblobas ar 
warmoadgens gamovikvlioT es tolobebi calke, radgan 
isini SeiZleba gavaerTianoT erT TanafardobaSi. 

amisTvis SevitanoT  1n  ganzomilebis veqtori 

                                   tjftjtj n
TT ,,,,  hγ  .                    (7.47                                                             

γ  veqtoris komponentebi arian  gazomvaze 

daqvemdebarebulebi sidideebi. Tu mdgomareobis  

gafarToebul veqtors avRniSvnavT  tj ,1 ψ , romelic 

Seesabameba Sesavals tu cos1  , miviRebT  

                          ttjttjtj IR  sin,cos,,1
γγψ  .         (7.48) 

da amocana daiyvaneba  tj ,1 ψ  funqciis demodula-

ciamde. qvemoT Cven detalurad ganvixilavT Rγ -is 

gansazRvris meTods. Semdeg ganxiluli iqneba is 
umniSvnelo cvlilebebi, romelTa Semovitana 

aucilebelia Iγ -is gansasazRvrelad. 

pirveli nabiji Rγ -is gansasazRvrelad aris 1
ψ -is 

gamravleba tcos -ze. Sedegad vRebulobT  1n    

ganzomilebis veqtors, romelsac SemdgomSi avRniSnavT 

rogorc  tj ,ρ . (7.48)-edan gamomdinareobs, rom 

                    ttt IRR  2sin2cos2/1cos1
γγγψρ  .         (7.49) 

radgan sasurvelia ganvaxorcieloT  tj , -is 

analizi sixSirul sferoSi, mosaxerxebelia 

SemovitanoT am veqtoris   jj ,P  furies gardaqmna, 
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sadac   aris sixSiruli gardaqmnis parametri. P  

veqtor-funqciis grafikuli gamosaxvis sirTuleebi 
gvaiZuleben mivmarToT mis skalarul maxasiaTeblebs, 
romelic unda iyos P -s „sigrZis“ proporciuli. 
aqedan maSinve gamomdinareobs, rom aseTi maxasiaTebli 
SeirCes Semdegi normis saxiT 

  2
1

PPP
 , 

sadac simbolo „+“ aRniSnavs SeuRlebul veqtors. 
Tavdapirvelad ganvixiloT stacionaluri sistemis 

SemTxveva, romlisTvisac cxadia, rom γ  araa 

damokidebuli droze, e.i.     jtj γγ , . am mizezis 

gamo,  tj ,ρ  speqtri aris diskretuli da Sedgeba sami 

impulsisgan. misi amplitudebi tolia γγγ
2

,,
2





  R  

da isini mdebareoben sixSireebze   , 0  da 2 , 

Sesabamisad. es speqtri naCvenebia naxazi 7.1. a-ze. 

naTlad Cans, rom Rγ -is gasazomad sakmarisia 

ubralod gavataroT ρ  dabalsixSirul filtrSi, 

romelic mniSvnelovnad asustebs  signalebs sixSiriT 
 2 . imis gamo, rom filtris gamosavali signali ar 

icvleba, SeiZleba damatebiTi upiratesobebis miReba. 
Sesabamisad, is SeiZleba gavasaSualovoT Semadgen-
lebis  2 -iT da nebismieri xmauris signalis 

(nulovani saSualo mniSvnelobiT) Semdgomi CaxSo-
bisTvis. 
 

 
sur. 7.1. sixSiruli speqtri identifikaciis 

amocanisTvis. 
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axla gadavideT neladcvlad sistemis SemTxvevaze. 

gaugebrobis Tavidan asacileblad „neladcvladi“ 
terminis gamoyenebisas SemoTavazebulia Semdegi 
gansazRvreba. neladcvladi ewodeba arastacionalur 
sistemas, romelsac aqvs gafarToebuli veqtori, 

romelic damokidebulia sixSiruli  tj ,γ  gardaqmnis 

droze  da arsebiTad mudmivia nebismier I  inter-
valze, romelic aRemateba sistemis sakuTar moZraobis   
yvelaze dabali harmonikis periods, romelic 
„gayinulia“ zogierTi It -Tvis;  -s parametrebi 

irCeva ise, rom rom    0
10

1
jj  γ , sadac  jγ  - 

gayinuli sistemis sixSiruli gardaqmnis veqtoria. 
mocemul SemTxvevaSi speqtris analizi uwyveti 
komponentebis gaCenas aRmoaCens. es komponentebi, 
momavalSi vuwodebT maT qvespeqtrebs, kompaqturad 
jgufdeba im sixSireebis garSemo, romlebsac 
Seesabamebodnen speqtris diskretuli komponentebi 
stacionalur SemTxvevaSi. qvespeqtri, Camoyalibebuli   

momentSi 0μ , Seesabameba Rγ -s, ori danarCeni - γ -s. 

tipiuri speqtri neli cvlilebebis SemTxvevaSi 
naCvenebia naxaz 1.b-ze. speqtris kargad dayofili 
komponentebis SemTxvevaSi γ -dan SeiZleba gamovyoT 

komponentebi dabalsixSiruli filtris saSualebiT, 
imavenairad, rogorc keTdeboda stacionalur 
sistemebisaTvis. Tumca am SemTxvevaSi filtrs eniWeba 
SedarebiT mkacri moTxovnebi. xmauris ugulvebel-
yofiT, aucilebelia, rom idealur filtrs hqondes 
mudmivi amplituduri maxasiaTebeli da aseve mudmivi 
fazuri Zvra qvespeqtris  sixSiris mTel diapazonze, 

romelmac warmoqmna Rγ , da nulovani reaqcia yvela 

sxva sixSireebze. es pirobebi gansazRvraven idealur 
zolovan filtrs, romelic fizikurad ar aris 
ganxorcielebadi (drois danaxarjebze realisturi 
moTxovnebisas). gamoyenebuli realizebadi filtri 
arCeuli unda iyos ise, rom miTiTebuli 
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maxasiaTeblebi axlos iyos idealurTan sixSireebis 

diapazonze, sadac P  ar aris Zalian patara.  

xmauris arsebobisas, fizikurad Sesrulebadi 
idealuri zolovani filtris aproqsimaciam, SeiZleba 
damakmayofilebeli Sedegebi ar mogvces. mocemul 
SemTxvevaSi, optimaluri iqneba iseTi filtri, yvelaze 

efeqturad axSobs cdomilebebs da gvaZlevs Rγ -s 

yvelaze karg Sefasebas. idealur SemTxvevaSi 
kriteriumma, romelic gansazRvravs saukeTeso 
Sefasebas, mxedvelobaSi unda miiRos (31). sxva 
sityvebiT rom vTqvaT, pirvelad interess warmoadgens 
Secdoma λ -is gansazRvrisas. 

im SemTxvevaSic ki, rodesac xmauri SeiZleba 

ugulvebelvyoT, Rγ -s gamoTvlebSi, zogadad rom 

vTqvaT, adgili eqneba Secdomebs. nawilobriv, maTi 
arseboba damokidebulia imaze, rom mkacrad rom 
vTqvaT, γ  speqtri iSviaTad aris Sezuduli, da 

Sedegad xdeba zogierTi qvespeqtrebis „kudebis“ gada-
farva. Sedegad, filtris gamosasvlelze warmoiqmneba 
anomaluri komponenta. damaxinjebis sxva wyaro warmoq-
mneba filtris maxasiaTeblebis araidealurobiT, rome-
lic SeiZleba gamoiyenebodes identifikaciisTvis 
realur maStabur droSi. es orive efeqti SesaZlebe-
lia sagrZnoblad Sesustdes identifikaciis sqemis 
swori proeqtirebisas, Tu sistema icvleba sakmarisad 
nela. 

bolos, ganvixiloT SemTxveva, rodesac sistema 
icvleba swrafad. am SemTxvevaSi speqtri gansxvavdeba 
speqtrisgan nela cvladi sistemis SemTxvevaSi pirvel 
rigSi imiT, rom qvespeqtrebi aRar arian viwroni. am 
SemTxvevaSi isini gavrcelebulni arian saxSireTa 
farTo diapazonSi, rogorc es suraTi 1.c-zea naCvenebi. 
am SemTxvevaSi maTi gancalkeveba raime filtriT 
SeuZlebelia. erTaderTi gamosavalia - gavzardoT 
testebis zemoqmedebis sixSireebi manam, sanam 
qvespeqtrebi ar iqnebian gabneulni sakmarisad Sors, 

da Rγ  qvespeqtri ar gaxdeba gancalkevadi. aseTi, 
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mocemul SemTxvevaSi, SesaZlebeli gaumjobeseba 
emsaxureba kargad cnobili principis ilustracias, 
rom maRali mzidi sixSire saSualebas gvaZlevs 
gadavceT SedarebiT meti moculobis informacia, 
vidre dabalis SemTxvevaSi, Tu sixSireebis zoli, 
romlelsac Cven vflobT am informaciis gadace-
misTvis, Seadgens mzidavi sixSiris fiqsirebul wils. 

saubedurod, identifikaciis amocanisTvis buneba 
aseT midgomas ewinaaRmdegeba. sixSiris zrdasTan 
erTad Cndeba ori mavne efeqti. pirveli mdgomareobs 
imaSi, rom testuri signalis fiqsirebuli amplitudis 
dros P  amplitudis speqtri iwyebs klebas. bunebrivia, 
am SemTxvevaSi iklebs Sefardeba xmauris/signali, 
romelic ufro aZnelebs xmaurTan dakavSirebuli 
problemebs. meore efeqti mdgomareobs λ -Tvis 
miRebuli amoxsnis mgrZnobiarobis gazrdaSi mcire 
xmaurebis mimarT, romlebic gvxdebian γ -s gazomvebSi. 

naTelia, rom meore efeqti kidev ufro zrdis pirveli 
efeqtis mier warmoqmnil sirTuleebs. amis gamo, λ -s 
sakmarisad zusti gansazRvra maRali   sixSireebisas, 
SeiZleba aRmoCndes Zalian Zneli. miuxedavad amisa, 
xmauris dabali donisa da sakmaod srulyofili 
gazomviTi aparaturis arsebobis SemTxvevaSi, maRali 
 -s arCeva saSualebas gvaZlevs ganvaxorcieloT 
identifikacia Zalian swrafad cvlad sistemaSic ki. 

Iγ -is da 1
ψ -is gansazRvris procedura analogiuria 

Rγ -is gansazRvris procedurisa. erTad-erTi arsebiTi 

gansxvaveba mdgomareobs imaSi, rom 1
ψ  mravldeba 

tsin -ze tcos -is nacvlad. am gamravlebis Sedegad 
miRebuli Sedegidan xelSemwyob pirobebSi 

filtraciis gziT SeiZleba miviRoT Iγ . radgan 

demodulaciis es procedura ar saWiroebs raime axali 
ideebis gamoyenebas, amitom ganvixiloT sixSiruli 
gardaqmnebis veqtoris gazomvis amocanas, rodesac 
sacdeli zemoqmedeba Seicavs ramodenime sixSiris 
harmonikebs. 
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mravalsixSirul SemTxvevaSi sacdeli signali 
warmoadgens sinusoidebis jams 

                                             tatu i

a

i
i cos

1
1 



.                                 (7.50) 

am Sesavalis Sesabamisi gafarToebuli mdgomareo-

bis veqtoris  t,1
1 ψ -iT aRniSvniT, (7.48) furmulaze 

dafuZnebiT da superpoziciis principze dayrdnobiT, 
viRebT 

                            ttat iI
i

iR
i

a

i
i  sincos,

1
1

1
γγψ 



.                   (7.51) 

Tu speqtri γ
i  SezRudulia da i  ganlagebulni 

arian sakmaod Sors erTmaneTisgan, maSin speqtri 1
ψ   

Sedgeba qvespeqtrebisgan, romlebic erTmaneTs ar 
faraven, rogorc suraTze 2. aris naCvenebi. suraTze 

  jj ,1
ψ  warmoadgens furies gardaqmnas   jj ,1

ψ -dan. 

Tu qvespeqtrebi kargadaa daSorebuli, rogorc aqaa 
naCvenebi, maSin TviToeuli maTgani SeiZleba gamovyoT 
Sesabamisi zoluri filtrebis saSualebiT. am 
filtrebis gamosavali signalebs SeiZleba 
demodulacia gavukeToT meTodebiT, romelic 

ganvixileT cota xnis win dakavSirebuli R
i
γ -sa da 

I
i
γ -s gansazRvrisas.  

 

 

 

 

 

 

 

 
sur. 2. mravalsixSiruli speqtri 

 
SeiZleba gamoviyvanoT kriteriumebi, romlebic gan-

sazRvraven pirobebs, romelTa drosac warmatebiT 
xorcieldeba sixSiruli gardamqmnelebis veqtorebis 
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gazomvebi (imis gaTvaliswinebiT, rom xmauri ar 
figurirebs da filtrebi idealuria). gadavweroT (7.51) 
formula Semdegi saxiT: 

                               






 


*

1
1

1 2/,
tjitji

a

i
i

ii eeat
 γγψ .                (7.52) 

aRvniSnoT kompleqsurad SeuRlebuli sidideebi 
varskvlaviT da gamoviyenoT bolo tolobis orive 
nawilis mimarT furies gardaqmna: 

              iiii

a

i
i jjjjajj  



,,2/,
1

1
1

ΓΓψ . (7.53) 

aq Γ  aRniSnavs furies gardaqmanas γ -dan. Tu 

qvespeqtrebi erTmaneTs ar kveTen, am tolobaSi 
mdgenelebi gancalkevebulia, saidanac gamomdinareobs, 
rom skalaruli namravli 

                        0,, 
kkii jjjj  ΓΓ ,   ik  .        (7.54)             

yvela qi ,1 -Tvis. SeiZleba vaCvenoT, rom am 

pirobebis Sesrulebisas, aramarto TiToeuli 

qvespeqtri, formirebadi i  sixSiris siaxloves, 

SeiZleba daSorebuli iyos sxvebisgan zolovani 
filtris daxmarebiT, aramed aseve am filtrebidan  
TiToeulis gamosavali signalis SeiZleba 

demodulacia R
i
γ -sa da I

i
γ -is misaRebad. 

magaliTi 7.1. 

ganvixiloT sistemis identifikaciis amocana, 
romelic naCvenebia  suraTze 3. igulisxmeba, rom 
Sesasvlelze miewodema mxolod testuri signali da 
sistemis stacionalur nawilSi damTavrebulia 
gardamavali procesebi. sistemis struqtura 

gvkarnaxobs 1u  iseTi sacdeli   signalis  arCevans, 

rogoricaa tu cos~
1  . maSin, sistemis arastacionaluri 

nawili iqneba identificirebuli iyos ise, TiTqos 
mxolod is ikvleva, - ar aris saWiro aranairi 
cvlilebebis Setana zemoT Camoyalibebul TeoriaSi. 
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sur.3. meore rigis arastacionaluri dinamikuri 

sistema 
 

ar aris rTuli vaCvenoT, rom yvelaze swori iqneba 

avirCioT  ttu  sin cos21 . Tu SevadgenT G  matricas 

da gardavqmniT mas miviRebT 

 
   




























nIIRnR

nII

fhhf

fh
1

1

tb

ta
. 

 . 

sidideebi Rh , Ih , Rf , If  unda gaizomos zemoT 

ganxiluli meTodebiT. ganxiluli sqemis identifika-
ciis realizacia naCvenebia suraTze 4. 

xmauris problema am identifikaciis sqemaSi 
warmoadgens garkveul interess da imsaxurebs mokle 
ganxilvas. sasurvelia mivaRwioT or mTavar Sedegs: 
xmauris zemoqmedebis minimizacia, romelic Cndeba 
Sesasvlelze, da xmauris zemoqmedebis Semcireba γ    

Sefasebaze, romelsac viRebT, rodesac x -is yvela 
komponentis gazomva ar SeiZleba uSualod. 

xmauri Sesasvlelze xSirad SeiZleba aRmoCndes 
cnobili mmarTveli zemoqmedeba, romelic warmoadgens 
„xmaurs“ imdenad, ramdenadac ganixileba mocemuli 
identifikaciis meTodi. calkeul SemTxvevebSi 
xerxdeba testuri signalis amplitudis gazrda da 
(an)misi maqsimaluri sixSiris arCeva, romelic 
mniSvnelovnad aRemateba sistemis CamoWris sixSires. 
aseT dros amdagvari „wamlis“ gamoyenebisas saWiroa 
SenarCunebuli iyos didi sifrTxile aSkara 
uaryofiTi efeqtebis gamo. 
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sur.4. identifikaciis procesis modelirebis sqema 
 
Sesavali xmauris zegavlenis Semcirebis SedarebiT 

daxvewili meTodi dafuZnebulia sawyisi sistemis 
mimyoli modelis gamoyenebaze, rogorc naCvenebia 
naxazze 5. am xmauris ganadgurebis sqemaze mimyoli 
modeli iwyoba rac SeiZleba axlos sakvlev 
sistemasTan. am pirobebSi, gamoTvliT manqanis 
Sesasvlelze, romelic axorcielebs identifikacias, 
ewodeba sistemis reaqcia mxolod testur signalze. 
amrigad, vRebulobT identifikacias etalonuri 
modeliT. 

amrigad, Cven ganvixileT arastacionaluri 
dinamikuri obieqtebis identifikaciis sqema. es meTodi 
realur maStabur droSi identifikaciis gamoyenebis 
imeds iZleva da gansakuTrebiT warmateblia 
regulirebis konturis gareT identifikaciisas, 
rodesac fizikurad ararealizebadi filtrebis 
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modelireba saSualebas gvaZlevs mivaRwioT 
identifikaciis maCveneblebs, romlebic uaxlovdebian 
Teoriul maqsimums. 

 

 

 
sur.5. xmauris likvidaciis sqema etalonuri modeliT 

 
SemoTavazebuli iyo testuri signalebis sixSire-

ebis arCevis kriteriumi, romelic SeiZleba gamovi-
yenoT eqsperimentaluri monacemebis utyuarobis 
SefasebebisTvis, romlebic miRebulia calkeul 
konkretul identifikaciis procesSi. 

7.4. erTganzomilebiani arastacionaruli sistemebis 

identifikacia 

ganvixiloT marTvis erTganzomilebiani dakvirveba-
di sistema, e.i. sistema erTi SesavleliT da erTi 
gamosasvleliT, romelic aRiwereba (7.2) normaluri 
saxis n-uri rigis wrfivi diferencialuri 
gantolebiT. 

identifikaciis amocanas vsvamT Semdegnairad: 
identifikaciis Teoriis Tanaxmad sistemis Sesaval da 
mdgomareobis cvladebze dakvirvebebis Sedegad 

cnobilia Sesasvleli cvladi  tu  da mdgomareobis 
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cvladebi  txk   nk ,...,2,1 , romlebic warmoadgenen (7.2) 

gantolebis amonaxsnebs sistemis sxvadasxva sawyisi 
mdgomareobis dros. saWiroa ganisazRvros ucnobi 

uwyveti koeficientebi  tai   ni ,...,2,1 . amasTan igulis-

xmeba, rom ucnobia (7.2) gantolebis Sesabamisi  

                           




n

i

i
i

n txtatx

1

1 .              (7.55) 

erTgvarovani gantolebis amonaxsnTa fundamenturi 
sistema. 

vinaidan  nkxk ,...,2,1   (7.2) gantolebis amonaxsnia, 

amitom gvaqvs 

                  


 

n

i

i
ki

n
k tutxtatx

1

1  nk ,...,2,1 .    (7.56) 

(7.56) gadavweroT Semdegi saxiT 

                 


 

n

i

n
k

i
ki tuxtxta

1

1   nk ,...,2,1 .     (7.57) 

SemovitanoT  tX  matrica  

                         n
ik

i
k txtX

1,

1



 .              (7.58) 

(7.57) aris  tai   ni ,...,2,1 -is mimarT algebrul 

gantolebaTa sistema. cnobilia, rom mas gaaCnia 
amonaxsni da masTan mxolod erTi im SualedSi, sadac 

misi determinanti     0det  tXtW . 

vaCvenoT, rom arsebobs iseTi II 0 , rom   0tW  

0It . 

samarTliania 

Teorema 7.1. Tu  RICu ,  da  RICx n
k ,   nk ,...,2,1 , 

maSin arsebobs Sualedi II 0  iseTi, rom   0tW  

0It  da 0I -Si  tai   ni ,...,2,1  koeficientebi 

ganisazRvrebian calsaxad, kerZod krameris wesiT 
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             
 
 tW

tW
ta i

i    ni ,...,2,1 , 0It .         (7.59)                                         

marTlac: davuSvaT, rom  txk   nk ,...,2,1  

warmoadgens (7.2) gantolebis amonaxsns sistemis 
sawyisi  

             ki
i

k ctx 
0

1 , It 0 , Rcki  ,  nk ,...,2,1       (7.60) 

mdgomareobis dros. 
cnobilia, rom (7.2), (7.60) amocanis amonaxsni moicema 

koSis formuliT 

            




n

i

t

t

kiik

o

n
dutCcttCtx

1

0 ,,    nk ,...,2,1 ,  (7.61)               

sadac RIICi :   ni ,...,2,1  aris (7.2) gantolebis 

Sesabamisi erTgvarovani gantolebis koSis sistema, 

xolo nC - ki koSis funqciaa. 

aviRoT kic  mudmivebis rolSi  

                  ikikc    nki ,...,2,1,  ,            (7.62) 

sadac                                             










ki

ki
ik

  Tu  

  Tu  

,1

,0
  

kronekeris simboloa.  

aseT SemTxvevaSi (7.61) miiRebs saxes: 

                      

t

t

nkk

o

dutCttCtx ,, 0 .        (7.63)                  

gamoviTvaloT  tX  matricis determinantis 

mniSvneloba 0t  wertilSi. (7.58)-Si (7.63)-is 

gaTvaliswinebiT miviRebT: 

                       0,det
1,00

1
0 



 n

ik

i
k ttCtW ,       (7.64) 

vinaidan (7.55)-is koSis sistemis vronskis determinanti  
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                    0,det
1,0

1 


 n

ik

i
k ttC   It .           (7.65) 

vinaidan  tX  uwyveti matricia da uwyveti matricis 

determinanti  tW  uwyveti funqciaa, amitom iarsebebs 

iseTi Sualedi 0I , rom IIt  00  da   otW   0It . 

amitom  tai   ni ,...,2,1  koeficientebi SeiZleba gansaz-

Rvruli iqnas krameris wesiT – (7.59) formulebiT. es 
gansazRvra iqneba calsaxa, vinaidan koSis (7.2), (7.60) 

amocanas  nk ,...,2,1 -Tvis amonaxsnis arsebobis da 

erTaderTobis Teoremis Tanaxmad gaaCnia erTi da 
mxolod erTi amonaxsni. 

 
7.5. mravalganzomilebiani arastacionaruli 

sistemebis identifikacia 

                                                                                                                                  
ganvixiloT mravalganzomilebiani dakvirvebadi 

sistema n  SesasvleliT da n  gamosasvleliT, 
romelic aRiwereba (7.8) saxis normalur diferenci-
alur gantolebaTa sistemiT. 

parametrebis identifikaciis amocanas vsvamT 
erTganzomilebiani sistemebis analogiurad: sistemis 
Sesasvlel da gamosasvlel cvladebze dakvirvebis 

Sedegad cnobilia Sesasvleli veqtori  tu  da 

gamosasvleli veqtorebi  tkx   nk ,...,2,1 , romlebic 

warmoadgenen (7.8) sistemis amonaxsnebs sistemis 
sxvadasxva sawyisi mdgomareobis dros. saWiroa 

ganisazRvros ucnobi uwyveti matrica  tA , amasTan 

igulisxmeba, rom ucnobia (2.2.6) sistemis Sesabamisi 

                           xAx t                    (7.66) 

gantolebaTa erTgvarovani sistemis amonaxsnTa 
fundamenturi sistema. 

vinaidan  tkx   nk ,...,2,1  (7.8) sistemis amonaxsnia, 

amitom gvaqvs 

                   tt kk uxAx    nk ,...,2,1 .          (7.67) 

(7.68) warmovadginoT Semdegi saxiT  
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                tut kk  xxA    nk ,...,2,1 .          (7.69) 

SemovitanoT  tX  matrica, romlis svetebia  tkx  

 nk ,...,2,1 :  

                        n
ikik tt

1,, 
 xX                (7.70) 

da matrica  tU , romlis svetebia  tu : 

                    n
kiik tut

1, 
U      tutu iik  .          (7.71) 

maSin (7.673) sistema SeiZleba gadaiweros matriculi 
algebruli gantolebis saxiT 

                         tttt UXXA   .              (7.72) 

imisaTvis, rom ganvsazRvroT  tA  matrica (7.72)-dan 

sakmarisia, rom  tX  matrica iyos gadaugvarebeli. 

vaCvenoT, rom arsebobs iseTi II 0 , rom   0det tX  

0It . 

samarTliania 

Teorema 7.2. Tu  nRICu , ,  n
k RICx ,'   nk ,...,2,1 , 

maSin arsebobs Sualedi  II 0  iseTi rom,   0det tX  

0It  da 0I -Si  tA  matrica ganisazRvreba calsaxad, 

kerZod  

                        tttt 1 XUXA   A 0It .        (7.73) 

marTlac: davuSvaT, rom  tkx   nk ,...,2,1  

warmoadgens (7.8) sistemis amonaxsns sistemisAsawyisi 

             kot cx  , 00 It  , n
k Rc ,  nk ,...,2,1       (7.74) 

mdgomareobis dros. 
cnobilia, rom (7.8), (7.74) amocanis amonaxsni moicema 

koSis formuliT: 

                                       

t

t

kk dtttt

0

,, 0  uCcCx ,                       

(7.75) 
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sadac nnRIIC :  matriculi funqcia warmoadgens 
(7.66) sistemis koSis matricas. 

kc  nk ,...,2,1  mudmivebis rolSi aviRoT wrfivad 

damoukidebeli veqtorebi, kerZod 

               kkt ecx 0 A  nk ,...,2,1 ,             (7.76) 

sadac  n
iikk 1

 e , ik  - kronekeris simboloa.AA 

Tu mxedvelobaSi miviRebT koSis matricis 

gansazRvras, miviRebT  

              01det,detdet 000  ECX ttt ,         (7.77) 

sadac E - erTeulovani matricia. 

vinaidan  tX uwyveti matricia, xolo uwyveti 

matricis determinanti uwyveti funqciaa, amitom 

cxadia arsebobs Sualedi 0I , iseTi rom IIt  00  da 

  0det tX 0It . amitom 0It  arsebobs Sebrunebuli 

matrica  t1
X da  tA matrica SeiZleba 

gansazRvruli iqnas (7.73) formuliT. cxadia, rom es 
gansazRvra iqneba calsaxa.  

mravalganzomilebiani arastacionaruli wrfivi 
dinamikuri sistemebis cvladi parametrebis 
gansazRvris algoriTmi mdgomareobs SemdegSi: vaxdenT 
dakvirvebebs sistemis Sesasvlelebze da sistemis 
sxvadasxva sawyisi mdgomareobis dros gamosasvle-
lebze. dakvirvebis Sedegad miRebul monacemebs 
vukeTebT aproqsimacias uwyveti da uwyvetad 

warmoebadi funqciebiT. vadgenT  tu  da  tkx  

 nk ,...,2,1  veqtorebs. Semdeg vadgenT  tX  matricas 

(7.70) saxiT da  tU  matricas (7.71) saxiT. amis Semdeg 

vawarmoebT  tX  matricis determinantis gamoTvlas da 

vadgenT 0I  intervals, sadac misi determinanti 

gansxvavdeba nulisagan. am intervalSi vsazRvravT 

koeficientebis  tA  matricas (7.73) formulis 

saSualebiT. 
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Tavi 8 

identifikacia invariantuli Cadgmis 

meTodiT 

8.1. invariantuli Cadgmis meTodis Sesaxeb 

meTodebs, romelTa daxmarebiT diferencialuri 
gantolobebis orwertilovani sasazRvro amocana 
gardaisaxeba erTwertilovan sasazRvro amocanad, 
uwodeben invariantuli Cadgmis meTodebs. aseTi 
meTodebi  gamoiyeneba sistemis identifikaciaSi.  

invariantuli Cadgmis meTodebi SeiZleba gamoyene-
bul iqnan parametrebis identifikaciisTvis, aseve 
wrfivi da arawrfivi dakvirvebadi sistemebis 
parametrebisa da mdgomareobis erTdrouli Tanmim-
devruli SefasebisTvis. arawrfivi sistemebis 
identifikaciis amocanebSi invariantuli Cadgmis 
meTodis gamoyenebisas aucilebelia aprioruli 
informacia arawrfivi funqciis formaze, romlis 
parametrebis identificireba aris saWiro. invarian-
tuli Cadgmis meTodiT identifikaciis proceduris 
krebadoba parametrebis faqtiur mniSvnelobebTan  
SeiZleba uzrunvelyofili iyos sawyisi Sefasebebis 
sakmaod farTo diapazonSi, amasTan moiTxoveba 
aprioruli monacemebis arseboba diapazonis Sesaxeb, 
romlis SigniT aris moTavsebuli parametrebis 
mniSvnelobebi. aseTi monacemebi SeiZleba ar iyos 
zusti im SemTxvevisgan gansxvavebiT, rodesac 
gamoiyeneba sasazRvro kvazigawrfevebis sasazRvro 
meTodebi, magram es Zlier amcirebs identifikaciis 
proceduris krebadobis siCqares. garda amisa, 
identifikaciis amocanis gadawyvetisas parametrebis 
sawyisi matricis araadekvaturma SerCevam, SeiZleba 
gamoiwvios identifikaciis proceduris ganSladoba an 
susti krebadoba.  

identifikacia invariantuli Cadgmis meTodiT 
dafuZnebulia arawrfivi diferencialuri gantole-
bebis sistemis integrebaze drois mixedviT, romlis 
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amonaxsni unda ikribebobdes parametrebisa da 
parametrebis da mdgomareobis Sefasebebisadmi. imis  
gamo, rom gazomvebiT miRebuli monacemebi Sedis 
miTiTebuli gantolebebis marjvena mxares, amitom rac 
ufro xangrZlivia gazomvebis procesi, miT ufro 
zustad amonaxsni uaxlovdeba parametrebis WeSmarit 
mniSvnelobebs. 

vinaidan invariantuli Cadgmis meTodi uzrunvel-
yofs wrfivi da arawrfivi sistemebis parametrebisa da 
mdgomareobis yvela cvladebis erTdroul da 
Tanmimdevrul optimalur Sefasebas, amitom is 
warmoadgens identifikaciis erT-erT yvelaze Zlier 
maTematikur meTods. mdgomareobisa da parametrebis 
erTdrouli Sefaseba SeiZleba ganxorcieldes sxva 
meTodebiTac, magaliTad kvazigawrfevebis meTodiT. 
magram am meTodebis didi nawili ZiriTadad 
gamoyenebadia wrfivi sistemebsaTvis da Txoulobs 
arawrfivi sistemebis gawrfevebas, da kvazigawrfevebis 
meTodis gamoyenebisas krebadobis uzrunvelyofisTvis 
aucilebelia kargi sawyisi Sefasebebis qona. invarian-
tuli Cadgmis meTodi Tavisufalia aseTi SezRud-
vebisgan. miuxedavad Tavisi zogadi xasiaTisa, 
invariantuli Cadgmis meTodis gamoyeneba drois 
realur masStabSi identifikaciisTvis izRudeba 
gamoTvliTi sirTuleebiT. amitom mocemuli meTodi 
gamoyenebadia ZiriTadaT im SemTxvevaSi, rodesac 
saWiroa arawrfivi sistemebis mdgomareobisa da 
parametrebis erTdrouli Sefaseba da arsebobs 
sakmarisi aprioruli informacia. unda aRniSnos, rom 
rodesac mdgomareobis veqtoris ganzomileba ar aris 
cnobili, ganzomilebis iteraciuli gansazRvra 
araracionaluria gansazRvrebadi parametrebis raode-
nobis gazrdisa da gamoTvlebis Sesabamisi garTulebis 
gamo. 

8.2. identifikaciis amocanis dasma invariantuli 
Cadgmis meTodiT 

ganvixiloT sistema gaRweriliutolobebiT: 
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                         ttt nupxfx  ],,[                 (8.1) 

da  

                      ttt vupxz  ],,[ ,               (8.2) 

sadac f  arawrfivi funqciaa, x , u , n , z  da v  - 
mdgomareobis, gazomvadi Sesavalis, sistemaSi 
aragazomvadi xmauris, gazomvebisa da gazomvebSi 
xmauris veqtorebia, Sesabamisad, p  - mudmivi paramet-

rebis veqtoria, Tanac  

                          0p .                       (8.3) 

identifikaciis amocana ismeba rogorc J  
danaxarjebis minimizaciis amocanad, sadac  

           dtJ

ft

t

TT

 

0

}ˆˆ],ˆ[],ˆ{[ nξnuxzηuxz  .        (8.4) 

aq x̂ , n̂  - (8.1) gantolebebis x  da n -s Sesabamisi 

Sefasebebia, η da ξ  - dadebiTi diagonaluri woniTi 

matricebia (unda aRiniSnos, rom prognozirebis 
modelebSi Cveulebriv 0u ).  

axla ganvsazRvroT y veqtori: 

                       









p

x
y .                     (8.5) 

(8.1) da (3.3) gantolobebidan gamomdinareobs 

                      Vφy  ,                    (8.6) 

sadac 

                       









0

f
φ ,                     (8.7) 

                       









0

n
V ,                     (8.8) 

xolo φ  (9.7) gantolebidan aris y -is arawrfivi 

funqcia, im SemTxvevaSic ki rodesac f  funqcia 
wrfivia. amitom, rodesac  
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upxx  , 

sadac 

1yx  ,  2yp  ,   21, yyT
y , 

da (9.6) gantolebis Sesabamisad  

Vφ








02

211

y

uyyy




, 

ase rom  











00

21 yy
φ . 

y  veqtoris ŷ  Sefasebis mixedviT J -is minimiza-

ciisaTvis, ganvixiloT hamiltoniani H , sadac 

                 T
λnξnzηuyz ˆˆˆ][],ˆ[  TTH .       (8.9) 

J -is minimizaciis pirobidan ŷ -s mixedviT, miviRebT 

Semdeg gantolebaTa sistemas: 

                        λ
y






ˆ

H
,                     (8.10) 

                        ŷ






H
,                      (8.11) 

                     0




u

H
.                      (8.12) 

garda amisa, rodesac  0ˆ ty ,  ftŷ  ar aris mocemuli 

(aq 0t  da ft  drois sawyisi da saboloo momentebis 

mniSvnelobebia), transversalobis pirobebi H -is 
minimizaciisas iZleva 

            
0

 
tt

tt f




 0λ .                     (8.13) 
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amrigad, (8.10) da (8.11) gantolebebTan SeiZleba 
davakavSiroT Semdegi sasazRvro pirobebi: 

                      00 tλ ,                       (8.14) 

                      0ftλ .                       (8.15) 

maSasadame, x̂  da p̂ -is Sefaseba warmoadgens (8.10) da 

(8.11) gantolebebis amosaxsnis amocanas Sesabamisi 
sawyisi pirobebis gamoyenebiT. aseT SemTxvevaSi 
aucilebeli xdeba invariantuli Cadgmis meTodis 
gamoyeneba. 

8.3. uwyveti sistemis identifikaciis amocanis 
gadawyveta invariantuli Cadgmis meTodis saSualebiT 

sistemis identifikaciisa da mdgomareobis Sefasebis 

amocana intervalze 0t -dan ft -mde, gansazRvruli (8.10) 

da (8.11) gantolebebiT, SeiZleba ganvixiloT rogorc 
ganzogadebul orwertilovan sasazRvro amocanad, 
aRwerili gantolebebiT: 

                        t,,, uλygy  ,                  (8.16) 

                     t,,, uλyhλ  ,                  (8.17) 

romlebSic g  da h  - y , λ , u  da t -s funqciebia, 

xolo sasazRvro pirobebi SeiZleba gamovsaxoT 
Semdegi saxiT: 

                         aλ 0t ,                    (8.18) 

                         bλ ft                     (8.19) 

SeiZleba CaiTvalos, rom saboloo pirobebi  ftλ  

aRiwereba ft -s SedarebiT zogadi funqciiT sadac ft  - 

mimdinare cvladia. maSin tolobidan: 

                         ff tt Cλ                    (8.20) 

gamomdinareobs saboloo piroba, romelic edeba y -s: 

                        ff tt ,CFy                   (8.21) 
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amrigad, saboloo piroba, romelic dadebuli iyo 
y -ze da ar iyo mocemuli, icvleba F  funqciiT, 

romelic Seesabameba λ -ze dadebul saboloo pirobas. 
Tu (8.21) gantolebas davSliT teiloris mwkrivad 

da SemovifarglebiT pirveli rigis wevrebiT, maSin 
(8.16) gantolebis gaTvaliswinebiT, miviRebT: 

              fffff ttttt  ,,,,, uCFgCFCCF .      (8.22) 

 ff tt  ,CCF -is Semdgomi aproqsimaciiT, sabolo-

od miviRebT 

           f
f

T

fff t
t

Cttt 










F

C

F
CFCCF ,, ,     (8.23) 

sadac C  da ft  ganixileba rogorc damoukidebeli 

parametrebi. C  gansazRvrebidan da (8.17) gantolebidan 
miviRebT pirveli rigis aproqsimacias C -sTvis: 

                  ff tt  ,,, uCFhC .                (8.24) 

(8.24) gantolebidan C  gamosaxulebis CasmiT (9.23)-
Si da (9.22) da (9.23) gantolebebis marjvena nawilebis 
gatolebiT, miviRebT Semdeg invariantul Cadgmis 
gantolebas: 

                f
f

f

T

t
t

t ,,,,, uCFg
F

CFh
C

F


















.        (8.25) 

Tumca (8.10) da (8.11) gantolebebis SedarebiT (8.16) da 
(8.17)-Tan, miviRebT 

            

ft
f

f

t

t

,,
,,

,,

CF
CF

C

HH
CFg












       (8.26) 

da 
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           

f
t

t

t
f

f

,,
,,

,,

CF
CF

C

H

y

H
CFh









     (8.27) 

amitom (8.25) gantoleba miiRebs Semdeg saxes: 

           

ft
f

f
t

t

,,
,,

CF

T

CF
C

H

F

H

C

FF


























.       (8.28) 

F -is gansazRvrebis Tanaxmad (8.21) formulaSi, 
SeiZleba amovirCioT (8.28) gantolebis amonaxsni 
Semdegi saxiT: 

                    ffff tttt CQyCF  ˆ, ,              (8.29) 

sadac Q  - simetriuli matricaa. bolo varaudi 

samarTliania ft -is midamoSi, radgan C -s simcirisas, 

SeiZleba davuSvaT wrfivi kavSiri  ftF -sa da mis 

Sefasebas Soris. Tu CavsvamT F -is gamosaxulebas 
(8.29)-dan da (8.28)-Si da gaviTvaliswinebT (8.20) da (8.21) 
gantolebebs, miviRebT: 

         
 

 

ft
f

f
f

f

t

t
t

t

,,
,,

CF
CF

C

H

F

H
Q

y














.       (8.30) 

zemoT moყვanili gardaქმნებიდან gamomdinareobs, 

rom (8.30) განტოლება akmayofilebs saboloo pirobebs 

ft  momentSi. aqedan gamomdinare, Tu gavaerTianebT 

(8.29) da (8.30) formulebs, ft  მიმდინარე ცვლადის  

nacvlad t  ცვლადის  SeმოtaniT, maSin, imis gaTvalis-

winebiT, rom  ftC  araa damokidebuli t -ze, miviRebT 
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gantolebaTa sistemas, romelic akmayofilebs  ftC -s 

saboloo pirobebs: 

                                          CQyCy ttt  ˆ,                             (8.31) 

da 

                     ttt
t

,,,,,, uCyguCyhQ
y





,          (8.32) 

sadac g  da h -s gaaCniaT igive azri, rogoric aqvT 

(8.26) da (8.27) gantolebebSi F , t -s Secvlisas y , t -ze. 

bolo formula SeiZleba gardavqmnaT Semdegi saxiT: 

                 tttt ,,,,,,ˆ uCyguCyhQCQy   ,       (8.33) 

an Tu (8.26) da (8.27) gantolebebidan CavsvamT 
gamosaxulebas g  da h -isTvis gantolebaSi 

    

0uHC

QCyy
0uHC

QCyy

λ

H

y

H
QCQy


















/,

ˆ
/,

ˆ

ˆ




  .   (8.34) 

gantoleba (8.34) faqtiurad aRwers sistemis qcevas 

ft  mimdinare cvladis mniSvnelobis midamoebSi, 

romelic exla aRiniSnulia t -Ti. es gvaZlevs 

saSualebas CavataroT ft  cvladis TanmimdevrobiTi 

Sefaseba t  cvladis cvlilebis diapazonSi. vinaidan, 
(8.15) da (8.20) gantolebebis Sesabamisad C  matrica 

axlos unda iyos 0-Tan. yvela wevri 2
iC , iC , jC  ( iC , jC  

-- C  matricis elementebia) SeiZleba gamovtovoT.  
garda amisa, radgan 0C , (8.34) gantoleba gvaZlevs 
or gantolebaTa sistemas, kerZod gantolebebaTa 
sistemas, romelic miRebulia C -s gatolebiT 0-Tan 
(8.34) gantolebaSi, da gantolebebaTa sistemas, 
romelic miiReba koeficientebis gatolebiT C -sTan 
pirveli rigis mcire wevrebTan (ixileT magaliTi 
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qveviT). am gantolebebis miRebis Semdeg vamCnevT, rom 
Q  matrica simetriulia. Sedegad, miRebuli pirveli 
rigis diferencialuri gantolebebis sistemebi 
SeiZleba amovxsnaT TanmimdevrobiT sawyisi pirobebis 

 0tQ -is da  0ty -is miTiTebiT. invariantuli Cadgmis 

meTodis kargi krebadobis gamo  0ˆ ty ,  0tQ  sidideebis 

sawyisi Sefasebis sizustes ar gaaCnia gadamwyveti 

mniSvneloba. Tumca,  0ˆ ty -s saukeTeso sawyisi Sefasebe-

bisas, procedura ikribeba swrafad. avRniSnoT rom 
sistemisTvis n  mdgomareobebiT da r  ucnobi 
parametrebiT, Tavsebadi arawrfivi diferencialuri 
gantolebebis raodenoba, romelTa amonaxsnis miRebaa 
saWiro zeviT ganxilul proceduraSi, tolia 

   2/1 rnrnrn , sadac  rn  - y -is elementebis 

raodenobaa, xolo    2/1 rnrn  - simetriuli Q  

matricis gansxvavebuli elementebis raodenobaa. 
gantolebaTa didi raodenoba iwvevs gamoTvliT 
sirTuleebs identifikaciis proceduris realizaci-
isas invariantuli Cadgmis meTodiT. 

magaliTi 8.1 
es magaliTi moyvanilia imisTvis, rom ilustracia 

gavukeToT identifikaciis proceduras invariantuli 
Cadgmis meTodiT. ganvixiloT procesi, aRwerili 
gantolebebiT: 

upxpx 21   

                       vxz   

sadac 1p  da 2p  - ucnobi mudmivi parametrebia, 

a , x , u , v  da z  aRniSnaven gazomvebSi mdgomareobas, 
Sesavals, xmaurs da gamosavals, Sesabamisad. 

SeiZleba CavweroT 

021  pp  . 

mxedvelobaSi miviRoT 
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


































3

2

1

2

1

y

y

y

p

p

x

y  

da 

  

f

dtxz

t

0

2ˆJ . 

J -s minimizaciisaTvis ŷ -is mixedviT ganvixiloT 

hamiltoniani H , romelic ganisazRvreba gamosaxule-
biT 

       231221
22 ˆˆˆˆ ppupxpxzxz T  1gλH  

        00ˆˆˆˆ 3211
2

1  uyyyyz  . 

misTvis miiReba Semdegi formula: 

uyyy
H

321
1

ˆˆˆˆ 



1y


, 

sadac u  - gazomvadi cvladia, da  

21λ yyz
y

H
ˆˆ22

ˆ 11
1




  , 

112
2

ˆ
ˆ

y
y

H
 



  , 

u
y

H
13

3
ˆ

 


  . 

bolo gantolebebisaTvis sasazRvro pirobebad 
iTvleba: 

 
 
 
 

0

0

0

0

0

3

2

1


























 ,    0ftλ . 

davuSvaT, rom invariantuli Cadgmis (8.28) 
gantolebis  amonaxsni miiReba (8.29) gantolebis 
formis saxiT: 
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     CQyCF fff ttt  ˆ, . 

am gamosaxulebis CasmiT (9.28) formulaSi, (9.34) 
formulis Sesabamisad miviRebT: 

 
 
 







































































33323

23222

32

33323

23222

321

03ˆ

02ˆ

0ˆ

QQQ

QQQ

QQQ

C

C

C

QQQ

QQQ

QQQ

y

y

y

1

1

1111

3

2

1

1

1

1111













 
  

































uC

CQCQCQyC

CQCQCQyz

1

31321211111

3212111

ˆ

ˆ2 311

 

 
























 



0

0

ˆ
32322211221 CQCQCQyC

 

  
 



























0

0

ˆ

ˆˆ

3332231133

32322211223212111

CQCQCQyu

CQCQCQyCQCQCQy 311

. 

bolo gantoleba SeiZleba amovxsnaT mwkrivad 
daSlis gziT 0C  mimarT. amasTanave miiReba 

diferencialur gantolebaTa ori sistema iŷ  da jQ -

Tvis. pirveli miiReba 0C -is Casmisas bolo 
gamosaxulebaSi, xolo meore – mxolod im wevrebis 
gatolebis Sedegad, romlebic mravldeba erTsa da 

imave iC , i  wevrze, amasTan yvela sxva wevri 

mxedvelobaSi ar miiReba. realuri sawyisi pirobebi 
iqneba 

   00 tztx  ; 

 0tp  - nebismieri racionaluri miaxloebaa; rac 

ufro axloa  0ˆ tp  WeSmarit p -sTan, miT ufro swrafad 

ikribeba procedura. 
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  EQ kt 0 ; Zaliad didi k -s mniSvnelobis dros 

SeiZleba adgili hqondes krebadobas, xolo misi 
Zalian mcire mniSvnelobis dros, krebadoba SeiZleba 

iyos Zalzed susti. ase, rom k  monacemis sidide 
SeiZleba miviRoT cdebisa da cdomilebebis meTodiT, 
dawyebuli mcire mniSvnelobiT, rameTu arawrfivi 
diferencialuri gantolebaTa sistemis mdgradobis 
analizi, SeiZleba aRmoCndes sakmaod rTuli. 

8.4. diskretuli sistemebis identifikacia 
invariantuli Cadgmis meTodis saSualebiT 

diskretuli sistemebis identifikacia invariantuli 
Cadgmis meTodis saSualebiT analogiuria uwyveti 
sistemebis identifikaciisa. diskretul SemTxvevaSi 
ekvivalenturi orwertilovani sasazRvro amocana (8.16) 
da (8.17) gantolebebisaTvis iRebs Semdeg saxes: 

                       kk ,,,1 uλygy  ,                (8.35) 

                    kk ,,,1 uλyh ,                (8.36) 

sadac tkT  , Nk ,...,0  da T - kvantirebis intervalia. 
sasazRvro pirobebi kvlav ganisazRvreba Semdegi 
saxiT: 

                        aλ 0 ,                     (8.37) 

                        bλ N .                    (8.38) 

ufro zogadi saboloo piroba mimdinare N  
cvladisaTvis ganisazRvreba iseve, rogorc (8.20) gan-
tolebaSi: 

                       NCλ N .                   (8.39) 

aqedan gamomdinare 

                      NN ,CFy  .                  (8.40) 

gardaqmna xorcieldeba uwyveti SemTxvevis msgavsad, 

Tu aRvniSnavT kTt   da NTt f  . sabolood miiReba 

Sefasebis analogiuri Sedegebi. 
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