
Transactions. Georgian Technical University. AUTOMATED CONTROL SYSTEMS -  No 1,  2006 
 

 
129

n. jiblaZe, o. xuciSvili, T. xuciSvili, e. buxraZe  

laqsis meTodis gamoyenebiTi aspeqtis Sesaxeb 

reziume 

naSromSi ganxilulia kavSiri pontriaginis maqsimumis principsa da p. laqsis 
meTods Soris. meTodi saSualebas gvaZlevs warmovadginoT hamiltoniani laqsis gantole-
bis formiT. igi saSualebas iZleva davakavSiroT korteveg-de frizis gantolebis Senaxvis 
kanonebi optimalur marTvis amocanasTan fazur koordinatebze SezRudvebis gaTvaliswine-
biT. 

sakvanZo sityvebi: marTva, simetriebi, Senaxvis kanonebi, izospeqtraluri deformacia. 
 
1. Sesavali.  optimaluri marTvis Teoria saTaves iRebs variaciuli principebidan. aRsaniS-
navia optimaluri marTvis ori fundamentaluri Sedegi: l. pontriaginis maqsimumis principi 
da r. belmanis dinamikuri daprogramebis meTodi. variaciuli aRricxvis meTodi iZleva auci-
lebel pirobebs, romelsac unda akmayofilebdes e. w. optimaluri traeqtoria. maqsimumis 
principiT SeiZleba optimaluri traeqtoriis moZebna im SemTxvevaSi, roca SezRudvebi dade-
bulia rogorc marTvis funqciaze, ise fazur koordinatebzec. rig SemTxvevaSi fazuri 
wertilis sawyisi wertilidan saboloo wertilSi optimaluri gadasvlisas adgili aqvs 
Zalian did gadaxrebs aRniSnuli wertilebidan, rac sainJinro TvalsazrisiT ara marto 
arasasurvelia, aramed dauSvebelic. 
 aseT SemTxvevaSi, saWiroa SezRudvebi daedos ara marto marTvis funqciebs, aramed 
fazur koordinatebsac. optimaluri marTvis amocana mdgomareobs iseTi dasaSvebi marTvis 
moZebnaSi, romlisTvisac Sesabamisi traeqtoria mdebareobs mocemul fiqsirebul areSi da 
akmayofilebs mocemul sasazRvro pirobebs. amasTan, adgili aqvs mocemuli funqcionalis 
minimizacias. 
2. ZiriTadi nawili. maTematikurad amocana Semdegnairad Camoyalibdeba: ganixileba sruli 

normirebuli funqcionaluri W  sivrce, romlis elementebia { })(),( tytuW = , sadac )(tu  

marTvaa, )(ty  _ Sesabamisi fazuri traeqtoria, da igi Seesabameba Semdegi gantolebis 

amonaxsns      

                              ),,( tuyfy =                                           (1) 

qvemoT mocemuli sasazRvro pirobebis SemTxvevaSi:  

00 )( Yty ∈ ,    11)( Yty ∈ ,     [ ]Tt ,0∈ .                    (2) 

W  sivrceSi mocemulia )(wI  funqcionali. optimaluri marTvis amocana mdgomareobs imaSi, 

rom vipovoT )(wI -s minimumi W -ze dadebuli Semdegi saxis SezRudvebisas:  

                     0)( ≤wiϕ ,            mi ,1=                               (3) 

an                  0)( =Φ wj ,              pj ,1= .                           (4) 

 (1)÷(4) amocana Tavdapirvelad dasmuli da gadawyvetili iyo r. gamyreliZis mier [1]. 
miRebuli Sedegi, miuxedavad Tavisi maTematikuri daxvewilobisa, praqtikulad Zalian 
rTuli gamosayenebelia, amitom praqtikaSi gamoiyeneba gamartivebuli meTodebi.  
 sainteresoa maqsimumis principis dakavSireba simetriis principebTan, rac saSuale-
bas iZleva gadawydes optimaluri marTvis iseTi amocanebi, roca SezRudvebi dadebulia 
rogorc marTvis funqciaze, ise fazur koordinatebze. amisaTvis gamoyenebulia 
hamiltonis gantolebaTa sistemis laqsis formaSi Cawera da Semdeg misi dakavSireba 
Senaxvis kanonebTan. 
 optimaluri marTvis amocanis gadawyveta fazur koordinatebze SezRudvis 
gaTvaliswinebiT damyarebulia integrirebadi dinamikuri sistemebis Seswavlis erT-erT 
mniSvnelovan p. laqsis meTodze, romelic cnobilia e. w. gabnevis Sebrunebuli amocanis an 
izospeqtraluri deformaciis meTodis saxeliT [2], [3], [4]. meTodis idea Zalian martivia 
da misi arsi SemdegSi mdgomareobs. 
  kerZo warmoebulebian diferencialur gantolebaTa Teoriis arc Tu didi xnis wi-
nandel gamokvlevebSi moZebnili iyo integralebi, wrfivi operatorebis sakuTrivi mniSvne-
lobebis saxiT, romlebic damokidebulia diferencialuri gantolebis amoxsnaze, magram 
gaaCnia Tavisebureba, rom maTi speqtri Seinaxeba gansaxilveli diferencialuri gantole-
bis yoveli amonaxsnisaTvis. amgvarad, drois ganmavlobaSi wrfivi operatori ise icvleba, 
rom misi speqtri rCeba fiqsirebuli anu igi ganicdis izospeqtralur deformacias. sa-
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kuTrivi mniSvnelobebi, romlebic ganixileba rogorc funqcionalebi, warmoadgens integ-
ralebs. wrfiv operatorebze izospeqtraluri deformaciis meTodis gamoyeneba ganaviTara 
p. laqsma koteveg-de frizis (kdf) gantolebebisaTvis da gamoyenebul iqna rigi mkvlevare-
bis mier mravali SemTxvevisaTvis. 
 bunebrivia ibadeba kiTxva, SeiZleba Tu ara yvela integrirebadi hamiltonuri sis-
tema aRiweros izospeqtraluri deformaciis saSualebiT? amasTan, integralebis moZebnis 
problema, maTi arsebobis SemTxvevaSi, dayvanil unda iqnes wrfivi operatorebis moZebnaze, 
romelTa speqtri mudmivia. 

 vTqvaT, dinamikuri sistema aRiwereba gantolebebiT 

      )(xFx αα =& ,              n,...,1=α .                       (5) 

 davuSvaT, rom movaxerxeT mogveZebna matricebis wyvili L  da M  (e. w. L ,M  wyvi-

li), romelTa elementebi damokidebulia dinamikur αx  cvladebze, ise rom gantoleba (5) 

ekvivalenturia Semdegi gantolebis              

[ ]LML ,=& .                                 (6) 

maSin (5)-dan gamomdinareobs, rom matrica )(tL  evoluciis procesSi ganicdis igivur gar-

daqmnas:    )()0()()( 1 tuLtutL −= ,    )()(1 tutu =−
,    

1−= uuM &  . 

 Sesabamisad, )(tL  matricis sakuTrivi mniSvneloba araa damokidebuli droze anu 

ekvivalenturia imisa, rom matrica )(tL  drois ganmavlobaSi ganicdis izospeqtralur de-

formacias. amgvarad, )(tL  matricis sakuTrivi mniSvnelobebi an, sxva sityvebiT rom 

vTqvaT, simetriuli funqciebi sakuTrivi mniSvnelobebidan, magaliTad, sidideebi 

)(1 k
k LtrkI −= , warmoadgens moZraobis integrals. Tu, amasTan, xerxdeba moZebna sakmaod 

mravali funqcionalurad damoukidebeli moZraobis integralisa da Cveneba, rom isini im-
yofebian involuciaSi, e.i. rom nebismieri ori integralis puasonis frCxili nulis to-
lia, maSin gansaxilveli sistema warmoadgens integrebads. 

 magaliTi. ganvixiloT nawilakis ),( 31 qq  sibrtyeze Tavisufali moZraoba. moZraobis 

gantolebas aqvs saxe:          

        pq =& ,                0=p&  .                             (7)                        

moxerxebulobisaTvis q  warmovadginoT Semdegi saxiT:  )(ˆ 3311 σσ qqqq +=→ , 

sadac 1σ  da 3σ  paulis matricebia:    
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meore mxriv, Cven SegviZlia q̂  warmovadginoT  matricis saxiT 

  )()()(ˆ 1 tQututq −= ,                                    (8) 

sadac            
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1)( qqtqq +== ,   )(tϕϕ = . 

 SevniSnoT, rom matrica )(ϕu  aRwers ),( 31 qq  sibrtyeSi ϕ  kuTxiT Semobrunebas. Tu 

(8) gamosaxulebas gavawarmoebT drois mixedviT, maSin )(tq -sTvis miviRebT 

  ptutLtuq ˆ)()()(ˆ 1 == −
,                                (10) 

sadac                      [ ]QMiQL ,+= & ,                                    (11) 

   
11 −− =−= uuiuiuM && .                                  (12) 

 (10) gamosaxulebis gawarmoebiT miviRebT gamosaxulebas 

 [ ] 0, =+ LMiL& ,                                    (13) 

rac laqsis gantolebas warmoadgens. 

(13) gantolebaSi              
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laqsis gantoleba ekvivalenturia hamiltonis gantolebisa Semdegi hamiltonianiT 
[2]:  
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                    )(
2
1 222 −+= qgpH .                             (15) 

3. daskvna. aRniSnuli meTodi saSualebas gvaZlevs hamiltonis gantoleba (15) hamilto-
nianiT warmovadginoT laqsis (13) gantolebiT, rac mniSvnelovnad amartivebs optimaluri 
marTvis funqciis moZebnas SezRudvebis pirobebSi.  
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О ПРИКЛАДНОМ  АСПЕКТЕ  МЕТОДА  ЛАКСА 
 

Резюме 
 

 В работе рассмотрен связь принципа максимума Понтрягина с методом Лакса. Этот метод 
даёт возможность представить функцию Гамильтона в виде  уравнении Лакса. С учётом метода Лакса 
можно связать законы сохранения уравнения Кортевега-де Фриза с оптимальным уравнением, при 
некоторых ограничениях  на фазовых координат. 
  

N. Jibladze, O.Khutsishvili, T. Khutsishvili, E. Bukhadze  
 

APPLIED ASPECT OF THE LAX METHOD 
Summary 

 
 We consider the relation between Pontryagin maximum principle and Lax's method. The method allows us to 
represent Hamilton equation in the form of Lax equation. Lax's method  enables us to relate the conservation laws of  
Korteweg-de Vries equation with optimal control. 


